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The purpose of this paper is to obtain a concrete repre-
sentation for F'*-algebras with identity: a Frechet algebra
with invelution for which there exists a determining sequence
of B*-seminorms. The main result is Theorem 3.4 which is
described here. Let A be an F'*-algebra with identity. Let
{(mr, H)\): A€ A4} be a complete family of irreducible Hilbert
space representations of A. Let H = 3\ @ H,, define E < 4 to
be equicontinuous provided supacz||7ma(a)|] <o (@€ A), and let
X = {xec H:Supp («) is equicontinuous}. The linear space X
is given the final topology 7; determined by the family {H, =
[xe H:Supp () € E]: E equicontinuous} of subspaces of X.
Let X; be (X, 7s) and let .&*(X;) be all operators on X
which have an adjoint relative to the inner product inherited
from H such that both the operator and its adjoint are
zs-continuous. This algebra will be endowed with the topo-
logy & of bounded convergence. Let <¢~+(X) be all oper-
ators which have adjoints. It has a natural topology o7
described in §2. Define n: A — ¢4(X) by z(a){xr} = {ma(a)za}
for ac A and z = {xa}€ X. Then z(4) & &FH(X)= _&<F*X)),
and (1) =t A— (¥*Xy), %) is a topological *-isomorphism
(into) and (2) =1 A —» (¥ *(X), 7) is a topological *-isomor-
phism (into).

In §1 we recall some results about Fréchet *-algebras with
identity, their positive functionals and Hilbert space representations,
and set the notation for the remainder of the paper.

In §2 we obtain the results about algebras of operators on
certain inner product spaces necessary to prove the main represen-
tation theorem.

In §4 we define the concept of an enveloping algebra E(A4) for
a Fréchet *-algebra with identity, A4, and show that E(A4) can be
realized either as the inverse limit of the enveloping algebras of the
Banach *-algebras in an inverse limit decomposition of 4 or as an
algebra of operators naturally constructed from the irreducible Hilbert
space representations of A. Also we show that F(A4) has the pro-
perty that every Hilbert space representation of A factors through
E(A), but that there are representations of A in algebras &*(X)
which fail to factor through E(A).

1. Preliminaries. A Fréchet algebra is a complete metrizable
topological algebra whose topology is determined by a (countable)
family of seminorms (submultiplicative, convex, symmetric function-
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als). We may assume that such a family {||-||.};=, for A is ascend-
ng: |||, £ ||all.u(@ae A, ne N), and that ||e]l, = L(ne N) if A has
an identity e. A Fréchet *-algebra is a Fréchet algebra with a con-
tinuous involution. If A is a Fréchet *-alebra with identity we can
choose a sequence {||-||}3-, of seminorms for A such that (1) {||-|l.}
determines the topology of A, (2) {||-|l.} is ascending, (3) [le]l, =
1(neN), and (4) |le*|l, = |la|l.(ac A, ne N). Such a sequence we
shall call a *-sequence of seminorms for A. An F*-algebra is a
Fréchet *-algebra, for which there is an ascending determining
sequence {||+||,} of seminorms for A each of which has the B*-pro-
perty: [[a*al|, = |la|2(ae A, ne N). Such a sequence we shall call
an F'*-sequence of seminorms. The usual constructions (see [5]) show
that every Fréchet *-algebra (resp., F*algebra) is an inverse limit
of Banach *-algebra (resp., B*-algebras).

Let (4, {]-].}) be a Fréchet *-algebra with identity e. We de-
note by P(A) the set of all positive functionals on A and by K(A)
those fe P(A) for which f(e) = 1. For each nc N we let P,(A) (resp.,
K,(A)) be the set of all fe P(A) (resp., K(A)) such that |f(a)| <
f@llall.(ae 4). If {4,,p0", N} is the inverse system generated by
{Il 1.} with o,: A— A, natural map of A onto the nth member A4,
then for each n the dense homomorphism p, induces a one-to-one map
ox of P(A,) onto P,(A). (K(4,) onto K,(A)). Moreover, o} preserves
indecomposability. A theorem of Do-Shing [2] states every positive
functional on A is continuous so we have P(4) = U3.P.(A) and
K(4) = Uz K, (A). Also, K(A4) is a weak*-closed, convex subset of
A* and is the closed convex hull of its extreme points ext (K(A))
which is exactly U, ext (K,(4)).

A Hilbert space representation of a Fréchet *-algebra A with
identity is a *-homomorphism p: A — B(H) for a Hilbert space H. A
consequence of Do-Shing’s theorem (see Lemma 3.1 below) is that
every such representation is continuous. Moreover, there is a one-
to-one correspondence between the members of K(4) and the equiva-
lence classes of cyclic Hilbert space representations of A (with unit
cyclic vectors). This correspondence matches elements of K,(A) with
those representations which can be factored through A,. Also, the
indecomposable positive functionals on A correspond to classes of
irreducible Hilbert space representations of A.

The *-radical, R*(A), of A is the set {a € A: fla*a) = 0 (fe P(4))}=
{ae A: f(a*a) = 0 (feext (K(A))} = N {ker z: 7 is an irreducible Hilbert
space representation of A}. If A is an F*-algebra with identity,
then R*(4) = (0). Hence, if we let 4 be all equivalence classes of
irreducible Hilbert space representations of A and for each he 4 we
choose ;e\ with representation space H,, then {(m;, H)): ve 4} is a
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complete family of irreducible Hilbert space representations of A. A
family constructed in this manner for a Fréchet *-algebra A will be
called a standard family of irreducible Hilbert space representations
of A. If {m,, H): Mne 4} is a standard family for A and we let £, =
{\: w; factors through A,}, then for each )\ e E, there exists a unique
irreducible representation o; of 4, on H,; so that ¢,00, = 7;,. The family
{:;: e E,} is a complete family of irreducible representations for A,
(in case A is F'*) and the direct sum >,.; 0, on >,.; @ H, is an
isometry and *-isomorphism of A, into B3 ;.. D H)).

We have included no proofs of the facts quoted above since those
concerning Fréchet *-algebras are proved for the more general class
of locally m-convex *-algebras in [1], and those relating to Banach
*_algebras can be found in [6].

2. Certain operator algebras. In this section we obtain the
results about special algebras of operators on direct sums and induec-
tive limits of Hilbert spaces which we need in the proof of the main
representation theorem in §3. The concepts considered in the first
part of this section are discussed in detail in G. Lassner’s work [4].

We first establish our notation. If X is a complex vector space
we denote by <4 (X) the algebra of all linear transformations on X.
If X has a locally convex topology = we denote by &~ (X), or by
<~ (X.) if there are several topologies on X in the discussion, the
subalgebra of <£,(X) consisting of all z-continuous operators. For a
locally convex TVS (X, 7) we denote by .& the family of all z-bounded
subsets of X (with an appropriate subscript on .&¥ if there are
several topologies on X). The topology of bounded convergence .7
is the topology on .&#(X) with base at 0 {Nbd(M, U): Me &, U az-
neighborhood of 0 in X}, where Nbd(M, U) = {Te <~ (X): T(M) < U}.

DEFINITION. Let X be an inner product space with inner product
(+, +), and let H be the completion of X. _*(X) is the subset of
(X)) which consists of all Te &(X) which have an adjoint in
Z(X): there exists Se & (X) such that (Tx, y) = (=, Sy)(x, y e X).

LEMMA 2.1. (Lassner) & H(X) is a *-algebra with involution T—
T+*. Also, (1) each Te <r*(X) is closed, (2) if X = H, then (X)) =
B(H), and (3) if there is a closed operator in ¥ *(X), then X = H.

Proof. This is merely a compilation of Lemmas 2.1 and 2.2 of

[4].

DEFINITION. An Op*-algebra on X is a *-subalgebra A with
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identity I of <#*(X), (i.e., the identify of 2 is the identity operator
on X).

DEFINITION. Let 2 be an Op*-algebra on X. We define a locally
convex topology 7, by taking as a sub-basic family of seminorms
{ll+llz: Te A}, where ||z|l; = [|Tx|| (xe X). This is the coarsest top-
ology on X with respect to which each operator in U is a continuous
map into H.

Lassner shows [Lemma 3.1,4] that each T'e¥ is a continuous
linear transformation on (X, 7,). Since Ie it follows that 7, is
finer than the norm topology of H restricted to X.

DEFINITION. Let 2 be an Op*-algebra on X. We define two
topologies .7y and .77 % on A by:

(1) 94 is defined the family {||-]|;: Me .54} of seminorms
where, (a) &4 is the family of t,-bounded subset, of X and (b) || T'||; =
sup {| (T, y)|: @, y € M}.

(2) 77" is the restriction to A of the topology .7, on (X, 7).

LEemMmA 2.2. (Lassner) If U is an Op*-algebra on X, then,

(1) @&, 7" vs a locally convexr algebra (separate continuity of
multiplication), but the involution is not in general continuous.

(2) U, 7% ts a locally convexr algebra with continuous invo-
lution.

(8) TL<.7% and Ty = 7% if, and only if, the multipli-
cation in (A, T4) ts (jointly) continuous.

Proof. This is a compilation of Theorems 4.1 and 4.2 and Ex-
ample 5.1 of [4].

NoTATION. For the maximal Op*-algebra ~+(X) on X we shall
let 7, and .77 replace the clumsier notation (T.+x), T +x) of the
definitions above.

We now specialize to a particular class of inner product spaces.
Let {H,: e B} be a family of Hilbert spaces, let H = 3, H, and
let X = 3;H; (the algebraic direct sum). For ge B we let p;: X —
H; be the natural projection and let ¢,: H; — X be the natural in-
jection. For xe X we define Supp (x) = {B: ps(x) %= 0}.

The locally convex direct sum topology,ts, on X is the final top-
ology determined by the family {¢;,: s€ B}. We shall abbreviate (X,
;) by X;.

LemmA 2.3. If X = 23,H,, then &~ *(X) is isomorphic to the algebra
of all B*-matrices (Tus)ascs SUch that
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(1) Tue & (Hy Ho(a, Be B),
(2) for each ae B the set B, = {B: Tap # 0} 1s finite, and
(8) for each Be B the set B* = {a: T,s # 0} is finite.

Proof. If (T,) is a matrix satisfying (1)—(8) we define T: X —
X by (T{X:})e = D Tass for each . Since Supp () is finite, >p Typis
converges in H, for each e B and it is easily seen that the set of
o for which 3,T,sw; is nonzero is contained in U {B?: g€ Supp ()}, a
finite set. Thus, Te€ < (X) and by considering the matrix (7%)(T}:
H,— H;) we obtain an adjoint for T in <%,(X); hence, Te ¥ *(X).

Fix Te #*(X). For a,pec B define T,; = p,Tq,;: H;— H,. Clearly,
T,.s is a linear transformation. We show that it has an everywhere
defined adjoint, hence is bounded. Set S;, = p,T*q.: H, — H;. Fix
2, € H,, 2, € Hp, then;

(Tapes @) = (DaTqs4, @)
= (0aT96%ps DaQae)
= (0, Tqs2s, D,qa2)
= (Tqpws) 9aa) = (9525, T*qu0)
= (x5, Sga,) (by reversing the steps above) .

Fix ge B. If B? is not finite, then there exists a sequence {a;}
it B so that T,,+ 0 G=1,2,--+). For each x;e Hy there exists
n(x;) so that Tes(w;) =0 for j > n(x;). We choose sequences {n;} in
N and {x;} in H; by the following procedure. Let », =1 and choose
x,€ Hy so that [|a,(| <2 and T, # 0 (hereafter T; will be used
for T.;). There exists n, > n, such that T;w, = 0 for j = n,. Choose
%, € H; such that 7,2, 0 and [|«.|| <min (272, 27 || T, @, |/|| T\, [). Con-
tinuing inductively we obtain sequences {n;} and {x;} so that:

(1) 1=n<n < ...

(2) ol <min @73, 279 | Ty @ /1| Ty fly <+ =5 27| Ty @i 11 Ty, 1)

(3) T,w:#0

(4) T,z; =0 (3> ).

We let ¢ = 27, 2v;€ H,, We claim that T,2+0 (k=1). Fix
ke N, then T,o =32 T, a; + T, + X500 Thw;e For j<k—1
we have T, x; = 0 and for 5 > &k + 1 we have || T, ;|| < || T, Il [|2;]] <
27| T, x|l If T,o=0, then, [T, x| = [| X5 Tosll = 2520277
[| T, 2|l < || To:ll, a contradiction.

That B, is finite for each ae B follows by applying the same
argument to T*.

LemMA 2.4. Let {X;} be a family of Banach spaces and let X =
> Xse For ce RE define p,: X— R, by p.(x) = Sscsl|xs]le Then
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{p.: c€ RE} defines the locally convex direct sum topology 7, on X.

Proof. Clearly, {p,} defines a separated locally convex topology 7’
on X. Since 7, is the final topology generated by the injections g,:
X, — X(B e B), it suffices to show (1) if p is a 7,-continuous seminorm
on X, then there exists ce R? so that p < p, (hence, 7, < 7'), and
(2), for each g€ B the map ¢;: X; — (X, 7) is continuous.

(1) Fix a 7,-continuous seminorm p on X. For each g€ B the
map peoq;: X, — R is a continuous seminorm on X;. Hence, there
exists c,€ R, so that pogqs(xs) < ¢s||®s|| (xse Xz). This defines the
function ce RZ. If x = {x;} € X, then,

(@) = D(Xs qs(Xs)) = s Poqs(s)
= D csllas]] = pol) .

(2) Fix BeB,cc R%. Then p.(qsxs) = cs||2s|| and g5 X — (X,
7') is continuous.

LEMMA 2.5. Let X = >Hs. For each c € RE we define || ||,: X—
R by ||z]|, = [2s & || s ||*]"® for © = {x;} e X. If B is countable then T,
1s defined by the seminorms {||-||.: ce RZ}.

Proof. Suppose B =N. We have for each ce RY that || - |, < p.,
SO Ty = T;. We fix ce RY.
For x e X we have:

D) = 3 Ca [, ]| = 30 07 (ne, |2, )
< (X w7 (S (nea) [, ][

= (constant). |[|x., -

THEOREM 2.6. If X = D> Hs, then FH(X) S L (Xy); hence,
FHX) = £*(X,), the algebra of continuous operators on X, with
continuous adjoints.

Proof. It suffices to show that for each Te ¥ *(X) and g€ B
the operator Toq,;; H;— X, is continuous (see [Prop. 6.1, p. 54, 7]).
Fix Te &¥*(X), ge B and a seminorm p,, ce R%, for z,. The set
B? = {a: T,; + 0} is finite, so for x;€ H; we have:

P(Toqs(%5)) = X Ca || (Toqs(25))all
= Eae B8 Ca H Taﬂx,‘ill .
Hence, Toq; is continuous.

We now turn from direct sums to inductive limits. Let {H,:
re 4} be a family of Hilbert spaces. Let H = >, @ H;,. We fix a
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family & of subsets of 4 which satisfies (0)Z is closed under finite
unions, and (b) all subsets of a member of & belong to & (i.e., &
is an ideal in the lattice 29). We let X = {x e H: Supp (®) € &}, and
for Eec& we let Hy = {xe H:Supp (vr) & K}, a Hilbert space, and
let 7; be the identity injection of H, into X. Finally, let 7z, be the
final topology on X determined by the family {i;: '€ &} of injections.

Since X has an inner product the Op*-algebra .&"(X) is defined.
A subalgebra of &*(X) of importance here is &£(X) = {T e &FH(X):
for each Ec &, T(H;) S H, and T*(Hy) & H;}; ie., ~<(X) consists
of all elements of <*(X) which are reduced by each Hi(Fe & ).

We denote the topologies on X determined by #*(X) and &£,(X)
by 7. and 7, (respectively) and the corresponding families of bounded
sets by &4 and <.

AssuMPTION. Throughout the remainder of this section we assume
the existence of an ascending countable cofinal (with respect to the
partial order S on &) subfamily &, = {E,});-.. We let the corre-
sponding Hilbert spaces H; and injections iy be denoted H, and
i.(neN).

LEMMA 2.7. The final topology on X generated by the family
{T.)o=, ts T;. Hence, (X, 7;) ts a strict inductive limit of the sequence
of Hilbert spaces {H,} and;

(1) <z,|H, is the norm topology on H,.

(2) M< X is v,-bounded if, and only if, there exists ne N such
that M is a (norm) bounded subset of H,.

Proof. That the final topologies are the same can either be
easily proved directly or deduced from Proposition 3, p. 159 of
[3]. That we have a strict inductive limit and (1) follow from the
fact that z,., | H, = 7, (trivial if one writes out the norm of an ele-
ment of H, considered as an element of H,.) and a theorem of
Dieudonné-Schwartz (see [pp. 159-160, 3]). Claim (2) is another theo-
rem of Dieudonné-Schwartz (see [p. 161, 3]).

THEOREM 2.8. &2 = &4

Proof. We show first that &~ (X) is a subalgebra of &~ (X;).
Fix Te & (X),ne N. We must show that 7.1, = T|H,: H,— X, is
continuous. But T(H, < H, and ;| T, = 7,. Thus, we must show
that T| H,: H, — H, is continuous. Since Te .&(X) we have that
T*(H,) < H,, so (T|H)*=T*|H, and T|H, has an everywhere
defined adjoint on H,, hence is continuous.

Let Me.&%. Then M is a bounded subset of H, for some ne N.
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For each Te < (X), T(M) is a bounded subset of H, since T|H, is
continuous on H,. Hence, T(M) is bounded in H. Since T was arbi-
trary, Me .&2.

Suppose M ¢ .&. Case (a). There exist sequences {n,;} in N and
{z;} in M so that:

(1) 1=n<np < oeee

(2) @€ Hy \H,(G=1,2++").
Choose , € M\H, (n, = 1) let n, be sufficiently large that Supp (x,) S
E,,, choose x,€¢ M\H,, etc. Let D, = E’,,j\E,,j_l(no =0,F, = @), and
set C; = (Slzep, ||@5.2]))"". Define T: X — X by (Tx), = jCi'a; if Me D;.
It is easily verified that Te <£(X), T* = T, and Supp (Tx) & Supp(x)
for x€ X. Hence, Te <(X). Also,

| T2, |[* = 20520 2ren,; (GC7) [,
= (nCY) Dizen, | @nal[F = 0 .

Hence, sup ..y || Tx|| = o, and M¢ .&4. Case (b). M < H,, for some
n, but is unbounded. Easy to show that M¢ 2.

THEOREM 2.9. 7, = .9,| Z.(X), where 7, is the topology of
bounded convergence on the algebra ¥ (X;).

Proof. (1) 7, .7, on &(X): Fix a 7 ,-neighborhood of 0 in
(X)), Nbd (M, ¢e) = {T:||T ||, <€}, where Me &%,¢ > 0. Since &=
.S there exists ne N so that M < H, and || M|| = sup ,cx 2] <co.
Let U be a tyneighborhood of 0 in X so that UnN H, < S.(0,
@2||M|)~'e), the Q|| M]|))™* e-ball about 0 in H, If Te Z(X)N
Nbd(M, U) ={Se #(X): S(M)= U}, then T(M)= U N H, and || Tz|| <
2] M) for xe€ M. Now

| Tl = sup {|(Tx, y)|: x, y € M}
< sup {sup | (T, y) [}

zeM lyll=lMll

< sup|[M|-||Te|| < ¢/2 <e.

This shows that 7, < .7,.

(2) 7,9, on &£ (X):Fix a Z,-neighborhood of 0 in .&Z,(X),
Nbd (M, U) where Me 75, U is a t,-neighborhood of 0 in X. There
exists ne N so that M is a bounded subset of H,. Let M =
MU S,(0,1), bounded subset of H,; hence, a t,-bounded subset of X.
Choose ¢ > 0 so that S,(0,¢) = UN H,. Suppose Te Nbd (M,¢). If
x € M, then

|| Tx]| = sup < | (T, )| < sup {|(Tz, y)|: 2, ye M} = || T|ly, <& .
So T(M) =8,(0,¢) = U, and Te Nbd (M, U). Hence 7,< 7..
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We now show that &#*(X) is a subalgebra of &£ (X;). The
problem here is that we do not have an obvious charactrization of
elements of &*(X). We have a fixed cofinal sequence {E,} in &
We let D,=E, and for n > 1 we set D,=E,\E,_,. Let K,=>,.,, D H,
and let Y =3, K,.

LEMMA 2.10. The map u: X — Y defined by u({:}ic0) = {{Ti}sep,}oms
has the following properties:

(1) w s a linear isomorphism (onto)

(2) wu s unitary: (uw(x), u(x)) = (z, 2’) for =, 2’ € X.

(8) wu: (X, 7y — (Y, 7, is topological.

Proof. It is easily verified that « is a linear isomorphism (into).
If ye Y, then there exists ne N so that y;, =0 for 7 > n. Then
yn=0ifxeD;,7>n. Setx={y:rneD,k=1,2,---}. ThenaxecH
and Supp (x) & U}, D; = E,. Clearly u(®) =y, and (1) is proved.
That w is unitary depends only on the fact that the series obtained
by taking inner products is absolutely convergent so can be rear-
ranged at will.

(8) We show first that w is continuous. We recall Lemma 2.5
and fix a seminorm ||-||,,ce RY. If xe H,, then:

lu(@) [[7 = 25 ¢ [ w(@); |*
= Z?:I C?’{ZZeDJ- H ) ||2}
= 2\ C?'{Z).snj [, 117}

= (maxcj) [|=]]* .
1Sj=n

Thus, ||w(@)|, < C(n) ||z|| for e H, and wuei,: H, — Y, is continuous
for arbitrary ne N. Hence, w is continuous (X;— Y,).

Since X, and Y, are (LF') spaces (each is a strict inductive limit
of Hilbert spaces) and w is a continuous surjection of X, to Y, it
follows that « is an open map (see [Prop 2.2, p. 78, 7]).

THEOREM 2.11. FH(X)< L (X)); hence, FH(X) = L *(X;), the
subalgebra of L(X;) which consists of all operators Te L (X;) whose
adjoint T* exists and belongs to £ (X;).

Proof. Let w and Y be as in Lemma 2.10. Since w is a unitary
linear isomorphism the induced map u*: £(X) — £(Y) defined by
w*(T) = uoTow™, which maps 4(X) isomorphically onto £(Y),
maps ZH(X) onto <#*(Y). Also, since u: X, — Y, is topological the
same map u* maps (X, onto £ (Y;). Since &LH(Y)<s L (Y))
(Theorem 2.6) we must have that &<*(X) & <~ (X)).
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THEOREM 2.12. 7| ZF(X) = 7, ZLu(X).

Proof. We show first that 7. < z,. It suffices to show that for
each n e N the injection 1, H,— (X, 7,) is continuous. Fix a semi-
norm ||-||; for z,, where Te &*(X). Since Te ¥ (X;) we have
that Te4, = T|H,: H,— X, is continuous; hence, 7| H,: H,— H is
continuous (Tporm < 75). But then there exists C, >0 so that
IT| H ()| = Crlla|| for xe H,; ie., ||x], < Crllz]| (xe H,).

We have &2 = < FH(r, £ 75). But since LX) € ¥ (X)
we also have &4 & &2. Hence, &2 = &4 and 7, = 7, on & (X).

But Theorem 2.9 says that 7, = 7, on ZF.(X).
THEOREM 2.13. (£(X), 7,) is complete.

Proof. Let {T,} be a .7,-Cauchy set in <#(X). For each Fe &
we let M, be the unit ball in H,. Then, {M;} & &% and if we fix
Eec &, then {T,| Hz} is a Cauchy net in B(Hj):

| T | Hy — Tp | Hp|| = sup {|| Ta — To)z|| : € Hy, ||z]| = 1}
= sup {|(Te — T2, %) | : @, y € My}
=1 Te — Tollug -

Note also [T | Hy — TF | Hgl| = ||Te — T4llwy.  Thus, T,|Hy—
T.€B(Hy) and T} | Hy— S B(H;). We define T and S on X by
Tx = Tye if e Hy and Sx = Spx if xe Hye If ES F, then T, | Hy =
T.(Sz| H; = S;). Hence, T and S are well-defined linear transfor-
mations on X. Clearly, both T and S leave each H, invariant and
S = T*. Thus, Te ¥#,(X). That 7,-lim, T, = T is easily checked.

THEOREM 2.14. (ZF(X),.7,) is an F *-algebra with identity. In
fact, (Z.(X), 7,) = lim,inv B(H,).

Proof. For each ne N we let M, be the unit ball in H,. Then
{M,} & & and is “essentially” cofinal: if Me .¢%, then M is a bounded
subset of some H,, hence there exists ke R, so that M < kM,. But
then ||T|y < || Ty (Te *(X)). Thus, the topology .7, is de-
termined by th ascending family {||-||,,} of (linear) seminorms, and
(&£(X), 7, is a complete metrizable algebla. As we saw in Theo-
rem 2.13 for Te #(X) and ne N we have || T||,, = || T*||x, = || T H,ll.
Thus, each ||« ||, is a B*-seminorm, and (#(X), .7,) is an F'*-algebra
with identity. The last part of the conclusion was essentially proved
in Theorem 2.13. The map p,: Z.(X) — B(H,) is just the restriction
map; as is the bonding map o*: B(H,) — B(H,_)(ne N).
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3. A representation theorem for F'*-algebras. In this section
we give three concrete faithful (topologically and algebraically) re-
presentations for an abstract F*-algebra with identity as an algebra
of operators on a vector space formed from the irreducible Hilber
space representations of the algebra.

We let A be an F'*-algebra with identity and let {(7,H}): )¢ 4}
be a standard family of irreducible Hilbert space representations of
A. Since A is an F*-algebra the family is complete.

If A is a B*-algebra and {(m,, H;) is a standard family for A,
then 7: A — B B H) defined by m(a){x;} = {7, (a)x;) is an isometry
and *-isomorphism. It is easily seen that for non-B*-algebras (but
still F*-) this is impossible. In fact, one cannot even define w(a) on
S, H, for all ac A, unless every ac€ A has bounded norm:
sup, ||all, < = for some determining family of seminorms. If one
moves to the other extreme and defines m(a) by the same formula
on X = >, H, (algebraic sum), then m(a) makes sense and 7: A —
(¥ (X)), 73) is a continuous *-isomorphism but fails to be topological.
This is the case because the final topology on X, hence the topology
7, on ¥ (X;), depends on finite subsets of 4 whereas that of A
depends on much larger subsets of 4. Thus, we must seek a middle
ground in order to achieve a faithful representation of A in this
manner. Before we introduce the basic concept we first prove a
crucial fact about Hilbert space representations of Fréchet *-algebras.

LEMMA 3.1. Let A be a Fréchet *-algebra with tdentity, and let
t: A—B(H) be a representation of A on the Hilbert space H. Then
o is continuous.

Proof. Fix €>0. Let V={acdA:|jp@)|| ¢ = N{V,,: |zl
llyl] < 1}, where V,, = {xe A: [(¢{a)z, y)| < ¢}. For each pair x, ye H
such that ||z|], ||¥]] < 1 the set V,,, is convex and balanced. Since
for each ze H the map a — (¢(a)z, 2) is continuous (Do-Shing’s Theo-
rem [2]), we have that ¢ — (¢(e)x, y) is continuous (polarization formu-
la). Thus, each V,, is closed. So V is closed, convex, and balanced.
It is easily verified that V is absorbing; hence is a neighborhood of
0 in A.

DEFINITION. Let A be a Fréchet *-algebra with identity and let
{(z;, H)): v e 4} be a stadard family of irreducible Hilbert space repre-
sentations of A. A subset E of A4 will be called equicontinuous if,
and only if sup;.zl||mia)|] < o for each ae A. The family of all
equicontinuous subsets of 4 will be denoted &(4).

LemmA 3.2. If A is a Fréchet *-algebra with identity and {(w,,
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H): ne 4} is a standard family for A, then E < A is equicontinuous
iof, and only if, D..x7; defines a continuous representation of A on

Dier D Hi.

Proof. Suppose E < A4 is equicontinuous. For ae A we let C, =
supiez ||w(@)|| and define w: A— B3, D Hy) by 7(a){w} = {m(a)x,}.
Now |[[{m(@)z:} | = Sl m@)w: )P < C || (@)|*.  So m(a) maps ;.. P H,
into itself, and 7 is a representation of 4 on >),.; P H,.

Conversely, suppose we can define a representation of A on
Siez D H, by the direct sum formula. It is clear that ||7;(a)|| < ||7(a)||
for each ve E and ac A.

LEMMA 3.3. Let A, {(m;, H): n€ A} be as above. Let {||-]|,} be a
*-sequence of seminorms for A. Forne Nweset E,={ned:||m(a)]] £
lla]l. (@€ A)}. Then E = A 1is equicontinuous 1f, and only if, E is
contained in some E,.. In particular, the increasing sequence {E.} 1is
cofinal in & (4).

Proof. If E < E, for some n, then clearly Fe & (4). Conversely,
if Be& (A) then m: A —B(.- P H,) defined as in Lemma 3.2 is a
continuous representation of A. Hence, there exists C > 0,ne N so
that ||7(a) || < Cllall, (ae A). It is easily verified that we can take
C =1, and the condition is satisfied.

We set H=3,..P H, and let X = {xe H: Supp () € & (4)}. We
are now in the situation of the second part of §2 with H, = {x:
Supp () & E}, izt Hy — X the natural injection, 7, the final topology
determined by the family {i,: Ec & (4)}. If {||-]|.} is any F*sequence
of seminorms for our F'*-algebra A with identity, then we let H, =
H, and 7,: A—B(H,) the induced representation of A on H,.

LEMMA 3.4. With the definitions given wmmediately above for
each ne N and a€ A it ts the case that ||a|l, = ||7. )]

Proof. In §1 we indicated that {m;: n€ E,} induces a complete
standard family {o;: ne E,} of irreducible Hilbert space represen-
tations of the B*-algebra A,, the completion of A/{a:]|a|], = 0} with
respect to the induced norm, and if o, is the natural projection of A
into A, we have 0,00, =7,(\e E,). If welet 0,=23;., 0:: A, —B(H,),

then [|o,(a,)|| = ||a,| for each a,€ A,. But ||o.(a,)] =sup;.z, || 0:(a,) ]|
Thus, if a € A, then |[all, = || 0.all = SUD;cz, ||0:(0.0) || = SUDzez,||Ti(@) || =
[I7.(a)]]

From the above construction we can infer more. For each ac A
there exists \,€ E, such that ||al|l, = ||m;(a)]]. This can be proved
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for A, by reducing the problem to that for a hermitian elements,
then showing that it holds on the algebra generated by the element
and extending to the full algebra.

THEOREM 3.5. Let A be an F*-algebra with identity, {(7,, H,):
Ne 4} a standard fomily of irreducible Hilbert represemtations of A,
H=>,.PH, and X = {xc H: Supp (x) is equicontinuous}. Let 7:
A — Z(X) be defined by w(a){x)} = {mi@)z}ac A,z = {x;} € X). Then

(1) For each ac A the function w(a) defined above is indeed in
Z(X); i fact, w(a) e L(X).

(2) 7w A—(£L*X)),. 7,) 1s a topological *-isomorphism (into).

(3) m A— (LX), 73 is a topological *-isomorphism (into).

(4) m A— (n(A), T.u) is a topological *-isomorphism.

Proof. (1) Fix ae A,ze X. Then
2 imd@)w|f = X llma@) [ [l 2] € Supp (@)}
< sup {||w(a) [[** X € Supp ()} ||| .

Thus, 7(a)xe H and Supp (7(a)z) < Supp () € & (4), so mw(a) maps X
into itself. Moreover, if ac A and xz,y€ X we have (m(a)x,¥y) =
(x, m(a*)y); so w(a)e F+(X). It is clear that m(a)e £(X).

(2) and (3) Itisclear that  is a *-isomorphism. Since 7. |.Z(X) =
5| LX) = 7, (Theorem 2.12) and 7(A) & <~(X) it is necessary
and sufficient that we show m: A — (Z(X), .7,) is topological. We
fix an F'*-sequence {||-||,} of seminorms for A, let {E,}, {H,}, and {7}
be the corresponding cofinal sequence in & (A), Hilbert space sequence
in X, and sequence of representations of A (respectively). We note
that 7,(a) = n(e)| H, for ne N,ac A. We recall from Theorem 2.14
that (<(X), .7;) is an F-*algebra with identity and that {||-[[,,} is
an F*-sequence of seminorms for <4,(X), where M, is the closed unit
ball in H,(n€ N). Moreover, for each ne N and Te <.(X) we have
| Ty, = ||T|H,|l, the norm of the (bounded) restriction of T' to H,.
If a e A, then ||a||, = ||7.(@) ]| (Lemma 3.4) and the latter is || 7(a)| H,|| =
172(0) L,

We again fix an F*-sequence {||-]||,} of seminorms for A. Let
{E,}, etc. be as in “(2) and (3)” above. We let 2% = 7(4), an Op*-
algebra on X with corresponding family .54 of bounded subsets of X.
The topology .7y on 2 is defined by the seminorms {||-|,: Me %4},
where M < X belongs to &4 if, and only if, sup,., || 72| < « for
each Te. Lassner’s Lemma 5.2 [4] says that 7: 4 — (Y, F4) is
continuous. Fix ne N and let M, be the closed unit ball in H, as
above. Since N = ¥+(X), S < 5% and {M,} S &; so {M,} =.%.
We know from above that ||a|l, = |[7(a)|lx, (€ A, ne N). This es-
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tablishes the openness of w: 4 — (U, T4).

REMARKS. (1) Do-Shing [2] obtains a representation theorem
for LMC *-algebras (the same as F*-algebra without the metrizability
restriction) which uses essentially the same Hilbert space, but he
maps A onto an algebra of unbounded operators with special proper-
ties. Also, he does not consider topological properties of the map.

(2) The main problem in studying non-commutative Fréchet
*_algebras is the lack of models against which to compare the abstract
algebras. A corollary to Do-Shing’s theorem on positive functionals
on Fréchet *-algebras is that every one induces a cyclic Hilbert
space representation, but as we have seen we cannot represent these
algebras faithfully on Hilbert spaces. The examples discussed above,
the algebras <£(X), are quite similar to those considered by E. A.
Michael in Appendix A of his memoir [5], where in our case the
underlying locally convex space is an inductive limit of Banach
(Hilbert) spaces. It seems that the class he defined in [5] might
include most examples of noncommutative F-algebras, except those
built from a commutative F-algebra and a noncommutative Banach
algebra by tensor products, e.g., C(X, B) where X is an appropriate
topological space and B is a Banach algebra.

4, Enveloping algebras. In this section we define the enve-
loping algebra of a Fréchet *-algebra with identity, relate it to
inverse limit decompositions of the algebra, and realize it as an
algebra of operators naturally constructed from A.

We fix a Fréchet *-algebra with identity, A, and also fix a
standard family {(z,, H;): v e 4} of irreducible Hilbert space represen-
tations of A. We recall that K(4) = {f:f is a positive functional
on A, f(e) = 1}.

LemMmA 4.1. If E< K(A) and {||+]|l.} s a *-sequence of semi-
norms for A, then the following statements are equivalent.

(1) E is equicontinuous.

(2) supsepfla*a) < (ae ).

(3) There ne N such that E = K,(A).

Proof. (1) and (2) are clearly equivalent by the uniform bounded-
ness principle for Fréchet spaces: if ¥ < A* and E is pointwise
bounded (o(A*, A)-bounded), then E is equicontinuous (see [Theorem
4.2, p. 83, 7]). It is also clear that (1) and (3) are equivalent, since
K,(A) is the intersection with K(A) of the polar of the neighborhood
{ee A:la]l, = 1}
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DEFINITION. Let & (K) be all equicontinuous subsets of K(A).
For Ee & (K) we define

la|z = [sup {f(a*a): fe E}'"*  (acA).

THEOREM 4.2. If A is a Fréchet *-algebra, {|-|z: Ec & (K)} 1is
the family of maps defined above, then

(1) Each ||z ts a linear seminorm on A.

(2) R*(A) ={acA:|a|z =0 for each Eec & (K)}.

(38) If {|-ll.} s any *-sequence of seminorms for A, then the
topology of (A/R*(A), {|- |z}) ts determined by the B*-seminorms {| -|.},
where ||, = |+ |g, . Hence,

(4) The completion E(A) of (A/R*(A),{ -z} is an F*-algebra
with identity.

Proof. (1) and (2) are trivial to verify and (4) follows from (3),
which we now prove. Fix a *-sequence {||-||,} of seminorms for A.
For each ne N we set E, = (Ae d:||mi(a)|] < ||a]|l, (@€ A)} and define
T, A—B(Saer, ® H) by T,@)({drer,) = (7A@}, for each ac A
We shall show that for each ne N and ac 4 we have ||7,(a)|] = | @],.
Fix ne N. For ned we choose a unit vector &, € H;, define f,: A —C
by fila) = (m(@)&;, &), let K, be the completion of A/{a:fi(a*a) = 0}
with respect to the induced inner product ([a];, [0],) = fi(b*a), where
[a]; is the coset containing a. Finally, define +;: A—B(K;) by
(@) ([b];) = [ab], on A/{a: fi(@*a) = 0}, and extending these norm-con-
tinuous operators to K,. There exists an isomorphism U: H; K, so
that Ur;, = 4,U. Hence, for ac A we have ||7;(@)|? = |[y:(a)|]* =
sup {f:(b*a*ab): f1(b*b) =1} = fi(a*a). If f(b*b)=1, then fi,: ¢ — fi(b*cb)
also belongs to K,(A) (that f; does is clear) and f; ,(a*a) < |a|,. Hence,
|7m(@)|| =< |al, for each Me E,, and [[7,(a)|| = sup||7xa)[|: ve E,} <
|al,. Then reverse inequality follows from the fact that |a|, =
sup {f(a*a): fe K,(A), f is extreme}.

DEFINITION. We shall call the algebra E(4) in Theorem 4.2 (4)
the enveloping algebra of A.

THEOREM 4.3. If (A4, {||-]l.}) s a Fréchet *-algebra with identity
and if {A,} is the corresponding inverse limit system of Bamnach
*_algebras with identity, then E(A) = lim, inv {FE(A,)}.

Proof. We let p, be the natural map of A into A4, and p*: 4, —
A,_,(n = 2) the induced bonding map. For ne N we let E, be the
enveloping algebra of A, and let ¥, be the natural map of A4, into
E,. TFinally, we let @ be the map of A into E(A).
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For ne N we have the diagram

o
An—l DE— An

- Jr

E, ., E,.

Now ker (¥,) = R*(4,) and p"(R*(4,)) < R*(4,_,). Thus, we have an
induced map ¢": E, — E,_,. It is easily verified that {E,, 0", N} is a
dense inverse limit system of B*-algebras (i.e., the bonding maps
have dense range and are norm-decreasing). We let £ = lim, inv {£,,
o", N} and consider E a subset of II,E, with the relative product
topology.

We define 7: E(A) — E by first defining = on A/R*(4) by the
formula z(pa) = {¥,0,a}. If ac A, then ®(a) =0 if, and only if,
a € R*(A) if, and only if, o,(a) ¢ R*(4,)(n e N) if, and only if, ¥,0,(4) =
0 (reN). Thus, v is well-defined and one-to-one A/R*(A). Also,
since all the maps involved have dense range it follows that 7(4/R*(4))
is dense in K. Finally,

I7(Pa) I = | ¥0@) |5 = | 0.(a) 2
= sup {f.(0.(a*a)): f € K(A4,)}
= sup {f(a*a): f € K,(A)}
=l|al2(neN,ach).

Thus, 7 is an isometry in each seminorm; hence, extends to a topological
map of E onto E(A4). It is clear that the map is a *-isomorphism.

We now realize FE(A) as an algebra of operators on X =
{xe . P Hy: Supp (x) is equicontinuous}. We use the same notation
as in § 3.

THEOREM 4.4. Let (A, {||-l.}) be a Fréchet *-algebra with identity
and let (E(A), {|-1.}) be its enveloping algebra, with natural map P:
A— E(A). For acA we define w(a) on X by mw(a){x} = {ma)x;}-
Then w: A — (X)) induces a topological *-isomorphism & of E(A)
onto w(A), where “topological” refers to any of the (equal on (X))
topologies 7,, T+, or 7, on Z.(X) and the closure of mw(A) is with
respect to these topologies.

Proof. Since for each ac A and ne N we have |al, = ||z (a)]|
we have that ker 7 = R*(A4), so there is an induced map o: A/R*(4) —
#(X) so that the following diagram commutes:
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A5 Z(X)
/!
ol
A/R*(4)
Il
E(A) .

We have shown in Theorem 2.13 that the topologies .7, = 9, = 7%
on (X) are defined by the sequence {||:|,,} of seminorms and that
| Ty, = T|H,|l. Also, we know that m.(a) is m(a)|H,. So from
Theorem 4.2 we have |a|, = ||7,(a)]|, and hence, |a|, = ||7(a)]y,. It
follows that o: A/R*(4A) — ~(X) is topological, and since (Z,(X), .Z7,)
is complete o extends to a topological *-isomorphism of E(A) into
LX)

If A is a Banach *-algebra with identity and E(A) its enveloping
algebra, then every Hilbert space representation of A factors through
E(A). We conclude our discussion of enveloping algebras by ex-
aming this problem for Fréchet *-algebras. We consider only repre-
sentations in & *(X), since this is enough to illustrate the problems
involved.

LEmMMA 4.5. If (A,{|-|l.}) %s a Fréchet *-algebra with identity,
{| - 1.} the corresponding sequence of B*-seminorms on A used to define
the topology of E(A), and if p: A— FH(X) is an essential repre-
sentation of A on X (u(e) = I) then, for each Me S there exists ne N
and C > 0 such that || t(a) |y < Clal.(ac A).

Proof. Fix Me 4. Welet || M|| =sup{||z|:xe M} (]| M|| < co,
since M is bounded in the Hilbert space completion of X). Since u
is continuous there exist we N and C >0 such that || ua)ll, =
Cllall.(ae A).

Fix xe M. Then f,:a — (#(a)x, ) is a positive functional on A.
Also, |fia)| = [ ()2, %) | = || (@) || = Clla|l,. Hence, f, e P,(A) for
each xe¢ M. Therefore, if xe¢ M and x # 0, the positive functional
fo(e)7f, belongs to K,(A) and f.(e)"f.(a*a) < |a|i(aec A). So we have
foa*a) < fo(e) |ali(we M,ae A). Butf.(e) = (ule)z, ) = ||| = || M|}
Hence, f.(a*a) < || M|*|ali(xe M, ac A).

For z,ye M,ac A we have

| (@2, ») | = || )z ||-] ¥ |l
= || M1l (] (@) |)*"
< || M||-(ea*a)w, )"
= MFlal. .
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Thus, || @) |lx < || M| |al.(ac 4).

THEOREM 4.6. If (A, {|-]l.}) is a Fréchet *-algebra with identity,
(E(A), (|-].}) its emveloping algebra, @ the natural map of A into
E(A), and iof p: A — FH(X) is an essential representation of A on
X, then there exists a continuous representation ¢ of A/R*(4A) on X
so that op = p. If w(A) is contained wn a 7 -complete subalgebra
of F+(X), then o extends to a representation of E(4A) on X. In
particular, this is the case if X is Hilbert space. Hence, all Hilbert
space representations of A factor through E(A).

Proof. We need only show that o can be defined on 4/R*(A4) so
that 09 = pr. The other claims follow from Lemma 4.5. It is sufficient
to show that kerp cker pt. If aeckerp = R*(A) and if xe X, then
b— (b)x, x) 1s a positive functional on A; hence, (p(a*a)x,x) =
[| @)z |]* = 0. Thus, p(a) =0 and a e ker .

ExampLE 4.7. We show here that some representations p: A —
(X)) fail to factor through E(A).

Let A = C~(R) with the topology determined by the seminorms
lall, = Dr-oB)™ || @ ||,,, where a® is the kth derivative of a and
[l+|ln, is the supremum on [—mu, n]. Then A is a commutative Fréchet
*-algebra with identity (involution is conjugation), and

(1) lal.=llall.-(@ac A4, neN)

(2) R*(A) =0, hence

(8) A/R*(A) = (A,{-].}) and E(A) is just C(R) with the compact-
open topology. We use hereafter ||, for ||+|l, .

Let X = Cy(R), the compactly-supported C= functions on R, con-
sidered as a dense subspace of L*(R). We note that if ae C(R) and
feCy(R), then there exists ne N such that |laf|| Z |al. || f ] (n de-
pends on f, n is any positive integer so that Supp (f) & [—n, n]), and
[|]| is the norm in L*(R).

Define ¢: A — £(X) by p(a)f = af. It is clear that this formula
actually does define a linear transformation on X and that (1) ¢#(a)* =
©(@), (2) pis a representation of A in &¥(X), hence, (3) t; (4, {-.})—
ZH(X) is continuous (by Theorem 4.6). We now show that y¢ cannot
be extended continuously to C(R). We prove (4): if & is the ex-
tension to C(R) of p and if fe X, then, we must have f(a)f =
af (¢ C(R)). We know that there exists ne N and C > 0 so that
| #@f]] £ Clal, for each ae C(R). Fix aeC(R) and choose {a;} &
C>(R) so that C(R) — lim;a; = a. Choose C > 0 and ne N as above
(for fe X) and such that Supp (f) S [—n, n]. Then|| f(a)f — fa)f|| <
Cla —a;l|,. Hence, {fi(a;)f} converges in L*(R) to fi(a)f. But f(a,)f =
a;f and by our earlier estimate |a,f—afl|=fllle; — al.. So
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f(a,)f = a;f converges to fi(a)f and to af. Thus fi(a)f = af for each
feX. But C(R)-Cy(R) £ C(R), so p fails to extend to C(R).

REMARKS. In the last example we could have considered z a
representation of C*(R) in &~ (C?(R), .7,). It is not too difficult to
show that ¢ is continuous when thought of this way. It clearly still
fails to extend.

Fainally, we do not know whether representations of A in
(¥*(X), .7,) where X is a locally convex TVS with a continuous
inner product are necessarily continuous, in contrast to representations
in &*(X). It probably is possible to find an example of a discon-
tinuous representation, since the topology .7, need not be related to
the inner product.
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