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Let n,: A;A;--+ A, be a polygon of real order » in real
projective n-space L,, r = n+3, with the vertices 4., A;,- -, A,.
If H, , be a hyperplane for which A;¢ H,,, 1<7 =<7, let
H(r,) be the convex full of the set {A4,, A, ---, A,} defined
in the affine space [,\H,-;. This paper gives a classification
of the combinatorial types of the sets H(z,) for a fixed =,.

The restriction r» = n + 3 is necessary because the classification
is obtained from the properties of the polygon x, associated with
H(z,). Such a polygon is determined uniquely by its vertices if
andonly if »r = n + 3[2]. If »r=n + 3 and the points A,, 4,, ---, 4, are
in general position there is exactly one polygon 7, with these vertices
[1]. Thus the set of all H(z,), » = n + 8, for which no vertex of
7, an interior point of H(w,) is also the set of convex polytopes
with n + 8 vertices in general position. Consequently the invariants
which characterize the sets H(w,) can be used to characterize the
convex polytopes with n+3 vertices in general position. The method
used here is different from that used by M. A. Perles in his solution
[3] of this problem.

The work is divided into three sections. The first contains defi-
nitions and known or easily proved results dealing with the polygons
7,. The second section develops theorems involving the convex hulls
of the polygon vertices which are used to obtain the characterizing
invariants in the final section. Except for the case in which H,_,
intersects m, in n points the sets are characterized by a cycle of
the type used in combinatorial analysis [4].

1. Preliminaries.

1.1. The subspace of the real projective m-space L, spanned by
the points or point sets A4, B, --- is denoted by [A4, B, ---].

12, If A A, -+ A, r=n+ 3, are distinct points of L,, =:
AA, --+ A, denotes a closed polygon with the sides 4;4;.,,1 <7<,
(A,;, = A,) and vertices A, 4, ---, 4..

An (open) segment a: A;A;,, +»+ A; 1y, 0SB < r—1, is called an
arc of = of length h. '
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1.8. If any one hyperplane L, ,, A;¢ L, ., 1 <1< contains
an even (odd) number of points of = then any hyperplane which
does not contain any vertex of 7 also contains an even (odd) number
of points of #. This property is known as the parity of x.

1.4. An intersection point of a hyperplane L,_, and a polygon
7w is a point of L, , N7 which is either a vertex of mw or the only
point of a side of = within L,_,.

A closed polygon in L, for which no hyperplane contains more
than » intersection points is said to have order =.

Such polygons will be denoted by the symbols z,, o,.

A consequence of the order condition is that the vertices of a
polygon 7, are in general position.

If P; be an interior point of a side A;A4;.,, 1 <1< n, of a poly-
gon 7, then a hyperplane L,_, exists for which [P;, P,, -+, P,]S L, _,.
It follows from the order of =, that L,_, N7, is exactly the point
set {P, P,, -+, P} and L, , =[P, P, -+, P,]. Hence, by the parity
of m,, every hyperplane which does not contain any vertex of =,
intersects it in an even (odd) number of points if n is even (odd).

1.5. If, for » > 1, A, ,A;., is the line segment in L, which
together with the arc A; ,A4;A;., of a polygon x,: A A,--+ A, forms
an even triangle then the lines in the plane [A,;_,, 4;, A;.,] which
contain A; but do not contain an interior point of A, A, are
defined to be the tangents of w, at A;. A tangent at A; is denoted
by the symbol L(4;). The following result is a simple consequence
of the order of =,.

1.6. If, for n>1, L, , is the projection of L, from a veriex
A, of the polygon w,: AA,--+ A, AlAl,, 1=k, i1+ 1+*kFk, that of
the side A A;.. and A, A}_, that of the set of all the tangents L(A.),
then the polygon AAL -+ A, AL, «++ A, has order n — 1 in L,_,.

We shall ecall the polygon x,_.: AjA; -+ A,_ A}, +++ A, the pro-
jection of w, from A4,.

1.7. If A is a point of hyperplane T,_., of a projective (affine)
space L,(R,),n > 1, then if L, ,, T._, are the projections of L,(R,),
T,._; respectively, from A the affine space L, \T,_. is said to be an
affine projection of L,(R,) from A.

1.8. Throughout this paper a fixed hyperplane H,_, A;¢ H,_,,
1< ¢ <7 will be associated with each polygon «w,: 4,4, --- A.. The
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convex hull of the vertices of =, defined in the affine space L,\H,_,
is denoted by the symbol H(z,).

A segment A,A, is said to be finite if H, N A,4,= @ and
otherwise infinite. "

1.9. Hypothesis: A, is a vertex of a polygon w,: A, Ay -+ A,, n>1,
on the boundary of the convex hull H(x,) defined in L,\H,_,.

T... is a hyperplane which contains exactly the one vertex A, of
7, and supports H(w,).

If m, t ATA} «o« AL_ AL, +++ Al is the projection of @, and T,_,
that of T,_, from A, H(r,_)) is defined in the affine projection L, \T,_,
of L, from A,.

Conclusion: (1) A;_Ai., is finite in L, \T._, ©f and only if
exactly one of the two sides of the arc A,_ A,A,., of 7w, is finite in
L\H,_,; each other side AiAl,, of m._, is finite if and only if the
corresponding side A;A;., of T, is finite.

(2) A hyperplane [Ai, A, ---, Al ] of L,_\T,_, supports H(x,_,)
if and only if the hyperplane [A,, A, ++-, A; ]| supports H(x,).

Proof. If Q,_, be a hyperplane which supports Hi{z,) let A4,, 4,
be distinct vertices of =, for which A,, A,¢Q,._,. Then a segment
A A, is finite if and only if Q,_,N 4,4, = @. But, by the defi-
nition 1.8, A,A, is finite if and only if H, , N A4,4,= @. Hence
Q.. NAA =@ if and only if H,_, N 4,4, = O.

If Q. is specialized to be T,_, it follows that a side A4;4;,,, i+
k,i+1+#k, of z, is finite if and only if T, N A4, = @. Let
AjAl,,, T,._, be the projections of A4;A4,.,, T,_,, respectively, from A,.
Hence, as T, , N AjAj,, = ¢ ifand only if T,_, N 4;4;., = @, A}A], is
finite in L,_\T,_, if and only if A4;A4,,, is finite in L,\H,_,. This means
that the ares 4,., 4, ., ¢« Apyry, AvpAbyy oo A, of 7, 7,_,, Tespec-
tively, both contain the same number of finite sides. x,.,, because of its
parity, must then contain either one infinite side more or one infinite
side less than =,. This implies that A4;_ A;., is finite if and only if
exactly one of the two sides of the arc A4,_,A,A4,,, of =, is finite. (1)
is now clear. (2) follows if @,_, is the hyperplane [A4,, A;, +--, 4; ]
and thus completes the proof.

1.10. A polygon =m,_: AlA}--- Aj_,Ap., -++ AL, constructed by
projecting a polygon 7,: A A, +-+ A, and a hyperplane T,_,, A,€ T,_,,
which supports H(r,), from A,, as in 1.9, is called a normal pro-
jection of m,. The existence of the space T,_, and the space L,_\T,_,
in which H{(z,_,) is defined is tacitly assumed.
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2. Maximal arcs.

2.1. An arc AA;., -+ A;in, h =0, of a polygon w,: A A, -+ A,
is defined to be a mawximal arc of length h if A, A, A A, are
both finite and are the only finite sides of the arec A,  A; -+ Ainps
of z,.

A vertex of 7, within a maximal arc of positive length is called
a j-point.

2.2. If one wvertex of an infinite side A;A,., of a polygon
T, AA, - A, is mot within a  hyperplane Q,_.:[A;, A, -+, A; ]
which supports H(rm,) then @Q,._, contains the other wvertex of A;A;...

Proof. If n =1 H{(m) is the finite segment which is the com-
plement of A;A;,, in the projective line. Hence Q,= A4; or @, = A;,..
Thus the result is proved for n=1. If, for n > 1, 4, A;,, ¢ Q.
then as Q,_, supports H{rm,) it cannot separate A4; and A4,.,. It must
therefore intersect the infinite side A,;A4;.,. As this is impossible
because of the order of =, the result is established.

2.3. If A, is an interior point of the convexr hull H(m,) of a
volygon w,: A A, -+ A, then both sides A;_A;, A;A,., of ©, are finite.

Proof. By 1.2 »r = n + 3. As the vertices of 7, are in general
position a hyperplane @Q,_.:[4;, 4;, -+, A; ] exists which supports
H(r,) and does not contain A;_(4;,,). As A; is in the interior of
H(r,) A; Q... If A, A,(A;A;.) were infinite then, by 2.2, 4,_,(4;.,)
would be in Q,_,. This contradiction proves the result. An immedi-
ate consequence is

2.4. A j-point of a polygon x, is on the boundary of H(w,),

2.5. If, for the side A;A;,, of a polygon m,: A A, -+ A, A, ison
the boundary of H(r,) but A,., is in its interior thew A, is a j-point.

Proof. The result is clear for n =1 as the two boundary points
of H(w,) are the endpoints of the single infinite side of z,. If, for
n > 1, A; is not a j-point then both sides A;_,A,;, A;A;., are finite.
Then, as A; is on the boundary H{x,), it follows from 1.9 that a
projection =,_: AJA; -+ Al_ A}, -+ A, of 7, from A, exists in an
affine space L,_\T,_, for which A} A}, is infinite. The j-point Al,,
of m,_, is, by 2.4, on the boundary of Hi{z,_). It follows, then,
from 1.9 (2) that A, is on the boundary of H(w,) contrary to the
hypothesis. Hence A; is a j-point and the result is established.
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26, Ifm, i AlA, -+« A, AL, -+ A, is a normal projection of a
polygon m,: AA,+++ A, n>1, from a j-point A, then every maximal
are « of 7, of length h is projected into a maximal arc &« of «@,_, of
length h—1 or h according as A,ea or A, ¢ .

Conversely every maximal arc o of w,_, is the projection of a
uniquely determined maximal arc of 7,.

Proof. If a: A;A;., -+ A;., be a maximal arc of =, then, by
the definition 2.1, all the sides of the arc a@: A;,_JA; -+ A; ;1 A1
are infinite except A; ,A;, Ai,A;ny, both of which are finite. If
A, ¢ @ then, by 1.9, every side of the projection A, Al «-+ Al .y, is
infinite except A._ A}, A;., Al .+, both of which are finite. Thus the
projection «': AJA} , --- A}, is a maximal arec of =,,. If A, =
A, (Aiihe) then A; ,A; (A ni Airs..) is infinite as A, is a j-point.
In this case, again by 1.9, only the sides A!_,A! Al Al ,..(AI_ A},
Al Alrys) of the arc Al Al--- Al (Al AL+ Al AlLL:,) are finite.
Thus, as before, the projection AjA., --- Al,, is maximal. If A,ec«
then the length of « is positive as it contains at least one infinite
side. The projection A;_, +++ Al .., of A, _ A, --+ A; ;. is an arc of
length % + 1 of which only the first and last sides are finite. Hence
the projection of a in this case is a maximal arc of length A — 1.
The proof of the result is now complete.

To prove the converse let a’: A, --- A, be a maximal arc of z,_,
and A,A,,, --- A, the corresponding arc of z#,. As A, is a j-point
it follows from 1.9 that every side of this latter arc is infinite.
Consequently it is included in a maximal arc a: A;4;,, -+« 4., of 7,
which is unique as a maximal arc is determined by any one of its
vertices. As proved in the previous paragraph the projection of « is
a maximal arc of m,_,. As this projection includes «’ which is itself
maximal it must coincide with a’. The converse is thus established
and the proof is complete.

2.7. A hyperplane Q,_.: [A;, A;,, +++, A; | which supports the con-
vex hull H(z,) of a polygon w,: A A;--- A, must contain at least h
vertices of every maximal arc of «, of length h.

Proof. If a maximal arc has length 1 the theorem coincides
with 2.2 and so is already proved. We assume, then, that it is true
for all maximal arcs of lengh A—1, # > 1, and proceed by induction.
We can assume 7 > 1 as 7, contains only 1 infinite side. As the
side A;A;,, of a maximal are a: A;4A;., ++ A;ih, B > 1, is infinite, at
least one of the two j-points A;, A;,, is within Q,_, by 2.2. If A,
is such a j-point the subscripts can be adjusted so that Q,., is
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[A,A;,-++,A;]. Asn>1anormal projectionz,_: A{A;--- A} _ A}, -+ Al
of #, from A, exists, by 1.9, so that if H(m,_,) is defined in an
affine space L, ,\T,_, the projection Q,,: [4;, ---, A} ] of Q,_, supports
H(w,.). By 2.6 a is projected into a maximal arc o’ of 7,_, of length
h — 1. By applying the induction assumption to x,_, @’ and @Q,_, it
follows that @,_, contains at least A—1 vertices of &’. As these are
projections of vertices of a within @,_, if follows that @,_, contains
at least n vertices of o as A,€Q,._,. The result now follows by
induction.

2.8. A hyperplane Q,._,, spanned by m wvertices of a polygon
T, AA, - A, supports H(r,) if and only if

(1) for every arc a: A;A;., +++ Aipn, h >0, within Q,_, with
Ay A €Qur, ® + h is odd where p is the number of infinite
sides of the arc A;_A; +++ A; 14, and

(2) Q._, contains at least h wvertices of every maximal arc of w,
of length h.

Proof. To check the result for n = 1 let A;A;,, be the infinite
side of m,. This side is the only maximal are of 7, of positive
length and H(x)) is the finite complement of A;A;,, in the projective
line. @, supports H(x,) if and only if @, = 4; or @, = A;.,. This is
true if and only if Q, satisfies (2). If Q, satisfies (2) it also satisfies
(1). Thus the result is true for n =1. We assume it true for poly-
gons 7,_,, » > 1, and proceed by induction.

We first assume that Q,_, satisfies (1) and (2) and show that it
supports H(r,). Let A, be a vertex of m, within @,_, which is a
j-point if @,_, contains such a point and otherwise arbitrary. It
follows from (2) that if A, is not a j-point that =, has only finite
sides. By 2.4 and 2.5 A, is on the boundary of H(z,). The sub-
scripts may be adjusted so that @,_, may be writtenas [4,,4;,,--+,A; ].
Let w, s AlA, --- A,_ A, -+ A, be a normal projection of 7, from
A, where, following 1.10, H(r,_,) is defined in an affine space L,_\T,_..
Let Q,_, be the projection [4], 4i, ---, A{ ] of Q,_, from A4,.

To show that Q,._, satisfies (1) for z,_, let a’: A, --+- A, be an arc
of w,_, within Q,_, chosen so that, for the arec a’: 4,4, -..- A A/, of
Ty, Al A, 2 Q... @, are the projections from A, of the ares
o AA, A0 AL A, A, of T, respectively. o = @Q,_, as
o S Q,, while 4,, A,¢Q,_, as 4], A, ¢ Q,_.. If p be the number of
infinite sides of & and % the length of « then, as @,_, satisfies (1),
»+ his odd. If A,¢ &, then, by 1.9, o’ has length % while a side
of &' is finite if and only if it is a projection of a finite side of @.
As & has, then, p infinite sides Q,_, satisfies (1) for =,_,. If 4,€ &,
then A, + A,, A, + A, as A,, A,¢Q,,. By 1.9 & has p—1 or p+1
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infinite sides according as A, is or is not a j-point, while &’ has
length # — 1. As (p 1) +h—1 is odd, Q,_. satisfies (1) in this
case also.

To check that Q,_, satisfies (2) let 5 be a maximal arc of length
m,m>0 of w, .. If A, is not a j-point & must, by 1.9, be the
single infinite side A}, _,A,,, for, by the choice of A, =, has only
finite sides. As Q,_, satisfies (1) at least one of A,_, 4,., is within
Q.-, and so at least one of A}, A,,, is within @, ,. Hence @Q._,
satisfies (2). If A, is a j-point then, by 2.6, & is the projection of
a maximal arc B of 7w, of length m + 1 or m according as A,e B or
A, ¢ B. As Q,_, satisfies (2) this implies that Q,_, contains at least
m vertices of 8. Hence @,_, satisfies (2) for m,_, in all cases.

If we now apply the induction assumption to Q,_., and =, it
follows that Q,_, supports H(w,_,). Consequently Q,_, supports H(z,)
by 1.9.

If, conversely, @, supports H(r,) then, by 2.7, @,_, must satisfy
(2). This implies that @,_, contains a j-point A, unless 7, has no
infinite sides in which case A, is chosen to be an arbitrary vertex
of 7, in Q,_,. As above let n,_,: AA; --- A,_ AL, --- A] be a normal
projection of m, from A, and Q,_: [A4}, A}, ---, Al ] that of Q,_,. By
1.9 Q,_, supports H(z,_ ) and so by the induction assumption @Q,_,
satisfies (1) for =,_,. We retain the previous notation and let
a: AA,,,---A, be an arc of 7, for which the subarc a: 4,,,4;,,---A4,_,
is included in @Q,_, but for which A,, 4,¢ Q._..

It remains to show that « satisfies (1). Suppose first that « has
exactly one vertex A,,, which is also the point 4,. If A, 4,.,, A, A,.,
were either both finite or both infinite then @,_., would contain a
tangent L(A4,). It would then follow from 1.6 that Q,_, would
contain a point of the side A,_ A}, as well as n—1 vertices of «,_,.
As this is impossible because of the order of =,,, exactly one of
AA,,, A A, is finite. Hence (1) is satisfied if a is the single
vertex A4,. If a is not the single vertex A4, thenleto’: A, ... A, &':
AAl, ... AA!, be the projections of & and @& from A,. By reversing
the previous argument it follows that if (1) is valid for o’ and & it
is also valid for @« and &. This implies that « satisfies (1) and so that
@._, satisfies (1) for all arcs a which it contains.

The proof can now be completed by induction.

2.9. If a polygon w,: AJA,--- A, has n infinite sides then,

(1) each vertex on the boundary of H(zw,) is a j-point and

(2) the mecessary and sufficient condition that a hyperplane
Q._, spanned by m wvertices of w, support H(zw,) is that it contain
exactly h wvertices of .each maximal arc of 7, of length h.
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Proof. Let aj, ay »+-, &, be the maximal arcs of =, of positive
length and A, hs, - -+, h, their respective lengths. As m, has » infinite
sides h, + hy+ +++ +h,=n. By 2.7 Q,_, contains at least h; vertices
of each arec a;,1 <7 < p. Hence as 7w, has order n Q,_, contains
exactly h, vertices of each of these arcs and each vertex of =z,
within it is a j-point.

Therefore, to complete the proof of (2) it remains to show that
any hyperplane Q,_, which contains %; vertices of each a;,1 <7 < p,
supports H(rw,). Q. satisfies 2.8 (2). To show that it also satisfies
2.8 1) let w: A;A;, --+ A;., be an arc of w, within @,_, for which
A A €@, If aZSa, then h=h; — 1 and exactly one of
A, A, A A ., 1s within «;,. The side not within «; is finite.
Hence A, A; -+ A,.,., contains exactly A + 1 infinite sides. As the
number (h + 1) + & is odd « satisfies 2.8 (1). If « is not a subarc of a
maximal arc then the vertices of a are included in two consecutive
maximal ares as « cannot contain all the vertices of any maximal
arc. Moreover the two maximal ares which contain a« must be
separated by a single finite side because all the vertices of «a are
j-points. Hence both the sides A, A4, A, ,A;.,.. are infinite, As
before A, A;+-+ A,.,,, contains exactly A + 1 infinite sides. Thus «
satisfies 2.8 (1) in all cases and so by 2.8 Q,_, supports H(w,). The
proof is now complete.

2.10 If a vertex of a polygon m, is an interior point of H(w,)
then w, has n infinite sides.

Proof. If m = 1 there is nothing to prove. To prove the result
it is sufficient to show that, if a polygon w, has less than » infinite
sides, each of its vertices is on the boundary of H(rz,). This follows
from 2.5 if every side of w, is finite. In particular this establishes
the result for n=2. We assume it true for polygons x,_,, n>>2, and
proceed by induction. As we may assume that 7z, has at least one
infinite side, it has at least one j-point A,. A, is, by 2.4, on the boundary
of H(z,). Therefore a normal projection 7, _: AJA} .« A} A} -+ AL
of n, from A, exists following 1.10. By 1.9 7,_, has at most n — 3
infinite sides. Consequently, by the induction assumption, every
vertex of 7,_, is on the boundary of H{z,_). Hence, by 1.9, every
vertex of m, is within a supporting hyperplane of H(x,) which con-
tains A, and so is on the boundary of H{(w,). The result now follows
by induction.

3. Equivalence.

3.1. Two sets U: {4, A,, --+, A,}, V:{B, By, -++, B,} of r points,
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r = n + 1, in general position in the affine subspaces R,, B, of L,,
respectively, are defined to be equivalent if a 1 — 1 mapping A; —
f(A),1 <7< r, of the points of U onto those of V exists with the
property that each hyperplane [A;, A4;, ---, A; | supports the convex
hull H(U) in R, if and only if [f(4.), f(4,), « -+, f(A;)] supports the
convex hull H(V) in R,.

3.2. Hypothesis: A, — f(A), 1< i< 7, 18 an equivalence mapping
for the sets U:{A;, Ay +++, A}, Vi{B,, By, -+, B,} in the affine spaces
R,, R,, respectively, n > 1.

T.(T._) is a hyperplane of R,.(R,) which supports H(U)(H(V))
for which T,_,N U= A (T...NV = f(4)).

L, T, U, A, i#k, (L., T._, V', f'(4), 1+ = k,) are the pro-
jections of L, Tuy, U, Ai(Ly, Tay, V, F(A)) from A, (f(AL)-

Conclusion. A:— f(A), 1+ k, is an equivalence mapping of U’
onto V' where the convex hulls H(U’), H(V') are defined in the affine
spaces L, \T,_q, L,_\T._, respectively.

Proof. The points of U’(V’) are in general position in L,_,(L,_,)
as those of U(V) are in general position in L,(L,).

Let Q._. be a hyperplane [A}, 4i,---, Al] of L, \T,_. which
does not support H(U’). We show that the corresponding hyperplane
Qus[f "(Ay), f'(A;),+ -+, f'(A;,)] does not support H(V’). A segment A7A,
exists in L, _\T,_, for which A4, 4,¢Q,_, and Q,_.,N 4,4, + ¢@. If
A,A, be the segment of L, the projection of which from A4, is A, A, then
T,..NAA,=0 as A,ASL, \T,.. Hence A,A, =R, as T,_, supports
H(U). AsQ,_, is the projection of the hyperplane @,_,: [4,, A;,, -+, 4; ]
from A,,Q..,NA,A,#* @. Thus Q,_, does not support H(U) and
so, by the definition 3.1, the corresponding hyperplane @Q,_.: [f(4.),
S(Ay), +++, f(A;,)] does not support H(V). This implies that B,, B,
exist in V, B, B,¢ Q._,, so that Q,_, N B,B, = @. As T,_, supports
HV), T...N B,B, = @. Consequently T, , N B;B, = @ and B,B, =
L, \T._,. AsQ@,_,is the projection of Q,_, from f(4,), @._. N B,B,+ @
and so Q,_, does not support H(V’).

If follows from the symmetry of the equivalence relation that if
Q._, does not support H(V’) that Q,_, does not support H(U’). Hence
A, — f'(4;), © # k, is an equivalence mapping for the sets U’, V'’ and
the proof is complete.

3.3. If U and V are the vertex sets of two polygons 7,: 4,4,---A4,,
o,: BB, -+ B,, defined in spaces L,\H,_,, L,\H,_,, respectively, we say
the polygons are equivalent if U and V are equivalent and write 7,~0,.
A vertex A, of the polygon 7, on the boundary of H(z,) is in
a hyperplane [4,, 4;, ---, 4;,] which supports H(rx,). Hence if x, ~
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o [f(A), f(Ay), -+, f(4;)] supports H(o,) and f(A,) is on the boundary
of H(o,). Therefore if A, is a boundary point of H(w,) and » > 1
the hypothesis of 3.2 is satisfied as the vertices of x,, 0, are in
general position. Let f(4,) = B.. If m,_:AlA;.-- A A -+ A,
G, BB;--- B,_B.. --+ B. are the normal projections of x,, g, from
A,, B,, respectively for which H(x,_), H(o,_) are defined in L, \T,_,,
L,_\T,_, then, by 3.2, A, — f'(A), i # k, is an equivalence mapping
for the vertex sets of n,_, and o,_,. In short, if z, ~ g,, then pro-
jections =,_,, 0,_, exist for which 7,_, ~ 6,_,.

3.4. If m,, 0, are two polygons each with r sides, r = n+3, for
which @, ~ 0,, then (1) both polygons have the same number of infinite
stdes and (2) an equivalence mapping maps a j-point of one onto a
J-point of the other.

Proof. 1f n=1 (1) is trivial as 7, and o, both have one infinite
side. An equivalence mapping maps the endpoints of the segment
H{m)) into the endpoints of the segment H(s,) following the Definition
3.1. But these endpoints are the j-points as the convex hull is the
complement of the infinite side in the projective line. Thus (2) is
satisfied by an equivalence mapping if n = 1. We now assume the
result to be true for equivalent polygons «,_, 0,_,, n>1, and proceed
by induction.

One of the two polygons =,, o, say o,, has at least as many
infinite sides as the other. If 7, has at least one infinite side let A4, be
a j-point of 7w, and otherwise an arbitrary vertex. By 2.4 and 2.5 4, is
on the boundary of H{m,). If B,=f(A,) let =,_: A/A,--+- A;_ A, ,--- A,
6,_.:BB,+-- B,_B.,. +--- B, be normal projections of w,, ¢, from A,,
B,, respectively. Then, following 8.3, Al — f’(A)), 1 # k, is an equiva-
lence mapping for 7,_, and o,_,. The induction assumption may be
applied to these two polygons as they both have » — 1 vertices and
r—1=(n— 1) + 3. Consequently they have the same number of infinite
sides. Let ¢ be this number. Suppose first that A4, is a j-point. It
follows, then, from 1.9 that m, has ¢ + 1 infinite sides and that ¢, has
q + 1 or ¢ — 1 infinite sides according as B, is or is not a j-point. As
o, 1s assumed to have at least as many infinite sides as «, it follows that
B, is a j-point and that x,, 0, have the same number of infinite sides.
Because of the last assertion it follows, by interchanging =, and o,
in the above argument, that every j-point of o, is the map of a
j-point of 7,. Thus the result is true if =, has at least one j-point.
In the remaining case m, has no infinite sides. It follows from 1.9
that m,_, has exactly one infinite side and then that o, has either 0
or 2 infinite sides. As » =% + 3 and » = 2, g, has at least 5 vertices.
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Consequently a vertex A, exists so that f(4,) is not a j-point of o,.
It now follows that o¢,_, has one infinite side more than o¢,. This
means that o, has no infinite sides and consequently no j-points.
Thus (1) and (2) hold for =, and o,.

The result now follows by induction.

3.5. An eguivalence mapping for two polygons w,: AA,--- A,,
0,.BB,+-+ B,,r =n + 3, maps the set of the vertices of a maximal
arc of one polygon onto the set of the wertices of a maximal arc of
the other polygon.

Proof. It follows from the definition 2.1 that the maximal arcs
of a polygon of length 0 are those vertices of the polygon which are
not j-points. The result for the maximal arcs of length 0 is now
clear as, by 3.4, the vertices of z, which are not j-points are mappad
into the vertices of ¢, which are not j-points. If one of the polygons,
and consequently the other, has no infinite sides the proof is com-
plete.

If 7, has exactly one maximal arc a: A4;A4;,, -+ A,;,, of positive
length h then z, has h infinite sides and %2 + 1 j-points. By 3.4 the
equivalent polygon o, also has & infinite sides and % + 1 j-points.
As the number of j-points of any polygon is the number of maximal
arcs of positive length plus the number of infinite sides it follows
that o, has exactly one maximal arc of length k. As j-points are
mapped into j-points the result follows. In particular this proves
the result for n=1. We assume it true for polygons of order n—1,
n > 1, and proceed by induction.

We may assume that =, contains at least two maximal arcs of
positive length. If a: AA;A4;,, --- A;.» be one of these let A,, 4,., be
two vertices from a second maximal arc. Let A;— f(A4;) be an
equivalence mapping for the polygons 7, and o,. If B, = f(4.)
then, following 3.3, normal projections «,_,: A/A; -+ A}_ A} -+ AL,
6,_..B/B;+++ B,_B,, -+ B/ of ,, 0, from A,, B,, respectively, exist for
which A; — f'(4)), ¢ # k, is a equivalence mapping for x,_, and o,_.
By 2.6 the projection «': AJA},, --- A.., of @ from A, is a maximal
arc of @, , as A, is a j-point and A,¢ @. As 7m,_, has r — 1 vertices
and » —1 = (n — 1) + 3, the equivalent polygons 7,_,, g,_, satisfy the
hypothesis. It follows, then, from the induction assumption that
A, fI(AL), »++, f(A;;,) are the vertices of a maximal arc of o,_,.
By 2.6 either f(A4)), f(A;y), * -, f(A;4;) are the vertices of a maximal
arc of o,, in which case the result is proved or f(A.), f(4)), «+-, f(A;+1)
are the vertices of a maximal arc of o,. If the latter case occurs
the procedure may be repeated with the use of A4,,, instead of A,.
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In this case {f(4..)f(4)), «++, (A;.;)} would be the vertex set of a
maximal arc of g,. As A;— f(4,) is a 1 — 1 mapping the two sets
{f(4v), F(A), « -+, f(Ai)}s {F(Aisd)s (4D, - -+, f(Air)} are distinet. This
is impossible as any single vertex within a maximal arc determines
it uniquely. Hence {f(A4,), f(4;.), -+, f(A: 1)} is the set of the vertices
of a maximal arc of o, and the result is clear.

The proof now follows by induction.

3.6. If a polygon m,: AA,--- A,,r =n + 3, has n infinite sides
then a polygon o,: BB, -+ B, is equivalent to w, if and only if, for
each h, 0 < h < n, w, and o, both have the same number of maximal
ares of length h.

Proof. If w, ~ o, then, by 3.5, each of the polygons have the
same number of maximal ares of length %,0 < 2 < n.

If, conversely, w, and o, satisfy this condition we construct a
mapping of the vertices of =, onto those of ¢, as follows. As 7,
and o, have the same number of maximal arcs of length #, 0 < A < n,
an arbitrary 1—1 correspondence can be defined between the maximal
arcs of «, of length & and those of g, of length & for each 2,0 <
h < n. After this has been done we define a 1 — 1 correspondence
A; — f(A;) which maps the vertices of each maximal arc of length &
onto the set of vertices of the corresponding maximal arc of ¢, of
length &.

To check that the mapping A; — f(4,) is an equivalence mapping
let Q._.:[4;, A;,--+ A; ] be a hyperplane which supports H(w,). By
2.9 (2) @,_, contains h vertices of each maximal arc of =, of length
h. By the construction of the mapping Q.- [f(4:), f(4.), «++, f(4;)]
contains h vertices of every maximal arec of o, of length 4. Hence,
by 2.9 (2), Q._, supports H(o,). Hence A;— f(A,) is an equivalence
mapping and the proof is complete.

3.7. Hypothesis: A;— f(A), 1 <1< 7, is an equivalence mapping
for the polygons «,: AA,-++ A,, 6, BB, -+« B,, r Zn+3, both of which
have less than n infinite sides.

o, Oy » o+, &, are the maximal arcs of T, arranged in the orde
wn which they occur om T,.

{fla;)} is the set of wvertices f{A)) of o, for which A; is a vertex
of a1 <5 <s.

Conclusion: The sets {f(a;)} occur in the order

{fle)}, {flar}, - -+, {fla)}
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on o,.

Proof. As 7, has less than 7 infinite sides n > 1. Let A, be
a j-point of x, if 7, has at least one infinite side but otherwise an
arbitrary vertex of m,. If follows from 3.4 that B, = f(4,) is a
j-point of o, if and only if ¢, has at least one infinite side. Let
Tpys A:A; e ;v—x ;+1 e A,r! Opyt BLIBZ, e Be,-—1Bel+1 e B: be normal
projections of =,, g, from A,, B,, respectively. Following 3.3 A —
f(A), i # k, is an equivalence mapping for z,_, and o,_,.

We consider the case for which x, has no infinite sides. By 3.4 o,
also has no infinite sides. By 1.9 A,_ A4}..(B._,B..,) is the only infinite
side of #,_,(0,_,). By 8.4 f'(4..), f'(A,.) are the only j-points of
0.-, and so these must be the vertices B._, B,.,. This implies that
(4, f'(4,.,) must be consecutive vertices of o,_,. As an equiva-
lence mapping is a 1 — 1 mapping this implies that as A, runs
monotonously through consecutive vertices of =, that f(A,) runs
monotonously through consecutive vertices of o,. By the definition 2.1
each maximal arc of a polygon with no infinite sides consists of a single
vertex. Thus «,, a,, - -+, @, are consecutive vertices A;, Airy =+ oy Airrie
Hence {f(al)}’{f(az)}r ct {f\as)} either is a sequence {Bj}7{Bj+1}! °t r{Bi-H-—-l}
or a sequence {Bj}{B;_}, ++, {Bj—,+.}. This proves the result if =,
has no infinite sides. In particular the proof is complete if n = 2.
We assume it to be true for polygons =,_, 0,_,, > 2, and proceed
by induction.

In the case which remains 7, has at least one infinite side.
Consequently A, is a j-point. Therefore the maximal arc which con-
tains A4, has at least two vertices. Hence we may choose vertices
A, Ajea 1 <5<, A;, # A,. By 3.5 each set {f(«;)} consists of the
vertices of a maximal arc of g,. To show that these sets are ordered
on ¢, it is therefore sufficient to show that f(4.), f(4,), ---, f(4;)
are ordered on g,. As f(4;)+ f(A) = B.,1<j <s, to prove this result
it is sufficient to show that the projections f’(4,), f'(4:), ---, f'(4:)
are ordered on o,_, as the order of the vertices of o,_, is that of
the order of the corresponding vertices of ¢,.

To do this we consider the polygons =, ,, 0,.,. As A, is a
j-point it follows from 2.6 that the maximal ares of w,_, are the pro-
jections a; of a; from A,,1 < j <s. Again, as A, is a j-point, it follows
from 1.9 that 7,_, has exactly one infinite side less than 7, and so
has less than n — 1 infinite sides. Hence we may apply the induction
assumption to the equivalent polygons =, , o,_,. If {f'(a;)} denotes
the map of set of vertices of «; defined by the mapping A;— f'(4,),
1<j<s, then the sets {f'(a)}, {f' (@)}, ---, {f’(«))} occur in this
order on ¢,., as al, a,, -+, o, are ordered on =,_,. Consequently
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S (A:), f1(As), =+ +, f'(A;) follow in order on o, , as no two of these
points are in the same set {f'(a))}.
The result now follows by induction.

3.8. C(z,) is the cycle of the cyclically ordered sequence of 0’s
and 1’s obtained by replacing each side A;4;,, of the set of sides
A A, A4, -+, A, A, of a polygon 7,: A, 4,-+-- A, by 0 or 1 according
as A;A;., is finite or infinite. If the vertices of a polygon 7, are
written in reverse order the numbers of the corresponding cycle are
written in reverse order. For this reason if a cycle is obtained by
writing the numbers of another cycle in the reverse order the cycles
are considered to be the same.

3.9. Two polygons w,: A,A,--+ A,, BB, -++ B,,r = n + 3, both of
which have less than n infinite sides are equivalent if and only if
C(r,) = C(0o,).

Proof. If @, ~ o, then, by 3.7, C(z,) = C(0,).

If C(rx,) = C(o,) then the subscripts of 7,: A, A4, .« A,,0,:BB,--+B,
can be adjusted so that A4;A,., is finite if and only if B;B,,, is finite,
1<i<r. It follows, then, from 2.8 that a hyperplane [A;, 4,, ---, A, ]
supports H(r,) if and only if [B;, B;,, -+, B; ]| supports H(s,). There-
fore A, — B; is an equivalence mapping for 7, and o,. Thus the
result is proved.
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