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In this paper we introduce some differential geometric
properties of canonical domains of bounded domains in C»,
using our synthetic expression by matrix, In the proofs of
the theorems, our formulas of matrix derivatives play the
leading part.

In order to construct relatively invariant matrices, the author
devised formulas of matrix derivatives and obtained some results ([2]).
Here we use these formulas for the calculations on the argument of
the theorems of geometry. The constructed matrix 3,T,Z, 2) (see [2])
becomes the curvature tensor, and T3'(Z, 2)(0Ty(Z, 2)/02) becomes Chri-
stoffel symbols in the Kaehler manifold with the metric ds, =
dz*T,(z, z)dz where ,T(z, 2) = (E, X T1(, 2))(0/02*)(T5' 2, 2) 0Tz, 2)/07))
and T,Z, 2) = 0°logK (7, 2)/02*02. We study some differential geometric
properties of canonical domains, that is, Bergman representative
domains, m-representative domains, homogeneous domains, and our
minimal domains of moment of inertia which are defined and investi-
gated in §2 ([1], [5], [7], [12]).

We calculate Christoffel symbols at the center of canonical domains
and give the condition which a geodesic curve through the center of
a representative domain satisfies in Theorems 3.4. In Theorems 3.7-
12 and Corollaries 3.1-4, we discuss scalar curvature and holomorphic
sectional curvature.

The author wishes to thank Professor S. Ozaki for helpful discus-
sions in the preparation of the present paper.

1. Preliminaries. Let D be a domain in C* which posses a
Bergman kernel function K,(Z, 2) = @*(¢)@(2), ¢, z€ D, where @(z) =
(@.(2), P:(2),---) and the marks ' and * denote the transposed and
transposed conjugate matrices respectively. We consider a vector
function w(z) = (w,®), *++, w,()" in D. If the function w(z) is both
holomorphic and locally one-to-one, i.e., det(dw/dz)+0, then the funec-
tion defines a pseudo-conformal mapping of D onto another domain
4c C*. Further, the inner product of two funections f, g belonging
to a class &2 of all holomorphic functions {(z) of D which satisfy

SD IR Fdv, = Sp(SDC(Z)C*(z)dvD) < oo, as follows:

(, 95 = | f@g* @dvs

where dv, denotes the Euclidean volume element on D. Moreover we
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define a norm || fl| , of f(2) as

a1 1F 1t = Sp(f, o = | 17 @ Fdo, -

We shall define some notations for derivatives of matrix functions
with respect to the vector variable z = (2, +--, 2,)":

(1.2) w2 (at>*h<ﬁ_>k < w(f, 2)

ot*"oz 0z

where (0/0t)*" and (0/02)* denote k-times and k-times Kronecker product
of (9/ot)* = (3/ot,, ---, 0/0t,) and 0/0z = (3/oz,, ---, 0/0z,) respectively.
If w(2) is a function of z only, the kth derivative is denoted by
d*w(z)/dzF. In particular, if z and ¢ are both fixed, then we shall
write the derivatives merely w, =t or 0*+*w/0t*"0z*. Hereafter, some-
times we shall write T,(¢,, &) = T», Ky(ty, &) = Ky, *K,(L,, t,)/0t 0z =
0°K,/0t*0z = K,*,, and so on. Further we denote the following for-
mulas with respect to the matrix derivatives:

(1.3) oF~ _ 98 oy,
0z 02

(F' is a regular k x k matrix function and £, is an # X » unit matrix)

A(FG) :__(E & +FaG

(1.4) =

(F" and G are k x I, | X m matrices respectively)

(1.5) oF _ 8F<_{2_§ X El> + <a§* X E’k>(E X QE) ,

oz oC oC*

(F is a' k x | matrix, z, { are n x 1 vectors)

(1.6) 3<F0: G . oF g4 (7 x __)(Em < B),

(F, G are k x [, ¢ xv matrices respectively, and
~ eu, MY ell
B, = -
€iny ** %y €in
where e;; are | X » matrices in which only (7, 5) element equal to 1,

and others 0). If { = {(2) is a pseudo-conformal mapping of a domain
D onto a domain 4, then we have

(1.7 Kyt 2 = <detc%®>*m«?, 0) detfi—%) ,
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(1.8) 7,09 = (L9) e, 0L,

and for a matrix P = (ﬁ ]{}) with the block subdivisions, it holds

that

(L.9) et (K—l + XZY, —XZ~
~ZY, z

where K, N are square matrices, and X = KL, Y= MK, Z =
N—-MK™L.

2. Moment of inertia and relative invariant matrix. For the
holomorphic mappings £(z) = A(z—1t,) + (higher powers) with respect
to ¢, we define the classes which satisfy respectively the following
initial conditions at a fixed point ¢,¢ D:

Frup A =H, Frap, detA =1,

*
%*‘“‘to: detA*A =1, %yam:to: SpA™A =1

(Frity C Franty C Fraraney © Fsparasty) »

Bergman representaive and minimal domains were considered for the
classes &, and F,., respectively. If we define the moment of
inertia of 4 which is the image of D by {(z) as

@.1) mom(d) = ||| = SA[C[Z v, = SD {C-det%lz v ,

then a minimal domain of moment of inertia with {(f) as center
which minimizes mom(4) may be considered for the classes of the
above four types. But now we treat for the class .#;.,. First, we
deal with the minimum problems following S. Bergman ([1], [5]).
The following relations hold for any functions {(z) = A(z—1t,) + (higher
powers), using (1.9),

_ * K, K, \7'(/O
@2 L@l =Se| wran, = 00, a(r, B V(G
1
= —Sp(AT;A4%) ,
K, »( D )
and minimizing function exists uniquely and is expressed as follows:

Ky K, \(K,(ts 2) Ko 2) gmal®
2.3 N Gis n(to, = Eolto ) pp* 1,7, 2)de
@3 (O, )<Kt* Kt*) (8KD(t0, z)/&t*> K, > Szo o(lo 2)dz

where A is an n x n matrix. If {(z) € 5, , then {(2)det(d((2)/dz) also
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belongs to .#;.,, hence the mapping {(z) which maps D onto a minimal
domain of moment of inertia satisfies

dl(z) _ Kp(ty, 2) paf® T
2.4) (et - Kolln D S%Tn(to, 2)dz

D
and the moment of inertia of this minimal domain is 1/K,-(SpT5Y).
(See [9]).

THEOREM 2.1. A necessary and sufficient condition for a domain
D to be a minimal domain of moment of imertia with t, as center is

2.5) (K, (F,, z)gz T, 2)d2) = K, T, .
dz t

In fact, for the identity mapping {(z) = z of D, {(2)det(dl(z)/dz) =
2, therefore the necessary and sufficient condition is

z = MT‘D“Y To(to, 2)dz .
K o

D

THEOREM 2.2. A domain D is a minimal domain of moment of
nertia with t, as center, if the following condition is fulfiled:

(2.6) 2K ,(t,, 2)/0t* 0z = K, T, .
Proof. From the hypothesis, we have 0K, (¢,, 2)/0t* = K, T+ (z — t,),

therefore 0K,/0t* = 0. Hence, using the relation

K,(f,, z)gz T, (E,, 2)dz = 9K (T,2)/0t* — %@’—Q-am/@t* ,

D

we have
éa‘z‘(KD(fm Z)S TD(t—Or z)dz) = K,Tp,

consequently the hypothesis of Theorem 2.1 is fulfiled.

COROLLARY 2.1. Let D be a minimal domain with center at t,,
then a mnecessary and sufficient condition for the domain D to be a
minimal domain of moment of inertia with the same center &, is

@.7) P K (%, 2)/0t*02 = K, T, .

COROLLARY 2.2. Let D be a representative domain with center at
t, then D is a minimal domain of moment of imertia if and only if

d T =
(2.8) S Eolte, 2 — 8) = Ko .
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Proof. By the hypothesis we have T,(%, 2) = T,, consequently
Sz Ty(ty, 2dz = Tp-(z — t,). Substituting this into (2.5), we obtain
ty
(2.8).

COROLLARY 2.3. Let D be a representative domain with center at
t,, and simultaneously a minimal domain with the same center, then
D is also a minimal domain of moment of inertia.

Proof. We can prove easily from 0*K,(t,, 2)/0t*0z = K,T, which
is a necessary and sufficient condition for a domain D to be a minimal
domain with center at ¢, and simultaneously a representative domain
with the same center, and (2.6).

Next, we introduce relative invariant matrices which play an im-
portant part in Riemannian geometry of a complex n-dimensional
manifold.

LEMMA 2.1. The following relation holds:

(En X TD(E, z))a—j—< 1(z z)aTD(Z Z))

(2.9) _ *Ty(z,2) 0Tz, z)T—l(" z)aTD(z 2)
0z2*0z 0z*
(EZTD(zy z)) ’

and for any pseudo-conformal mapping { = {(z) which maps D onto
4, we have

(2.10) :T'5(Z, 2) = (dC(2)/d2)*%T AT, O)(dL(2)/dz)"
where the power means 2-times Kronecker product. (See [2]).

LEMMA 2.2. Let 5%, z) be

F(KPT) KT 1rprn—0(K?T)
1’( 0z*0z oz* (KT 0z >’

@.11)  ¥o(?, 2) =

where K? = (K,(Z, 2))* and T = T,(Z, 2), then under any pseudo-con-
Sformal mapping we have

(2.12) Wo(Z, 2) = (d(2)/d2)** (T, O)(dE(2)/dz)* .

REMARK. For p > 2 we showed that ,4,(Z, 2) are positive definite
(see [2]), but in the following (Corollary 3.4), we shall show that, for
» > 1, these quantities are also positive definite in a bounded domain
by the properties of holomorphic sectional curvature.

In fact, Using the formulas (1.4)~(1.6), we can calculate as
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follows:

AEK’T) _ pKPl(oK " T> x0T

0z 0z
Tovne = 0= DG (E0 )
+ K’M(%x T+ gzif X 2—5)]

therefore, we have
(2.13) Vo, 2) = Tp(, 2) + pTu(7, 2) X Tz, 2) .
From this and (2.10), we obtain (2.12).
3. Curvature in canonical domains. We introduce a positive

definite Kaehler metric on I which is invariant under any pseudo-
conformal mapping of D

dsy = dz*T,(z, 2)dz ,
and consider a real 2n-dimensional manifold V,, of the variables

(§.> = (zl, LI El, e, En)’ and let the metrici_be

ds, = dz*"T,(7, z)dz

_ [dz\* 3Tz, 2), 0 dz
©-1) <d€)( 0, TG z))(dz>

() @)

then we have gz = 1Tz = Jupy Gz = %T i =
s = (0MlogK (7, 2)/02,02;5), and 4,5 = 1, + -+, m,
If we define a curve in V,, by the functlons

gzﬁ, Jor = Yaz = 0, Where
L., m5a,8=1, -

(Z(t) = (zl(t)a MR} zn(t)y 21(t)v M) En(t))’
z(t)

with respect to a parameter ¢, then the infinitesimal distance on this
curve is given by ds = V'dz*T,(2(t), 2(t))dz, and the length of this curve

joining two points A4, = @%3) and 4, = (%2;) is

s = S ailzt T,(Z, z)~dt
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For the function F = (dz*/ds)T,(z, 2)(dz/ds) = 2*T5(Z, 2)3, we have
(0F[oz) = 2*(0T (%, 2)/0z)(E, x 2), therefore substituting this into
Euler’s equation we obtain

*GTD(Z z)(E X 2)

— 5T 4 4 (aT@Zx E)+ (";is- « E)%E) *aT(E « 2)

gg (*Ty(E, 2) —

. . e 0T
— *T _+_ ES * — 0 R
Z (Z* x 2 )———dz*
hence we have a differential equations of geodesic (see [6], [13])

i+ T5G, Z)M(z x2) =0,
(3.2)

6T,,(z z)(

z+ T3, 2) xZ)=0.

Consequently, the Christoffel symbol is expressed as

oz, 9200 ) _ (T Do Do I
D \%y 0z F’ﬁ, Fﬁ“ F;”‘, . Z":%

3.3 ' "
T (% [‘%1’ Fﬁn’ F;U F%JZ
T, 9229 - < _ > :
7 FIn F:Lny ;w 35

(See [4], [10], [13]).
Now, for any pseudo-conformal mapping { = {(z), we can calculate
as follows by virtue of the above mentioned formulas (1.4)~(1.6):

Tz, 2010, 2) TD(: 2)

- (%) e, C)(aTg(g LT + 1,2, 0L)

(& e TEAE  (E) . ww i

LEMMA 3.1. For any pseudo-conformal mapping, we obtain the
following relations with respect to the Christoffel symbol:

6y LK1 2B D)  (75¢ o L) (%),

dz¢ dz dz
6.4) L2= (1o 0Bl - (15, 9 2R ) ()

THEOREM 3.1. The vector 6,2, 2) = 2 + T3, 2)(0T,Z, 2)/02)(2 X 2)
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18 a contravariant vector, and a geodesic curve in D 1is also a geodesic
curve in 4 under any pseudo-conformal mapping 4 = (D).

Proof. We have

_ gz _ dzp
ds d¢’
,_ @z _ d(dz;\ _ dzp
FT e ds<dcc> dCZ( <0 +5 C’

hence, substituting (8.4’) into this formula, we have

: = (1 2L
2= Z(rre 0 )@ < o

- oT (%7, z) . . 2
(T @, z)—————)(z X 2) + d—éz; :
Therefore
_ 7 2T 0 dzp _ dz_ s
e, 9 = (1€ 024 )¢ x &) + $2 = Fa,0) -

Hence, ¢,(%,2) is a contravariant vector, and ¢,(Z, 2) = 0 implies
54(5, £) = 0. ,

Next, we consider a contravariant vector (%D> which satisfies
the following transformation law: », = (dC/dz)thz (N, = (dZ/dZ)Np)-
Then we have

dC@NDd L a d a)"’)d—

?\,—-——— Y
dh (dz x D)+d 2 a2 o2

dl
== Y —=(dnp) -
dzz (d'z X D) + dz( D)
Substituting (3.4) for (d?C/d?z*), we obtain

drn, = fl—ng“(E, 92T0@ 2 g, 5 2y

dz 0z

— T7(C, C)M(dc X Ng) + @_Cdxn ,

o¢ dz

therefore we have the transformation expression of the covariant
differential:

N = dhg + THC, Q@ZA@—@@C X M)

(3.5)
‘(if(dh + T3, 2)0 D(z 0T, 2) gy 5 )) dc(axp),
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3.5 0%, = dv, + T, cﬂT"(C Ddz x %) = C@m,

and the covariant derivative of a vector (-)YD) is given by

Ap
(3.6) Pro = (22 + T3, 9218 E vy, 02)
(3.6)’ ﬁﬁ%%f?+nva @”wxm)
Now, we have the conditions of the parallel displacement
My _ dhy | pa0T(d2 3 Y g
ds ds + 0z (ds * D> ’
onNp _ drp ~_18T(d2 =
D= R P22 e Ny ) =0,
ds ds + 0z \ds * D>

for a contravariant vector (i”) on a curve, then substituting the

D

N ’

tangent (Zj of a curve for (%D> we obtain a differential equation
D

of geodesic (3.2). Therefore, a curve on which the tangent is dis-
placed parallelly is a geodesic.

THEOREM 3.2. At the center t, of any representative domain D,
the Christoffel symbols with respect to the metric dsb = dz*T,(Z, 2)dz
are all zero.

Proof. A necessary and sufficient condition for a domain D to
be a representative domain with ¢, as center is T3'T,(%,, 2) = E,,
therefore T3'(0T,/0z) = 0.

THEOREM 3.3. The Christoffel symbols at any point t, in a
bounded domain with Kaehler matric dsb = dz*Tp(Z, 2)dz become all
zero by the Bergman representative function with respect to t,

3.7) @) = {;ua@&+%.

Proof. Substituting (d¢(t,)/dz) = E, (d*(t,)/dz*) = T7H0T,/07) into
(3.4), we have T3;'(0T,/02) = T3'(0T,/02) — T7(0T,/dC), therefore
T7(0T,/o%) = 0.

THEOREM 3.4. Let t, be an arbitrary point in D which ts bounded
domain with the Kaehler metric dst = dz*T, (%, 2)dz, and let the
Bergman representative function with respect to t, be

(e t) = T5 || To(E,, d (See [1], [2)-
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Then the point t, lies on geodesic (8.2) if and only if
d2(g%(to; ty/ds® = 0.
Proof. From Theorem 3.1 and Theorem 8.2, we have
Pt £)/ds’ = €n(Z, 2) -

THEOREM 3.5. The Christoffel symbols at the center ¢, of any
m-representative domain A(m = 2, see [5], [2]) with respect to teD
are equal to that at the point t,.

Proof. For any m-representative function {(z) with respect to ¢,
we have d{(t,)/dz = E, d*((t,)/dz* = 0. Hence, by (3.4), we obtain

aTA(am 60) .

TD({Oy tO) ac

0T (o, b)) _ T (@, ¢)
oz ’

THEOREM 3.6 At the center t, of a minimal domain of moment of
inertia, if 0K,(f,, t,)/0z = 0, then the Christoffel symbols are all zero.

Proof. From Theorem 2.1, we have

a

- <K (., z)§ T(E, z)dz)

0

_KD3T4+K X Tp+ Tpx K, =0,
therefore, 6T ,/0z = 0.

REMARK. By theorem 3.4, we may locate the geodesic through
a point %, that is, doing coordinate transformation

L(e) = Tzf T o(Fey 22 +

at t,, the curve through the point ¢, on which d*C(¢,)ds* = 0 is geodesic.
Next, according to our method we express Riemann-Christoffel
tensor as

(156 2 TEED) - (B x T56, 9).T46, 2

(3.8) R+ R.: R R,
- (,Rn;- : -R::n) - <R7,;p : -R::;m) '
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For any pseudo-conformal mapping { = {(z), we have

((ﬁ) % dc>ac*< TG >aTda%’ C)Xdz)

therefore it is a tensor of contravariant [degree 1 and covariant
degree 3.
Further, we can express the curvature tensor as

(3.9)

1 o (e oA _ L g s
(B x To, ) T2 921222 = 12, 2)

Beg, «++, Rinai Rigy, <, RBiuma
= Ty = — ene .
Rz v, Ranns Riq » o+, Biuzn

And, we can express the contracted Christoffel symbols as

(3.10)

3.11) (s T—lgT , SpT- aaT) (I e, T2

1 n

By theTrule 8 log (detT)/oz; = SpT(2T/d2;), we obtain Ricci tensor
RLT b b 'y -Rn_l
(3.12) — 0% log (det T)/0z*0z = < cee .
’ Rl;u .. .y R%ﬁ
Therefore, the scalar curvature becomes

0" log (det T (%, z)))
02*02

(3.13) R, = —4Sp<T51 @, 2)
which is invariant under any pseudo-conformal mapping.
THEOREM 3.7. At any dounded domain D, R, < 4n(n + 1).

Proof. It is known that both M = (n + 1)T + (6° log (det T)/02*07)
and T are positive definite Hermitian matrices (see [1], [3]), therefore

%(ij) , or ‘0"<Z—7];—,> < Sp(T™'M) < %;(ZP;) » or 101<le;> ’

where A, = +++ =\, >0 and 0, = --- = o, > 0 are eigenvalues of T
and M, respectively. Thus we have

’n(’n + 1) - [01SpT_l ’
or
B < pin + 1) — 0,8pT

nin + 1) — %SpMé :
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or
SpM

nn + 1) — N

THEOREM 3.8. Let D be a homogeneous domain, then we have
always

(3.14) R, = —4n.

Proof. At the homogeneous domain, it becomes

0" log (det T) _ T
0z*0z ’

therefore we have R, = —4Sp(T'T) = —4n.

THEOREM 3.9. In a manifold D with the metric dsi, = dz*T,(Z, 2)dz,

1f there exists a fixed point t, in D such that I,(Z, z) < Ip(t,, t,) every-
() —

where in D, and if —4n=<R,, then we must have I,z z) = I,(2, o)

everywhere in D, and cons%()]uently we have B, = —4n, where I,(Z,?) is a
real valued (invariant) function defined by 1,(Z, z2) = K, (7, 2)/det T ,(%,2).

Proof. From T = 0°log I/0z*0z + &* log (det T)/0z*3z, we obtain

0% logI) . _@)
5202 4"

n = Sp(T
Therefore, by Theorem of E. Hopf (see [13]), our proof is completed.

THEOREM 3.10. In a bounded domain D, if there evists a fixed
point t, in D such that J,(Z, 2) < J,(%,, &) everywhere in D, then we
must have J,Z,2) = Jp(t,, t) everywhere in D, and consequently
R, = An(n + 1), where J,(Z, 2) = (K2, 2))* det Tp(Z, 2).

Proof. From (n + 1)T + 0 log (det T)/0z*0z = 0% log J/0z*0z, we
obtain

0% log J
0z%0z

m+Dn~%:SM’

Since, by Theorem 3.7, we have SpT~'(¢* log J/0z*3z) > 0 everywhere
in D, then J is constant by theorem of E. Hopf. Consequently we
obtain the following Ricei tensor: (R, = (n + 1)T,(Z, 2). Thus we
have R, = 4n(n + 1).

Next, a holomorphic sectional curvature k(z;u) with respect to a
contravariant vector % which is invariant under any pseudo-conformal
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mapping is expressed by our method as follows:

(u x wW)*TyE, 2){(u X w)

@15 wEN) = R TG ) X To@, ) X W)

THEOREM 3.11. If D is a homogenous domain with the metric
dst = dz*Tdz, then the holomorphic sectional curvature k(z; w) is con-
stant everywhere in D.

Proof. Since k(z; w) is invariant, then for arbitrary points z, ¢ in
D we have k(z; w) = £(¢t; ) by a suitable holomorphic automorphism.

THEOREM 3.12. In a manifold of constant holomorphic curvature
E, for the scalar curvature R, we have

(3.16) By, =nn+ Lk .
Proof. By the hypothesis, the culvature tensor becomes
(3.17) R = 500 + 9:3073) (see [13])

consequently we have R,; = (n + 1)/2-k¢9,;. Thus we have
R, = 29%R,; = n(n + 1)k .
COROLLARY 3.1. The unit hypersphere |[z|* <1 is a manifold of

constant holomorphic curvature £ and we have £k = —4/(n + 1). (See
Theorem 4 in [10]).

Proof. Using the formulas (1.3)~(1.6), we obtain

T,0,0)=(n+1HE, 09T50,0)/0z=0,
PT»(0, 0)/02*0z = (n + 1)(E* + E,,) .

Then we have
ZTD(O) O) = (n + 1)(E2 + Enn) ]

and consequently £(0; v) = —4(n + D@*u)*/(n + 1)*(w*w)®* = —4/(n + 1).
Therefore, the holomorphic sectional curvature are all the same at
origin. Consequently, by Theorem 3.11, we obtain the required
results.

REMARK. Since a unit hypersphere is a homogeneous domain,
then R, = —4n. Therefore, by Theorem 3.12, we can compute £ =
—4n/n(n + 1) = —4(/n + 1).
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COROLLARY 3.2. In a polydisc {|z;| <r;;j =1, -+, n}, for the
holomorphic sectional curvature k, we have —2 < £ < —2/n. (See [10]).

Proof. We may calculate at origin as follows:

N o 0
(z) 0 ' .
T5(0,0) =2 » :T5(0,0) =4 0(%2)0

Thus, we have

£ = = 25wl ) (S wslr)
and consequently —2 <k £ —2/n, (n = 2).

COROLLARY 3.3. In a complex spheres
My = {2] |22] <1,1 — 2]z + |2'z]" > 0},

Jor the holomorphic sectional curvature k, we have

-—3(2——1—)</c<———2—.
N n n

Proof. Since we have

T, 2) = %{KO(E — 2%2) + 2(E — 7)2r*(E — 7))

where K, =1 — 2|z [* + |2’z °, in the complex spheres (see [8]), then

we have
T,0,0) =2nE,

T5(0,0) = 4n | B* — "l
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Consequently,
£(0; w) = _ oAn[2(u"u) —412221*;52'" + n.[9]
= =2y _ il A+ e+ U,
on [2 [l ]

where » = (u,, ---, u,)’, hence we have the required result.
It is known that the holomorphic sectional curvature for a bounded
domain in C» is less than 2 ([1], [3]), therefore we have

COROLLARY 3.4. Let D be a bounded domain with Kaehler metric
dst = dz*Tdz, then

L[OED) _ AKD) gy AKT)]
KL oz*0z oz* D 0z

= ZTD(E, z) + TD(Z, Z) X TD(E'; Z)

1"[fD(§’ Z) =
(3.18)

is relative invariant under any pseudo-conformal mapping and posi-
tive definite.

Proof. From k£ < 2, we have (u x w)*(T + T x T) (w x u) > 0.
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