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ELEMENTARY SURGERY ALONG A TORUS KNOT

LouisE MOSER

In this paper a classification of the manifolds obtained
by a (p, q) surgery along an (r, s) torus knot is given. If ||
= |7rsp 4+ q| # 0, then the manifold is a Seifert manifold,
singularly fibered by simple closed curves over the 2-sphere
with singularities of types a; = s, as =7, and az=|c|. If
lo| =1, then there are only two singular fibers of types
a, = 8, a; = r, and the manifold is a lens space L(|q|, ps*). If
{o| =0, then the manifold is not singularly fibered but is the
connected sum of two lens spaces L(r, s)gL(s, r). It is also
shown that the torus knots are the only knots whose comple-
ments can be singularly fibered.

1. DEFINITIONS. A knot K is a polygonal simple closed curve in
S® which does not bound a disk in S°. A solid torus T is a 3-
manifold homeomorphiec to S* x D*. The boundary of T is a torus,
a 2-manifold homeomorphic to S x S'. A meridian of T is a simple
closed curve on 0T which bounds a disk in T but is not homologous
to zero on 07. A meridianal disk of T is a disk D in T such that
DNoT =0D and 0D is a meridian of T. A longitude of T is a
simple closed curve on 6T which is transverse to a meridian of T
and is null-homologous in S>T. A meridianlongitude pair for T is
an ordered pair (M, L) of curves such that M is a meridian of T and
L is a longitude of T transverse to M. m,(3T) = Z x Z with genera-
tors M and L. gM + pL is the homotopy class of a simple closed
curve on 0T if and only if » and ¢ are relatively prime.

A torus knot of type (r, s), denoted K(r, s), is defined as follows.
Let T be a standardly embedded solid torus in S? that is, T is
isotopic to a regular neighborhood of a polygonal curve in the 2-y plane.
Then S*-T is a solid torus. Let J, and J, be oriented simple closed
curves on 9T such that J, bounds a disk in 7 and J, bounds a disk
in ST, that is J, is meridianal and J, is longitudinal. Identifying
J, with (1, 0) and J, with (0, 1), let » and s be relatively prime in-
tegers, » > s > 0, and let K(r ,s) be a simple closed curve in (r, s).
Then K(r, s) is a torus knot of type (», s). By Van Kampen’s theorem
w (S*-K(r,s)) = (a, bja” = b°).

A space is a lens space if it contains a solid torus such that the
closure of its complement is also a solid torus. Hence one way to
view a lens space is as the space obtained by identifying two solid
tori by a homeomorphism on the boundary.

Basic Construction: Elementary surgery along a knot. Let N
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h:dTy>—>> T,

FIGURE 1

be a regular neighborhood of K, M an oriented meridianal curve for
N on 0N, and L an oriented curve on oN which is transverse to M
and bounds an orientable surface in S>-N. Consider M N L as a base
point for 7,(S>-N). Let T be a solid torus and h: TN be a
homeomorphism. Then S° = SN U,,,,T. Now let h,: 0T 0T be a
homeomorphism with the property that »™'. h,: 07T — 0T does not ex-
tend to a homeomorphism of 7 onto T,. Let ..Z°= S*-N U, T, then
we say .2/ is obtained from S°® by performing an elementary
surgery along K. The fundamental group of _Z° is obtained by
adjoining a relation of the form L? = M‘ where (1) pL-gM is the
image under h, of the boundary of a meridianal disk of 7, (2) p and
g are relatively prime, (38) p # 0 since we have performed an ele-
mentary surgery and we may assume that p > 0 since _Z° (p, q) =
A 3(-p, ~q). If K is unknotted, then an elementary surgery along K
will yield a lens space, since the complement of the interior of a regular
neighborhood of K is a solid torus and the effect of the surgery is a
manifold which can be obtained by identifying two solid tori along
their boundaries.

A solid torus fibered by w, v, denoted by sT®(v/u), is gotten from
D*x I by rotating the top 27wv/u where (u, v) =1, 0 < v < u/2, and
then identifying top and bottom. A fiber is denoted by F. A cross-
cirele @ is a simple closed curve meeting each F in one point. A
singularly fibered manifold 77, in the sense of Seifert, is a topo-
logical 3-manifold partitioned into subsets homeomorphic to S', the
fibers, such that each fiber has a closed neighborhood preserving
homeomorphic to some sT*(v/u).

.7Z* is obtained as follows. Let B be a sphere with g > 0 hand-
les (k crosscaps), cut B along a set of loops based at z, to get a
4g-gon (2k-gon) P with sides A'B"A,B, -+ A;'B;"A,B,(C.C] --- C,C})
to be identified in pairs, and remove a disk D, around z, to get P.
P x S'is a 3-manifold on which we make some identifications. Let
7B, x)— Aut 7(S) = Z,. Let x and 2’ be points on the edges of
P which are identified in B, and let & be a path formed by the line
segments x,x, ¥, « is a loop in B based at x,. Choose a base point
preserving homeomorphism « x S'— 2’ x S'w hich induces z([a]): 7,(S") —
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7.(SY). Identifying pairs of fibers over the edges of P by this homeomor-
phism gives a manifold .7 with boundary 6D, x S'. Now suppose 6D, x
S* is trivially fibered by circles w such that [@] = @, + bF e w, (0D, x S
where Q, generates x,(6D,) and F generates m,(S). We close _/#;
with a solid torus ./ (F) by a homeomorphism h: 8.+ " (F) — 0_#Z;*
such that for M a meridian of #"(F), M ~ Q, + bF, to obtain _Z;* =
A& Ut (F). 7y is called the characteristic and b the obstruction
term. By removing the fibers over open disks D,, 1 =1, .-+, n in B
we obtain _#* with n boundary components 6D; x S'. Suppose aD; X
S' is trivially fibered by circles w; such that Jw,] = «,Q; + B, F;, where
Q; generates 7,(0D;), F; generates 7w,(S), (a;, B;) = 1,and 0 < a; <B;.
By replacing the solid tori removed by .#°(F; such that for M; a
meridian of _#"(F;), M; ~ a;Q; + B:;F;, we obtain a closed manifold
fibered by S' over B. F; is a singular fiber of type «; and has a
trivial product neighborhood if and only if a; = 1.

The fundamental group of _#* is given in terms of the (a;, B,
b, and y by Van Kampen’s theorem.

7 (A7) = (A Biy (€, Qo Qu +++, Qu, FIIT[A; BIQ: -+ Q@ = 1

k

(I;ILC2Q1 cor Q0 = 1)
A7 FA, = Fr4), BriFB, = Fx9, (CrFC; = Fxo),
[F, Qi = 1, QF" = 1, QuF% = 1).

2. Fibering the complement of a knot.

THEOREM 2. The complement of a knot K can be singularly
JSibered in the semse of Seifert if and only if K is a torus knot.

Proof. Let K(r,s) be a torus knot lying on a standardly em-
bedded torus in S°. The diagram illustrates the case r = 8, s = 2.

We have a fibering of S* = {{z, z.)||2.]* -+ |2:|* = 1} given by (z,
Z) = (N, z,\7) for ve ' (that is, a partition of S® into orbits S') over
B = S with the unit circle as a singular fiber of type «, = s and the
z-axis as a singular fiber of type a, = . Each nonsingular fiber is an
(r, s) torus knot. If we remove a regular neighborhood of the torus
knot, we have S*-_+#"(K) singularly fibered.

Suppose _7° = §-_7(K) is singularly fibered. Let F ~ mL +
nM where F is a fiber on d_#* and (M, L) is a meridian-longidude
pair for _#°(K). If m # 0, then M+ F on 6_7°. Hence, there ex-
ists a singularly fibered solid torus sT°(v/x) and a fiber preserving
homeomorphism A: 6sT® — 0_7* which takes a meridian of sT® to M
by Lemma 6 of Seifert [4]. Hence, _Z° U,sT° = S* and S° is singu-
larly fibered with K as a fiber of multiplicity m.
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FIGURE 2

If m = £ 1, then K is a singular fiber and hence unknotted. If
m = +1, then K is an ordinary fiber and hence a torus knot. If
m =0, F~nM where M generates H, (S — _+~ (K)) =~ Z. But if
7°=8 — _1+ (K) is singularly fibered, then

R = (4i, By, (€, Qo Qo +++, Qu, FITIAs BIQ, -+ QuQo = 1

([ICQ: ++- Q.Q, = 1)

A7'FA; = F*»4, Bi'FB, = F**, (C;/'FC* = F*°?)
[F,Q]=1 QF =1, QrF*=1,1<i1<n-—1)
~ (4;, B;, (C), Q,, +++, Qu_, F|A7*FA, = F*4, By'FB, = F*®9,
(C7IFC, = Fod)
[F,Q]=1,Q%F¢ =1,1<i<mn~—1).

Abelianizing, we see that ¢ = 0 (k = 0). Setting F = 1, we see that
2 =1 unless n = =+ 1 in which case «; = F1, a contradiction. Hence
7, (A% = @, F|QuFf =1) and K is a torus knot of type (a,, 8.

Note: Theorem 2 can also be proved with results from [1] and [5].

3. The fibered manifolds obtained by elementary surgery
along a torus knot.

ProposiTION 3.1. If an elementary surgery of type (v, q) is per-
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formed along K(r,s) and |o|= |rsp + q| = 0, then the manifold ob-
tained is singularly fibered with fibers of multiplicities a, = s, a, = 7,
and a; = |o| = |rsp + q|.

Proof. In performing the surgery, we remove a fiber neighbor-
nood of a nonsingular fiber K to obtain S* — _#"(K) and then close
S* — 47 (K) with sT® such that M’ ~ pL. — ¢M where M’ is a mer-
idian of s7°, L is a longitude of _#7(K), and M is a meridian of
A4 (K). If F is a fiber on 6 #°(K) in S* — _#7(K), F loops around
the z-axis » times, but the z-axis ~ sM in S* — " (K), so F ~ rsM
in S - _+K), F—rsM~0~0L in S8 — _+(K), and M' ~ pL —
QM ~ p(F — rsM) — qM = pF — (rsp + q)M. Since M is a crosscircle
on 0_4"(K), sT°® contains a singular fiber of multiplicity |rsp + q| =
lo]. If |o| =1 or 0, the 8-manifold obtained is a Seifert fiber space
with three singular fibers of multiplicities o, = s, &, = 7, and «a; =
|o]. The space is topologically a product of a disk with 3 holes and
St if we remove regular neighborhoods of the z-axis, unit circle,
K(r,s), and an additional nonsingular fiber. If ay=|o|=1, u=1
and v = 0. The sT® added is nonsingularly fibered, so the resultant
manifold has only two nonsingular fibers of types a, = s and a, = 7.

Assuming a given fixed orientation on _#(p,q), we can deter-
mine the B; and the obstruction term & in terms of p. H,(.#Z(p,q))
is eyclic of order ba,a,cr; + B0t + ,Bo0t; + ,0,B3:,>0 (b, + B, +
a,f, for |g| = 1); on the other hand H,(_#(p,q)) is cyclic of order
lg| = rspF o. Equating ba,a.a; + Boo; + o B0 + aa,B; (b, +
B, + a.B, for |o] = 1) and ¢ = rspFo, we can solve for the B; and
b. For example, if (r,s) = (3,2) and ¢ = 5, then the Seifert mani-
folds obtained are given by the following symbols:

(7, o 0| p6/5; 2,1; 8,1; 5,1) if p=1 (mod 5)
() o 0 | p1/5; 2,1; 3,1; 5,2) p=2 (mod 5)
() o 0 | p8/5; 2,1; 3,1; 5,3) p=23 (mod 5)
(2, o, 0| p9/5; 2,1; 3,1; 5,4) p=4 (mod 5).

If o] =1, then the manifold is a lens space L(|q|, ). The
Seifert invariants do not determine z; we determine 2 in the next
proposition.

ProprosITION 3.2. If an elementary surgery of type (p, q) is per-
formed along K(r,s) and |o] = |rsp +q|=1, then the manifold
is a lens space L{|q], ps’).

Proof. Let T, be a standardly embedded torus in S® as shown
below and let T, be S* — T,. Let (M, L,) be a standard meridian-
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longitude pair for T,, (M,, L,) = (L,, M,) for T,, K ~ F ~ rM, + sL,.

FI1GURE 3.1

We remove _#"(K) so that T, is still a solid torus and replace it
with sT° such that M’ ~ pL — qM ~ pF¥M (¢ = = 1) and so L' ~ F.
sT°UT, is a solid torus T, (sT° N T, =~ S' x I) since a longitude of sT%,
L'~ F. Let M, be a meridian of T,. We want to determine x such
that M; ~ |q|L, + zM,.

FIGURE 3.3

Now M' ~ pF ¥ M ~ p(rM, + sL,) ¥ M = prM, + psL, ¥ M

also M, ~ L, —rM, L,~ M, + sM

and M, ~ M, F sM’' ~ M, F s(prM, + psL, + M) = (1 F rsp) M,
F ps*L, + sM ~ (1 = rsp) (L, — sM) = ps*(M, + rM) + sM
= (1 F rsp)L, — sM + r&pM F psM, F rs'oM + sM
= |q|L, F ps’M,
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so we have L(|q|, ps’). The diagrams illustrate the case r =3, s =
2,0=1,q9g=—-—@) B +1= -5, and z = — 2(2).

REMARK. Distinet surgeries along a given torus knot yield dis-
tinet lens spaces; however, the same lens space may be obtained by
surgering different torus knots. For example, a (2,11) surgery on
K8, 2) gives L(11,8), a (1, 11) surgery on K(5, 2) gives L(11, 4) which
is homeomorphic to L(11, 8), but a (1,11) surgery on K(4,3) gives
L(11, 9) which is not homeomorphic to L(11, 8).

4, The nonfibered, nonprime manifolds.

ProrPOSITION 4. If an elementary surgery of type (p,q) is per-
formed along K(r,s) and |c|= |rsp + q| =0, then the manifold
obtained 1s the commected sum of two lems spaces L(r,s)8L(s,r) omd
18 not singularly fibered.

Proof. If |o|= |rsp + q| = 0, then p = 1, since p and ¢ are rela-
tively prime, p >0, and » > s> 0. By Kneser’s conjecture the
manifold obtained is a connected sum since the fundamental group
is a free product (.7 (p, q)) = (a, bla” = b*, a” = 1).

Let S® be the union of two solid tori T, and T,, (M,, L,) a stand-
ard meridian-longitude pair for T,, (M,, L,) = (L,, M,) for T,, K an
(r,s) curve on T,.. Let .+ (K) be a regular neighborhood of the
knot with meridian-longitude pair (M, L). We remove .+ (K) from
S® forming a depression along K in each of T, and T, but leaving
each a solid torus.

FIGURE 4.1

We sew back a solid torus sT® with meridian M’ so that M’ ~
L-gM ~ K. A meridian goes to one edge of the depression; another
meridian goes to the other edge since they are parallel. Thus we may
assume that the 0sT® between two meridians is sewn to each half of
the picture. Each half would be a lens space except that a 3-cell is



744 LOUISE MOSER

missing—the 3-cell which is the other half of sT°.

8T

FIGURE 4.2

We now consider how the two halves of the picture are iden-
tified. The boundaries of T, and 7T, outside of the depression are
identified, as are the meridianal disks of s7®. The boundaries are
annuli and the disks are sewn to them so as to make 3-spheres.
Filling in these 3-spheres would give L(r,s) and L(s,r) since M’ ~
F~yM + sL, ~sM,+ rL,. Hence the manifold obtained is L(r, s)
#L(s, r).

5. Conjectures. A natural question to ask is whether Seifert
manifolds can be obtained by elementary surgery along a knot other
than a torus knot. We conjecture that the answer to this question
is ““no’’ in light of the following information:

1. If the fundamental group of a Seifert manifold is infinite,
then the subgroup generated by the fiber is an in finite cyclic normal
subgroup, the center of the group in case the characteristic is
trivial [4].

2. All the known finite fundamental groups of closed 3-manifolds
are groups of Seifert manifolds. All the possible finite fundamental
groups have a nontrivial center. In case the order of the group is
even, the unique element of order 2 lies in the center. In case the
order of the group is odd, the group is cyclic and the center is the
whole group [3].

3. Waldhausen has a partial converse to 1. If _#° is an irre-
ducible 3-manifold such that 7,(_#°) has a nontrivial center and either
H(_#7% is infinite or 7,(_~"°) is a nontrivial free product with amal-
gamation, then _~* is a Seifert manifold [5].

4, Burde and Zieschang have shown that if the fundamental
group of the complement of a knot has a nontrivial center, then the

knot is a torus knot and the center is infinite cyclic [1].

Congecture 1. If _#° is a Seifert manifold and _#® is obtained
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by elementary surgery along a knot K, then K is a torus knot.

Conjecture 2. If _#* is a lens space obtained by elementary
surgery along a knot K, then K is a torus knot.

Conjecture 3. If _#° is obtained by elementary surgery along a
knot K and =, (_#?) is finite, then K is a torus knot.

REFERENCES

1. G. Burde, and H. Zieschang, Eine Kennzeichnung der Torusknoten, Math. Annln.,
167 (1966), 169-176.

2. John, Hempel, A simply connected 3-manifold is S3 if it is the sum of a solid torus
and the complement of a torus knot, Bull. Amer. Math. Soc., 15 (1964), 154-158.

3. John Milnor, Groups which act on S™ without fized points, Amer. J. Math., 79
(1957), 623-630.

4. H. Seifert, Topologie dreidimensionaler gefaster Raume, Acta Math., 60 (1933),
145-238,

Received October 19, 1970.

UNIVERSITY OF WISCONSIN
AND
CALIFORNIA STATE COLLEGE AT HAYWARD






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94805 University of Southern California
Los Angeles, California 90007
C. R. HoBBY RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

UNIVERSITY OF SOUTHERN CALIFORNIA

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two
must be capable of being used separately as a synopsis of the entire paper. The editorial
“we” must not be used in the synopsis, and items of the bibliography should not be cited
there unless absolutely necessary, in which case they must be identified by author and Journal,
rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of
the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All
other communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the
price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to
individual faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subseriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 1038 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.



Pacific Journal of Mathematics

Vol. 38, No. 3 May, 1971

J. T. Borrego, Haskell Cohen and Esmond Ernest Devun, Uniquely

representable semigroups on the two-cell ........................... 565
Glen Eugene Bredon, Some examples for the fixed point property .......... 571
William Lee Bynum, Characterizations of uniform convexity .............. 577
Douglas Derry, The convex hulls of the vertices of a polygon of ordern .... 583
Edwin Duda and Jack Warren Smith, Reflexive open mappings ............ 597
Y. K. Feng and M. V. Subba Rao, On the density of (k, r) integers . ........ 613
Irving Leonard Glicksberg and Ingemar Wik, Multipliers of quotients of

7 T 619
John William Green, Separating certain plane-like spaces by Peano

COMPIMUA . . .« o v v vttt e et e e e e ettt e e 625
Lawrence Albert Harris, A continuous form of Schwarz’s lemma in normed

LIN@AT SPACES . ..ot 635
Richard Earl Hodel, Moore spaces and w A-spaces ...................... 641
Lawrence Stanislaus Husch, Jr., Homotopy groups of PL-embedding spaces.

/P 653
Yoshinori Isomichi, New concepts in the theory of topological

space—supercondensed set, subcondensed set, and condensed set . . . .. 657
J. E. Kerlin, On algebra actions on a group algebra ...................... 669

Keizo Kikuchi, Canonical domains and their geometry in
Ralph David McWilliams, On iterated w*-sequential clos
C. Robert Miers, Lie homomorphisms of operator algebra
Louise Elizabeth Moser, Elementary surgery along a toru

Hiroshi Onose, Oscillatory properties of solutions of even
CQUALTONS . .« oot et ettt et
Wellington Ham Ow, Wiener’s compactification and®-bo
functions in the classification of harmonic spaces. . .
Zalman Rubinstein, On the multivalence of a class of mer
JURCHIONS « oo oo
Hans H. Storrer, Rational extensions of modules . ... .....
Albert Robert Stralka, The congruence extension property
topological lattices . ............c.cccciiiiiiiii...
Robert Evert Stong, On the cobordism of pairs. .........
Albert Leon Whiteman, An infinite family of skew Hadam
Lynn Roy Williams, Generalized Hausdorf{f-Young inequa
TLOTIL SPACES . . v v vie e et et e e e et e e


http://dx.doi.org/10.2140/pjm.1971.38.565
http://dx.doi.org/10.2140/pjm.1971.38.565
http://dx.doi.org/10.2140/pjm.1971.38.571
http://dx.doi.org/10.2140/pjm.1971.38.577
http://dx.doi.org/10.2140/pjm.1971.38.583
http://dx.doi.org/10.2140/pjm.1971.38.597
http://dx.doi.org/10.2140/pjm.1971.38.613
http://dx.doi.org/10.2140/pjm.1971.38.619
http://dx.doi.org/10.2140/pjm.1971.38.619
http://dx.doi.org/10.2140/pjm.1971.38.625
http://dx.doi.org/10.2140/pjm.1971.38.625
http://dx.doi.org/10.2140/pjm.1971.38.635
http://dx.doi.org/10.2140/pjm.1971.38.635
http://dx.doi.org/10.2140/pjm.1971.38.641
http://dx.doi.org/10.2140/pjm.1971.38.653
http://dx.doi.org/10.2140/pjm.1971.38.653
http://dx.doi.org/10.2140/pjm.1971.38.657
http://dx.doi.org/10.2140/pjm.1971.38.657
http://dx.doi.org/10.2140/pjm.1971.38.669
http://dx.doi.org/10.2140/pjm.1971.38.681
http://dx.doi.org/10.2140/pjm.1971.38.697
http://dx.doi.org/10.2140/pjm.1971.38.717
http://dx.doi.org/10.2140/pjm.1971.38.747
http://dx.doi.org/10.2140/pjm.1971.38.747
http://dx.doi.org/10.2140/pjm.1971.38.759
http://dx.doi.org/10.2140/pjm.1971.38.759
http://dx.doi.org/10.2140/pjm.1971.38.771
http://dx.doi.org/10.2140/pjm.1971.38.771
http://dx.doi.org/10.2140/pjm.1971.38.785
http://dx.doi.org/10.2140/pjm.1971.38.795
http://dx.doi.org/10.2140/pjm.1971.38.795
http://dx.doi.org/10.2140/pjm.1971.38.803
http://dx.doi.org/10.2140/pjm.1971.38.817
http://dx.doi.org/10.2140/pjm.1971.38.823
http://dx.doi.org/10.2140/pjm.1971.38.823

	
	
	

