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FRED USTINA

In the two dimensional case, as in the one dimensional
case, the Hausdorff summability method is generated by a
Hausdorff weight function. In this paper, we investigate the
conditions which must be imposed on this weight function in
order that the resulting means of a double Fourier series
will display the principle of localization,

In this article we examine the conditions under which the
Hausdorff means of double Fourier series exhibit the principle of
localization. As is well known, these means are a generalization of
a number of other well known means, including those of Cesiro and
Euler. Our results are summarized in Theorems 1 to 4, together
with the appropriate corollaries.

Let [e, d; a, b] denote a rectangle with vertices at (a, b), (a, d), (¢, b)
and (¢,d),a<¢,b=<d. For 0<d<m let R(6) =[0,d; —0, —0],
N(©) = [z, 6; —7, —0] U [d, &; —6, —x], C() = [=, m; —m, —7] ~ N(9),
and K(0) = N() ~ R(). For0 <7 <1/2,letdzy =1 — 7,1 —7;7,7],
and let () =[1,1;0,0] ~ 4(z). Then N{(§) is a cross-neighborhood
of the origin, E(d) is the deleted cross-neighborhood, and 6(z) is the
7-neighborhood of the boundary of the unit square [1, 1; 0, 0].

Let f(x, y) be a 2r-periodic function, Lebesgue integrable in the
period square, and let {s,.(z, y)} be the corresponding sequence of
partial sums of the Fourier series of f(z, ¥). In the sequel we relate
all such calculations to the origin, so that we will be examining the
sequence {s,.(0, 0)}, which we denote simply by {s..}- As is easily
shown,

_ 1 S fe b sin(m + 1/2)s sin(n + 1/2)t ;. 5
AT sin 3/2 sin t/2

(1) = 4}22 {SR((;) + SE(@) + Scw)}

= r’m’n + emn + cm’n .

S’”L’I’L

Now suppose that a regular linear summability method H ([6],
Vol. 1, p. 74) is applied to the sequence {s,.} and let {%,,} denote the
corresponding sequence of transforms under the method H. Then

hn = H{Spn}
(2) = H{rw} + H{en.} + H{Con}
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We will say that the principle of localization holds for the
sequence {s,,} if for arbitrary, fixed 0, 8,, = 7ma + 0(1), m,  — oo, and
that it holds restrictedly if s,, = 7., + 0(1), m, x — oo, under certain
specified restrictions on the subsecripts m and %. Similarly, we will
say that the principle of localization holds for the sequence {h,,} if
P = Qi + 0(1), m, n — o=, and that it holds restrictedly if

Pomn = Cpn + 0(1), M, B — oo ,

under certain specified restrictions on the subscripts m and .
It follows that a necessary and sufficient condition for the
principle of localization to hold in the first case is that

Cmn + Cpn = 0(1), M, B — oo,

and in the second case the necessary and sufficient condition is that
Ban + Tma = 0(1), m, ® — . Since f(x, y) is assumed to be Lebesgue
integrable, the sequence {c,,} is a null sequence. Since the method
H is assumed to be regular, it follows that the sequence {7,.,} is also
a null sequence. Thus to prove that the principle of localization holds
for an arbitrary, Lebesgue integrable function, it is necessary and
sufficient to prove that, for an arbitrary fixed 4, > 0, ¢,, = o(1) and
Bmn = 0o(1), m, m — oo, in the respective cases.

Now let H be a regular Hausdorff summability method. This
method has been investigated in detail by Hallenbach [2]. From the
foregoing, it follows that to prove that the principle of localization
holds for this method, it is necessary and sufficient to prove that the
sequence {B,.} is a null sequence, where

m,n

(3)  Baw=3 (") Jeu] w1 — w01 — oyt v)
o \ k A 0,0

where the Hausdor{f weight function g(u, v) is of bounded variation
in the unit square [1, 1;0, 0], g(%, 0) = g(«, 0%) = ¢(0, v) = g(0*, ») = 0,
and ¢(1,1) = 1.

We will say that g(u, v) satisfies a Lipschitz condition of order
one and Lipschitz constant M on a region R |1, 1;0, 0] if g(u, v) is
continuous on R and if

lg(uN’ ,’)H) . g(u” v/l) _ g(u”, ,U!) _|_ g(,[/{’ly /U’)i é M[(ull _ ,M’I)(/U/I . vl)l

whenever the rectangle [u”, v"; u, v'] contains only points of R. It is
easily seen that in such a case, the absolute value of the measure
dg(u, v) is majorized by Mdudv on R.

Summary of the main results. We assume that g(u, v) is a
regular Hausdorff weight function, so that the corresponding Hausdorff



HAUSDORFF MEANS OF DOUBLE FOURIER SERIES 237

method is regular. From (3), we have

(4) Buw=5("Y (P )euf| + ]t — wrrwid — oy dotu, 0

= amn _I_ 01"/”, M

THEOREM 1. If a 2rm-periodic function is Lebesgue integrable in
the period square, them 0,, = o(1), m, n — oo, provided that for some
JSized but otherwise arbitrary €, 0 <e <1, and £ = t(1 — 7)0*/12, we
have that m < ¢7'¢™ and n < ¢7'¢™, a fortiori provided that

em™ < min < ent

for an arbitrary, fixed positive integer k, as m, n— oo.

COROLLARY 1. If {h,.} is a sequence of regular Hausdorff trans-
forms of the sequence {s,.}, corresponding to a 2m-periodic function
which ts Lebesgue integrable on the period square, them the question
of whether the sequence {h,,: em™ < m/n < e7'n*} exhibits the principle
of localization depsnds entirely on the behavior of the Hausdorff weight
Junction in an arbitrarily small t-neighborhood of the boundary of
the unit sguare [1, 1;0, 0].

COROLLARY 2. If, in Corollary 1, the sequence {h,,} corresponds
to a Hausdorff weight fumnction g(u, v) such that for some T > 0, the
measure dg{u, v) is identically zero in a T-neighborhood of the boundary
of the unit square, then the sequence {h,.: em™ < m/n < e7'n*} exhibits
the principle of localization. In particular, if 0 < a <land 0 < B <1,
and if {€..; 18 the sequence of the FEuler (¢;«, B) transforms of the
sequence {S,.}, corresponding to a 2m-periodic function Lebesgue
integrable on the period square, then the sejuence

~ . —k —lk
mn —_— =
{emni em™ < min < e7'nk}

exhibits the principle of localization.

Corollary 1 is an obvious consequence of Theorem 1. This is also
the case with the first part of Corollary 2. The second part of
Corollary 2 then follows by observing that the Euler (¢; @, 8) means
are Hausdorff means corresponding to a function g(%, v) such that the
measure dg(u, v) is identically zero except at the point («, 8), where
dg(u, v) = 1.

THEOREM 2. Let o be any subset of 6(t) such that on every simply
connested subset of o, the Hausdorff weight function g(u,v) satisfies
a Lipschitz condition of order one with Lipschitz constant M. Let
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(5) O, = 7%: «ZX?)%S ub(1 — u)™* o' (1 — v)"'dg(u, v) .
Then we have

(a) if f(x, 9)e L, (N©)),1<p< oo, then 0,, = o(1), m, n— oo,
em™* < min < e'n?, where ¢ and A are fized but arbitrary, 0 < e <1,
and 0 <A< p— 1.

(b) if f(x,y)e B(N@G)), then o,, = ol),m, n— c,m=< e,
n < e, where now & and N are fized, 0 < e <1 and 0 <N <1,

In particular, the contribution to the mnith term of the sequence {B,n},
due to integration with respect to g(u, v) over any subset of the umnit
square on which g(u, v) satisfies a Lipschitz condition of order one
with Lipschitz constant M, 1s o(1), m, n— o, em™ < m/n < e7'n?,
0 <M< p—1,1f f(x,y) e L,(N()); and this contribution 1is

s 2
o), myn—oco,m=Zee,m<ee",0<AL<],

of f(x, y) € BIN(9)).

COROLLARY. Let {c,,} denote the sequence of the Cesiro (C; «, )
means of {S,.}, corresponding to a 2zm-periodic function f(x,y). If
1 Z«, B, and if f(x,y) € B(N(0)), then for arbitrary fixed e, %\, 0 < e <1,
0 <N <1, the sequence{c,: m < e—lenz, n < s—]emz} exhibits the principle
of localization. If 1 < «, B, and if f(z, y) € L,(N(9)), 1 < p < <o, then
for arbitrary, fized e, N, 0 <e<1,0 <M< p — 1, the sequence

{Cpn; em™ < m/n < 70}

exhibits the principle of localization.

The corollary follows from the theorem by taking ¢ = [1, 1; 0, 0]
and observing that the (C; @, 8) means are Hausdorff means correspond-
ing to the function g(u,v)={1—- (1 —w)*}{l — (1 —2)?}. Then
ldg(u, v)| = |aB(l — w)* (1 — v)* ' |dudv < Mdudv for some constant
M=apif 1 £a,p.

Since it is already known ([6], Vol. II, p. 304) that for bounded
S (x, y), the sequence {c,,} exhibits the prineiple of localization without
the restrictions imposed on the subscripts m, # in the above corollary,
it would seem that our estimates in Theorem 2 can be improved or a
new proof devised to give a better result. Attempts to achieve this
have been unsuccessful so far.

THEOREM 3. Suppose that the Hausdorff weight function g(u, v)
1s discontinuous along finitely many lines

O={U=u,1=1,2 -, kio=v;,7=12, -1},
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such that for some © >0, 7 u; <1 -7, 7<v; <1 —7 for all 14,7,
Let gi(v) = g(ui,v) — g(ui,v) and g;(u) = g(u, v}) — g(u, v7), and suppose
that the functions {g;(v), g;(u)} all satisfy a Lipschitz condition of
order one and Lipschitz constant M. Let

(6) @ = '”z (“g)(’;)eug WL — wymro(1 — vy—'dg(u, v)

be the contribution to R, due to integration with respect to g(u, v)
along these lines. Then we have
(a) of f(x,y)eLlrn,z; —7, —x], then ,, = o), m, n— oo,
provided ¢ £ m/n < 7', where 0 < ¢ £ 1 1s fixed but otherwise arbitrary.
(b) if f(@, y)e L,(N()), then

Wpr = 0(1), M, W — o0, em™ < m/n < 0t ,

where 0 < e =1, and 0 <N < p — 1 are fixed but otherwise arbitrary.
(e¢) if f(z, y)e B(N(©)), then ®,, = ol), m, n— o, m= ele,
n < e“lemz, where ¢ is as before, and N is again fized, 0 <\ < 1.

From Theorems 1,2 and 3, a number of general statements
pertaining to the principle of localization for the sequence {&,,} of
regular Hausdorff transforms of the sequence {s,,} can be made
immediately. We give one example. From Theorems 1 and 3, we get

THEOREM 4. Suppose that f(x,y)e Llr, 7; —7, —x], that f(z, y)
18 periodic of period 2w, and that {s..} is the sequence of pariial sums
of the Fourier series of f(x,vy). If the Hausdorff weight function
g(u, v) is such that for some T > 0 the measwre dg(u, v) s identically
zero im the T-neighborhood of the boundary of the wnit syuare, except
along finitely many lines w = U, v=v;,, 1<, <1l -7, 750, <1 —7
for all 4,7, along which the difference functions g,(v), g;(v), as defined
in Theorem 3, all satisfy a Lipschitz condition of order one and
Lipschitz constant M, then the corresponding sequence of Hausdorff
transforms {h..,} exhibits the principle of localization restrictedly, with
the restriction that for arbitrary fized ¢, 0 < e < 1, we have

eSS mn<et.

Preliminary Lemmas., We collect here a few lemmas to facilitate
the proofs of our results.

LEMMA 1. Let

o,sina =usins, p,cosa =1 — % + UCos s
©.sin 8 = wsint, pybcosB=1— v + veost.
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Then

7y v (m\(n sin(k + 1/2)s sin(l + 1/2)t . 1 — w1l — )

(7) Z<k><l> sin 5/2 e R SR A )
= pros ¢(m; a, 8) ¢ (n; 3, 1)

where

é(m; a, 8) = sin ma cot s/2 + cos ma
é(n; B, t) = sin nB cot t/2 + cosnp .

Proof. The proof is essentially due to Szész [3, p. 443].

m

s (3’:) sin(k + 1/2)s wH(1 — w)™—*

o
(8) =Im{(1 — u + ue*)"e*?}
= Im {{o.{cos a + ©sin @)} (cos s/2 + 1 sin s/2)}
= o Im {(cos ma + 1 sin ma)(cos s/2 + ¢ sin s/2)}
= o7 (sin ma cos s/2 + cos ma sin s/2) .

Dividing through by sin s/2 and noting that (7) is a product of two
sums of the type (8) completes the proof.

LEMMA 2. For small values of ¢, say|t| < d, and 0 < v < 1,
(9) sinng = sinntv + 2cos n(tv + & rv(l — 2)t°) sin nrv(1l — v)t%/2,

where|r| = |r(t, v)| < 0.

Proof. This result is due to Szasz [3, p. 449], taking into account
that sin (— %) = — sinz.

LEMMA 3. [¢(m;a,s)| <cots2+1,0<s==w so that for
0<d=s=m|g(m;a,s)| =7 < o untformly in m, « and s.

Proof. The lemma is obvious.

LEMMA 4.

6(n; 8, t) = 231% + p(mit, v)

where ' (n;t,v) 1s bounded absolutely and uniformly, 0 v <1,
0<|t|Enr,n=1,2 «--.

Proof. From Lemma 1, we have
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é(n; B, t) = ZEthB + sin ng {cot t/2 — 2/t} + cos nB
= 2——smt”B + y(n; t, v) .

LeEMMA 5. For small values of t, say |[t| <0, and 0 v <1,

Sint%B _ sin ?t” (s t, )l — )12},

where |v"(n; t, v)| < 120°.

Proof. The lemma follows immediately from Lemma 2 on division
by t since |cosx| < 1 and |sinz| < |#|. Thus the second term on the
right in (9) is bounded absolutely by the absolute value of nrv(l — v)t’.
Thus

sin n@ = sin ntv + "'(n; ¢, v){nv(l — v)t*/12},

where |y"'(n; t, v)| < [12r(¢, v)| < 120",

LEMMA 6. For |s|<mand 0 Zu <1,

p'lm é 6—mu(1~u)82/12 .

Proof. From the definition in Lemma 1, we have

0 =1—2u(l — u)(1 — coss)
=1 — 2u(l — u){(s¥/2! — s'/4]) + (s°/6! — &*/8!) + -..}
<1 — 2u(l — w)s’(1/2! — s*/4!)
<1— u/6(l — u)s

< e—u/fi(i—u)s2

since under the restrictions on s and u, (1 — ), and each of the
paired terms in s, is nonnegative, and 1/2! — s*/4! > 1/12.

REMARK. It is clear that under similar restrictions on ¢ and v,
we have

Pz” < e»—nuu—v)ﬂ/m .

LEMMA 7. In the interval 0 < v <1 and |t| < 0,

. Sin ntv

07 ¢(n; B, t) = 205 + (n; ¢, v)

where (n; t, v) s bounded absolutely and wuniformly in n,t and v,
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say |[y(n;t, v)| < 0",
Proof. By Lemmas 4 and 5,
(10)  ¢(n; B, t) = 2—@%@3 + 29"(n; t, v)nw(l — V)12 + P (n; ¢, v) .

Then

sin ntv

ord(n; B, t) = 207 + 2y9"(n; t, v)r(n/12)v(1 — V)t

+ o5’ (n; ¢, v)

sInnty v(n; t, v),

= 207
where +(n; ¢, v) is bounded absolutely and uniformly, since +'(n; ¢, v)
and +"(n; t, v) are so bounded, and
0Hn/12)v(1 — V)t < (n/12)v(1 — v)t2e~m "N < gt

for all values of %, v and ¢, since ze~* < ¢~* for z = 0.

LEMMA 8. For n and k large enough, 0 £ v =1 and |t| < 0,
|05 8(n; B, )| < 4n
and
[¢(n; B, )| < 4kn .

Proof. The first part follows immediately from Lemma 7 since
or <1, +(n;t,v) is bounded, and |sinntv/t| < nv < n. The second
part follows from (10) since +'(n; t, v) and +'(n; t, v) are bounded, and
no(l — v)12 < n for 0 < ¢ < 7.

LeMMA 9. If K and k£ are any fixed, positive numbers, however,
large or small, then
K{me™ + ne~™™) = o(1), m, n — < ,

provided that for some fixed N, 0 < A < £, and fized ¢,0 < e =1, we
have m < ¢~ and n < ¢7'¢*™ as m, n — =, a fortiori, provided that
e=min<et as m, n— oo.

Proof. We prove only that under these conditions, Kme™" = o(1),
m, n— oo, the proof of the other part being the same. But then

Kme™» < Kglg~ k4

—0,n— o .
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LEMMA 10. For 0 <d <s=m,
1
S ordu < em™
0
where ¢ = 48/0°.
Proof. By Lemma 6,
1 1
g p:n du é g 6—mu(1—u)32/12 du
0 0

< Sl e—-mu(l—-u)62/12 du .
0

Now since the integrand on the right is symmetric in % and 1 — «,

and u(l —u) = %/2, 0 < u < 1/2, we get

1/2
0

g1pr du < 2S e._mu(l—u)azllz duw
0

1/2

< 28 e—mu§2/24 du

0

< 48/mo* = em™ .
LEMMA 11. For 0<v=<land 0<o6<m,
8
.

Proof. If v =0, the lemma is obvious. If v = 0, set ntv =t'.
Then

Sl—ntnﬂ!dt<2logn,n§10.

S"‘sinntv |dt _ S”’”‘"‘ sin ¢ |dt
0 t | 0 t
< S’”j sin ¢ Idt
0 t

< S‘ sin ¢ dt -+ S’”_glt_
o t t

1

< {1 + log = + log n}
< 2logn,n=10.

LEMMA 12. For 0v=<1, 0<o0Z7m and 1l/p+1/qg=1,
1< p< oo, we have

il

Proof. Again, if v =0, the result is obvious. Otherwise set

smtntv ‘q dt}l/q Sk log n, n =10 .
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ntv = t'. Then

{S" sin ntv "dt}‘/“: {S”” " sint "_di}”"
0 t 0 t nov
= {(m})"“1 Sm| sin ¢ lth}”q
0 t
< ”/{S sin ¢ ‘dt}llq
= 0 t

< {1 + log © + log n}'/e
< 2n'*logn, n = 10 .

LEMMA 13. Given an arbitrary fixed number K < o, and fized
eand N, 0<e =<1, 0< A< p—1, where 1l < p < o, then

= o(1), m, n— oo,

K{ m'? log m n n''? log n}
n m

provided that n/m < e7'm* and m/n < e7'n? as m, n— oo .

Proof. Again we satisfy ourselves by proving that under these
restrictions, K(m'*log m)/n = o(1), m, n — oo, the proof of the other
part being the same. But then m < ¢ '#'**, and so, taking ¢ = 1 for
convenience,

K m'? log m <K nHrHAP Jog it
n n

1—1/p—2/p

= K(1 +\) 08" _
n

Il

o(l), n — o ,
provided that A < p — 1.

Proof of the main results. By the earlier remarks, to establish
the conditions under which the sequence {,,,} will exhibit the principle.

of localization, it is necessary and sufficient to establish the conditions.
under which the sequence {3,.} is a null sequence. By (1) and (3),

_ 1 = /m\(n g P sin (k + 1/2)s sin (I + 1/2)tddt
B = 4 & < k>< l ) E@ " s ) sin s/2 sin /2 i

% S w1 — w)ki (L — vy —dg(u, v) .
0,0

Interchanging the order of summation and integration, which is.
permissible in this case since the sum is finite, and applying Lemma.
1, we get
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Bun = 4}}2 Sm S, t)detK: T o8 $(m; at, 8)d(n; B, t)dg(w, v)
N 41nz {Sa:’ + S:a_,, + Sﬁ_” + Sa_—a_}f(s t)dsdt

11) .
x [/ oror otm; a, (ni 5, Hidg(w, 2

0,

We assume that the mass points of dg(u, v) are all bounded
uniformly from the boundary of the unit square, and that ¢ is small
enough so that 6(r) contains no mass points of dg(u, v). We also
assume that g(u, v) satisfies a Lipschitz condition of order one and
Lipschitz constant M in every simply connected region of 6(z) over
which g(u, v) is continuous, and we let ¢ denote the union of all such
regions. Finally, we assume that in 6(7), g(u, v) has finitely many
lines of discontinuity, w = u;, ¢ =1,2, «oe, b, v=2;, 7 =1,2,---,1,
such that 7 <wu;,v; £1 —7 for all 4,7, and that the difference
functions {g;(v), g;(w)}, where g.(v) = g(uf, v) — g(u;, v) and

9;(u) = g(u, vi) — g(u, v7) ,

all satisfy a Lipschitz condition of order one and Lipschitz constant
M on 6(r). We denote the set of these lines by w.

Thus, )., ©=1,2 8,4, has three components, namely, due to
integration over 4(z), then due to integration over o, and finally due
to integration over w. We denote these components by 0%, ok, and
w:,,, so that

(12) Nin = Ohn + Oh + Wiy i=1,238,4,
and by (4), () and (6), we have

Omn = Omn + On & O + Ohin
(13) Opn = Onn, + Oy + O + O
Wy = Dy + Dy + Dy + D

Proof of Theorem 1. From (11) and (12), we get
= L7 66 vdsae,oror ooms a, 9p(n; 6, g, )
4 5,—3 4(2)

= : S:’; | f(s, t)ldsdtgd(n oror | ¢(m; a, 8) || g(n; B, 1) dg(u, v)|

lazm

iIA

4rt
. T8

kn;/ g—meli—T)et 12 V(g)g e BN £(g t)| dsdit

T 8,~—3

K, ne*I(n),
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where we have applied Lemmas 3, 6 and 8, and set £ = 7(1 — 7)5%/12,
K, = kyV(g)/n*, where V(g) denotes the total variation of g(u, v) in
the unit square, and

L(n) = S:fﬁa ¢TI | £ (s, )| dsdt
and used the observation that in 4(z), p7 is bounded by g nramDEh
Now e 49802 £(g t)| | 0, m — =, except on a set of measure zero,
so that I,(n) ] 0, n — .

That | 6%, | < K,ne™"I,(n), where K, and I,(n) have the correspond-
ing relation to the rectangle [— 4, ; —&, — 9], is proved in the same
manner. To show that |6%,.| < Kime™"I,(m) and |0%,,.| =< Kime*"I,(m),
we interchange the roles of s and ¢, and thus of m and n. Here, £
has the same meaning throughout, and the constants K;, + = 1, 2, 3, 4,
are all finite. Thus

(14) [0mal < [0mal + |00l + [0%0a] + |95l
=< K{ne™"(I(n) + I(n)) + me™*(Iy(m) + I(m))}

where K = max {K,, K,, K;, K,}. By the same argument as used to
prove that I(n) |0, n— o, we have that I(n)]O0, n— c, and
(Lim) + I(m)) | 0, m — . Applying this to the right hand side of
(14), we get 0,, = o(l), m,n— o, provided that m < e'¢ and
n < e'e™ as m, n— co. This completes the proof of the theorem.

Proof of Theorem 2. Taking v = 1/2, we may assume that the
Lebesgue measure of ¢ is unity, that is, the measure of [1,1;0,0] ~ ¢
is zero. As before, we have

1
47t

(0l S o | 1FGs, Ol dsde | ooz |s(m; a, )16 8, 1)l da(w, v)]

and since on ¢ the measure |dg(u,v)| is majorized by Mdudv, we
have by Lemmas 3 and 7,

sin niv | dudv

ol < 2™ 1766, t)1dsat | pr

- 2nt Js, 0,
(15) v "
+ AL 1 pGs, oldsat | ol w(ni , v)) dudo
4m? Jo,—s Joso

Now

S:: o7 |4r(n; ¢, v) | dudv = S:p(n du S: [yo(n; £, v)| dv

< 8"em™! ,
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uniformly in ¢, m and n, 0 < é < s <7, by Lemmas 7 and 10. Thus
the last term on the right in (15) is bounded by (M~vIcd”)/(47*m) = o(1),
m — oo, where we have set

I= S.,_ | £(s, ¢)| dsd -

Next, applying Lemma 10 and changing the order of integration in
the first term on the right in (15), we get

1 n,d ' H
(bl = 2T 115, 2)1| SR | dsat o
+ o(1), m— oo .

(16)

Now suppose that f(s, t)e B(N(5)), that is, |f(s,t)| < B< o
almost everywhere in N(6). Then

ot | < BMer Sl{g" sin ntv ’dt}dv + o(1)
2r*m Jo U—s t
_ BM~c Sl{v sin ntv ldt}dv + o(1)
Tm Jo Ulo t

<2%10gn+ o(1)
m

_ KIOi" + o(l), m— o, m = 10

by Lemma 11. Thus 0%, = o(1), m, n — oo, provided that for some
fixed but otherwise arbitrary ¢ and \, 0 <& < 1,0 <X <1, we have
n=< ele as m, n— co,

That %, = o(1), m, n— oo} n <et¢", is proved in a similar
manner. To prove that o%, + 04, = 0o(1), m,n— =, m = ele”, we
again reverse the roles of s and ¢, and so of m and n. This completes
the proof of Theorem 2 for the case where f(s, t) e B(N(9)).

If f(s, t)e L,(N(9)), 1 < p < oo, then in (16),

17, 012222

sin ntv

S o[ [

< 2In'? log n
= K’ n'*logn,n = 10,

where we equated the first integral to I, and applied Lemma 12 to
the second integral. Then by (16),
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’ 1/ .
|0k, | < KMZC L logn )
ar m
< g mllogn o nz10,
m

the o{1) term being absorbed in the first term.
Proceeding as in the first part of the proof with respect to oi,,,
1= 2,3,4, and combining the results, we get

[0l = K{nllplogn + m"?logm}’ m, n = 10
m n

= o(1), m, n — oo

by Lemma 13, provided that m/n < ¢'n* and n/m < e~'m?, or equiva-
lently provided that em* < m/n <e¢'n?, 0<e<l, 0<A<p—1.
This completes the proof of Theorem 2.

Proof of Theorem 3. Let w.i be the contribution to w:, due to
integration along the line u = u;, and let w’ be the contribution to
o}, due to integration along the line v = v;. Then

7,0 w1
wzz=%ga G, t)dsdtg T oror g(m; a, )é(n; B, dg(u, v) .

By Lemma 6, oI <e¢™™, where again £ = (1 — 7)0?/12. Then by
Lemmas 3 and 8,
joyil = PN | f(s, 1) dsat
T 5,—8
M~I,
71-2
= K/ ne™"

ne "

where I, and K/ have the obvious meanings, K/ being an absolute
constant independent of 7. Since there are at most & < o such lines,
the total contribution of these k lines to !, does not exceed

(18) kK ne™™ = K’ ne—"™,

Next, we have

+
2

: * oroz o(m; at, $)3(n; 6, )dg(u, v)

19 i =
(19) 4r?

S”"’ f(s, t)dsdtgl"v
8,—8 0,7

and so, by Lemmas 3, 6 and 8,
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k| < knﬁ’M

Sﬁ If(s t) I e—nt(l—-r) t2/12dsdt S p;n du

< Jr¥e ™ )
T m
= Klnl‘t' Il(n)
m

where k& now is the constant of Lemma 8, and I,(n) is the same as
in the proof of Theorem 1. Here again K/’ is an absolute constant
independent of 7, and I,(n) | 0, » — . Since there are at most I < «
such lines, the total contribution of these to w.,, is bounded absolutely
by

(20) K" 2 I(n) = K" ™ I(n) .
m m
Thus by (18) and (20),
|@h,| < K’ ne= + K" 2 I,(n)
m
< K(ne™™ + X I(n)) .
m
By similar reasoning, we get
| @] < Ko(ne™m + —I (1))
| @3] < Ky(me™ + -"3 I(m))

| @, | < K(me™ + % I(m)) .
Taking K = 2. max {K,, K,, K;, K,} and combining the results, we
have
| W] < K{me™ + ne*"}
{2 (1(m) + L(w) + 2 (I(m) + Lom)}
m n
=ol),m,n—0,e <m/n<et,

where the first part goes to zero by Lemma 9, and the second part
because of the convergence of the integrals I, (), I (n) I(m) and I(m)
to zero. This completes the proof for f(s, t)e L[, n; —x, —x].

If f(s,t)e L;(N()), 1 < p < o, then
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Mye™™™
4 2

< M”@_"" go g £ (s, t)|[ﬁi%tl{dsdt}dv

{
M“/e S

1,2
|whi| <

M (™ | (s, pldsat | | oz oms 8, 0)|do

|76, Ol dsdt | [y (nit, v)|do

by Lemma 7. By (17), the integral in brackets in the first term on
the right is bounded by K/ n'?logn. Thus the first term on the
right is bounded MyK/ e*™ n'”?log n/27*. Since +(n; t, v) is bounded
absolutely and uniformly, the second term is o(1) as m — <. Since
there are at most %k such lines, their total contribution to ., is
bounded by

1) k]lzl:r,fg e n'?logm + k-o(l) = K'e™™ n''? log n, m — oo .

On the other hand, by (19),

st < ZHE 1™ | ps, ¢ | S0

2 2
YMe
4*m

’ 1/
_ YMcK/ n'”logn + o(1), m— oo
2t m

K n'? log n
08!
m

dsdt

[ 16, )1y ¢, v, dsdt

+ o(1), m — = .

The contribution of finitely many, say I, such lines is then bounded
by

b

(22) lKl"ﬂ—b—gl’b—-l-l'Ol - K" ’ﬂl”’log'n s oo
1) ==
m m

the o(1) term being absorbed in the first term. Combining (21) and
(22), and setting K, = max {K’, K"}, we have

|05, | <K, n''? log n{e‘*’" + i}, m — oo
m
:o(l),m,nﬁoo,n/mgaf‘m‘,o<x<p—1

by Lemma 13, since for m sufficiently large, ™™ < m™.
Proceeding as before with regard to wi,, 7 = 2, 3,4, and combin-
ing the results, we get

Wpn = 0(1), m, B — o0, em™* < m/n < 702,
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where 0 < A < p — 1 is arbitrary but fixed.
If f(s, t) € B(N(d)), then a similar calculation yields the result

2 _ 2
W = 0(1), My M — 0, M < 7", 0 < e7'e™

where ¢ and \ are arbitrary but fixed, 0 < ¢ < 1, and now 0 < < 1.
Since the calculations are rather obvious, we avoid the details. This
completes the proof of Theorem 3.
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