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The transformation of Wiener integrals over the space C;
of continuous functions of two variables by a Volterra operator
T is investigated, The operator 7 is defined for functions
xeC, by

Tx(s, t) = x(s, t) + VrK(u, v)x(u, v)dudv ,

where the kernel K(u, v) is continuous. A stochastic integral
analogous to K. Ito’s is defined and used to determine a
Jacobian J(x) for T such that if F'(x) is a Wiener measurable
functional, /" a Wiener measurable set, and m Wiener measure,

SFF(x)dm = ST_I(”F(Tx)J(x)dm.

Let C, be the collection of real valued functions f defined on D =
[0, 1] x [0, 1] such that f(0, t) = f(s, 0) = 0. The space C, is topologized
by the sup-norm. In [3], Yeh defined a measure m on C, over the
Borel c-algebra and extended it to the Caratheodory c-algebra relative
to m. It is the purpose of this paper to investigate the transforma-
tion of the measure m when the elements of C, are transformed by a
Volterra integral operator of the second kind. The effect of such
transformations in the Wiener space of continuous functions of one
variable was studied by Cameron and Martin in [1].

Let 0 =5, <sg, < oo <8, <1l and 0 =¢, <, <o <t, <1 and let
E Dbe a nm-dimensional Borel set. We denote by (s, « <, Sn, by o2+, £)
the o-algebra of sets of the form {xe C,: [x(s,, %), +*-, (Sn, t,)] € £}
and let &, = U%(s, »+, Suy £ ==+, t,) Where the union is over all such
partitions of D. The measure m is given on (s, *<+, Spy £y, +++, t,) by

mix € Cy: [x(sy, T)y <+, 2(s,, t,)] € E}
(1.1) = K(Su %y Smy tu ct tn)

¢ g(/n?[/:n)g W(Su %y Suy tu *ty tm Upry =y umn)du’uy ccy d%mn ’

where

K(su"'vsm,tu"'ytn) .
1
= {(271.)*7%[31(32 — 31) e (Sm - S'm—-l)]n[tl(tZ - t1) e (tn - tn~1)]m}2 ’
335
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W(Sly co ey Sy byt by Uty 2y U)

1& & (Wi — Winy,g — Wiyiy + Uiy i)’
— eXp{———Z 1J ) 2 i—1,J ,
2 j=1 (8s — ss)(ts — t5-0)

i=1 7

and #,; = u;, = 0. Yeh showed that m was a probability measure
over (C,, §,) and considered the Caratheodory extension $% of the algebra
%o relative to m. It is well known that § contains the Borel c-algebra.

We consider the stochastic process X(s, ¢, x) = x(s, t), v e C,. X(s, t)
is analogous to ordinary Brownian motion and proceeding accordingly,
we define a stochastic integral analogous to Ito’s and denote such in-

tegrals of a process f(s, t, ) on C, by S f(s, t, 2)d X .
D
Next, the Volterra operator T defined by

(1.2) (Tw)(s, ) = w(s, ) + HK(u ), v)dudv

is considered. The kernel K(s, t) of T is assumed to be continuous
over the unit square D. Itis well-known that 7 is a one-to-one map
of C, onto C, with a bounded inverse. We can now state our main
results.

2. Statement of main results.

THEOREM 1. Let F(x) be bounded and continuous on C, and vanish
outside a bounded subset of C,. Let K(s,t) be continuous over the
unit square D. Then

@.1) SC Fla)dm(z) = SO F(Tw)J()dm()

where (Tx)(s, t) = a(s, ) + gsgtK(u, v)a(u, v)dudv, we Cy and J() is
given by the formula
1

2.2) J@) = exp{—LK(u, ) X(u, v)dX — ESDK(u, o), 'v)zdudv} .

The first integral in the expression for J(x) is the stochastic integral
of the process K(s, t)X(s, t, x) with respect to the process X(s,t,x) =
x(s, t).

THEOREM 2. Let T and J(x) be as in Theorem 1. Then for
every I'e R, T[N eF and T eF and

2.3) m(I") = ST J@dm@  and

-1
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2.4) m(T(I")) = S J(@)dm(z) .
r
Furthermore, if F(x), x € C, is measurable with respect to ¥, then

(2.5) SFF(:c)dm(x) - ST_I(F)F(Tx)J(x)dm(sc)

(2.6) ST(”F(x)dm(x) - SFF(Tx)J(x)dm(x)

in the sense that the existence of one side tmplies the existence of the
other and the equality of the two.

3. Definition of the stochastic integral. In this section the
basic definition of the stochastic integral is given and some funda-
mental properties are listed. The proofs are omitted since they are
strictly analogous to those of K. It6 in [2].

Let (2,8, P) be a probability space and let {X(s, t): s, t ¢ [0, 1]} be
a stochastic process with two time parameters defined over (2,5, P).
If for any pair (m, n) of positive integers, and any set S = {a,, ---a,,
by oovy by Cyooey €y dy, oo, d,} of real numbers in [0, 1] such that
al<b1§a2<b2§"'gam<bma’ndcl<d1§62<d2§"'§0n<dny
the “increments” X(b;, d;) — X(a;, d;) — X(b;, ¢;) + X(a;y¢5) 1 =1, +«-, m,
j=1,---,n are independent random variables, the process X(s, ¢) will
be called biadditive. If a biadditive process X(s,?) is Gaussian and
has the additional properties that for all (s,¢)e D E(X(s, 1) =0,
var (X(s, t)) = st, and X(0,¢t) = X(s,0) = 0, then X(s,¢) will be said
to be a generalized Brownian motion. The process X(s, ¢, ) = x(s, t),
x € C, defined on (C,, §, m) is an example of a generalized Brownian
motion,

Now let X(s, ¢t) be a fixed generalized Brownian motion and denote
the increments X(b,d) — X(a,d) — X(b, ¢) + X(a,¢) by A4(a,c,b, d).
Let © denote the Borel subsets of D. For each choice of (s, ¢)e D,
let (s, t) be a sub o-algebra of B which contains o{X(u, v): u < s
and v < t}, the c-algebra generated by X(s,¢) up to (s, t), and which
is independent of o{d(s, t, w, v): w = s or ¢t = »}. Assume also that if
s<s and t = ¢, U, t)cU(s, t'). Let I denote the class of stochastic
processes f(s, t, w) defined on (2,B, P) with domain of definition D
which satisfy

(i) f(s,t, ) is D x B measurable and

(ii) f(s, t, -) is U(s, t) measurable.

M, will denote the subset of M such that if f(s, ¢, w) e IN,, there
are realnumbers 0 =g, <, <+ <a,=land 0=3,< B, <+ < B, =1
such that f(s, t) = fla;_, B:—) Whenever ¢;_, <s<a; and B,_, <t < B
M, will denote the subset of I such that fis, ¢, w)e M, whenever
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LXQ( f(u, v, w))*dP X «< « where ~ denotes two dimensional Lebesgue
measure. N, will denote the set of all fe I such that for almost
all we 2, g fu, v, w)Yd, < . We define the stochastic integral suec-
cessively fol;' feM,, then for fe M, and finally for fe IN,.

DEFINITION. For f{(s, t) € IM,, the stochastic integral of f(s, t) with
respect to X(s, t) is denoted by (S faX >(s, t) and is defined by

J—1 k—1

([/2X)6, ) = £ 3 Aty 10 B Aty sy Buss 0 8

p=1q=1

=

+ z f(a/‘p—n /81:—~1)A(ap—1v ,Bk——u a_’p? t)

<
1

[
- e

=1

+ f(aj—u Bk—~1)A(a1’—1a Bi-1y 8, T) «

k
+ qZ f(a’jvl) Bq—x)d(ay‘—n Bq~lv S, Bq)

where the a’s and B’s are taken as in the definition of IN,.

The following properties follow from this definition for fe M, in
the same way as for the usual stochastic integral.

THEOREM 3.1. If fe R, then (Sde)(s, t) has the following

properties.
(1) For f,geM, w,e, if f(s,t, @) = 9(s,t, ) on D, then

(Sde)(s, t, w) = (gng>(s, t, w) on D.
(2) For f,geM, « B real numbers, (s,t)e D (S(aer,Bg)ch)

(s, 1) = a(S de)(s, t) + B(Sng)(s, ).
(3) For almost every o, (S de)(s, t, w) 1s continuous over D.

(4) E[(S de)(s, t)] — 0 for all (s,t)e D and
(5) var|([/2X) )| = 17120 where |1712

S f&' ¢, wids x P
{0,81%x[0,t]1xQ

As in the one variable case, M, NI, is dense in M, with respect
to the Hilbert norm on L.,(D x Q). Denoting this norm by |/ -| and
using property (5) above, we make the following definition for fe I%,.

DEFINITION. For fe IR, the stochastic integral of f is defined to be
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()0 = tm (e

where the limit on the right is that of convergence in the norm of
L,(2) and {f,} is any sequence of funections in IM,N I, such that

lim, ... ||f, — fll = 0.
The following properties hold for functions in 9.

THEOREM 3.2. Let f and g be in IM,. The following statemenis
are true.

(1) If fis,t,®)=g(s,t,®) on D for we Ae B, then (Sde)(s, £ @)=

<Sng>(s, t, @) for we A, A where A,e B and P(A) = P(A).

(2) If a and B are any two real numbers and (s,t)e D then
almost surely

<S(at + B9AX (s, 1) = a(S faX )i, 1) + B(Sng)(s, 5.

(3) For every point (s,t) in D, var [(Sde)(s, t)] = J[fijs,t and

E[(gfdx)(s, t)] - 0.

Let %:,.(t) denote the indicator function of [0, n], i.e., ¥,.1() =1
if 0 <¢ =< and y,,,(t) = 0 otherwise. In order to define the stochastic

integral for a funection fc I, we observe that SD Fids < n implies
Sogt £, v)dudv < n for all t€[0,1] and so f(s, t, @) = fuun(s, ¢, @) for
m=0,1,2 -+ where f(s, {) = X”(SY Fi(u, v)dudv) fs, ). Let F, =
{w: iyﬁd/g n} Then F,c®B and F,cF,cF,c .- and from the de-

finition of M., P(Ur F,) = 1. Using property (1) of the last theorem,
we see that there is a set I, F), such that F,,e®B, P(F, ) = P(F,)
and for we F,,, (s, t)e D,

((rax)e o = ((fndX)s o) m=1,2,....

DEFINITION. Let f be a function in IM,. The stochastic integral
of f is defined to be

(1)t o = ([fax)e b o) it wer.,

and is defined to be zero if w ¢ Uy, F,,,-
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The next theorem gives easy properties of such integrals.

THEOREM 3.8. Let f and g be tn M,. The following statements
hold for stochastic imtegrals of f and g.

(1) If f(s, t, ) = g(s, t,w) on D for we A e B, then <§de>(s, t, W)=
<Sng)(s, t,®) on D for we AyeB where A,c A and P(A) = PA).
(2) If a and B are real numbers, then
<S(af + Bg)dX)(s, £ = a(Sde)(s, t) + B(Sng)(s, )

holds almost surely.

4. Lemmas for Theorem 2.1. Let K,; = K((i/n), (j/n)) where
K(s, t) is a real-valued continuous function on D and define the trans-
formation T,: C,— C, by

[ns] [nt] A T
(Ta)(s, ) = als, ) + 3 S Ky 0122, 22 1)

s n
B L1 tnztll Kise Lx<[7;8]’ J ; 1 ><s _ [7;8])
. + iiﬁjK‘“"“m< v ; 1,[1:?])(,;“ [7:5])
+ K[m],[mx(_[aj%_s]’%_tlxs - [—n;—])(t — M%) .

For s = (,/n), t = (k/n), we have for -,k =1,2, -+, m

(4.2) (T, m)(ﬁ %) - (4, ﬁ) —i-z”‘ 'K, x(; i)

n n =1 j=1 n n

Levmma 1. Let H(®y, «++, 1,,) be a real-valued bounded and con-
tinuous function on R™ and let G(x), x € C,, be defined by

4.3) Gle) = H(x(% %) x(% %)) :
then

SCG(x)dm - SCG(Tnx) exp{—:l 3 Ko 4= > }
s : L. I

-exp{——;—ZZKf_u 196(% —1

where
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b= 2) A Eh L) o L) i A,
n n n n n n n n

Proof. From the definition of m, we have

|, 6@ dm = @r-tmy=e] Hw -+, 7
4.6)

2

. exp {—%Z gl Mi; — Nicai — Niio + m_l,j_l)z}dnu, cony Ay

i=1

Let S, denote the linear transformation of R™ onto itself defined by

77'_ELJ+L7Z§K7MEWLZ 7;:3.:1727"'!/""

m=1 /=1

The Jacobian of S, is equal to 1. Applying S, to the right side of
(4.6) we obtain

SmG(x) dm = (2r~n)~""

(4.7) ‘ SRn2H<fm e Bt 71.2 ’:ii :2 Kw&,)ef (Eray 2oy Enn)dErgy ooy dE,,

where
JalEiy + =5 €nn)
= exp{ : Z:‘. KisimfimniaEis — Gimng — &is F Ei_l,j_l)}
- exp {——;—g ,Z=1 K8, 4_1;2 - 1’2—2}; JZ:l (Esj—&imni— Si,j_1+5¢-_1,]-~1)2}-

On the other hand,
in = (o 3) (2. 2)
= (o D) )+ SR E ().

Again from the definition of m, we see that the right side of (4.7) is
equal to

S G(Tnx) eXp{ é é Ki—l,j—1x<i — 1 y j — 1 )Ai]'
Cy i=1 j=1 n n
— I3k L)
i=1j=1 n n n?

which is precisely the right side of (4.5).
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LeMMA 2. Let X be a random variable on a probability space
(2, B, P) which is distributed normally with mean 0 and variance v.
Let Y be a random variable on (2,8, P) which ts measurable with
respect to a g-algebra AcCB. If the g-algebra g{X}CB generated by
X and the o-algebra N are independent, then

(4.8) E(exp {XY - -;—v Yz} o) =1.

Proof. To prove the lemma we show that for every Ae U

S exp {XY _ ivY%}dP - S aP.
A 2 4

Let Py be the restriction of P to A. Let us write o{P} to mean
the o-algebra generated by a collection of sets 3. Consider the trans-
formation T of the measure space (2,%) into the measure space
(B* x 2, o{®B" x A defined by T(w) = (X(w), w). This is a measurable
transformation since 7T '(o{B' x WA}) = o{T(B' x W)} which is con-
tained in B since T (B' x A) is. Let U be the transformation of
(B*x 2, o{8'xA}) into (R', B') defined by

U 0) = exp {{Y(0)—1/2Y*w)} .

This too is a measurable transformation since Y is 2-measurable.
Let P, be the probability measure on o{B' x B} induced by 7.
For Be®' and Ae®B, we have from the independence of g{X} and

P,(B x A) = P(T™Y(B x A)) = P{X e B}P(A) = Py(B)Pu(A)

where P, is the probability measure on B' induced by X, i.e., the
normal distribution with mean 0 and variance v. Thus P, is the
product measure of P, and Py.

Now for Aec A we have by Tonelli’s Theorem

SAeXp {XY - ——v Yz}dP (UT)(@)dP = SRl UG, w)dP,

il

Il

.
L] fvo - vW(w)}dPX]dm
|

g { - as Jap

= S dPy .
A
This completes the proof of the lemma.

LemMA 3. Let X(s, t, ©) be the stochastic process on the probability
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space (C,, F, m) and the domain of definition D = [0,1] x [0, 1] de-
fined by X(s, t, x) = x(s, ty for x€C, and (s,t)e D. Let 9(s,t) be a
real valued function on D and let f,(s, t, x) be a stochastic process on
(C,, B, m) and D defined by

4.9) fuls, ty2) = g( [7:7,8], [nt] )w( [nS], P’:@”) for xzeC,.

n n

Then the stochastic integral <S f,,dX)(s, t, ) of the process f,(s,t, )

with respects to the gemeralized Brownian motion X(s, t, x) satisfies
1{ _
(4.10) E[exp {(andX)(l, 1,2) — Eg Fi(s, ¢, w)d/}] =1.
D

Proof. Since f, is a stochastic step function,

([rax)a v = 55 (t=t, 4oLy,

i=1 j=1 n n
where
4”—_—X(_’J_,i)._x(i‘l,_j_>_x(i_,j—1)+x(i‘_1_,j—1>,
n n n n n n n n
Let
T”=fn(‘;1,7;1)du é—:(——@;l,?;l)—?%
Since

Z; = exp {andX % -f;) - —;—Slglf(s dsdi)

Let ;; denote the o-algebra o{X(s,?):s<i/n or ¢t =j/n}. Then
e — D/n, (5 — )/n is A,_,, ;_,-measurable for 7,5 =1,2, --+,n. The
random variable 4;; is normally distributed with mean 0 and variance
1/n*. Furthermore o{4;;} and %, ; , are independent. By Lemma 2

(4.11) E(eXp {Tu} I 91z'——1,.7'——1) =1.

To prove the lemma, we must show that EZ, = 1. Now for
m=1, «+.n X(m —1)/n,0) = 0 and hence f,(m —1)/n,0) =0 and T,, = 0.
We have Z,, = exp {37, T,;} = 1. The proof will proceed by induction.
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Consider E(Z,, ;_ exp {3k T.;)). If k=1

E(Z,,;- exp{T\}}) = B[E(Z,,;_, exp {T\;}|;-1)]

Since Z, ;_, is %, ;_,-measurable
E(Z, ;- exp {T;}) = E[Z,,;_ . E(exp {T\;}|Us,;s-.)]
= E[Zn,j—ll

by (4.11). Now suppose that
.
B(Z,exp {3 T}) = BEZ.s0) -

Then
E(Zw_l exp {:i_; ij}) - E[E(Zn,j_l exp {:iz Tm,} ; ﬁrk,j_l)] .

Since Z, ;_, exp {3V, T,;} is 2, ;_,-measurable
k+1 13
B2, exp {3 T} W] = Zossexp {3 T Blexp (1o 19,00
k
= i exp{Z_ Tw}-

By the induction hypothesis, we have

E(ZW;1 exp {:th‘:l Tm}) =KEZ,;-) .

In particular for k =n,Z,; = Z,;_ exp {3\, T,;} and EZ,; = EZ, ;_..
It follows that EZ,, = E, = 1.

Let L, be the transformation of C, into C, defined for (s, ¢)e
[ — D/n, i/n] < [(7 — D/n, j/n] by

e - 45

L,x(s, t) =

n n mn
(4.12) ’ x(Z ol _.Sxt X J.; )
ol ) e - )0 Y
col o ) o) )
Clearly
(4.13) Il = max |o( L, )| < e
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4.14) lim|||L,x — z]|| = 0.

Then for T and T, defined by (1.2) and (4.1) respectively, we have
(4.15) lim ||| L, T, — Tx||| =0.

n—oo

This follows from
WL Tw — Telll = | LTy — LTl + ([ L, To — Tal||
where
1 LaTow — LoTell| = | Tse — Tofl] by (4.13), lim || Tox — Twill = 0

from the uniform continuity of K(s, t) on D, and lim, .. ||/|L, T — T|/|=0
by (4.14).

LEMMA 4. Let X(s, t, x), g(s,t) and f,(s,t,®) be as defined in
Lemma 3. Then the random variables Z,(x), n = 1,2, «++, on (C,, §, m)
defined by

(4.16) 7, — exp {Q fndX>(1, 0 — Syfj(s, t)d/}

are untformly tntegrable on C,. If g(s, t) is bounded on D, then for
every B =0, the random variables Y,(x),n =1, 2, «++, defined by

(4.17) Y(@) = Zro(l| Lo 1) exp {( [ £.d X))t D}

are uniformly integrable on C,.

Proof. For M >0 let A,,={reC,: Z,(x) > M}. To show the
uniform integrability of Z,,n = 1,2, ..., we show that for every
€ > 0 there exists M > 0 independent of % such that

S Z@dm <&  m=1,2 .

AM,n

According to Lemma 3 applied to 2f,, E(Z?) =1 and so choosing
M > 1/e, we have

1 1
Z.(0)d sS L 2wdm < L <&
Smm (w)dm = JrZ@dm = o <

A,

proving the uniform integrability of Z,,n =1, 2, +--.
Suppose ¢(s, t) is bounded on D. Now

(i, 0,

w n

| Lo || = max
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and so if 2eC,, |||Lx]]l] < B, and B >0, then |||f.]|| < Blllgll| and
SDf,f(s, t)d, < BY||g]li>. Letting ¥ = exp {|/lg]||’B*} we have

Yoo) = Yol LD Zute) exp {| fits, 0.} < 72,@) -
For K > ve

Y.(x)dm =< VS Z(x)dm < €7 n=12 ---

S[ynn«:] [Z2,>K][r]

proving the uniform integrability of ¥,,n =1, 2, «--.

LemMA 5. If x€C, and for some M > 0 ||| L,xz||| > Mexp {||| K|},
then |||L,T,x||| > M.

Proof. As in the Volterra integral theory one can show that T,
defined by (4.1) transforms C, onto C, in a one-to-one manner, 7, and
T, are bounded linear operators, and || 7,*| < exp {||| K|[|}.

Now for any x € C, which satisfies |||z||| > Mexp {||| K|||} for some
M >0, we have ||| > M||T;*|l. If |||T=]ll = M,

MITH < el = T Twelll = N T M Toe |l = 1T M

a contradiction. Thus for any x2e€C, if |||z||| > M||T;'|| then
| Tpxel|>M. Inparticular ||| L,x|||>Mexp{||| K|||} implies ||| T L,x|||> M.
But (4.1) and (4.12) imply that 7,L,x = L,T,x and hence ||| L, T,x||| > M.

5. Proof of Theorem 1. Since L,x, xeC,, is determined by
the values of 2 on the lattice points (i/n,j/m) 4,7 = 1,2, «++, n, We
may define a function H on R™ by

H(Uu! M 777m) = F(Lnx)

where 7,; = x(i/n, j/n). The continuity of F and L, implies the {-
measurability of FoL,. If R” is topologized according to the sup-
norm, it is easy to see that H is continuous. Since F' is bounded, so
is H. Let
G(y) = F(Lny) = H(ﬂ(“l“r '1->y ) y(ﬁy ﬁ‘)) .
n on

mn mn/’/

Then G(T,y) = F(L,T,y) and according to Lemma 1

KC F(L,o)dm = SC F(L,T,2)

v

D i Sl

n n n n

_ZW,K2<?:_1,j—1>x2<i_1,j_1>i2}dm.
= n n n n n
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Since lim, .. ||| L,z — z||| = 0 and F is continuous, lim,_.. F(L,x) = F(z).
Since F' is bounded,

.2) lim SC F(L)dm = SC F@ydm .

n—r0

We now show that the integral on the right side of 5.1 converges to
1 2 2
§ F(Tx) exp {—(SK(S, X (s, t)dX)(l, 1) — ?S K*(s, )a(s, t)d/}dm
Cy D

which will complete the proof. Sinece F' vanishes off a bounded set,
there exists M > 0 such that if |||«]||| > M then F(x) = 0. Let N =
Mexp {||| K||l}. Then

63 | FELIoL@dn = | ol LalDF L0, @dm

where
n '__1 > '__1 -
Jn(x)zexp{—éjglK(?’n ,j%1>m(%n ,jnl)dw}
-exp{—i” ifi”(i_l’ j—l)x2<i—1’ j—l)_}_}'
2= n n n n n?

Since K(s,t) and x(s, t) are continuous on D
limexp{—l~§lﬁK2<@ -1 = 1)902(@ —1 4= 1)%}
100 2 iD= n n n n n

= exp {—%SDKZ(S, t)x*(s, t)d/} .

Let

fils ) = K( l?j;l, iy x( [ns] [nt])

n n n

and f(s, t) = K(s, t)X(s, ). Then

ﬁ:ﬁK(i"l, j“l)x(i"l, j“l)Aﬁ=(andX>(1,1,w).

i=1j=1 n n n n

By Theorem 8.2, since f,€ I, and fe I,

T
var [(S fndX>(1, 1, 2) — (Sde)(l, 1, w)] — var [(S(fn - f)dX)(l, 1, w)]
< | B, —frd, = Ifa = £

Now
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W= Full < 11 X(s, 0] ll[K(s, t)y — K( [%8]’ ﬂ:%])“l

"

o - (i ).

Using the continuity of X(s,t) and K(s,t) on D and the fact that
X(s, t) — X([ns]/n, [nt]/n) is normally distributed with mean 0 and
variance st — ([ns]/n) - ([nt]/n) it is easy to see that lim,_..[|f, — fI| = 0.

It follows that (Sf,plX)(l, 1,x) converges in m-measure to (Sde)(l, 1, %)
and hence

x5 K(AZL L= L)1 J=1), )
/ (e n

G=1 j=1 n n

converges in m-measure to exp {——(SK(S, t)a(s, t)dX)(l, l)}.
The integrand on the right side of (5.3) converges in m-measure to
Tl D F(To) exp { - ((KGs, 0 X(s, ax) 1, 1)
—%S K*(s, t)x*(s, t)d/} .
L JD
This follows from the above and the fact that ||| L,x||| < |||«]/| and
lim,_. ||| L.x — 2||| = 0, which implies
lim Yool Lo 1) = Yo, m(l2]]) -

Since for each n = 1,2, --., the integrands on the right side of (5.3)
are bounded in absolute value by

Zen L D1 Fll exp { ([ £aX) @ 1}

Lemma 4 implies that the integrands are uniformly integrable justi-
fying the taking of limits inside the integral. Thus

lim g F(L,T,x)J,(x)dm = lim SC Yoo, (| L [|) F(L, T, )T, () dm
Cy n—rco 2

7-->00

= | otz DT @ dm
where

J(2) = exp {—(SK(S, £ X(s, t)dX)(l, D — %SDK%S‘, Bat(s, t)d/} .

Now |||¢]l]| > N implies ||| Tx||| > M and hence F(Twx) =0. We get
finally
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1im§ F(L,T.0)J,(@)dm :S F(Tw)J(@)dm
n=oo JCy Cy
which upon substitution into (5.1) proves Theorem 1.

The proof of Theorem 2 is proved using Theorem 1 in exactly the
same way as Theorem III is proved from Theorem II in [4] by J.
Yeh and is therefore omitted.

The author wishes to thank Professor J. Yeh for suggesting this
problem.
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