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ON STABLE FIBER SPACE OBSTRUCTIONS

J. F. McCLENDON

It will be proved that every stable fiber space obstruction
is a coset of the image of some stable twisted cohomology
operation,

1. Statement of the theorem. Consider the following tower of
K-principal fibrations over a path connected space B.

Ci Cs Cz Cl

1Tk

Ei+1 Ez °e - Es E, B.

Each C; is a product, over K = K(x, 1), of L(G,n)'s. © = m,(B) and
L(G, n) = L,(G,n) where ¢:7—autG. (“L,G,n)” and “K-principal
fibration” are discussed in §2. They generalize “K(G, n)” and “prin-
cipal fibration”.) Suppose X is a CW space and f: X — B is a given
map. Define

0.f) = {F*k;|f: X — E, is a lifting of f}c[X, Cilx .

Then O.(f), O.(f), ---, O;(f), are the successive obstructions to lifting
S to B, (f lifts to E;,, if and only if 0€0,;(f), 1 £j <14). A more
detailed description of local coefficient obstruction theory is given in
[4]. The purpose of the present paper is to prove the following
theorem.

THEOREM. Assume that there is an N such that the C;’s are
products of L(G,n)’s and N +1 = n < 2N. Then there is a stable
B-operation @ = @, ;: [X, 2C\]x — [X, C]x (an additive relation) such
that O,(f) is a coset of the subgroup Image @ — [X, C]k.

It will be seen from the proof that O,(f) is a coset under more
general circumstances. The hypotheses stated here cover the case of
a modified Postnikov system for a fibration F'— E-— B (not necessarily
orientable) when dim X < 2C, C = connectivity of F.

For simplicity, all spaces are assumed to be path connected, pointed
and to have the homotopy type of CW spaces. All maps are assumed
pointed.

The result here seems to be new even for orientable systems.
Results similar to this have been obtained, independently and earlier,
by Mahowald [2] for orientable sphere bundles and Meyer [5] for
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orientable fibrations. However, neither shows that the obstruction
is actually a coset.

2. Some definitions. First, recall from [Gitler 1] and [Siegel 7]
the definition of L,(G, n). Let ¢; 7 — aut G be a homomorphism of a
group 7w into the automorphism group of an abelian group G. Then
there is an associated map ¢ from =« into the group of base point pre-
serving homeomorphisms of K(G, »)(K(G,n) is a pointed CW space
which is an Eilenberg-MacLane space of type (G, n)). The following
diagram is commutative

T X T (K(G, n), *) LN 7. (K(G, n), *)

I I

Tx G ¢
where &, (z, y) means $(z),(y). Let = — L — K be the universal cover
of K = K(m,1). It is a universal principal w-bundle. Let L, (G, n)—
K(m, 1) be the associated bundle with fiber K(G, n). It has a natural
section. (L, K) can be assumed to have the homotopy type of a CW
pair. Let I" be a local coefficient system on a space X classified by
2: X — K = K(m,1). Then H"(X:I') — [X, L]x where the latter is the
set of homotopy classes of maps over K (see [Steenrod, 8] or [Olum,
6)).
Now suppose, in general, that D-2» W-5D and @@ = identity.
Define
PW = {ke W' | @k(t) = k), t, t' eI, k(0) = @®d(0)}
QW = {ke PW|k(0) = kQ1)} .
If W— D is a fibration then PW — W(k — k(1)) is a fibration with

fiber QW (the ordinary loop space). Call it and any fibration induced
from it a D-principal fibration. The following diagram is a pullback.

QW — PW
[
D —W.

Now apply these definitions to K(x, n) — L4(G, n) — K(z,1). QL
is Ly(G,n —1). f: X— L lifts to PL if and only if f is zero as an
element of H"(X;I") if and only if f factors up to homotopy through
K— L.

Next, define L,(G, n) = Ly 4,.(G, %) as follows. Suppose a: (D) —x
is a given homomorphism corresponding to a map D — K(w, 1) also
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denoted by «. Define L,(G, n) as the pullback of o and L,(G, n) —
K(r,1). If the classifying map for a local coefficient system 7" on X
can be factored through « then H"(X,I") < [X, L,(G, n)],. Suppose
7.(D) = 7, a = the classifying map for I, and ¢ determines /'. Then
write L (G, n) for L, , (G, n).

3. Twisted operations with local coefficients. Let " and I”
be local coefficient systems on a space D determined by ¢: 7 — autG
and ¥:x— aut H respectively, where 7 = 7z(D). Let 2: X— D be
given. A primary operation @y . H*(X; x*I") — H*(X; «*I"’) is repre-
sented by a map from (L.(G, n), D) to (L,(H, k), K(r, 1)) which extends
the classifying map for 7”. This map determines a unique map from
Ly (G, n) to L.(H, k) which is a map in 7D = the category of spaces
under and over D (see [3]).

Higher order operations can be defined by towers of K(r, 1)-prin-
cipal fibrations such as the following one:

L, L, L, L,

[ N

E, e K, E, L

where L = Ly(G, n), L, = Ly(H, k), and L; = L;(G;, n;), ¢,: ® — aut G;,
1Zj=r-—1, and E,— L; sends D to K(x,1). More specifically, @
is defined by the following commutative diagram:

H™(X; o*T) HY(X; o*I™)

I I

(X, LG, w)]p —— [X, E\]p — [X, L]« .

The L’s may be replaced by products over K(w, 1) to give operations
in several variables.

Suppose in the stable case that f: D— B is given and that all
coefficient systems for the above tower are obtained by pullback from
systems over B. Assume also that f*: H*(B) — H*(D) is isomorphic
for ¢ < N and for all coefficient systems involved. Then there is a

B-operation ¥ such that if X =, DLB the operations @, and
¥, . are the same. This is proved by constructing a tower over B
whose pullback is the given tower which defines the D-operation 9.

The following lemma accounts for the “additive” in the main
theorem.



442 J. F. McCLENDON

LEMMA. If N +1<Zn; <2N for oll n; then the operations de-
Jined above are additive relations.

The proof will be given for secondary operations of one variable.
The argument for higher order operations of several variables is quite
similar (see [3] for the constant coeflicient case).

First, we recall some facts from [3]. Let D be any space. Top
D is defined to be the category whose objects are triples (W, i, W)
with w: D— W, w: W— D, and @ = identity. The morphisms are
continuous functions f: W— W’ such that wf= ' and fw = w'.
Homotopy is defined in the natural way. The path and loop functors
are defined as in §2. There are cone and suspension functors also.
All of the basic properties of Top (pf) remain valid for Top D (Top (pt)
is just the category of pointed spaces and maps). If W, W e Top D,
let {<W, W> be the set of homotopy classes of maps from W to W'.
If W is a [double] loop space in Top D then (W, W’) is a natural
[Abelian} group. If /1 W— W' is a loop map then f, is a homomorphism.

Proof of the lemma for primary operations. Let a be a primary
operation. By definition « is represented by a map in Top D (also
denoted by «) a: L (G, n)— L.(H,n'). If n' < 2n (as in the present
theorem) then it can be shown that « is a loop map in Top D so the
operation is a homomorphism.

The map PW — W defined by {— I(1) is a fibration in Top D.
Any fibration induced from it by a map to W (classifying map) is
called a principal fibration. If the classifying map is a loop map then
the total space of the principal fibration is a loop space.

Consider the following two diagrams

ag

E-2 L, E2.L
[ l»
ax B ,
L[* _— L1 LI‘ I Ll .
1) (2)

Ly = LG, n), L; = Ly,(G;, n:), L = LG, m)) = D X gLy I',I'; are
three given local coefficient systems on D classified by ¢: 7 — Aut G,
¢ — Aut G;. B; = (¢, «;) where u is the map to D obtained from
E— L,— D. The important point is that p: E— L, is the principal
fibration induced by B, in Top D. This can be proved directly from
the definitions.
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Proof of the lemma for secondary operations. Consider the fol-
lowing commutative diagram.

H"(X; =*I') H(X: a*1,)

(X, LG, )] 2= (X El, 25X, Ll

| L, -

[X, LG, )], 2~ [X, El, 25X, L,

| g 2

(XVD, LG, n)> <=~ (XVD, E> “5(XVD, Ly

4 is the secondary operation defined by line 2. The diagram shows
that 4 = B(2),p;" via line 4. Line 4 is obtained from Top D. p: E—
L, is a loop map and L, is a loop space in Top D. It can be shown
that the dimension hypothesis of the lemma implies that B3(2) is a loop
map in Top D. Hence p, and B(2), are both homomorphisms and 4
is an additive relation.

If D= K(r,1) = K the operations discussed above are closely re-
lated to those defined by Siegel in [7]. The difference is as follows.
Let local coefficient systems I and I on K(x,1) be represented by

1 L .
LiG,n) = K(m,1)  Lu(H, k) — K(r,1) .
) m

Then in the present paper a primary operation is represented by a
map f: LG, n) — Ly(H, k) which is a K-map, i.e., #f = | and fl = .
In Siegel’s paper [7], a primary operation may be represented by a
map which is merely a map over K, i.e., mf = . The narrower de-
finition of the present paper excludes the “characteristic operations”
of [1,7]. The advantage of the present approach is that all of the
primary operations in the stable range are homomorphisms and the
higher operations are additive relations. Presumably, the broader
definition of [7] is more suitable for non-stable obstruction theory.

4. Proof of the theorem. Consider the following diagram
where the left hand column is obtained from the right hand column
by pullback. Let s;: E; — E;; be the natural section for the projection
p;: B;; — E;,. Let k’; be the composition

: k.;.
Ei,.i _—> Ej —p Cj .
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ks
E,;, — E; — C;

L

E — FE,_, —C,_

1,11

Ei,z — K, _"Cz

L]

E —B -i,¢

Claim. (1) j <<t¢ — 1 implies k}s; ~ 0 (over K).
(2) Ei=k +u, kp; = ki, kis; = ki, and us; ~ 0 (over K).

Proof of claim. (1) is clear since ks; = K, — E; — C; ~ 0 (over
K). Write E for E;; so

(B,E)oE-E, ps=1.
——
P =p:
Hence

_ _ s*
0 — HNE, B) L H*(E) — H*(E,) — 0
p*

where H* is [ , Cilg. kis; = k;, that is, s*k, = k;. Hence k¥ =1%; + u
where %, = p*k; and w = g*w’ and u and k; are unique. Hence k;s;, =
kps = k.. Also k; = k) = k;s; + us; = k; + us; implying us, = 0. This
proves the claim.

Consider the following diagram:

E E, C;
X—f ] l
Iy A
E,——B

where f, is a fixed lifting of f to E.. Le_bt k :_ki, kK :_k;, and £ = E,.
Then O,(f) = {f*k| f: X — E lifts f} = {f*k'| f: X — FE lifts £} (since
the liftings of f and f, are in one-to-one correspondence)

= {F*k + F*u) = F*F + {F*ul F lifts £}
= F*k + {F*u| F lifts f: X — E,, and £, lifts f})
= 7k + @y ;] X, 2C)x .

Use: E;, = E; xPC,, [X, E,]g.= [X, PClx = [X, 2C]. 0@ is the E;-
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operation defined by E,,— E— C,. If C, is the product of L(G, n)'s
over K then E,, is a corresponding product over E; of Lz (G, n — 1)'s.

This shows that O,(f) is a coset of the image of the stable E-
operation @ defined by E;,«— E — C;. The hypotheses of the theorem
and the remarks in the third paragraph of § 8 guarantee that there
is a stable B-operation ¥ with the same domain and image. This
completes the proof.
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