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In this paper it is proved that for each countable ordinal
number a = 2 there exists a separable Banach space X con-
taining a cone P such that, if J; is the canonical map of X
into its bidual X **, then the ath iterated w*-sequential closure
K (JxP) of JxP fails to be norm-closed in X**. From such
spaces there is constructed a separable space W containing a
cone P such that if 2 < 8 < a, then Kg(Jw P) fails to be norm-
closed in W**, Further, there is constructed a (non-separable)
space Z containing a cone P such that if 2 < 58 < 2, then
Kg(JzP) fails to be norm-closed in Z**,

1. If X is a real Banach space and Y a subset of X**, let K(Y)
be the set of elements of X** which are w™*-limits of sequences in Y.
Let K(Y) = Y and inductively let K (Y) = K(U ..Ks(Y)) for 0 < «
< 9, where 2 is the first uncountable ordinal. A cone in X is a
subset of X which is closed under addition and under multiplication by
nonnegative scalars. Our main theorem extends the result of [6] that
if P is a cone in X, then K,(J,P) must be norm-closed but K,(J,P)
can fail to be norm-closed in X**. By contrast it is noted that if S
is a compact Hausdroff space and X = C(S) and a < 2, then K, (J;X)
is norm-closed, even though for example if S is compact, metric, and
uncountable, then K, (J,X) is not w*-sequentially closed. It is obvious
that for each Banach space X and each subset Y of X**, Ky(Y) is
w*-sequentially closed and hence norm-closed.

In [7] a Banach space X was exhibited such that K,(J;X) is not
norm-closed. Whether K, (JyX) can fail to be norm-closed for 2 < «
< 2 is not known to the author. However, in the present paper it
will be convenient to use constructions involving spaces studied in [7].

Section 2 is devoted to a useful relationship between w*-sequential
convergence and pointwise convergence of bounded sequences of func-
tions, § 3 to further study of a space constructed in [7], and §§ 4 and
5 to preparation for and proof of the main theorems.

2. Let S be a compact Hausdorff space, B(S) the Banach space
of bounded real functions on S with the supremum norm, and C(S)
the closed subspace of B(S) consisting of the continuous real functions
on S. If A is a subset of B(S), let L(A) be the set of all pointwise
limits of bounded sequences in A4, and let L.(A) be defined inductively
by L(A4) = A and L,(A) = L(Up..Ls(4)) for each ordinal « such that
O<a<

If X is a norm-closed subspace of C(S) and ze€ Ly(X), then z is
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bounded and Borel measurable and hence is integrable with respect to
each finite regular Borel signed measure ¢ on S. For each feX*
there exists a finite regular Borel signed measure p; on S such that

Slx) = g xdy, for each xe X [3, p. 265], and by the Hahn-Banach
theorem S/xf can be chosen so that [|g]| = ||f|l. If v, is another finite
regular Borel signed measure on S such that f(z) = \ x dv, for each
2 € X then also Sszd;tf = Sszdvf for each ze Ly (X), bsy virtue of the

bounded convergence theorem and transfinite induction. Hence a
mapping T is unambiguously defined from L,(X) into the space of
real functions on X* by

(T2)(f) = Sszd/z, (ze Lo(X), feX*.

TEOREM 2.1. If S is a compact Hausdorff space and X a norm-
closed subspace of C(S), then T s an 1isometric tsomorphism from
LX) onto K,(JxX), and T maps L., (A) onto K (J.A) for each subset
A of X and each a < Q.

Proof. For each ze L,(X) it is trivial that Tz is linear on X*
and that |(T2)()|=|I2]| || f]| for every fe X*, sothat Tze X** and
|Tz]| < ||z]|. Foreach teSlet f,(x) = 2(@) for all xe X; then clearly

f.e X* with || f,]] £ 1, and it is easily seen that (T?)(f,) = S zdpy, =
S

2(t), so that [2(t)| =< ||Tz|| || f:]|<]||Tz|| and hence ||z||<||T%||. Since
T is obviously linear, it follows that T is an isometric isomorphism
from L,(X) into X™*.

Now let A be a subset of X. Since the restriction of T to X is
Jx, it follows that T[L,(A)] = TA = J;A = K,(J;4). If 0<a<Q
and it is assumed that T[L,(4)] = Ks(JxA) for each g8 < a, then for
each ze L,(A) there exists a bounded sequence {z,} in Usc.Ls(4) which
converges pointwise to z. By the bounded convergence theorem
(T2)(f) = lim,(Tz,)(f) for each fe X*. Since by assumption {T%,} C
Us<Ks(J1A), it follows that Tz e K (J;A). Conversely, if F € K. (JxA)

there exists a sequence {F,} C U;<.Ks(JxA) such that FnL F; the
sequence {F,} must be bounded [3, p. 60], and by assumption there
exists a sequence {z,} C Upcols(4) such that 7%, = F, for each n.
Now {z,} is bounded, and if z(¢) is defined to be F(f,) for each tc S it
follows that {z,} converges pointwise to z so that z¢ L,(4). For every
feX* (T?(f) = lim,(Tz,)(f) by the bounded convergence theorem.
Thus F' = Tz<¢ T[L.(A)], completing the proof that T[L.(A)] = K.(JA).
By transfinite induction the theorem follows.

ReMARK. If S is a compact Hausdorff space and X is the Banach
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space C(S), then for each a < 2, LX) is the space of bounded Baire
functions on S of order < « and, just as in the special case of a
metric space S [8, p. 132], L,(X) is norm-closed in B(S) and hence
also K, (J,X) is norm-closed in X**, If S is a compact metric space
with uncountably many elements then S has a nonempty dense-in-it-
self kernel [1, Ch. 9, p. 34]. Hence for each countable « there is a
subset T of S of Borel order exactly a [4, p. 207], but then it follows
that LX) # L,.,(X) [5, p. 299] and hence that K,(J,X) # K,.,(JxX)
for each countable a.

3. The reader is now referred to the proof of Theorem 1 of [7]
for the construction, for each real ¢ =1, of a Banach space X C
C([0; 3]) having the property that there exists an x°e L,(X) such that
ll2°]l = 1 but if {y¢*} is a bounded sequence in L,(X) which converges
pointwise to 2°, then lim inf,|[y"*|| = ¢. The remainder of the present
paper depends heavily on properties of the space X, and the reader
will occasionally need to refer to [7]. In particular, note that X is
generated by a set {%,,: », ¢ € @} of piecewise linear nonnegative func-
tions of norm ¢ on [0;3] and that 2° is the pointwise limit of the
sequence {z*} < L,(X), where 2” is the pointwise limit of {z,.},., and
l|l2?|] = ¢ for each p. Each z,, has truncated peaks centered at certain
of the points s,;, t,;, 2 + s,; where s,; = 27%¢ and ¢,; = 2 — 27°(1 + 279)
for u, 4, v, je® and ¢ < 2*. Specifically, ©,,(s.;) = ,,(2 + s,;) = 1 if
p=u, and &,,(s,,) =1 if and only if p = u. Further, z,(¢,;) = ¢ if
v=p= j< 9+ q and 0 otherwise. If ¥(S) denotes the characteristic
function of the subset S of [0; 3], it turns out that

a? = Y({spt t <27} U {2 4 8,501 < 27) + ex(ftosi v = p < 7))
and that
2° = Y8 pe@, 1 <2 U {2 + st pew, i < 27)).
LEMMA 3.1. Let Q be the morm-closed come in X generated by
{#: v, ge w}. Then Q coincides with
Qo = {252 0p@pet @y = 0, 3,5 a,, < o0},
where the indicated summations are over the set w of all positive inte-

gers.

Proof. It is clear that @, is a cone containing {v,,: p, ¢ € w} and
contained in Q. If {z,} is a sequence in @, which converges in norm
to some z ¢ X, then each z, has the form z, = 3,3 ,a,,,2,, With a,,, =

0 and ¥,¥a,,, < . As noted in [7] the limit lim,a,,, = a,, exists
for all p, q; indeed, in the notation of [7],
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Qg = €@ty — 277707%) — @(t,, — 277707).
Clearly each a,, = 0, and if r,sec ® then
25 ggelp, = 1im, 20, 3o, < lim,z,(sy,) = (sy);

hence %,%,a,, < 2(s,;)) and z = ¥, ¥ ,a,,%,, € Q.

Let ¢ > 0 be given. It follows from [7, p. 1196] that each z,, is
continuous and vanishes at 0 and at 2 — 27! and hence that each ele-
ment of X shares these properties. Since s,, — 0, there exists p, cw
such that 2(s’) < ¢ and 2(s') <e¢ for s’ =s,,,,. Since [[z, — x| —0,
there exists n’ such that z,(s’) < ¢ for all » > »'. Thus, by [7],
3 pen 2y, = 2(s) <& and X, ¥a,,, = 2,(8) <e for n > n'. Further,
since ¢,;— 2 — 277, there exists by continuity ¢, = p, such that z(¢,,)
< ce and #(t,,) < ce; hence there exists n"” = n' such that z,(t,,) <ece
for all » > n”. It follows from [7] that

— p—1
2?57’129>01an é 2p§q12q>q1—papq =cC z(tl,ql) < €

and similarly 3,<, 3 5@ < ¢7'2,4(t,,,) <€ for all n > n”. Moreover,
since @,,, — @, there exists n, = »” such that X,., ¥ <, |0, — @, <€
for all n > n,. Hence for n > n, the triangle inequality implies that

|z — 2.l = szplzqapqu” + ”2p>p12qanpqqu”
+ “ Zpsplzoqlapqqu H + “ Zp§m12q>q1amqupq ”
+ H Zpéplzqéql(a:nq - amnq)qu ||
< bee,

since [|x,,|| = ¢ for all p, g. Thus ||z — z,||— 0 and therefore x = z¢
@,, proving that @, is norm-closed.

LEMMA 3.2. Let @, = {¥,b,2*:0,= 0, 2,b, < o}. Then L(Q) = Q
+ Q.

Proof. Since L,(Q) is a norm-closed cone in B([0;3]) by [6,
Theorem 1, p. 192] and Theorem 2.1, and since {x7}, C L,(Q), it is
clear that Q + Q, < L,(Q). If {z,} is a bounded sequence in @ which
is pointwise convergent to some ze L,(Q), each z, has the form z, =
3,3 lpgpg With @,,, = 0 and 3,2 a,,, < . As in the proof of Lemma
3.1, for all p, g€ ® the limit a,, = lim,a,,, exists. For all p, ¢, cw,

Zq&uam = hmnzéqlam:q = hmnc_lzn(tzm) = ¢7'%(tpy);

hence Y., < ¢ '2(t,,) for each pew. Let b, = ¢c'2(t,,) — 2,0, for
each p, and note that all the numbers a,, and b, are nonnegative.
For n, pcw let u,, = 2 a,,,, and u, = ¥ a,2,, + b,2”. For each

p, if te[0;3] and ¢ is not of the form s,;, 2 + s,;, or t,; with v < »
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=< 7, in the notation of [7, p. 1196], x,,(¢) = 0 for all sufficiently large
g and hence 2?(t) = 0, so that u,,(t) — u(t), Ilf t=s,, ort=2+

Spiy then
unp(t) = anm@q = c_lzn(tpp) - cﬁlz(tpp) = up(t) .
Finally, if v < p < j, then

unp(tvj) = 62q>f—panpq - z(tpp) - Czqéjﬂ»apq
= c[bp + 2q>i—papq] = u;o(tvi)!

proving that {,,} converges pointwise to u, on [0; 3],
For each rc w,

Zp§r(2qapq =+ bp) = ¢ 2,5, 2(t)
= ¢ 'lim, %, .,2,(t,,) = lim,¥,<,% G,
§ limnzn(sll) = z(sll)’

Hence Y, u,€@Q + Q,. Let w =2 — Y u,; then w is easily seen to be
a Baire function of the first class on [0; 3] and hence by [8, p. 143]
w must have a point ¢, of continuity in [2; 3].

At each point of the form ¢t =2 + s,; with 7 odd, wu,(t) = wu,(s,)
for each p = » and hence

= limn(zn(sn) - 2p<runp(5'u)) - Zpgrup(t)
= Z(Su) - Zpup(su) = W(SH).

Since the set of such points ¢ is dense in [2; 3], w{t) = w(sy). On the
other hand, it follows from [7] that for each point of the form s = 2
+ s8,; = 2¢,;, with 4 odd, w,,(s) = 0 whenever p = 7, and hence

wis) = lim, ¥, u,,(s) — T, u,(s) = 0.

Since the set of such points s is also dense in [2; 3], it follows that
w(t) = 0 and hence that w(s,) = 0.

For each rew let w, =2 — ¥, u,. Then w,— w in the norm
topology, and w, is the pointwise limit of {¥,.,u,,}. Hence

erH é lim SuPnHZp;ruan g cnmnngrunp(su) = cwr(sn)
and consequently
Hw|l = lim,||w, || £ c¢lim,w,.(s,) = cw(s,) = 0.

Therefore w =0 and z = 2, u,€Q + @,, completing the proof of the
lemma.

Note. The last paragraph of the previous proof shows that if
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{z,} is a bounded pointwise convergent sequence in @, then in the nota-
tion of that proof for each ¢ > 0 there exist p,,n, € w such that 3., 3 a,,,
< e for all n = n,. Indeed, given ¢ > 0 there exists p, such that cw, (s,;)
<e. Since limsup,|| 2., %, || < cw, (s.), there exists n, such that
for each n = n,

szplzqanpq = (Zpgmunp)(sn) é Hzpzplu’npn < e&.

LeEMMA 8.3, Let Q, = {ca ¢, = 0}. Then L,(Q) = L(Q) = Q+Q,
+ Q.

Proof. Clearly @ + Q, + @, is a cone containing L,(®) and con-
tained in L,Q). To prove the lemma it suffices to show that L(Q +
Q + Q)= Q@+ Q, + Q.. If {z,} is a bounded sequence in @ + @, + Q.
which is pointwise convergent to a function 2, then each z, has the
form

Zp = Y, + 20,27 + ¢,

where y,€@Q,0,,=0,¢,=0, and X,b,, < o. Since {z,} is bounded,
the diagonal process yields a subsequence {z,} of z, such that ¢, =
lim;c,, and b = lim;3,b,, exist and b, = lim;b,, exists for each pew.
It is easily seen from [7, p. 1196] that these limits are finite and
nonnegative, that 2,0, < b, and that the sequence {2,b,,,2" + ¢, 2"} is
pointwise convergent to X,b,a” + (¢, + b — X,b,)a°. Hence also {y,} is
pointwise convergent, and by Lemma 3.2 its pointwise limit is in @
+ Q- Since z is the pointwise limit of {z,}, it follows that zeQ +
Ql _I_ QZ‘

REMARK. It is clear from [7] that the representation of each z
€ Ly(@Q) in the form ¥,¥ a,®,, + 2,02 + ¢’ is unique.

4, Given an arbitrary countable ordinal « = 2 and a number ¢
=1, we now construct a separable Banach space X, containing a cone
P, for which there exists z, e L,(P,) such that ||z,{| = 1 but such that
if {w,} is a bounded sequence in ;. ..L;(P,) converging pointwise to
% then lim,[{w,[| = c.

Let B, be the countable set {(2, 1)} U {(8, v):a= B> v =2}. Then
there exists a one-to-one mapping v, from D, onto B,, where D, =
{1, <, 2a* — 3a + 4} ifa < wand D, = w if & = w, such that v,(1)
=(2,1). Let U= {0} U {w":neD,) and let S, be the compact subset
[0; 6] x U of E*. For each real function z defined on S, and each u
e U, let

() = z(¢, w), () = 2(t + 3,0
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for t€[0;3]. Further, let &4 be the set of all type — a generalized
sequences s = (s;: 1 £ B < a) of positive integers.

Letting x,, be as in §3 and noting by [7] that %,,(0) = =,,(3) = 0
for p, g e w, we easily verify that for each se .o the function x, de-
fined by

Ty 1 >0, w7 < 5, V() = (8, 7)

xb* = {0 if u>0,ut>s,
0 ifu=0
2 ux“ﬁsr if w> O! va(u—l) = (By 7)
oy = :
0 ifu=0

is an element of C(S,). Let X, be the norm-closed subspace and P,
the norm-closed cone in C(S,) generated by {z,:se.%%}. Since S, is
compact metrie, C(S,) is separable [3, p. 340] and hence also X, is
separable. Note that ||,|| = ¢ for each se .&4.

For 1 <d < a and se .5~ let z,, be defined on S, by

Tygo, I > 0,007 =(87,8>7>6
v =wuby =qes ifu>0,pwh)=(B,8>0="
x° ifu>0,vw")=(@B7,0=p>"
25 =235 = 0.
Thus ||z,;]| = ¢ if 1 <6 < a, but ||2,./| = 1 for each se .&4. In fact,
z, . 18 independent of s€.9% and we simply write z, instead of z, ..

LeMMA 4.1. For each s€ &4 and 1 <0 £ @, 2,,; € L;(P,).

Proof. If 6 =1 and se .4, then for each gc w let s?¢ .5 be de-
fined by
g ifp=1
sf = .
s ifl<p=a.
It is easy to verify that {”3«1};:1 is a bounded sequence in P, converging
pointwise to z,,, so that z,,e L,(P,).
Proceeding by transfinite induction, assume that 1 <6 <« and
that z,.e L.(P,) for each se€.&4 and 1 < e < 4. Let s€.& be given,
and let t?¢c .2 be defined for each ge w by

s ifd£S=a

ty =
*T g if gp=a.

If 6 is not a limiting ordinal, then 6 has an immediate predecessor
6 — 1, and it is straightforward to show that the bounded sequence
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{#.9,_}, in L,_,(P,) converges pointwise to z,, on S,. On the other
hand, if the countable ordinal ¢ is limiting, there exists an increasing
sequence {¢,};, of ordinals whose limit is d, and it can be verified that
the bounded sequence {z,,,, }i=: in U.«:L.(P.) is pointwise convergent to
2,3 Thus the lemma is proved inductively. In particular, our proof has
shown that z,, whose norm is 1, is the pointwise limit of a sequence
of elements of norm ¢ in UscaLs(P.).

Note that if 1 <6< 0, ze L,(P,),1€{1, 2}, and we U, then z'*¢e
L;Q) < L,Q) = Q + Q, + Q, by Lemma 3.3, and trivially z*° = 0.

LEMMA 4.2. Let 1 <6 < Q2 and ze L;(P,) with
2V = 3, Y 0,0, + 2pbx? 4 cp2’.
Then also y € Ls(P,), where
Yt =yt = Ty(by + 2ap0)0” + e

Y =y =0, and uy" " = y*»* = 2»* for each ue U\{0, 1}.

Proof. The proof will be by induction on §. If 6 = 1, then 2!
e L,(Q) = Q + @, and hence ¢, = 0. There exists a bounded sequence
{w,} in P, which converges pointwise to z on S,. Since the finite
linear combinations with nonnegative coefficients of elements in {x,:s
€ &4} are norm-dense in P,, each w, can be assumed to have the form
W, = FiewTwi% aipy Where each s e 94, each r,; = 0, and for each n there
exist only finitely many ¢ such that »,; > 0. If t" e .97 is defined for
all n,ic® by (t"); = (s*) for 2< g =< a and (t*), =n, then the
sequence {w,}, where w), = 3,7, ., is clearly a bounded sequence
in P,. It will now be shown that {w}} converges pointwise to .

For each ue U\{0, 1}, v.(u™) = (B, v) for some B, v such that g >
v = 2, and hence for each n = u™,

Pu —1,,0/2,u
wn =U W, - Zie w/rnix ni n
") gt )y

= JicoTui = uTwy",;

(s7%) g(s™0)
therefore, w:,*(t) - w'2M(t) = y~*(t) and w2*(t) — 2>*(t) = y>*(t) for
all t<[0; 3].

Since the situation for # = 0 is trivial, it remains only to consider
the case in which v = 1. Given %, », g€ ® let

Anpg = 2H{r,: (Sm.)z = D, (SM)1 = Q}-

Thus each a,,, = 0, and for each » there are only finitely many pairs

(p, q) for which a,,, > 0. Since wy' = 3,%,a,,.&,, for each n, it follows
from the proof of Lemma 3.2 and the note following that proof that



ON ITERATED w*-SEQUENTIAL CLOSURE OF CONES 705

lim,a,,, = a,, for each p, ¢; that
lim, 5 @,,, = 12" (t55) = 2o, + by

for each p; and that limsup,,.,%,a,,,— 0 as r — c. Thus given ¢>0,
there exist » and », such that ¥,.,(3,a,, + b,) < ¢/3¢c and Y,.,% a,,,
< ¢3¢ for all n > m,. Now w! = I ,(Z,0p0)%,n and for each ¢ [0; 3]
there exists m,(t) > n, such that

(s an®) = (F 0 + BB < 5
for each n > n,(t) and p < r. It follows easily by the triangle in-
equality that
lwii (@) — 25, + Zea,0)2°(t)| < &
for each n > m,(t). Thus
w2 (1) = w(t) — ¥ = ¥

for all ¢, completing the proof for 6 = 1.

Now let 6 > 1 and assume that the statement of the lemma is
true for each ordinal ¢ such that 1 < ¢ < §. If ze Ly(P,), there exists
a bounded sequence {w,} C U.<;L.(P,) which converges pointwise to z.
By the induction hypothesis the sequence {y,} is contained in .., L.(P.),
where, if

W = 3} Bnp®pg + 2 pbup® + €27,
then
Yot = Yyt = Z(bap + 2 @up)? + €20,

and ¢,° = ¥%° = 0 and uyy* = y2*=w%* for 0, 1. An easy induction
argument shows that || f>*|| < ucf"'(s,) for each we U and f € Ly(P,),
and from this result it follows that the sequence {y,} is bounded. To
see that {y,} converges pointwise to y, note first that y;° = y2° =0 =
y“* = y*° for each n. Next, if u = 0,1 and £<[0; 3], then

W) = B0 = W) — ) = wp) = ).

For u = 1, since %4' = y%' and y“' = y*', it remains only to show that
yx'(t) — y**(t) for each te[0;3]. If ¢ is not of the form s,, 2 + s,
or t,; with v < j, then y;'(t) = 0 = y“'(f). If ¢t =s,; or 2 + s,; with
1, odd, then

yu'(t) = wyi(t) — Zp<p12qanpqu(t)

and
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yl’l(t) = 2"'(t) — Zp<mzqapqmpq(t);

since wy'(t) — z"'(t) and a,,,— a,, (as noted in the proof of Lemma 3.1),
and since there exists g, suchy that z,,({) = 0 whenever p<p, ¢ > q,,
it follows that %.'(¢) — y"'(t). Finally, if ¢t = ¢,; with 1 < v < 4, then

Yii(t) = wi'(t) + )30
— 2M) + eZ],TiTta,, = YD)

This completes the induction step and hence the proof of the lemma.

LEMMA 4.3. Let 0 <6 < Qand ze L(P,). Then z"* < u™'2*"* for
each we U\{0}. If

2t = 3,8 @yl + Tpbptt” + o
and if q, € w, then
S U — 02X g0
Jor each u = ¢t
. proof. The first assertion is immediate by induction on 6. For
the second assertion suppose first that z has the form z = %, ., d,x, where

o is a finite subset of &4 and d, = 0 for each s.- Then 2" = 3,5 a,,,,
where

Ay, = 2{d,:s5€0,8 =p,8 = q}.

Thus 3,2, ,a,, = 2{d,:sc0,s < q} and hence if u = ¢i* and v, (u™)
= (B, 7), then

P = uZ’,e,,dsxspsr = U2 + U, 10,
= @b+ 2, o, do

358,
aﬂsr) g u(zl,u + CZﬁZP<qlapq)

as desired.

Next, suppose z is the pointwise limit of a bounded sequence {w,},ca
in L,(P,) such that each w, has the desired property; i.e., for each
w = q

'wi»u 2 u—dlw%u - czpzq<q1anpq
where
Wy' = 2,5 Qppgpg + 2pbap®? + 2",

By the proof of Lemma 3.3 there is a subsequence {w,} of {w,} such
that {¥,%.a,,,%,,} is pointwise convergent, and by the note following
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Lemma 3.2 for each { > 0 there exist p, and ¢, such that for each <
> 1y,

szplzqanipq < CC-

Since a,,, — a,, for each p and ¢, there exists ¢, > 4, such that for
each 7 > 1,

2p<p12q<q1anipq < Z'1><znzvq<qla:0q + C'
Hence, for each 7 > 1,

2p2q<q1anipq < Zp<p12q<q1apq + (1 + C)C
= Zp2q<q1apq + (1 + C)C.

For each te[0;3] and w = ¢,

2(8) = limawi (¢) = Tmy(u= i () — e3,% <0, Bn;n0)
= w24 (E) — e[ 2,2 <, @p + (L 4 ©)C].

Since { can be arbitrarily small,
1, —1,2,% __
2V Z U — 2, X Qg

for each u = ¢!, as desired.
The preceding paragraphs provide both the base step and the induc-
tive step for the proof of the second assertion of the lemma.

LEMMA 4.4. Let G be the set of all ze Lo(P,) such that z“'c @,
+ Q,. If ze G, then 2" = u™'2>" for each we U\{0}.

Proof. In the notation of Lemma 4.3, a,, =0 for all p, ¢ and
hence ¥,%,.,-a,, = 0. The present result now follows immediately
from Lemma 4.3.

L, (L(P)NG) iflsi<w

LemmA 4.5. L,(P)NG = L(L(P) N G) if w<d< 0.

Proof. The result is trivial for 6 = 1. Let 1 < § < ® and assume

the result is true for all ¢ < §. Then for each ze L;(P,) N G it follows

from Lemma 4.4 that z'* = u~'2** for each u#+#0. Since zeG, it

follows that z is identical with the y occurring in the statement of

Lemma 4.2 and hence is the pointwise limit of the bounded sequence

(.} € G NU.sc<sL(P,) which appears in the inductive step of the proof
of Lemma 4.2. By the inductive hypothesis

{¥a} © Uhse<sliees(Ln(Po) N G) = L; o(Ly(P2) N G)
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and hence z¢ L,_(L,(P,) N G). Conversely, if ze L, ,(L,(P,) N G), then
2 is the pointwise limit of a bounded sequence {w,} C L;_,(I,(P,) N G).
By the inductive hypothesis L, ,(L,(P,) N G) = L,_(P,) N G. Hence
clearly ze L,(P,), and also z¢ G by the proof of Lemma 3.3. Thus
the proof is complete for 6 < w.

Now let w < < Q and assume the result is true for all e < 4.
As in the previous case each ze L,(P,) N G is the pointwise limit of
a bounded sequence {y,} € G N U.«;L.(P,). By the inductive hypothesis
.} € U.esL(L,(P) N G), and hence ze Ly(L,(P,) N G). Conversely, if
ze€ L;(L,(P,) N G), then z is the pointwise limit of a bounded sequence
{w,}) € U.:L(L(Py) N G). By the inductive hypothesis {w,} € G N
U.«.L.(P,) and hence ze G N L;(P,), completing the proof of the
lemma.

LEMMA 4.6. Let {w,} be a bounded sequence in J...L.(P.) which
converges pointwise on S, to the fumction 2, defined earlier in the
present section. If

1,1 0
Wy = 2,5 0 ng + 2pbup® + €0

for each mew, then lim, ¥, % a,,, = 0.

Proof. If the conclusion is not true, then as in the proof of
Lemma 3.3 a subsequence {w, } of {w,} exists such that inf,¥,% a,.,, >0
and such that the limits ¢, = lime,,, b = lim;3,b,,, b, = lim;b,,, and
a, = lim;¥.a,,, all exist (pew). Since z;' =2’ by definition of z,,
the coefficient of each z,, in the unique expansion of z.' must vanish
and it is easily verified that {¥,b,,2 + ¢, 2% and {¥, 2 a, ,.,} converge
pointwise to X,b,2° + (¢, + b — X¥,b,)2" and Y, a,2” respectively, as in
the proofs of Lemmas 3.3 and 3.2 (note that the symbol b, is used
differently in those two proofs). Hence

2zt = Y (a, + b)a® + (¢, + b — X, b,)a".

Now the uniqueness of the expansion of 2.’ shows that a, + b, = 0 for
each p and ¢, + b — X,b, = 1. Since a, and b, are nonnegative, they
must both vanish for each » and hence ¢, + b = 1. Now

1 =2;'(s) = limy(2,2,8,,00 + 2pbuyp + €4)
= lim; ¥, % @, + b + ¢

and hence lim;¥,%.a,,, = 0, contradicting our assumption and thus
proving the lemma.

THEOREM 4.1. If {w,} is a bounded sequence in U.c.L.(P,) which
converges pointwise to z,, then there exists a sequence
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{yn} c G N Ue<aLe(Pu) such that Hyn - wn” — 0.

Proof. Each wi' has the form
wy' = XY 0pe®pq + 202" + €20
By Lemma 4.2 these exists a sequence {y,} C U.<.L.(P.) such that
Yu' = Uit = Zp(bap + T i@np)2? + 7",

and »2° = ¢4 = 0 and uyL* = y%* = wi* for each u=0,1. Since ob-
viously {y.} C G, if remains only to show that lim,||y, — w.,|| = 0.
First note that (y, — w,)** = 0 and (y, — w,)** = 0 for all » = 1.
For each real r > 0 there exists by Lemma 4.6 an 7,€® such
that ¥,¥ a,,, < r for all » > n,. For each u +# 0 there exists ¢, € ®
such that # = ¢;* and hence by Lemma 4.3,

—1p002,% ___ —1p1y2% __
wowyt — er < uTwR — ¢, 2 0 Qnpg
= wpt = uTwyt

for each n > n,. Since y%* = w%* for each u = 1,
(@0 — w) || = [Ju7'ye* — wi|| = [[u™'wi — wi|| < er

for each » > m, and u # 0, 1.
Finally, since z'* = 2** for each ze Ly(P,),

W — w)* || = [|#s — W) | = [| Z5(Z (@npe®® — 2 (@apgsq) ||
< 2c¢r

for each n > n,.
We have now shown that ||y, — w,|| < 2¢r for each n > n,, com-
pleting the proof of the theorem.

LEMMA 4.7. Let { be a countable ordinal, and let y € L;(L,(P,) NG).
Let ' =(+1yfl<wand ' =Cif = w. If we U\{0} and v (u™)
= (B, ) with B> v >, then y“* is continuous and hence has the
form y** = 3,3 4% %, If also ve U\{0} and v, (v™") = (v, 8) with g >
v >8>, then for each rew, 3,a;. = 2.a,.

Proof. The proof will be by induction on {. If ye L(L.(P,) N G)
= L,(P,) N G, there is a bounded sequence {w,} C P, which converges
pointwise to y. The sequence {w,} can be chosen so that each w, is
a finite linear combination of elements of {x,: se .94}, and hence there
exists a countable subset o of . such that each w, has the form w, =
Y .eobnst,, Where each b,, is nonnegative and for each n only a finite
number of the b,, are nonzero. If w0 and v, (u™) = (B, 7), then
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WY = U e obps®y,e. = U 2 At p®gs

BﬁBT

where
Qnpg = Z{bns: Sp =P, 8 = Q}-

Now y"* = w™'y** by Lemma 4.4 since y ¢ G; hence y"* is the point-
wise limit of the bounded sequence {¥,¥,a%,.x,}. The function y“* is
in L,(Q) and hence has the form

y = szqa;qmpq + 2,ba”;
by the proof of Lemma 3.2, a?, = lim,a¥,, for all p, ¢ and
b; = c~1yl'u(tmp) - an:q = limnzqa:pq - an;q

for all p.

Now assume further that v, (u™') = (8, v) with ¥ > 1, and let » =
2if y>2and n=11if vy =2. Then (v,\) € B, so there exists v, ¢
U\(0} such that v,(r) = (7, M). Since {5,5,0%0) and {2,3,0%,,0)
are bounded pointwise convergent sequences in Q, it follows from the
note following Lemma 3.2 that for each real ¢ > 0 there exist integers
p, and n, such that %,,, Y.a%,, < ¢ and %,,,2.a%, <¢ for all n = n.
Since

2p2q>p1a1:wq = E{bns: s > px} = ZP>?12qa:blpq <e
for each n = n,, it follows that if f, = 3,<; 220,00 pe0es
luwy® — foll < eZ{ak,: p > p, or ¢ < pi} > 208

for each n = n,. Since || f,|| < ||lu~'w%*|| < w™*sup,||w,|| for each =,
it follows that for each n = n,, f, belongs to the compact subset

gu,;nl = {2p§plzqéz’1kpqqu: kpq = 0, Epéplzqsplkpq su sup,,l]w,,]l}

of C[0; 3]. By compactness some subsequence {f,} of {f,} must converge
to an element f of &, and since {u~'w}!} converges pointwise to
y+*, it follows that ||y** — f|| < 2ce. Thus, for each ¢ > 0 there
exists an f € C[0; 8], depending on ¢, such that ||y** — f|| < 2ce. Since
Cl[0; 3] is complete in norm, y"*e C[0; 3] and must therefore be equal
to 3,2 ,a%,%,,.

Now if 0#ve U and v,(v™") = (v, 6) with v > 6 > 1, then for all
n and 7,

Z'paiim = Z{bmi S, = 7'} = Eqa,;""q,

Since ¥’ = 3,3 ,a0,&,,, it follows that
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2l = 7y (¢, = lime v wi ()
= lim,% a3,, = lim,% az,,.

On the other hand the bounded sequence {¥,¥ a%,x,,} converges point-
wise to y'* = 2,2 atx,,. By the note following Lemma 3.2, for each
¢ > 0 there exist p, and =, such that 2,., Y., <e¢ for all n = n,
and also %,,, % .a;, <¢&. Hence

[ 2,0y, — lim,3an,. | < 2¢ + |2, 05 — lim, Y ., ak,. |
= 2¢.

Since ¢ is an arbitrary positive number,
2y = lim,¥at,, = 3 .a’,.

This completes the proof of the lemma for = 0.

For the induction step let 0 < { < £, assume the desired result
holds for each » < {, and let y, ', u, B, and v be as in the state-
ment of the lemma. Then there exists a bounded sequence {y,} in
U»r<cL,(L,(P,) N G) which converges pointwise to y. Since 1 <’ <7
< a, there exists v, € U\{0} such that v,(v;') = (v, (). For each n
there exists %, < { such that y,e L, (L,(P,) N G), and it follows that
B> > >, for each n, where 7, is de fined in terms of 7, as {’
was defined in terms of {. By the induction assumption ».* and ¥y
are continuous and have the form y;*=2,% a%, 2., and yy =2 ,% @it &pg
and %,a%,, = 3,a%, for all n and 7.

As in the proof for { = 0, for each & > 0 there exist », and p,
such that ¥',.,ar,, < ¢and 3,,, 3,a1, < ¢ for all n = n,. Hence, since
2at,, = 2 a, for all n and r, it follows that for » = n,, the distance
between y.* and the compact subset

%1 = {Zpéplzqéplkpqx:oq: kpq Z Oy Z?émzqgmkm é SU.an’!/:[“ ”}

of CJ0; 3] is less than 2sc. Since {y."} converges pointwise to y"*, the
compactness of <7, implies that ||y"* — w|] < 2e¢ for some continuous
w depending on e. Then the completeness of C[0; 3] implies that y"*
€ C[0; 8] and therefore, since also y'*e L,(Q), that y“* has the form
szqanxﬂq'

If also 0£ve U and y,(v™") = (v,0) with g > v >d > {’, then ¢y
and each y.° are continuous and have form corresponding to y“* and
yy* respectively. Further, by the induction assumption, ¥,a%,, = 2 .a;,,
for all » and r. Hence

anfq = c_’lyl'v(trr) = limnc_ly'ln’v(trr) = limnzq/r';zrq
= lim, Y a%,,.

Exactly as in the last part of the proof for { =0 it is seen that
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X,a = lim,%,a%,.. This completes the proof of the induction step
and hence of the lemma.

LEMMA 4.8. If ye L (L,(P,) N G) for some countable  and if w, v
e U\{0} with v,(u™) = (B, 7) and v, (v7") = (B, ) for certain ordinals
B, 7, 0 then in the expression

yr = T, Y anx,, + 2bpa? + e’
and the corresponding expression for y“° it must be true that y“*(27)

= y(@27Y, ¢* = ¢, and bt + 3,0t = b + 3,4, for each p.

Proof. By Lemma 4.5, y¢ G. Hence, by Lemma 4.4, y** = y~'y>*
and yl,v — ?)_1?/2’”.

If £ =0, then y is the pointwise limit of a bounded sequence {y,}
of functions of the form y, = X,., b,,%,, where g, is a finite subset of
%~ and each b,, is nonnegative. For each p and n,

WY () = c2Z{bust 85 = D} = VYL (L)
Since {y%*} converges pointwise to y**,
Y () = 7Y () = 7Y () = ¥ (E0n)
for each p, and hence it follows irhmediately that

bZ + an'zq = c_lyl'u(tmﬁ) = c—lyl'ﬂ(tm’)
= by + 2 a5,

for each p. Since y"* and y'"* are Baire functions of the first class,
¢* =0 =c". Hence

Y@ = 2,05 + Zeep) =yt (@7).

For the induction step let { > 0 and assume the statement of the
lemma holds for each » < {. By hypothesis there exists a bounded
sequence {y,} in U,<;L,(L,(P,) N G) which converges pointwise to .
Under the usual notation the relations

b, + X4k, = b%, + 3,05,

¢t = ¢, and y:"(27) = ¥5°(27") must hold for all » and p. It is seen
immediately that #“*(27") = "*(2™") and ¥"*({,,) = ¥""(t,,) for all p,
from which the remaing desired relations for y** and y"* follow. The
proof is thus complete.

THEOREM 4.2. Let £ be a countable ordinal, and let I’ be defined as
in Lemma 4.7. If ye LL,(P,) N G) and 0-uc U with v,(u™) = (B, V)
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and 8 > (', then y**eQ + Q..

Proof. 1f { =0, then ye L,(P,) and hence trivially y"*e L,(Q),
which is equal to @ + @, by Lemma 3.2.

If £ > 0 and the desired result is true for each 7 < {, then 2 <
{’ < B = a and hence there exists v e U\{0} such that v,(v™") = (B, {').
There exists a bounded sequence {y,} in Uy<cLy(L,(P,) N G) which con-
verges pointwise to y. Since B > (' > 7' for each 7n < { it follows
from Lemma 4.7 that each y.” is continuous and hence belongs to Q.
Hence ¥’ e L,(Q) = @ + Q,. Thus in the usual notation for y"* and
y** it follows that ¢’ = 0, but then also ¢* = 0 by Lemma 4.8, hence
y* e @ + @, and the proof is complete.

The following theorem justifies the claim made at the beginning
of the present section.

THEOREM 4.3. The element z,¢€ L (P,) has the property that ||z.||
= 1 but that if {w,} is a bounded sequence in Us<aLs(P.) converging
pointwise to 2., then lim,||w,|| = c.

Proof. By Lemma 4.1 and the remarks preceding it we know that
2,€ L(P,) and ||2,]| = 1. If {w,}is a bounded sequence in Js<aLls(Py)
converging pointwise to z,, then by Theorem 4.1 there exists a sequence
{#.} in G N Us<aLs(P.) such that ||y, — w,|| — 0. Clearly lim,[|w,|| =
lim,||y,l]. Now by Lemma 4.5,

L, (L(P)NG) if22a<w

{va} C .
Usce Li(L(PY)NG) if o =a<.

Defining {’ as in Lemma 4.7, one sees easily that each y, e L¢ (L,(FP.)
N G) for some ¢, such that @ > {,. Now there exists %, € U\{0} such
that v, (u7) = (@, v) for some v < a; for example, take v =1 if a =
2 and v = 2 if @ > 2. Then by Theorem 4.2, yy“1 e Q@ + @, = L,(Q) for
each n. Now 2zi“ = 2° by definition, and hence lim,||y,"“|| = ¢ by
Theorem 1 of [7]. It follows that o

lim, ||w,|| = lim,||ly,|| = lim, ||y = c.
COROLLARY 4.1. Let T be the mapping of Theorem 2.1 for the

space X, and let G, = Tz.. Then G.€ K (Jx P,) and |G|l = 1, but if

{F.} is a sequence in Us<aKs(Jx P.) such that F, —»G,,, then lim, || F, ||
= c.

Proof. It is immediate from Theorem 2 1 that G, e K.(Jx, P.) and

|Gall = 1. If {F,} © Us<uKa(Jx, P.) and F, —~— G,, then by Theorem 2.1
the sequence {T-'F,} is in UM,L,;(P) and ||T-'F,|| = || F,|| for each
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n. Now sup,||T7'F,|| = sup,||F.|| < « since {F,} is w*-convergent.
For each t¢ S, let f, ¢ X be defined as in the proof of Theorem 2.1.
Then

(T7F,) () = F.(f)) — Gu(f2) = 2.(P)
for each ¢, and hence
lim, || F,|| = lim,|| T7'F,|| = e.

5. Our main theorems will now be proved through consideration
of product spaces, as defined in [2, p. 31], of spaces of the type X..
Since X,, P,, and G, depend on the given number ¢ = 1 as well as on
a, the objects mentioned will henceforth be indicated with double sub-
scripts as X, ., P,, and G,, respectively. Recall that if I is a set
and X, is a Banach space for each sel, then the product spaces
I, , X¥ and 11,,X¥* are respectively the dual and bidual of the
Banach space /., X, under the natural identifications.

THEOREM 5.1. For each countable ordinal a = 2 let Y, be the
Banach space InX,. , and let

Qa - nnew{y e Ya: y(n) e P’n2‘a}'
Then Y, is separable, and Q, is a norm-closed cone im Y, such that

K.(Jy Q) s mot morm-closed in Y:*.

Preof. It is evident that Y, is separable and @, is a closed cone
in Y,. An easy transfinite induction argument shows that for each
n the functional F’, belongs to K.(Jy Q.), where F,(n) = G ,,, and F,(7)
= 0 for all ¢ + n. Hence Xj_n"'F, e K,(Jy, Q. for each positive integer
m, and therefore ¥, . .n'F, eK AJr Q). If {H,} were a sequence in

Us<oeKs(Jy,Q.) such that H, AN U F, then for each e w it would
follow that

{H,(v)}, C Uﬁ<aKﬂ(JX 2. C,Pl a)
and
wk . .
Hk(@) — X n(%) = ’Lleiz,a.
It would then result by Corollary 4.1 that
lim, || H, || = lim, [[H(9) || = 4,

but then since ¢ is arbitrary the sequence {H,} would be unbounded
in norm, contradicting the fact that a w*-convergent sequence in Y}*
must be bounded [3, p. 60]. Hence ¥ n'F,¢ K,(J; Q.), and the proof
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is complete.

THEOREM 5.2. For each countable ordinal a = 2 there exists a
separable Banach space W, containing a norm-closed cone R, such that
if 2= B = a, then Ky(Jy R.) 1is not morm-closed in Wi*.

Proof. Let A, = {8:2=< g =< a} and for each e A, let Y, and
Q; be as defined in Theorem 5.1. Let W, = 11, ,,Y; and R, = Nscq {w
€ W.: w(B) € Qs}. Then the Banach space W, is separable since 4, is
countable, and R, is clearly a norm-closed cone in W,. For each ge
A, there exists by Theorem 5.1 a sequence {¢;,} in Ky(Jy ,Q5) which
coverges in norm to an element ¢;,e Y;* not in Ks(Jy,Qs)- If 4, is
defined for each integer n = 0 by ;,.(v) = 0 for v = B and +..(8) =
$s.0s it is easily shown that {vs.}.co C Ko(Jy R.) and {y,,} converges
in norm to 4, but that v,,¢ K;(J, R.). Hence for each ge A,
Ky(Jy R,) fails to be norm-closed in W3*.

THEOREM 5.3. There exists a Banach space Z contaning a norm-
closed cone P such that if B is a countable ordinal = 2, then Ky(J,P)
fails to be morm-closed in Z**.

Proof. The proof is almost identical with that of Theorem 5.2.
Let A={8:2=<8<D,Z=1,.Ys and P = seilzcZ: 2(6) € Qy.
Since A is uncountable, the Banach space Z is nonseparable. It is
clear that P is a closed cone in Z. The pooof that K(J,P) fails to
be norm-closed in Z** for each B¢ A is identical with the corresponding
part of the proof of Theorem 5.2, in which it was shown that K,(J,, R,)
fails to be norm-closed in W3}* for each B¢ A,.
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