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Let f(t) have an absolutely convergent Fourier series
Sit) = Saret*t and set || f|| = > |ar|. In this paper we will
study the asymptotic behavior of || /|| as n— .

TueoreM, Let f be absolutely continuous and let f/ be
of bounded variation on the real line modulo 2z, Let f(0) =
1 but |f(#)| <1 for t + 0 and suppose that for t near O,
f(t) = ¢(e't) where ¢ is defined and analytic near z=1.
Define the parameters «, p, ¢, A and 8 as follows

a=¢'(1)
o) =z + APz — 1) +0o1)z — 1), 2> 1(4A + 0)
[ gle)| =1 — 8t7+0(t9), t >0 (3+0).
Then, (a) for p + q
1711~ @) 2002 [p(p — DI I(p]2q) | A2+ oo
where d(p) =0 if p is even and, =1 if p is odd; (b) for p = ¢q
lim || /|| = (1/22) || Al

where £ is the Fourier transform of F(t) = exp (At?).

The following results about these parameters are known
and easily verifiable: p and ¢ are positive integers, 2 < p < ¢,
qiseven, 3>0, ReA<0; p=q if and only if ReA+0; p=q
implies 8 = —ReA;

(1) @(e't) = exp [lat + At? - Z(trt)], t>0if p=¢q,

and

(2) )= expliat + (~1)rAw + i Sy otr — pie
r=p+1
+ 2], as t >0, ¢, real, if p + q.

We outline in §5 how it is possible to relax the condition
of analyticity at ¢ = 0 and replace it with conditions (1) and
(2) where the &7 terms satisfy certain smoothness conditions,

G. W. Hedstrom proved in 1966 that under these same

hypotheses, there exist two constants ¢, C such that ¢ <
12| meimsior < €

1. Introduction. The -classical result of this type is that
lim, .. || /]| = 1, but much better estimates, namely || f"|| = &(n),
n—c and even ||f"| = 2(V n), n— = were relatively easy to
obtain [1], [5], [6]. It is also known that this last estimate is the best

357
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possible. More precise estimates for |[|f"|| were separately sought
for those functions satisfying respectively

(i) |¢(2)] attains its maximum on |z| =1 at finitely many
points,

(ii) |4()| =1 for |z| = 1.

It is known that if #(z) satisfies (ii) and is not a power of 2z, then
||f*]]— o as m - co [1], and more precisely, there exist positive
constants ¢,, ¢, such that ¢ vV'n < ||f*]| < V1 [6].

It was proved in [1], [3] that if #(2) does satisfy (i), then the
necessary and sufficient condition for ||f"|| = ~Z(1) as n— o is
that »p = ¢ at each point of maximum modulus. In the case where
p = ¢q is not satisfied at each point Hedstrom [4] has shown that
there exist constants C,, C, such that Cn® < ||¢"|] £ C,n® where
s = max (1 — p/q)/2, the maximum being taken over all points where
» # q. Further developments and connections with the work of
Kahane and Leibenson can be found in Hedstrom’s paper where he
considers the more general case when f(¢) has an absolutely conver-
gent Fourier series. Connections with the conformal invariance of
peripheral convergence can be found in a paper by Bajsanski [2] and
a recent thesis by Whitford [9]. The main results of Bajsanski,
Clunie, and Vermes were rediscovered and appear in a recent paper
by Newman [7]. In connection with this paper in §4 we discuss
some partial results concerning the behavior of ||f"|| when |f| has
several points of maximum on [—m, 7].

2. Preliminary lemmas. We give in this section some lemmas
which will be needed in the proof of the theorem. The proof of the
following lemma is explicitly contained in the proof of Lemma 2.1
in [4] and so is not given.

LEMMA 1. Let f(t) be absolutely continuous and suppose that
S(t) is of bounded wvariation and |f(t)| =1 for all t. Then, if .
is the Fourier coefficient of f™(t), k=0, &1, -+, there are constants
C,, C, such that | a,,| < Cin/k* for | k| = Cyn.

Using (1) and (2) we can write
f(t) = exp (it + 1p(t) + Gi(t)), t — 0

where p(f) is a real polynomial of degree at most ¢ and G(f) =
— Bt + Gy(t), Gu(t) = & (L"), as t— 0. Since f(¢) is analytic at ¢t =0,
by putting

z7¢(2) = exp [ip[(log 2)/i] + Gi[(log 2)/i]], z—1,
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we have f(t) = ¢(¢’*) for t in some neighborhood of ¢ = 0, where ¢(z)
is analytic in a neighborhood of z = 1.

The following lemma generalizes Lemma 1 in [1] and plays a
fundamental role in the proof of the theorem.

LemMMA 2. Let ¥(r,t) = Re[log [(re”)“¢(re®)]] and r =1 £ n~°,
¢c=1—(p—1)q. Then, ¢f ¢ 1s sufficiently small,

SSO exp [F(r, D]dt = & (n1%), m— < .

Proof. By Taylor’s formula

Wr, 1) = 3, Con)t® + Cylrs e, [£] < &,
where
C..(r) = A/mh)o ¥ (r, t)/6t™ |,cp, m = 0,1, +++, ¢ — 1
and
Cy(r, ©) = A)g)o"U(r; D))ot |,—, [T] < [E] <&
The derivatives of C,(r) are given by
d C (r)/dr* = (L/m)o™ " (v, t)/0r"6t™ | =, »

but log 27%¢(z) = ~°(1)(z — 1), z— 1 and this implies that ¥ (r, t) =
Re[7 (1) (e (r — 1) + ¢'* — 1)7] so that the partial derivatives of ¥ of
order less than p are zero at r =1, t = 0. Thus C,(r) has a zero
at the point » =1 of order = p — m, for m=0,1, ---,p — 1 and
so |C.(r)| <C,|r =1 in a sufficiently small neighborhood of
r =1 for constants C,. In addition ¥'(1,t) = —pt* + &™) as t— 0,
so that C,(1) =0, m = p, ---, ¢ — 1 and thus for » sufficiently near
1,|C.(r|C,|r—1], m=p, +++, ¢g—1. Furthermore, d"¥(1, t)/dt* |,-,=
—q! B < 0 implies that o0¥(r, t)/ot* < —M, M > 0 for r sufficiently
close to 1 and |t]| < &, for some ¢ > 0. Thus, if »r =1+ n"° and
KA

- .
U(r, t) < > Cot= >t " + 3% Co[ ] — M7
m=0 —p
and so we have

Y" exp [n¥(r, 8)]dt < n-wr exp [Q(w)]du ,
Where Q(u) — 1177;10 Cmnl—c(p—m)—m/q“ U im+Zi’n_:lp Cm,nl——c—m/Qi u [m_Muq. But
Q(w) is bounded by
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q—1
>, Colul™ — Mur
m=0

since l—c—mfg <0 for m=p, -+, g—1and 1—c(p—m)—m/qg=L0
for m =0, +--, p — 1; the result follows.

LEMMA 3. Let h(t) = at + P(t) be a real polynomial where a + 0
and P(t) = ¢, t? + <<« +¢,t%, = p =2, q even and let g(t) = P'(t)/h(1).
Then, if for ted = [s, s;}, P” is of constant sign, h'(t) = 0 and G(t)
is such that ReG(t) = ptY/2 (3> 0) and ,G'(t)| < C|t|", there is a
constant M depending only on C, 8 and g such that

I= | SJeXp [ih(t) + G()]dt

= M|a | max [mftXIg(t) — 11, 1g(s) ], [g(s)] -

Proof. Integration by parts yields

82

I< l exp [ih(t) + GO |2] + l SJexp [ih(H) + GONG /W H)dt

+ HJeXp [ih(t) + GO (6)) (W ()]t | L+ L +1,.
We have
IL <fal™ max La/h' ()] = [a|™ mg.XIQ(t) — 1|
since |exp G(t) | < exp [—Bt7/2] < 1.
1

2
< M;|a|" max|g(t) — 1]
J

I, < max | /I/() |S:°exp< ,th>c ¢ oidt

and
L= (w e pa
= tai*| |o®1dt = el o) — o(s)|
since ¢'(t) does not change sign. The result follows.

LEMMA 4. Let (g.(x)) be a sequence of real valued function on
an interval [a, b] such that
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(a) ¢, is continuous, for each n.
(b) lim ¢}(x) = ¢’(x) uniformly
(¢) limg,(a) = g(a)

d g'@x)=0o>0.
Then, if f(x) is continuous on [a, b],

1o

lim Sbf(x) | cos (g, (@) + 0) | do =

n—ro0

gbf«’x)dx

4

s

for any ¢ > 0 and any real 6.
The lemma is a straightforward generalization of Exercise 118
in [8] and so the proof will not be given.

3. Proof of the theorem. The proof of our result is divided
into several parts. We want to determine the asymptotic behavior of

17 =2l =X 2% | S;f”(t)e““”dt :

The essential ideas in the proof are these: depending upon the
parameters «, p, ¢ introduced above and %, there are only small
ranges of values for & near na which are significant in the determi-
nation of the asymptotic behavior; and for these values of & there
are only small neighborhoods of ¢ = 0 in the integrals above which
are of significance. Part 1 will provide an initial reduction of the
expression above. Part 2 will further this reduction for the case
» # q. In the remaining three parts the asymptotic constants will
be obtained separately for the cases p # ¢, p even; p # ¢, p odd;
p=4q.

We shall omit the phrase “for n sufficiently large” finitely many
times in the course of the proof.

The following notation will also be used consistently:

p=ma =k v = (na — k)yn=
S(n) = {k- n‘"’bn g ]/v(l § nl+1/‘q}
T(n) = {k: b, < || <mb}
U(”) = {A/: n“”‘fbn < v < /ncfl,"qbn} .

We now choose ¢, sufficiently small so that |G,(¢)| < Bt/2, for
|t <&, ¢(re) is analytic for |t| <e, and r sufficiently close to 1,
and |é(re)| <1 -0 <1 for ¢ = ¢, and » sufficiently near 1, for
some 0 > 0.
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ParT 1

We first show that

®) 27 3| an] = 5

geo Frt)e=*dt | + o(ni-rorm)
¥ gy

as n— oo, where the range of summation is for ke T(n) US(n). Let
|| > n'*, Then for some K >0, |k|> Kn'*"? and so by Lemma 1

S lawl=nC 3 1k =cn"), n—e.

[l >nltllg k| >nl+l/ag

If we write

2ran = (17 + | )Fredt = aii + st
—¢y [—zyaI\[—egreq]

then

£,

laibllégo

exp (—npt/2)dt = & (n™) , n— o

and since for all te[—7, 7]\[—¢, &] there is a 7 > 0, such that
IfO1=s1—-7n<1, [af| <27l — 7)" and we obtain

S el = 2 ®mb,), n— oo

lplsby
and

S lagll = ol - Y, n— e .

[elseltlie

Each of these last sums is o(n"~*/?"%) ag n-— < and so (3) follows.
We next show that

S, 0| = o(nt=rior
ke S(n)

as n— co by using the analyticity of f(t) at ¢t = 0 to deform the
contour of integration for the function ¢. Indeed, @} is the integral
of ¢*(2)z~** along the path z = ¢, |t| < e, We replace this contour
by contours I',, chosen to be functions of #, & and % in the follow-
ing way: let

where

Qu: 2] {l—n—c,kéna,mrgz!gao
s | 2] =

¢ 14+ n° k> na |largz| < ¢, ,
1—-n=|2|2£1L k< na

Rfargz = *+¢
« 818 0{1§[z|§1+n—”,lc>na.
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These paths are illustrated below.

For definiteness we will assume that « > 0.

The cases for ¢ < 0
and « = 0 follow in a similar fashion.

We write
3
Sl < X .

where

-]

ol

+ ’
Rnk

ch=x|]=

Auk

Rk
the integrand in each case is ¢"(2)# "' and the range of summation
is for ke S(n).

We estimate each J,:

Ty < 8| L 1e@eid
k R

€ N\n) nk

A

ksna

14m—¢

+ k>n(¥Sl |Q’(T6ii50) ]"b/r—k—ld,'a = Zl + 22 .

Now

2 = 2071 = o)t ng b, ry=1—n"
and

3 it = ol explan ], n—s e
S0

2 = (1 = 0)"exp (an*""'")] = o(1) ,

n — co

Further,
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1+1/q

S, (1 —0)" S, 1=0(l), n— oo
and so J, and J, are both o(n"~?/?%) as n— . To estimate J, we
treat two cases:
(i) Let >, denote the sum in J, restricted to ke S(n), k& > na.
Then

D= 2 et

SEO [(,r.eit)—aggr(,rejit)]nei(noz»Jc) tdt
-

=5t exply(r, Olat
e

=omM) ", r=1+n"°

by applying Lemma 2 and since
,,.'rm—«k ~ ,nc eXp (_bn) ,
keSS, k>na
ZS — ﬁ[n(l—plq)ﬂ%] :-O(n(l—-P/ll)/2) , M- oo .
(ii) If 3, is the sum in J, restricted to k < na,
Si= @Myt r=1—n"°

as n— co. This last sum is also of order n°exp (—b,) and so >, =
o(n"~??2) ag n— o completing the estimate for J,. Thus, we can
write

(4) o S [ ] = 5 all| + omir0R) | p o oo
k=—oco keT(n)

PART 2
By making a simple change of variable we can write

2 |
keT(n)

e nl/e
S , €xp [ivt + inp(tn="%) -+ nGi(tn””q)]dtl
q

—egnl

+

eqnt/
E q/q exp {—ivt + inp(tn="") + nG,(En""9)]dt l]

—egnl

where

p@d) = btr + S bytt .

k=p+1

If 5 <0, we can write p(t) using —|b| instead of b and then by
taking conjugates (5) can be put into the same form as above with
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| o] instead of b. Hence, whether b is positive or negative (5) can
be written in the form

> n“”"[

7el(n)

+ [ g_'q/q exp [ihs(t) + G(t)]dt H

S“””?/ exp [ih(t) + G(t)]dti
(6) T

where

hi(t) = vt + nP{tn")
hy(t) = —vt + nP(tn="7)
Pit) =bt* + 3 ett, b>0

k=p+1

G(t) = — Bt + n1Gy(t)

and Gy(t) = &), tn'"—0, n—c and |G| = BtY2, for
[tn~"| < ¢, In what follows we will establish the existence and
uniqueness of zeros of Aj(t) and hy(t) in certain intervals which
depend upon %, and then show that, after splitting off from (6) the
sum of integrals in small neighborhoods of these zeros, the remainder
will be o(n*~??7%), as n— . We define

N = (2/8)"(log me) =

where ® > (1 — p/q)/2 is to be determined as follows: there is an
® > (1 — p/q)/2 such that

(7) bo/pbA < 6 < % :

Indeed, b,/pON0" = (1/pb)(B/2)" V1 [l — p/g)/2 + 1]/w. Let V =
1/pb)(B/2)*?,  Then, if V < 1/2, pick = (1 — p/¢)/2 + 1 and if
V' =1/2, pick o so large that [(1—p/q)/2+1]/w <1/2V. We establish
the existence of zeros of 7] and 4, by use of the following inequalities:
for ¢ > 0 sufficiently small P, P’ and P” are monotone on each of
[—¢, 0] and [0, ¢] and in each of these intervals

%pb it < P < 2pb [t
%p(p — Dbt < | P | < 2p(p — Db

For n sufficiently large, N, n™"? < ¢, and then in the case of even p,
for te[—N,, 0], we have,

v+ zpbnl—plqtp—l <v -+ nl—lmp'(tn~1/q) <v+ _;_pbnl—p/qtn—l
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and both of these bounding polynomials have zeros in [—2,, O].
Hence, h/(t) has a zero, say —t,, in [—\,, 0]. Furthermore, since
P’(tn~"9) is monotone there, this zero is unique and for te ][0, )] we
have |Aj(t)| = . In a similar way we can show that hj(f) has a
unique zero, t,, in [0,\,] and |k}(¢)| =7 for te[—X,, 0]. If p is
odd, the same type of arguments yield |A/()| = v for t€[—N,, N\l
and hi(t) has unique zeros in each of [—X,, 0] and [0, \,], say, re-

spectively, —7,, and ¢,,.
Let t, be a zero of A!(t) or hjt). Then |¢,| < A, and

n VP () = nPpbt 1 + 22 (v log n)]
since A, = ¢ (log n) as n— «. Thus,
[t} = (v/m="l1pb)' = (1 4+ & (07" log n))
as n— o from which it follows that

lim [| £,/ (v/~>"pb) =] = 1

uniformly in k.
We now introduce the following intervals:

Ly = [t — 079, tu(1 + n79)]
we = [t + n7%), —t(1 — n)]
L = [— 7w + 7%, =71 — n7%)]

for d =71 — p/g)/16. Also let D, = [\, en'Y, D, = [—em",, —N,],

D3 = [07 )"n]! D4 - D5\I;ka D5 - [——7\,,,” O]y Ds = DS\Ink! D7 = D4\ é;c'

purpose is to show that if p is even

S Jai = 3w

keT(n) relU(n)

Sf“NMW+GW“H

Lok

&meM0+me{

+

+ o(RPIOR) | g —s oo

and if p is odd

Slaf]= 3w
TeU(n)

ummm+Gma|

grnkur;{k
+ om0y | g o,

If we let

@F:szﬂmewmm+Gwmi

7el(n)

m=1274=1,---,7 by using (5) we can write, for p even,

Our
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3 Jau| - 7_6%)7@4/(1[ S% exp [ihat) + G(t)]dt’
@ + HZ exp [ih(t) + G(H)]dt m <30, + 3 Cy

where the first sum is for 7 =1,2,3,4 and the second is for
j=1,2 5,6 and if p is odd

> lagl— > w7

keT(n) yel(n)

§201j+zczj

where the first sum is for 1, 2, 3, 5 and the second is for 1, 2, 6, 7.
We must show that each of these C,; is o(n''~???) as n— oo,
First for ¢ = 1,2 and j = 1, 2, C;; is bounded by

exp [ihy(t) + G(t)]dtl {

ankt:z;;k

)

scnl/‘l co
> n—”"g [exp G(t) | dt < 3, n““qg exp (—l—th)dt
€T (m) 2 2y 2

' 7el(n)
and since

S‘” exp (—yt9dt < CL*"exp (=LY, L >1
L

for some constant C and » > 0, the sum above is bounded by

C >, nta%exp [—(log n)?*M] < Cub,n "\ 1
U(n)
rel(n — 0(,n(1—1a/q)/2)7 as N — oo

because w > (1 — p/q)/2.

In order to estimate the remaining C;; we apply Lemma 3.
Consider those integrals which have one limit zero and the other
either A, or —x,. We have g(t) = n'"""P’'(tn"""")/h'(t) where h(t) is
either h,(t) or hy(t) and then ¢g(0) = 0 and

[9(=N) | = YIL — [/~ P (=nm ) ]

But since M%7 — 0 as n — oo, we have by (7)

[v/n P (EN,n1Y) | < } 7/%“”"’%1)%5’,‘1

< 26, /P < 20 < 1.

Thus, |g(£X,)| is bounded and if 2’ has no zero in [0, \,], | A/()| = 7.
Hence, maxy,, ;| 7/A'(t)| =1 and so we have

H”" exp [ih(t) + G(t)]dty <M
0 Y

for some constant M. A similar estimate for the integral over the
interval [—X\,, 0] holds and thus we obtain a bound of order
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(10) A/t = & (log n) = o(n"P02) | p— o,
)

reU(n

for C,, C,; and C,,.
Consider the integral

SD exp [iha(t) + G(B)]dt

and write [0,7,] = [0, 2,) UL, U (¥, N]. We will show that the
conditions of Lemma 3 are satisfied on these two outside intervals.
First, we have shown above that |g(\,)| is bounded. Further,
maxy,.,1 1/ hi(t) | = 1/} hy(z,)| and

Ihg(xn)| - I -7 + nl_qu,[tnk(l — n“d)n_llq]|
= i kckt’izln“"’qlg (k . 1)(—1)’”71;‘“"
k=p m=1 m

since hy(t,,) = 0. This last sum is equal to
w " p(p — Dbt~ [L + (™ log )], n— oo
and since
n'Ppbtrt = v[1 + 2 (n i log m)], m— o,

| hi(x,) | = (1/2)yn~%. By replacing 1 — n=¢ by 1+ »~* in the above
arguments it follows that |A)(y,)| = (1/2)yn~* A similar calculation
shows that g(z,) and g(y,) are both £ (n?) as n— . Thus, our
integral is #(n%) and we get by (10) that

Ca= () 3 (1w = o(n!=>/07)
7el (n)

as n— oo. A similar argument applies also to C,, C,; and Ci.

PART 3

In this section we will obtain the asymptotic constant for the
case when p is even and different from ¢. Indeed, if we let

S, = 3 po S exp [ihu(t) + G(t)]dt
yeuU(n) Ink
then
3, ~ iLnu—p/q?/z , M o,
2

where
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L= 2a1/—:T_S:F(x)dx
for
Fi) = =725 exp (— /")
and
a = (2pb/(p — 1))"* .

For simplicity write i, = h. Then A%*¥ (¢,,) = & (n'=?"2;*) as n— oo
for & = 2 and so for tel,,

WO (E — to)*/l | < Mus=roo—tiogy,

for some M > 0. Using ¢, = <”[(log n)”*"], m— <« and Taylor’s
formula we have for te I,

h(t) = h(t,) + —;—h"(tnk)(t — t)? + Z[n P9 (log m)?
as n— o. A simple calculation also yields

G(t) = =Bt + <[(log n)'n™]

for tel,, as n— o« and so we can write

Slnk exp [ih(t) + G(b)]dt ’

= exp (—pt%,)

[, explih(tu)(t — tu)/21L + G*(t)ldt |

where G*(t) = < [(log n)*n=*"-?/?1"%], tel,, as m— . A change of
variable also yields
[, explin"(ta)(t — tu/2dt = (2 (e ] euidu
Inj 0
where w,, = (1/2)h" (t..)tam 2.
Let o,, = ¢#/n°pb and 4o,, = 1/n°pb. Then we can write

4

| PR L ; } <> K,
=1

1
2 F
where

K = I > ’ Swnke”u‘”zdul
0 |
X [exp (—Bthi)(2/h" (X)) "0~ ~210 =T — aF(0,,) 40 ]
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K, = ’ s aF(Gnk)Aank[

Swnkei“u—“zdu1 — 'l/_r?” ,

[}
&=wwizﬂ%mm—%q

and

K, = p-u-rione Z ne exp (‘Btgbk)

SIMG*(t)dt ‘ ,

where all sums are for v e U(n).
To estimate K, we let s,, = 0¥/ and observe that

reU(n

3, €xp (—Bsiy) = pbn’ 3, exp (—Bsh.) (pbw’) ™

7 )

= ﬁ(n”)r exp [—Ba?"V]dx
0
= ﬁ(n") , M— 00,
Then, since t,, = s,,[1 + & (n~"?log n)] and s,, = ¢ (logn) as n— co,

t2, = 8%, + Z[n " (log n)*'], n— o

and so

K, < 2000t S exp(—gst)| |GH(0)1dt
Ink

7el(n
= nerni-log n)] = ofl) , m— o,

since for teI,,, G*({t) = < [(log n)*n**—?71¢], n — . To estimate K,
we define a sequence of functions as follows: let

Z F(O.nk)Xnk(x)a HAS [bn(ncpb)—ly bn(pb)_ll
0 elsewhere

nm={

where X,, is the indicator function of [0, ¢.,_,) and the sum is for
ve€ U(n). Then, the sum in K; is equal to S F (x)dx and
0

K, < m/'E[SZ(F,, + F)de + S:(F + F)dx + S| F,— dex]

for 0 < ¢ < R. For any 0 < 0, a straightforward calculation shows
that there exist ¢ and R so that the sum of the first two integral
expressions is bounded by 6/2av 7w and since F,(x) converges
uniformly to F(x) on [e, R] there is an 7, such that for n > n, the
third integral is bounded by 6/2a1 7. Thus, K, = o(1) as n— co.

Also for ¢ > 0 and some M > 0, since rei”u“”zdu =11 e,
Q
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K,

A

a Z )F(Gnk)

relin

M 2 F("nk)‘do'nk

H=<nCpbe

S e urduy ‘ Ao,
Wnlk

IA

+a sup

n>ncpbe

r ef“u‘”zdu} ngn(x)dac .
wnk €

The first of these terms is bounded by M’e?**—Y for some constant
M’ and the second is bounded by

M" sup

n>nCpbe

Sw ey du ‘

Wk

for some constant M”. Further, integration by parts twice gives

r ei“u—”zdu] <21V W
Wnk

and since t%, = o2* V[l + &2 (n " log n)] = (1/2)e?’*~! for sufficiently
large n, we have

W g %nl—l’.qp(p — l)bsiﬂl(p—ﬂn—-ﬂ — %_n(l—p/ﬂ/%?p(p — 1)b6p/(p—l) .

Thus,

sup

1#>nlpbe

Soo ei“u—l'zdu‘ = (7 (n—1-rl0 )
Wyl

as n— oo and so for 6 >0 we can find an ¢ > 0 and %, such that
n > n, implies that K,<d. To show that K, tends to zero as n— oo
we need the following fact:

Let ¥, ¢, 6 be complex valued functions of a real variable and
let (¢..), (s..) be double sequences. If w,— 0 uniformly in %k as
n— o and ¥(t,.)/é(w) =1+ & (w,), n— > and

2 )bt) | = &), m— o,
then,
S U0t — S $(60)00) | = F(@), n— e
To apply this it will be sufficient to estimate the behavior of
11)  exp (=LA ()] [0 p(p — 1)bs,," ] exp (Bsi)-
We have

exp [—B(th — siv]l = 1 + Z[n""(log n)"*']
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as n—oc and since t,, = & (logn), h'(t.,) = w7 p(p — 1)bto:2
[L 4+ & (n " log n)]. This together with #2;* = 2.1 + & (n"? log n)]
yields

[n=?p(p — D)bs2 2 /W ()] = 1 + & (v log n)
and so (11) is of order 1+ Z(n " (log n)*") and hence K, =

Z[n"(log n)™'] = o(1) as n— . Thus, we have

(12) > n

7el(n)

S exp [ha(t) + G(t)]clt’ - nﬂ—r/wﬂ[lL + o(l)] ,
Ink 2
n-— cc ,

In order to treat

2 n*‘l/q

TeUin)

Sznk exp [ihy(t) + G(t)]dt ]

we set 4 = —i¢ and notice that h,(—t) and G(—t) are of the same
form respectively as %.(t) and G(f) since both p ane ¢ are even;
therefore, by precisely the same argument

1

13) S ne SIW exp [ihy(t) + G(t)]dtl - n“"?’/‘”’z[—é—L + 0(1)],

reln)

n-— oo ,

and then by combining (4), (8), (12) and (13) we obtain (a) in the
statement of the theorem since by computing the integral

(14) L = 2[2pbz/(p — DI'*[(p — 1)/qlA/B)"**[(p/2q) .

PART 4

We consider the case when p is odd and different from q. As
before we can write

|, explint) + Golat
= exp [ihu(tus) — BN/t e uodn
+ explihu(tn) — Btul | G(at

where G*(t) = Z[n*"?2%log n)’], te L., as n— . But we must
also take into account this same integrand for the interval I,;. Let

q

ho(t) = —ho(—1t) = =7t + 070" + n D ep(—1)F Rk,
[t

=p+t

Then, a change of variable and conjugation produce



THE ASYMPTOTIC BEHAVIOR OF NORMS OF POWERS 373

| explin(t) + G@ldt = S_ exp [ihs(t) + G(—D)]dt

ER % Lk

= exp (= ih(ra) — Beill2b )] e

’

Tk

+ exp[—ih(ru) = Bl| | Gt
where
G (W) = (= log nf), te —I, m— o,

W = by (T)Ton /2 and — 1) = [t..(1 — »n7), 7.1 + n%]. Let

(15) J,= X, e

reln)

We shall show that

exp [thy(t) + G(D)]dt| .

Sznkw;{k

X, ~ @Q/m)Ln P72 | ag n— oo,

To do this we write
2 13

(16) Tt~ 21 < S K,
T m=5

where K, = K,, K, = K,,

K, =m0t 5 noitexp[—geil|  1GH@)dt,
velin) —‘I;L/k

K, is K, with t,, replaced by 7., and w,, replaced by wi,,

KQ = Z F(ank)Aonk

Wy
0

exp [ihz(tn,c)]g gy

+ exp [—ih3(fnk)]gjhke‘“‘u‘”2du| — %-aV?SfF(m)dml ,

where the sum is for en'pb < ¢t < Rn°pb, K, is the sum term of K,
with the range of summation b, < ¢t < en’pb, K,, is the sum term in
K, with the range of summation Rn*pb < ¢ < b,n°,

K. = (2a//7)| Fa)da ,
K, = (2a/1/7)rF(x)dx
R
and o and F'(x) are as defined in Part 3.
Again, we must show that each K, is o(1) as n— . K is

treated in the same fashion as K,, K; as K,. We remark that there
is a constant M such that
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g:e‘—“i“uﬁ”gdul =M
for all Y so that

K, = ﬁ[gZFn(oc)dac] = o), £—0
and

K, = ﬁ[S:Fn(x)dx] =o(1), R oo.

That K, = o(1), ¢— « and K, = o(l), R— o follows easily from
the definition of F(z). To estimate K, we write

K, = a2 F(c,,)
]

Ynk . e
S eruPdu — e/ ’Aonk
Q0

+a %, (o,

Ogk . . —
g ey Pdu, — e ]IAU"”
0

+ |V 3 P,

exp [ihy(t,,) + i7/4] + exp [ —ihy(T,,) — i7/4]
(a1) .
- m/?-(z/n)g F(x)dx!

where the sum in each of these terms is over the range en’pb < ¢ =
Rn°pb. The first and second sums above are treated in the same
fashion as K, and both are ~7(n %7919, n-— . The sum in (17)
can be written as

aV'n S F(o,,)

{
cos%[hxtnk) + ha(ew) + /2] 40,

Thus, it suffices to show that the limit of the sum in the last
expression is equal to

R
(2/%)8 Flo)ds .
This will be accomplished by the following steps:

(i) For each n = n, for some n, there is a function H,(x)
such that

—}z—_(hZ(tnk) + hS(Tnk>) = Inl_pqun<O.nk) ;

thus, the sum above will take the form

cos <n‘“f’/"Hn(a7,k) - %n)tdank .

Sp = Z F(O.'nk)
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[

(ii)

= 1
S, — g F(x)lcos <n1‘p’qH,,(x) - Zr>'dﬁcl —0, n— oo,
(iii) The limit of the integral in ii) is precisely
(Z/n)SRJW(x)dx .

After we construct the sequence (H,(x)) iii) will follow directly as
an application of Lemma 4. To construct the sequence (H,(x)) first
recall that

q
ho(t) = —vE + n'=Pbt? + n D, en gt

k=p-+1

and

h:«s(t) = —vt + PP + n OZ Ck(—l)"n"""tk

k=p+1

and that Aj(t,.) = 0 and hi(z,,) = 0. Let

S.(t) = trt + i ke, (pb)~tm~Forlagkt
k

=p+l

and
Pull) = 77+ 3 ke (ph) (= 1)Fno o iaght
k=p+1

Then, t,, and 7,, are respectively the unique solutions to n'~*'"pbg,(t) =
v and n'7?9pbyr,(f) = v in the interval [0, \,]. That is, ¢.(t..) = O
and +,(7,.) = 0,,. Now, 7,, is contained in the interval [¢, R] since
en’pb < pt < Rn'pb. We will consider ¢, and .r, over an interval
[r, s] where » > 0. First,

$,(t) = 7' (L + () = 7+ (w9
on [r, s] as n— <o, and then
su(t) = (0 — DL+ (17
z%@—nw4>o

for n sufficiently large. Thus, ¢,(¢) is strictly increasing for n greater
than some #,. Similarly,

Valt) = 0L+ @)

and so +,(t) is strictly increasing on [r, s] and there
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¢;1(00) — xllw—l)(l + (»;9(%—1/4)) — xl/ip—l) + ﬁ(%—”q)

as n— co. Also, [¢;'(®)]) = 1/¢.(t) where x = ¢,(f), and so there is a
constant M such that [¢,'(®)]' < M for ze[g,(r), ¢.(s)]. Similar
statements hold for +;%(x). We rewrite

—%(hxtnk) + o))

= 2w phousi(ow) ~ V@) — 3 an s )
+ %‘nl_p/q[pbgnﬂ'f;l(ank) — by (oa)]”
- 3 (Ve o)

for n > m,. Thus, for n > n, we define
g = 1 —1 =1 p 5 —(k—p)/q] 21 k
H,(x) = 0} pbad () — blg'(@)]” — 3. e [¢2" ()]
k=p+1
1 q
+ L by @ = My @) — | 3 (- Doty @)
2 k=p+1

for xe[e, R], and for n > n, the following conditions hold:

(a) H,(x) and H,(x) are continuous

(b) lim,_ .. H,(x) = (p — 1)bx?'*" and

lim,_.. H,(x) = pbx'*Y uniformly

(¢) |H,2)—H,(y)| < M|x~—y]| where M is a constant depending
on p, b, ¢ and R but independent of «.

If we let H(x) = (p — 1)bax?/*", then H'(x) is bounded away
from 0 on [¢, R] and hence the conditions of Lemma 4 are satisfied
and so (iii) is proved. Let

Lur(2)

cos (nl‘?’/“Hn(onk) - -211—71'>

p=encpb

Rntpb
j SV F(o.)
F’n(x) = for xe U [Gnkr aﬂk—l)
k
l 0, elsewhere.

Then,
R
%:Sﬂwm
and we need only show that

(18) F,(x) —vFYx)JCOS<n*w”f£xx)-f§ﬂ>!,

i
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tends uniformly to zero on [¢, R] as n— o in order to prove (ii).
Let xe[e, R]. Then, x€[0,., 0., .] and thus (18) is bounded above by

F(O'nko)

cos <nl*1’”an(0mO) - %—n) — €08 <n1*”an(as) - %n’)‘
+ | F(0um) — F(x)| .

Since F'’(x) is bounded on [¢, R], we have |[F(0,,)— F(x)|=
M|, — x| = Mn°/pb for some constant M and so the second term
tends uniformly to zero as n— <. Also on [¢, R], F(x) < M’, for
some M’, so that the first term is majorized by (using condition ¢)
above) '

M’lcos (n“”’an(ank]) — %n) — cos <n1"’J'qH7b(m) — %n)i
< Mo Hy(0,) — Hy(®)| < M0 0, — | < M"jn'ioph .

Thus, (18) tends uniformly to zero on [¢, R] and so we have shown
that K, = o(1), as n — . Finally, by combining (4), (9), (15) and
(16) we have the result and this completes the proof for p odd.

PART 5

We now consider the last case, namely »p = q. By (4)

23 an| = 3 [aii] +oll), n—e
and since p = ¢, f(t) = exp[iat + At® + G,(t)] where ReA = —p,

G,(t) = & @**), t— 0 and Re|[G,(t)] = (1/2)(ReA)t?, |t]| < &, That is,
the polynomial p{t) is (ImA)t*. Thus, by a change of variable

S| =2>n

enlle
S ' , €XD [ivt + at? + G(t)]dt
—c /e

where the sums are for ke T(n) and where G(t) = n='7o ("),
t/n'» — 0, as n— oo.

Further for |¢| < », we can write expG(t) =1 + G*(t) where
G*(t) = & [n*(log n)*7'] as n— co.

If we let

cenllp
5, = 3 -t S U explivt + At + GH)dt
Up

where the sum is for ve U(n) and let

F(o) = exp (A7), F(v) = Sf Ft) exp (iat)dt ,
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the Fourier transform of F', then
(19) 5, — S“; Flde = ol), n—co.

Indeed, we can bound (19) in absolute value above by >)i._. L, for

’

L= |Zu

glexp [ivt + Atp]dtl — S:[F‘[dx

L, = i S exp [ivt + At? + G(t)]dt' ,
DUD,

L= n- exp [i7t + At”]G*(t)dtl ,

Sz)&upﬁ

L, =S n-t S exp [i7t + Atp]dt} :
D

where the D, are defined in Part 2, D = (— oo, \,) U (A, ) and all
the sums are for ve U(n). First, we remark that L, and L, are
bounded above by

2 3 n”””rexp (—lﬁ’t">dt
7euin 1, 2
which is o(1) as n— o. Next, since

Ly = 2 [b,n"(log n)”“]r exp (ReAt")dt = o(l), n— oo ,
it remains to estimate L,. As before we define a sequence of
approximating functions

ul/ph

3| F(n= ) 1uf@), byn"* S @ < b,
Fo(w) = | F(0) | 0<a< bl
0 elsewhere .

The sum in L, is then San(x)dx + o(l)y m— o and so we have
Q
reduced the problem to showing that

[S:[Fﬂ(”) — | F(x) del —o1), m—> oo,

Let R be a fixed positive number to be chosen below. The expression
above is bounded by

R A~ o L PN

|1F.@ — 1 F@)ldo + | Fa@ds + |71 P do

0 R R
and by using the standard estimate: Jﬁ’(y)l = K/y*,y = 0, for some
constant K, we have
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o nl/Ph, N oo
S Fu@de = 3" | Bpmn) 0t < a3, 1 < YR - 2),
R u=nl/PR w=nliPR

and so we can pick R so large that for ¢ > 0 the sum of the last

two integrals above is bounded by 20/3. Then, for this fixed value

of R there is an m, such that for all »n > n, the first integral is

bounded by 6/3 since F,(x) converges uniformly to | F(x)| on [0, R].
Similarly, we can show that

o

limS [at)] = S | P ds
where the sum is for ke T(n), k > na, so that if p = ¢ we have

lim >, | a..| = @r)~ || F,

n—00

and this completes the proof of the theorem.

4. Several maximum points. The results we have obtained can
be extended partially to the case when |f(¢)| = 1 at several points
in the interval [—=z, m]. Assume that f(¢t) is absolutely continuous
and f'(t) is of bounded variation; |[f{(¢)]| < 1, ¢t = &;, f(¢t;,) =1 and f(¢)
is analytic at t =¢;, 7 =1, ---, m. For each of the points ¢; we can
define parameters a;, p;, q; corresponding to the parameters «, p, ¢
defined above. We let T;(n) and S;(n) be defined by replacing «, p, q
in the definitions of T(n) and S(n) by «;, p; and ¢, respectively.

Let Q;, 7 = 1, «--, m be sufficiently small intervals centered about
each of the points ¢; and set I; = S frye*de, I = S: f e *dt — I;.
If we assume that a; +a; 1 féjj, then T;(n) N ﬁ(n) =¢ for =
sufficiently large and it follows by a straightforward application of
the previous arguments that, for j =1, .-+, m,

Z [IJ-I = 0(n<1~pj,rqj‘:/2) , Z ‘ I;’ — O(n(l—pj,’qj]/z)

as n — oo, where the first sum is for k£ in the complement of 7(n)
and the second sum is for ke T,(n). Thus, we have

2r Z [ ank] = Z Z [IJI + O(,n(l.—ss/Z) , 7 —s co
J=1 kel
where s = min; (p;/g;). We can also show that 3., | ;| = nt?/t

[C; + o(1)], n— < for a constant C; depending upon the parameters
associated with each of the points ¢;. Thus, we obtain

lim 27002 S |4, | = 3 C;

n—oo
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where the sum extends over all those j such that p;/q; = s. This
“additivity” does not, however, extend to the general case and, as
an example by Newman [7, p. 40] shows, the asymptotic limit may
fail to exist.

5. A stronger result. In our proof the condition of analyticity
is used only in Part 1 to show that

S el = o(nt 7Ry | g — oo

where the sum is for kes(n). Here we outline a proof of this
statement using only the smoothness conditions assumed in Hedstrom’s

paper.
We first remark that the proof of our theorem from Part 2
onward is not affected if we take b, = tlogn for any fixed 7=

1+ (1 — p/9)/2. Define
af = S Fu(t)e- vt
j’ﬂ:

where

1
= [=Nwm i Nm ], N, = <%> q(w, log m)/ @Y

o > 1/2)1 + (p + 2)/9). For n sufficiently large
labl —aml] = 250[exp [—%w(h;n‘”")]q]

and so
Silalh — all| = 2[nV] = o(nPOR), p— oo

where the sum is for k< S(n). In order to show that >)|al| =
o(nt?lP) n — oo we treat separately the cases »p == ¢ and p = q.

In the case p+#q we fix a value for 7=1+ (1 — p/g)/2 in
b, = Tlog n so that

Pb(AL)" /by < 12

A change of variable followed by an application of Lemma 3 yields
(as before)

Igi”:/eXp [ih(t) + Go)]dt| < %

for some constant M; thus
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|a§?,i] = ép[z I_i_‘_n—llq] — ﬁ[log ’)?,] — 0(%(14@/(1;/2) , M oo .

keSn)

If p=gq, a¥ takes the form
g [exp izt + ng(®)]dt .

Integration by parts twice, followed by majorization and use of the
estimate

Var [ng' (t)e*"] = & (n'%) , % — oo

te s,
yields

lai| = ﬁ(@) —o(l), m— oo .

keS(n
Thus,
Slaf| = X lad —adl| + Xlaf| = on* "%, n— o

in both cases.

The author wishes to thank his doctoral advisor, Professor Bogdan
Bajsanski, for many useful conversations and suggestions, and the
referee for several useful suggestions.
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