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The object of this paper is to classify (up to inner auto-
morphism) the primitive, maximal rank, reductive subalgebras
of the (complex) exceptional Lie algebras. By primitive we
mean that the subalgebras correspond to (possibly discon-
nected) maximal Lie subgroups.

In [3], the corresponding classification for the (complex) classical
Lie algebras was completed, as was the classification of the non-
reductive maximal rank subalgebras of all the simple Lie algebras.

Using case by case techniques and some more general results
proved in §1, we prove the following theorem:

THEOREM 0. The primitive maximal rank, reductive subalgebras
of the exceptional (complex, simple) Lie algebras are listed (up to
conjugacy by an inner automorphism) in the table below. Further,
all subalgebras isomorphic to one of these are conjugate by an inner
automorphism.

We note that Theorem 5.5 (p. 148) in the reductive case of
Dynkin [2] is incorrect. In particular A3 0 Dδ, i 5 Θ Λ Θ 4 4 7 φ A1

in Es, A\ 0 Aγ in EΊ and Az 0 Ax in F4 are not maximal subalgebras.
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Tk denotes the center of the subalgebra, where k is the dimension of the center. The
other superscripts refer to the number of summands of the corresponding algebra.

(See Table 12, p. 150 of [12]).
The authors wish to thank Robert Steinberg for several helpful

remarks.

1* Preliminaries* We now present some basic notation and a
characterization of primitivity from [3].

Let p be a maximal rank subalgebra of a simple Lie algebra g.
By maximal rank, we mean that there exists a Cartan subalgebra h
of g which is contained in p. We fix h.

Let W be the Weyl group relative to h. p is then decomposed
by h into

where the ςp's are roots in g determined by h, and the eφ's are the
corresponding one dimensional root spaces, p is then uniquely de-
termined by the roots φ for which eφ c p. Let Kp= {φ & root of g
relative to h | eψ c p}. Define Wp = {a e W \ a(Kp) = Kp}.

PROPOSITION 1.1. Let p be a maximal rank subalgebra of g.
Then p is primitive if and only if the following holds: If I is a
subalgebra of g such that pal, and Wp c Wu then p — I or I = g.

Proof. This is just Proposition 3.2 of [3].

We will use this as our definition of primitivity.

In our notation Kg is the set of all roots in g. We introduce
an operation [, ] on Kg x Kg which is induced from the Lie algebra
structure of g. Let φ, ψ e Kg, then
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"0 if [eψ, eΨ] = 0
[Φ> Ψ] = i

_φ + ψ if [eφ, eψ\ —

Note that a[φ, ψ] = [α(<p), α(+)]Vα e TF. Denote by (φ, ψ) the standard
inner product on Λ*, the dual space to h, given by the Cartan-
Killing form.

Now let p be reductive, i.e., p is given uniquely as the direct
sum of simple algebras and its center. Thus there exists non-
isomorphic simple Lie subalgebras of g: Xλ, X2, •••, Xr such that
p = X * 1 0 0 Xr

kr 0 T where T is the center of p and where Xf*
denotes the direct sum of all ideals of p isomorphic to Xi9 and ft; is
the number of such ideals. Note that since Xι = (h f) X{) 0 Σ ? eφ,
where the φ are unique, KXi and Wx. make sense.

LEMMA 1.2. Lei g< = X^. Then Wpa Wqi.

Proof. Let a e Wp. Let / be an inner automorphism of g re-
presenting a. Then f(p) — p. Also f{Xι) is an ideal of p isomorphic
to Xi. Thus f(Xi) c g4 since all ideals of p isomorphic to X{ are in
Qi. Hence /(g<) = g{ and α e TΓff..

Let 2 be a subalgebra of g with Cartan subalgebra hz c Λ.
Assume that z is regular (in the sense of Dynkin [2]), i.e., let
Kt = {φ e Kg \ eφ a z}, then z = fez 0 Σ^e^/^ Denote by If,1 all of the
roots in Kg orthogonal to the set Kz. Let hz

L be the subspace of h
orthogonal to hz.

Let zL — hi φΣye^βίP Note that if <£>, ψ are roots of g such
that [φ, ψ] — 0, then (φ, ψ) — 0. We then leave it to the reader to
show that

LEMMA 1.3. zι is a subalgebra of g, and KzL = KZ

L.

THEOREM 1.4. Let p be a maximal rank, reductive subalgebra.
Let p = X*i 0 0 Xr

kr 0 T (as described above). Let q{ = X?*, and
let Y = qt If p is primitive, then either Y = g2 0 * ®Qr or the
subalgebra, ϊ, generated by the vector subspace qγ + Y + h is g.

Proof. Since elements of the Weyl group act as isometries,
WQl = Wγ. Now [qt 0 . 0 qr, qλ] = 0, thus fe 0 0 qr, q,) = 0.
Hence X£* 0 0 X> S Y, and p S I.

Now iίaeWp then (a) a(Kq) c Kx and (b) a{Kγ) c Kt. (a) follows
from Lemma 1.2 and (b) from the above remark that Xqι — Wγ.
Now Kqι U Kγ forms a set of generators for Kt (under [,]). Thus
aiKiJczKt (since a acts as a "homomorphism" relative to [,])• So
we have shown that Wp c Ψi By Proposition 1.2 and by the primi-
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tivity of p, either I = p or I = g. If I = p, then clearly Y =

X2

h 0 Θ -X?r. Otherwise Z = #.

Let <£>, ψ be roots in a simple Lie algebra where all of the roots
have the same length. If (φ, ψ) = 0, then [φ, ψ] = 0. Otherwise
[<P> ψ] — Ψ + ψ and the length of φ + ψ is greater than the length
of φ or Ί/Γ since (<p, ψr) = 0. Hence the following.

COROLLARY 1.5. Let g be a simple Lie algebra all of whose roots
have the same length {in particular Eβ, E7 and E8). Then if p is a
primitive subalgebra, Y = X2

2 0 0 Xϊr.

Proof. In such an algebra X?1 + X + h = I.

If I = g, then g can be decomposed into to direct sum of two
ideals, which contradicts the fact that g is simple.

As an immediate application of this corollary we get:

COROLLARY 1.6. Let g be a simple Lie algebra whose roots all
have the same length. Let p be a subalgebra of g. If Kp Φ 0 , then
p is not primitive.

Note: This corollary is true even if the roots of g do not have
the same length.

2* E(5, E7 and E8* We first describe the roots of the algebras
EQ, EΊ and E8 (see [1]). Let z19 z2, , z8 be the standard orthonormal
basis for the dual space to a fixed Cartan subalgebra of EB. With
respect to this basis the roots of E8 are given by

(J)8 ={±zi±z,-\l^i<j^8}

and

(//)8 = { + 1/2(3! ± z2 ± ± z8) I the number of minus signs is even.}

We shall refer to these as type I roots and type // roots respectively.
The roots of type I will be denoted by ± i ± j when no confusion
arises; e.g., — z2 + z3 is denoted by —2 + 3, etc. The roots of
Type II will be denoted by the corresponding sequences of signs, e.g.,
l/2(^ + z2 - z3 + z4 - z5 - z6 — zΊ + z8) = (+ H μ h).

We take E6 and E7 to be regular subalgebras of E8. The roots
of EΊ are all of those roots of E8 orthogonal to 7 + 8. Thus

(I)7 = (I)8 ΓΊ KEΊ = {±i ± j 11 ^ i < j ^ 6} U {7 - 8}

(Π)7 = (Π)8 ΓΊ K E γ = { ± ( * * * * * * H ) I an odd number

of the * are — and the others are +} .
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The roots of ϋ7β £ E7 are as follows:

( J ) 6 - ( I ) β Π KEβ ={±i±j\l^j <j £5}

(Π)6 = (7J)8 Π iΓ^6 = { + ( * * * * * + H ) I and odd number

of the * are — and the others are +} .

When no confusion arises, we shall write merely (I) or (II). Also,
we note that (I)s generates a maximal rank subalgebra, which we
also denote by (I)s (or sometimes by (I)). The algebra (I)s is maximal
in Es.

We note that all roots of Es have the same length, τ/ΊΓ. Thus
the Weyl group acts transitively in each of these algebras. As observed
in Corollary 3.3. of [3], the Cartan subalgebras in Es are primitive.

In order to classify the primitive, reductive, maximal rank sub-
algebras we need some information about their Weyl groups. We note
first that the reflections about roots of type I are just determined
by signed permutations of z19 •••, z8. For if a and β are roots, then

Sa{β) = β- ψ^Λa = β-(a, β)a, as (a, a) = 2 .
(a, a)

ίZi if k = j

If a = i — j , then Sa(zk) = - zά if k = i .

zk otherwise

(-Zi if k = j

If a = ί + j , then Sa(zk) = • — z3- if k = i

zk otherwise .

We can thus, for example, identify Sa with the transposition

G i i : : : | ) ^ « = i - 2 , and with (_l_ll:::l) i f_«= 1 + 2.
These reflections, then, generate signed permutations with an even
number of sign changes.

LEMMA 2.1. (a) Any two sets of three mutually orthogonal roots
in Es are conjugate by an inner automorphism (i.e., by a Weyl group
element).

(b) Any set of mutually orthogonal roots is conjugate by a Weyl
group element to a set of roots (mutually orthogonal) of type I.

Proof. Let a19 a2, a3 be mutually orthogonal roots in Es. Since
the Weyl group acts transitively on the roots, we may assume
a, = 1 - 2.

Suppose a2 is a root of type //. Since (a2, at) = 0, a2 =
± ( + + * * * * * * ) , say (+ + * * * * * * ) . Let β = (— — * * * * * * ) ,



376 MARTIN GOLUBITSKY AND BRUCE ROTHSCHILD

where β is taken to agree with a in the last six signs. Then
Sβ(l — 2) = 1 - 2 , Sβ(a) = 1 + 2. Since no root of type II is orthogonal
to both of these, (b) holds. In particular, Sβ(a3) is of type I, say
i + i> ί, j Φ 1 or 2. Then there is some signed permutation / fixing
1 and 2, and taking i + j into 3 — 4. The permutation can be taken
from WEQ or WEγ if ί — j is in KEQ or KEΊ, respectively. Thus fSβ

takes a19 a29 a3 into 1 ± 2, 3 — 4, and (a) holds.
On the other hand, if a2 is a root of type I, and if az Φ 1 + 2,

then we can find a signed permutation /, as above, such that / fixes
1 and 2 and f(a2) = 3 - 4 . Then let β = (+ + + - + + + - ) .
Sβ(l - 2) - 1 - 2, Sβ(Z - 4) = ( + + ) . Thus we have
reduced the problem to the case where a2 is of type II, and the
lemma is proved.

Let Ns be the subgroup of the Weyl group of Es consisting of
the signed permutations. We have the following normal forms for
elements of the Weyl group:

THEOREM 2.2. Let g be a Weyl group element. Then one of the
following three cases holds:

(a) geNs.
(b) 3/GΛΓS, ae(Π)sBg=fSa.
(c) 3/e N$, a, β e {II), 3 (a, β) = 0 and g = fSβSa.

Proof. Any Weyl group element g has the form g = San Sαi,
where the a{ are roots of the algebra. Recalling that SaSβ — SβSSβia),
we may move any Sa., where a{ is of type Z, to the left past all
roots of type II. Thus we may assume g = Sβl Sβ}c STl Srι

(Jc + I = ri), where the βζ are of type 7, and the y5 of type II. Let
this be a representation of g so that £ is minimal. Then all the 73-
are mutually orthogonal. For if (a, β) = 0, then SaSβ = SβSa, and
thus if there are any 7< and τ, not orthogonal, we may assume that
we have (Ti, 72) = ± 1 or ± 2 . If (γx, τ2) = ±2, then 7i = ±a, and
S r iS r 2 - 1, the identity. If (τlf τ2) = ± 1 , then SΓlSr2 - Srβsr^r
where Sr2(7i) is a root of type J. In either case, we can decrease I,
a contradiction. Thus we may write g = / S r i Sr where all the
7j are mutually orthogonal type II roots, and / is a signed permutation.

Two roots of type // are orthogonal if and only if they agree in
four signs, and disagree in four signs, e.g., (+ + + + + + + +)
and (+ + + H ). Thus in E6 it is easy to see that there
can be at most two mutually orthogonal roots of type II. Thus, for
EQ the theorem is proved.

Suppose that for EΊ or E8 we have 7i, 72, and τ3 mutually
orthogonal. Then for an appropriate signed permutation h we have
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Thus STlSr2Sr3 = hr'hSrJr'hSrjΓ'hSrjΓ'h = h-'S^S^S^h. Let

aeNs. Thus SriSr2SH = h-1Sh{ri)Shir2)Sh{Ϊ3)SβSβh = h-1aSβh. Thus g =

fhrιaSβhSr^ ••• Srr By the arguments above, this reduces I by two,
a contradiction. Hence I <£ 2. This proves the theorem.

We now proceed with the classification of the primitive, maximal
rank, reductive subalgebras, p, of Es.

The general plan of attack in classifying the possible algebras p
will be to assume that X1 is some particular algebra, say Az or D4,
etc., and then to conjugate Xx (by Weyl group elements) into a form
suitable for deciding whether or not the various maximal rank,
reductive subalgebras with Xγ as an ideal are primitive. Theorem 2.1
is used for the latter. The number of cases to consider is kept small
this way since there are only a few choices for X19 and, of course,
the rank of X1 is limited by 8. In particular, Xλ cannot be Bn, Cn, G2

or FA since the roots of Es have only one length. Because the argu-
ments are essentially the same, we treat EQ, E7 and E8 together.

We consider the following cases for X^.

Alf A2, AS1 A ^ l > 4, AM > 4 ) ) ^ , EQ .

Case 1. Xi = Ax.

(a) &! = 1. (See §1 for the definition of kj.
By Corollary 1.5 and the primitivity of p, p = Aγ 0 Y, where

Y = At.
( i ) In E8 let KAl = {±(7 + 8)}. This can be done without loss

of generality since the Weyl group acts transitively. Then At = E7.
As is easily checked, Ax 0 E7 is maximal, and hence primitive.

(ii) In E7, let KAι = {±(7 - 8)}. Since the roots of Y must be
orthogonal both to 7 — 8 (AJ and to 7 + 8 (since they are roots of
E7), Y must have only roots of type I. Then

Kγ = {±i±j\l^i < i ^ 6 } ,

or Y = D6. A1 0 A is the algebra (J)7, which is maximal, and thus
primitive.

(iii) In E6, let KAι = {±(1 - 2)}. Then Y = At, and Kγ =
{±(1 + 2), ±i±j, 3 ̂  ΐ < j ^ 5, and all type // roots of the form

* * * + -i ) and ± ( + + * * * h)}.
We see, then, that Y—Ab. In this case p — AλφAδ is maximal,
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and thus primitive.
(b) kx > 1
Here we let p = A?1 0 Y.
( i ) In E8, since each At summand has a root orthogonal to the

others, we can assume that for the first two summands A1 0 A1 =
A?, KA2 = {±1 ± 2}, by Lemma 2.1. Let Ϋ = Ak^2 0 Y. Then
7 g (Al)L, and thus i ^ s (I).

If fcx = 2, then iΓF = JBΓ ĴJI = Dδ.
Here we digress to prove a lemma about J9Z factors of reductive

subalgebras.

LEMMA 2.3. Dι S i£8 is always conjugate to the algebra with
roots {±i ± j 11 ^ i < j <̂  £}. If Dt has only type I roots, and if
l> 4,

Proof. Let Dt(zEs. Let /& be the Cartan subalgebra of Es.
Let ^ be the Cartan subalgebra of Όx. Note that dim^ = I. We
can choose an orthonormal basis w19 w2, , wt of h so that the roots
of Dι are just ±Wi ± w3 , 1 ^ ί < j ^ L

Now Wi ± ^ 2 are orthogonal. Thus by Lemma 2.1 we can assume
{±w1 ± ?̂ 2} = {±1 ± 2} in Es. w2 — wz is not orthogonal to ^ + w2

nor to Wj. — w2. But any type J/ root is orthogonal either to 1 — 2
or to 1 + 2. Thus w2 — w3 is of type 7. By use of a signed per-
mutation fixing the set {±1 + 2}, we can take w2 — wz to be 2 — 3.
Clearly w2 + wz then becomes 2 + 3 under this same signed permu-
tation. Thus we may assume ± 1 ± 2, ± 2 ± 3 and therefore ± 1 ± 3
are roots of Dx. Continuing in this way, we can assume ±i±j,
1 ^ i < j ^ I, are roots of Dz. These are all the roots of Dly and
hence the first part of the lemma is proved.

Now in fact what we saw was that if Dι has only type / roots,
then up to conjugacy by a signed permutation the roots of Όι are
±i±3, l ^ i <j ^l.

Thus it is sufficient for establishing the last part of the lemma
to assume that the roots of Dt are ±i ± j , 1 ^ i < j ^ l

Let g e WDι. Suppose, contrary to the assertion, that g is not a
signed permutation. Then by Theorem 2.1, either g = fSa, or g =
fSβSa, f a signed permutation, and a, β roots of type IT with
(α, β) = 0. In the first case, either Sa(l + 2) or Sa(l - 2) is of type
//, and thus fSa(l + 2) or fSa(l — 2) is of type /I, and hence not in
KDV contradicting the assumption that ge WDr

For the second case, let g = fSaSβ, (a, β) = 0, and let i±j e KDι.
As above, g(i ± j) e KDι S (I). Thus SaSβ(ί ± j) S (/). Now if a
and βj disagree in sign in one of the i or j positions, and agree in
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the other, then SaSβ(i ± J) are both in (II). (We see this by observing
SaSβ = SβSa, and if (7, a) = 0, then Sa(i) = 7. i — j is orthogonal
to one of a and β, and i + j to the other). Thus a and β must
agree in both the i and j positions, or both disagree. Changing i
and j , we see that a and β must totally agree or totally disagree
on positions 1, 2, , I. If I > 4, this contradicts (α, /9) = 0. This
completes the proof of the lemma.

We now return to the case at hand, namely A\ 0 D6 in E8. By
Lemma 1.2 we have Wp £ FFz>β and by Lemma 2.3, WDQ C T7(/) But
-A?Θ A S OO Hence A\@ A is not primitive, by Prop. 1.1.

This means that we may assume kγ > 2. By Lemma 2.1 we
may assume that KA* = {±(1 ± 2), ±(3 — 4)}, the roots for the first
three factors Ax. Now 3 + 4 is in iΓ^v If 3 + 4:&KP, then p is
not primitive, by Corollary 1.6. If 3 + 4eKγ, then since Y has no
summands of type A1 in it, Kγ S (I) contains another root a such
that [3 + 4, a] Φ 0. But then either [-3 + 4, #] Φ 0 or [3 - 4, #] ̂  0,
contradicting the fact that ±(3 — 4) are the roots for a direct
summand A1 of p.

This all implies that kL can't just be 3. In fact, the same kind
of reasoning implies that k± must be even if kλ > 1. kγ — 6 is not
possible, since, by Lemma 2.1, we can assume KA* consists of six of
the following eight roots, together with their negatives: 1 ± 2, 3 ± 4,
5 ± 6, 7 ± 8. But then JBΓiy consists of the other two, and we have
two more summands of Aλ. Thus k1 — 4 and kλ = 8 are the only
possibilities. By Corollary 1.5, then, the only remaining possibilities
are A\ ® D4 and A\, where KA*ΦD4 = {±(1 ± 2), ±(3 ± 4), ±i ± j ,
5 ^ i < j ^ 8} and KAs = {±(1 ± 2), ±(3 ± 4), ±(5 ± 6) ± (7 ± 8)}.

We first show that A\ 0 D4 is not primitive by showing WA*ΘDi =
WD4®D4, where KD4βD4 = {±i ± j \ i, j £ 4 or ί, j > 5}. Let g e WA^Dέ.

If g is a signed permutation, then g e WΏ^D^ If g = fSa9 f a signed
permutation, ae(II), then fSa must take one of 1 + 2 and 1 — 2 into
(//), contradicting ge WA^D^.

If g = fSβSa, (a, β) = 0 then, just as in the proof of Lemma 2.3,
a and β must totally agree or totally disagree in sign in positions
5, 6, 7, 8, say they agree. Then since (a, β) = 0, they must totally
disagree in positions 1, 2, 3, 4. Thus SβSa are in WB4@I)4 (by com-
putation). Since g e WAίβD^ f = gSβSa is in WAήβDi, and thus in
WDήβD4 by the observations above. Hence g e WDA®D4. This completes
the proof that W^40iV g T F ^ ^ . Hence A4 0 A is not primitive.

A\, the last case, is primitive. We show this by noting that the
following elements are in WAκ (c) (13) (24), (d) (35) (46), (e) (57) (68),
(/) arbitrary sign changes (even number), and (g) SβSn, where a =
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(+ + + + + + + +) and β = (+ + + + ). Let g be an
algebra strictly containing A\, and invariant under WA*. If Kq

contains a root of (I) not in Kpy then using (c), (d) and (e) above we
see that Kq must contain all of (/). But SβSa{^ + 5) is in (II), and
thus Kq also has a root of type II. But then Kq has all roots of
type II since (/) is a maximal subalgera, and q = E8. If Kq contains
a root of type /I, say aλ then we can assume aγ — a, using (f).
Similarly, using (f) we see that (H h + + + +) e Kg. But then
SβSa{Λ h + + + +) = - 2 - 3eKg, and q = E8 by the case
above, as this is a new root of type I. Thus the only algebra larger
than A\ invariant under WA\ is E8, and A8, is primitive. This com-
pletes the case Xx — Aι for E8. (ii) In E7 we may assume that the
first copy of A1 is given by KAl = {±(7 — 8)}, and the second by
{±(1 — 2)}, using Lemma 2.1. Just as kλ had to be even in the E8

case above, the same argument shows that k1 must be odd for E7,
and thus kγ = 3,5 or 7, as kι > 1. But if kγ = 5, then KA\ =
{±1 ± 2, ± 3 ± 4, ±(7 — 8)} up to signed permutations, and thus
KL

A\ = {±5 ± 6}, and (A?)1 = A\, contradicting kλ = 5. Hence this
case is impossible. The only remaining possibilities are A\ 0 J54 and
Aϊ, by rank considerations and Corollary 1.5.

KA*ΘDA = {±1 ± 2, ± i ± i, 3 ^ i < i ^ 6, ±(7 - 8)} .

We show that A\φD4 is primitive. Let α = (H h + + + H ),
/3 = ( h + + + + h). Then Ŝ S,, is in W^3e2?4. Let g be a
subalgebra of E7 properly containing A\ 0 A and invariant under
WA\<£Dήr Suppose Kq contains a root of type I not in KA^@D^ Then
Kq contains all of (7)7, using the algebra multiplication [, ] of q.
Now SβSa(2 — S)eKq a root of type //. Thus, since (I)7 is a maximal
subalgebra of E7, q = E7. On the other hand, if Kq contains a root,

7, of type (//), then, since / = (J _\ _\\ \\\ | ) is in WφD4, f(i)

must be in Kq. Thus [7, /(T)] € Kq. But this is one of the four roots
±2 ± 3 which is not in KφDi. Thus q = ϋ^ by the previous argu-
ment, and A\ 0 Z)4 is primitive.

Now consider A[. We claim that this is primitive also,

KAΊ = {±1 ± 2, ±3 ± 4, ±5 ± 6, ±(7 - 8)} .

Let q be a subalgebra properly containing Aϊ and invariant under WA\,

and in particular under (c) (13) (24), (d) (35) (46), (e) Q _^ __g 4 1111)=/

and iŜ Sα, where α = ( + - + + + + + - ) and /3=(- + + + + + - + ) .
If ίΓg contains a root of type I not in i£^, then using (c), (d) and
the algebra multiplication we see Kq contains all of (I)7. Further,
Kq contains SβSa(2 — 3), which is a root of type //. Thus, since (I)7
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is maximal, q = E7. On the other hand, if Kq has a root 7, of type
U, then f(y)eKgy [7,/(τ)] e Kq and [7,/(7)] is a root of type / not
in KA7. Then the previous argument yields q — E*. Thus A\ is
primitive.

Note. As can be seen in the last few arguments, the crucial
thing in demonstrating that a given subalgebra p is primitive is
knowing which elements of Wp to use in showing that larger algebra
invariant under Wp is Ea. The arguments thereafter are just like
the ones above. Thus, from now on, rather than show in detail why
a given algebra is primitive, we shall simply indicate which elements
of Wp one uses

(iii) In E6 we can assume KA\ — {±1 ± 2}, by Corollary 1.5.
Then KA* gΞ (J)6. In this case, as in E8, we must have kx even, by
the same arguments,, kγ = 6 is impossible since (/)6 doesn't contain
KA*. Thus only A\ 0 A3 and A\ remain. We claim that neither of
these is primitive.

KA2$As = {±1 ± 2 , ± 3 ± 4, ±4 ± 5 , ± 3 ± 5}. We show that
WAι@As £ W(/)6. Let geWA2ΘA3-g cannot be of the form fSα,f a
signed permutation and α e (//)6, for either fSα(l — 2) or fSα(l + 2)
would be in {Π)Q1 and thus not in KA*®As. Suppose g = fSβSα,
(α9 β) = 0,/ a signed permutation, α, βe(Π)C). As we saw in the
proof of Lemma 2.3 (since A3 = JD3), /5 and α: must agree in each of
positions 3, 4 and 5, or disagree in these three position. Similarly
they must agree or disagree in both positions 1 and 2. Since they
are both in (7/)6, they must totally agree or totally disagree in
positions 6, 7, 8. It is impossible, then, for α and β to agree in
exactly four positions, contradicting (α, β) = 0. Thus g must be in
W(/)6, and WA2@As c W{T)Q. SO 4 ξ φ 4 3 is not primitive.

We now consider the last case, A\. KA* = {±1 ± 2, ± 3 ± 4 } .
Here we show that WA* S WD , where KDιί = {±i ± j 11 ^ i < j ^ 4},
and thus that A\ is not primitive. Let g e WA*. As above, g — fSα

is not possible, as fSα(KA*) g (J)β If ^ = fSβSα, as above, α and /S
must agree in both positions 1 and 2 or disagree in both, and
similarly for positions 3 and 4. Also, as αy β e (II)Q> they totally
agree or totally disagree in positions 6, 7 and 8. Since (α, β) = 0,
α and β must agree in exactly four positions, and these must be
1, 2, 3 and 4 or 5, 6, 7 and 8. In either case, SαSβ e WA\ and SαSβ e WDA

(by computation). Then / = gSβSα£ WA*. But a signed permutation
in WA\ is clearly also in WΌC Thus feWDi, and g = fSβSαe WDi,
and A\ is not primitive.

Before beginning Case 2, we prove a lemma about subalgebras
Aι S #*.
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LEMMA 2.4. Let Aι<zE8.
(a) If I ^ 6 for s = 8, Z ̂  4 for s = 7, or I ^ 3 for s = 6,

all At are conjugate, and in particular conjugate to Ax with KAι =

{±(1-3) \ l ^ i < j ^ l + l).
(b) If I — 7 /or 2£8, Z = 5 for E7, or I — 4 /or 2?β, ίfceπ ί/&ere

are two conjugacy classes of At whose simple roots are respectively
±{i - (i + 1)), 1 ^ ί ^ Z, ami ± ( i - (ί + 1)), 1 ^ i ^ Z - 1, together
with ±(Z + (Z + 1)). (Note: where we write (i + 1) and (Z + l) above
we mean numerical addition, of course).

Proof. Let h be the fixed Cartan subalgebra of Es. Let ht^h
be the Cartan subalgebra of At. We can choose vectors wγ, •••, wI+1

in Λ such that ^ is the hyperplane in the span of {wlf " ,wι+1}
determined by the Wι — wi+1, 1 ^ i ^ Z. We can assume that the
Wi — wi+1 are the simple roots of At, since Z < s in all cases. We
can assume w1 — w2 is 1 — 2, by conjugating with a Weyl group
element. If w2 — w3 is of type /, then a signed permutation can
conjugate {wx — w2, w2 — w3} to {1 — 2, 2 — 3}. If w2 — w3 is of type
//, it must have the form ±(H * * * * * * ) . Using a signed per-
mutation, we can assume that w2 — ws is (+ — + + * * * * ) . Let
β = (+ -I + * * * * ) , where β and ^ 2 — w3 agree in the last four
positions. Then £^(1 - 2) = 1 - 2, Sβ(-i h + * * * * ) = - 2 + 3.
Hence we can assume w2 — w3 is a root of type I, and (wί — w2i w2—w3} =
{1 — 2, 2 — 3}. Next consider w3 — w4. If it is in (J) s, then using a
signed permutation we can assume that w3 — w4 = S — 4. If w3 — W4G
(II)s then since it is orthogonal to 1 — 2 and not to 2 — 3, using a
signed permutation we can assume it is (+ + — + + * * * . ) Letting
β = (+ + H h * * *), and using Sβ, we can assume w3 — w4e ( I ) s .
Continuing in this way yields (a).

For (b) we do the E8 case, E6 and E7 being entirely similar. By
(a) we can assume Wι — wi+1 — i — (i + 1) for 1 ^ i ^ 6. Now if
w7 — w8 is a root of type /, then since (w7 — w8, i — (i + 1)) = 0 for
1 ^ i ^ 5, and (w7 — t«;8, 6 — 7) ^ 0, we can assume w7 — w8 is 7 — 8 or 7 + 8,
and if w7 — w8 is of type //, then it must be ± ( + + + + + H )
for the same reasons. Let α = (+ + + + + + + + ) . Then Sa fixes
i — (i + 1), i ^ 6, and takes w7 — w8 into a root of type /. Thus it
is reduced to the previous case. The two forms (the one with 7 — 8
and the one with 7 + 8) obtained here are not conjugate, since in
the first case all the roots are orthogonal to (+ + + + + + + + ) ,
whereas in the second case no root is orthogonal to all of them.
This completes the proof of (b).

Case 2. X, = A2

(a) k, = 1, Y= Ak
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( i ) In E8, we can take KA2 = {±(6 - 7), ±(7 + 8), ±(6 + 8)},
since by Lemma 2.4 all A2 in E8 are conjugate. Then A2 = E6. Now
A2 0 EQ is maximal and thus primitive.

(ii) In Eτ, take KA2 = {±(7 - 8), ± ( + + + + + - + - ) ,
± ( + + + + H h)} (by Lemma 2.4). Then Ag1 = A5, where
KAδ = {±(i — j), ±(i + 6) I i Φ j , ί, j = 1, , 5}. This is maximal,
and thus primitive.

(iii) In Ea, by Lemma 2.4, we can take

i ^ 2 = { ± ( l - 2 ) , ± ( 2 - 3 ) , ± ( 1 - 3 ) } .

Then Ki2 = {±4 ± 5, ± ( + + + εxε2 + + - ) , ± ( + + + ε3ε4 +) |
εί Φ ε2, ε3 = ε j . Thus A2

L — A2 0 A2. Either we have a summand of
A19 and Case 1 applies, another summand of A2, violating kt = 1, or
neither and hence a root orthogonal to p> contradicting primitivity
by Corollary 1.6.

(b) kt>l
( i ) In E8, let one copy of A2 have KAo — {±a, ±/S, ±5} where

ί = α: + /5, and let 7 be a root in another copy of A2. By Lemma
2.1 we can assume α = l + 2, 7 = 1 — 2. Now (β, 1 + 2) ^ 0, and
(β, 1 — 2) = 0. Thus /9 must be of type II, and using a signed per-
mutation we may assume / 3 = ( + + + + + + + + ) . Since [α, /S] =
δ, we have δ = ( + + + + + + ) .

The roots in the second copy of A2 are orthogonal to 3 and /9,
but not to 1 — 2. Thus they are ±(1 — 2), ±η, ± r , where η and
τ are of type //. Using a signed permutation, then, which fixes zι

and z2, we can assume η=(Λ h + H ) and τ = ( — h + + H ).
Then JSΓij = {±(3 - 4), ±(4 - 5), ±(3 - 5), ±(6 - 7), ±(7 - 8),

±(6-8)} , and A\- = A\ (two more copies). Thus YSA\. If YΦ A\,
then either Y= Aι@Z, which is already covered by Case 1, or Y —
A2 or A\. If 7 = A2, then there is a root orthogonal to p in E8,
which can't happen by Corollary 1.6. Thus Y = A\ and p = A\.
This is primitive, as can be seen using the following elements of

W4: (46)(57)(38) and (]_ _\\\\ J. _] _ | ) .
(ii) In EΊ we can assume that for one copy of A2, KAl =

{±(7 - 8), ± ( + + + + + - + - ) , ± ( + + + + + - - +)}. Ai S (I)7,
since any root of A2

L S E7 must be orthogonal to 7 + 8 and, in this
case, to 7 — 8. Thus, by using signed permutations, we can assume
that for the second copy of A2 we have KA2 = {±(1 — 2), ±(2 — 3),
± ( 1 - 3)}. Then K^ = {±(4 - 5), ±(5 + 6), ±(4 + 6)}. Hence A\ is
the only possibility. A\ is primitive, which can be seen using the elements

a = (+ + + - + - ) , β = ( + - + + + -)•
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(iii) In E6 we can assume that the first copy of A2 has KA2 =
{±(1 - 2), ±(2 - 3), ±(1 - 3)}, by Lemma 2.4. Then At = A2φA2.
As in subcase (a) (iii) of case 2, p = A\ is the only possibility. This
is maximal in E6 and hence primitive.

Case 3. Xx = A3

(a) ^ = 1.
In Es we can assume by Lemma 2.4, that

KH = {±1 ± 2, ± 2 ± 3, ± 1 ± 3} ,

( i ) In E8, then Λ1 = A, with iΓ^ = {±i ± j\ 4 ^ i < i ^ 8}.
By Lemma 2.3, we have WAtβD6 S T7z>β £ ΐF(/,8. Thus A3 0 A is not
primitive.

(ii) InE7, Ai = A*®AX, where ίΓi3 = { ± 4 ± 5 , ± 5 ± 6 , ± ( 7 - 8 ) } .
Either this violates kx = 1 or it has been included in a former case.

(iii) In E61 At = A? with K$3 = {±4 ± 5}. This was treated in
Case 1.

(b) kγ > 1. Then kx = 2 since the rank of A3 is greater than 8.
( i ) In E8 there are two non-conjugate ways to imbed A\ in E8.

We see this as follows. By Lemma 2.4 we can assume that the
first copy of Az has KΛs = {±(i - j) 11 ^ ί < j ^ 4}. Let h be the
Cartan subalgebra of the second copy of AB. We can assume the
coordinates are chosen so that the roots are given by

±(wt - w2){l ^ i <j ^ 4) .

Now Wi — Wj is orthogonal to the roots of the first copy of Az. So
if w1 — w2 is a root of type /, by use of a signed permutation we
can assume that wx — w2 is 5 — 6. If w1 — w2 is of type //, it must
be of the form + ( + + + + * * * * ) in order to be orthogonal to the
first copy of A5. But then conjugating by an element β which agrees
with Wj_ — w2 in all positions except 5 and 6 gives us a root of type I
while keeping fixed the first copy of A3. Thus we may assume
Wi_ — w2 = 5 — 6.

Now if w2 — w3 is of type //, then it must be ± ( + + + + ε5ε6**),
where ε5 and ε6 disagree, in order that it not be orthogonal to 5 — 6.
Now conjugating by a root β which agrees with w2 — w3 everywhere
except in positions 6 and 7 we fix the first copy of A3 and 5 — 6 as
well. w2 — w3 becomes a root of type 7, which can be assumed to
be 6 — 7, using a signed permutation. Thus, we can assume w2 — w3 =
6 - 7 .

Now ws — Wι must be orthogonal to 5 — 6 but not to 6 — 7, and,
of course, orthogonal to the first copy of A3. If wz — w4 is of type
77, then it must be of the form ± ( + + + + + H ) or
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±(+ + + + + +)• Conjugating by (+ + + + + + + +) or
(+ + + H ), respectively, we fix 5 — 6, 6 — 7 and the first
copy of A*, while conjugating w3 — w4 into a root of type /, in
particular ±(7 + 8). Hence we may assume w3 — w4 is of type J.
There are two cases: w3 — w4 — 7 + 8 or 7 — 8.

Thus we have the two non-conjugate imbeddings of A\ in E8,
namely

KA2 = {±(i - j) 11 ^ i < j ^ 4, 5 ^ i < j ^ 8}

and

These are not conjugate since in the first case there is a root,
(+ + + + + + + +), orthogonal to KA*, whereas in the second case
there is no such root.

But then in the first case, (A3)1 Φ 0 , and thus p has a factor
of lower rank, which has already been covered in Cases 1 and 2.
Thus only the second case need be considered. Here we claim that
At is not primitive, and in fact that WA* £ WD*, where

KD2 = {±i ± j 11 ^ i < j ^ 4, 5 ^ i < j ^ 8} .

Let g e WA*. If g is a signed permutation, then clearly g e WD^
Suppose g=fSa, where / is a signed permutation and ae (I/)8. Then
Sa must take all roots of A\ into roots of type /, and a —
± ( + + + + + + + - ) or ± ( + + + Λ h) and neither of
these is a root of E8. Thus g Φ fSa. Finally, then, let g — fSβSa,
(β, a) — 0, / a signed permutation. But β and a must agree com-
pletely or disagree completely on the first four positions, by the
same reasons as were used in the proof of Lemma 2.3. Thus, as
(a, β) = 0, a and β must disagree completely or agree completely,
respectively, on positions 5, 6, 7 and 8. But then SβSa € WAy and
therefore / = gSaSβ is in WA\. We already saw that this implies
fe WDz since a and β agree or disagree completely on 1, 2, 3 and 4.
Thus g e WD*, and A\ is not primitive.

(ii) In E7 we can assume for the first copy of A5 that KH =
{±1 ± 2, ±2 ± 3, ± 1 ± 3}. Then as in Case 2, (a), (ii) above, A3

L =
i3 0 i l t Then either p = A 3

:©Λ,©4i, which was covered in Case 1,
or p — Az φ As and there is a root, namely the root of Aly orthogonal
to p, and hence p isn't primitive (Corollary 1.6).

(iii) In E6 A3

[ — A\, so At isn't a subalgebra of E6.

Case 4. Xλ = A4.

( i ) In E8, by Lemma 2.4, we can assume
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Then KL

AA = {±6 ± 7, ±7 ± 8, ±6 ± 8; all roots of type II having
the same sign in positions 1 through 5}. Thus At = A+, and At is
the only possibility in this case. This subalgebra is maximal, and
thus primitive.

(ii) In E7, by Lemma 2.4, we can assume

Then Kjά Φ 0 , and there must be another summand. This has
rank less than 4, and hence is covered by previous cases.

(iii) In EQ Lemma 2.4 implies that there are two possible im-
beddings of A*, up to conjugacy. In both cases ϋΓi4 Φ 0 , and thus
we obtain only cases previously considered.

Case 5. X1 = A
We can assume by Lemma 2.3 that KD^— {±ί±j | 1 ̂  i<j <S 4}.
( i ) In E8 Kh4 = {±ί ± j I 5 ^ i < j ^ 8}. Thus Dt = A , and

the only case not previously considered is D4 © A This algebra is
primitive in E8. To see this we use SβSa e WD4@D^ where a =
(+ + + + h H ), β = ( + + + + H h), and sign changes,
all of which are in WD^DA.

(ii) In E7, KD4Φ 0 . The only possibilities here were covered
by earlier cases.

(iii) In E6J Ki4 = 0 . In fact, D4 is primitive in E6ί which can
be seen by using SβSa from (i) above, together with sign changes
on the first five coordinates.

Case 6. Du I > 4.
By Lemma 2.3 we can assume that KDι = {±ΐ ± j \ 1 ̂  i <j ^ I}.

Let p be a primitive subalgebra of Z?s with a A summand. Since
Ifij c (I)β, we can apply Lemma 2.3 to get

WpdWDιaW{ΐ)s.

Since p is primitive and p c ( ί ) s , we have that p = (I)s. Thus the
only possibilities are D8 in E8, A in ^β, (both are maximal and hence
primitive) and A © Ax in E7 (which is covered by a previous case).

Case 7. X, = Au l> 4.

( i ) In E8, suppose I g 7 and suppose

KΛι = { ± ( i - j ) \ l ^ i < j ^ l + l } .

Then i^ij =̂ 0 , as it contains (+ + + + + + + +), and since I > 4,



PRIMITIVE SUBALGEBRAS OF EXCEPTIONAL LIE ALGEBRAS 387

the rank of At is less than 4, and these possibilities have been
covered by previous cases. Thus, by Lemma 2.4, we have one other
possibility, namely I = 7 and

KA? = {±(i - j) 11 =g i < i ^ 7} U {±(i + 8) I 1 ίg i ^ 7} ,

KAγ = 0 . We claim that A7 is not primitive. In particular, we
show WAγ c WD%.

To see this, let g e WAγ. Then if g is a signed permutation,
g e Wn8. Let g — fSa, f a signed permutation, a e (II)8. Then Sa

must not take any root of KAγ into a root of type //. The only
possibilities are a = ± ( + + + + + + H ), which is not a root.
Finally, suppose g = fSβSa, (β, cή = 0, / a signed permutation. But
/S and α: must either agree completely or disagree completely in all
positions, or else some root of KA? would be taken by SβSa into a
root of type II, and fSβSa $ WAγ. This violates (α, β) = 0. Hence
if # G I ^ 7 , then g is a signed permutation, and WAγ g TF^.

The only other case of At g i?8 is Z = 8. Since Λ, c A7 c ^48,
using Lemma 2.4, we can assume that KΛs contains

Then it is easy to see that this can only happen when

KA8 = {±(i - j) 11 ^ i < j ^ 7} U {i + 8 11 £ i ^ 7}

U {±(+ + + + + + + +), ±(+ + + + + + )} .

Then A8 is maximal, and hence primitive.
(ii) In E7, A5 g 4 h and we can assume by Lemma 2.4 that

KAδ c {±i ± j 11 ^ ί < j ^ 6}. Thus KAb Φ 0 , as it contains 7 - 8 .
Since KAδ has rank less than 4, we have already covered these
possibilities by previous cases.

Let au a2, , oc6 be the simple roots of A6. By Lemma 2.4 we
can assume that for i ^ 4, at = i — (i + 1), and <x5 is either 5 — 6
or 5 + 6. We have (αβ, α{) — 0 for i ^ 4, and (α:β, αrB) Φ 0. Thus α:6
must be a root of type // of the form ± ( + + + + Λ 1 ) or
± ( + + + + H h) (since we are in E7), and thus aδ must in
fact be 5 - 6.

Now A7Z) AQ, and hence we can assume KA? = KA(. U {±(7 — 8)}.
A7 is maximal, and thus primitive.

A6 itself is not primitive, and in fact WAfi g WAγ. For let
g e WAQ. If g is a signed permutation, then # e W 7̂ also. Suppose
g = /Sfα, / a signed permutation, «: e (//)7. Sα must take one of
1 — 2, 2 — 3, , or 5 — 6 into a root of type //, for not all of the
first six positions of a can have the same sign (in (I/)7). Thus we
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can assume Sa(l - 2) is in (Π)7. Now if Sα(3 - 4), Sα(4 - 5) or
Sa(5 - 6) is a root of type IT, say fSa(Z - 4), then /Sα(3 - 4) and
fSa(l — 2) would be two orthogonal roots of type II in A6. Such a
pair of roots does not exist. Thus Sa must not take 3 —4, 4 —5, 5 —6
into roots of type //. a has the same sign on positions 3, 4, 5, 6,
and must have in positions 1 and 2 different signs. There are four
possibilities:

(a) ± ( + - + + + + + - )
(b) ±(+ + -)
(c) ± ( - + + + + ' + + - )
(d) ± ( - + + - ) .

We note that in all four cases, aeKAγ. In cases (a) and (c), <xeKAQ,
hence SaeWAβ, and fe WAQ. By the remark above, fe WAγ. Since
KAQ C KAΊ, Sa e WA7. Thus g e WA7.

In case (b), for i = 2, 3, 4, 5, fSa(i - (i + 1)) = f(i - (i + 1)), and
these must not be ±(7 — 8), as ±(7 — 8) is orthogonal to all other
roots of type I. Thus / fixes ± ( 7 - 8 ) . Now / = /"/', where / ' is
a permutation, and / " changes some signs. Clearly, if / " changes
any signs on /'(2), •••,/'(6), then it changes them all, or else some
f(i — (i + 1)) ί KA&. Since / " must change an even number of signs,
and / ' must fix {7, 8}, then if / " changes any signs on /'(2), ,/'(6),
it must also change sign on either /'(I) or 7, 8. In either case, / "
changes sign on {/'(I), , , /'(6)} = {1, , 6}. Thus / " either changes
all signs or no signs on 1,2, « ,6. Then fe WA6, and therefore
fe WA?. But aeKA?, and thus Sa and fSa are in WA?.

In case (d), the argument is the same with 1 and 2 interchanged.
Finally, let g = fSaSβ, {a, β) = 0. Then since a and β are

orthogonal, they can't totally agree or totally disagree in sign on
1, 2, 3, 4, 5 and 6. Hence there is some root i — j which SβSa takes
into a type // root. We can assume SβSa(l — 2) e {II)Ί. Now since
all of % — j , 3 ^ ί <j ^ 6 are orthogonal to 1 — 2, none of them are
taken into roots of type I/, as there aren't two orthogonal type II
roots in KAQ, as noted above. Thus a and β must totally agree or
totally disagree in sign on 3, 4, 5 and 6. Since SβSa(l — 2) e (II)7, β
and a must agree on exactly one of positions 1 and 2. Thus a and
β totally agree or totally disagree on five positions, contradicting
(a, β) — 0. Thus g cannot be of the form fSβSa.

(iii) In E6 let A5 c E6. We have A4 c A5. Now by Lemma 2.4,
KA4 is either {±(i - j) \ 1 ^ i < j ^ 5} or {±(i - j) \ 1 ^ i < j ^ 4} U
{{i + 5) 11 ^ i ^ 4}.

In the first case, there is a simple root in A5 orthogonal to
1 — 2, 2 — 3, 3 — 4 and not to 4 — 5. This root must be of type II,
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so it is ±(+ + + H f-H ), and A
5
 is the subalgebra generated

by 1 - 2, 2 - 3, 3 - 4, 4 - 5 and (+ + + + - + + - ) . But then
KAδ contains (+ + + + -{ — + ) , and thus we have considered
this in previous cases.

In the second case, the argument is the same.
Finally, A6 cannot be imbedded in E6. For Aδ c A*, and we can

assume that KAδ is one of the two possibilities described above.
Then there would be a simple root a in KAQ orthogonal to 1 — 2,
2 — 3, 3 — 4, and 4 — 5 (resp. 4 + 5), and not orthogonal to
( + + + H h H ) (resp. ( + + + + H h)). This is im-
possible in EQ.

Case 8. Xι = E7.
We need only consider E7 c E8. There are seven mutually

orthogonal roots of E7. By Lemma 2.1 we can assume that these
roots are all of type 7. There is a root of type / orthogonal to
these seven. This root is in KE7, and thus we are done by previous
cases.

Case 9. X, = E6.
Let E6 C ESJ S = 7, 8. Dδ c E6. By Lemma 2.3 we can assume

that KDδ = {±i ± j \1 < i < j ^ 5}. There is no further root of
type / in E6 or else either we obtain D6 c E6 or we obtain five
mutually orthogonal roots in E6, both impossible. Thus all other roots
of EQ are of type II. We can assume that (+ + + + H h) is
in KE%. But then KEfi Φ 0 in E81 and hence we are done by previous
cases. In E7, E6 is maximal and hence primitive.

3* F4* The roots of F4 are described as follows. Let z19 z2, z31 z4

be the standard orthonormal basis for the dual space to a fixed
Cartan subalgebra h of F4. With respect to this basis the roots of
F4 are given by

(I) = {±Zi\ί = 1,2,3,4}

^JJ\ _ ί-\-z. + z I 1 < i, j < 4}

As in the case of the E8, we denote the roots of type 177 by the
corresponding sequence of + and — signs, the roots of type 77 by
the corresponding ί — j , and the roots of type 7 merely by the
corresponding ±j. Thus l/2(^ + z2 + z3 — z4) is denoted ( + + H ),
zz — z2 is denoted 3 — 2, z4 is denoted 4, and so on. Also, we use
(7) U (77), (77), etc. to denote the subalgebras determined by these
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roots, when no confusion results.
We note that the roots have two lengths. Roots in (/) and {III}

have length 1, and roots in (II) have length i / T . The Weyl group
W of F4 acts transitively on the roots of each length.

As in the case of Es above, using Theorem 1.4 we see that if p
is a maximal rank, reductive, primitive subalgebra, and if p —
Xikl © Θ Xϊr, then either

= x}* e 0 xs or (x*i e (xpy) + h
generates (as a subalgebra) F4

Case 1. X1 = Ax.

(a) k, = 1.
By transitivity of the Weyl group on roots of each length, we

may assume that KAl — {±1} or KAl = {±(1 — 2)} In the first case
K^= {±1, (i±j)\2^i, i ^ 4 } . Thus At = B,. But KAl U KBs

generates (I) u (//), which is not JK"^ (J-K^ nor i ^ 4 . Thus Ax® Z
can't be primitive, by Theorem 1.4. In the second case,

K^ = {±(1 + 2), ± 3 , ± 4 , ± 3 ± 4, ± ( + + + + ) ,

Then Ai1 = C3, and Ax 0 C3 is maximal, and hence primitive.
(b) kt = 2.

First we observe that if KAl = {±a} and the other KAι = {±/S},
then not both a and β can be shorter roots, or else [Aλ, AL] Φ 0 con-
tradicting fact that the two copies of Av were ideals in p. Thus it
is sufficient to consider only three cases for a, β (up to conjugacy):

(1) 1, 2 - 3
(2) 1 + 2, 1 - 2
(3) 1 - 2, 3 - 4.

In the first case, Ki\ — {±4}, and the Lie algebra generated by
A\ 0 (Aί)1 = A\@AX is more than A\ 0 A, (e.g., 1 + 4), but not all
of F4 (e.g., (+ + + +)). Thus A\@Z can't be primitive.

In the second case K$% = {±3, ± 4 , ± 3 ± 4}, and (Af)L = ί?2. In
the third case, if^ = { ± ( 1 + 2 ) , ±(3 + 4), ± ( + + + + ) , ± ( + + )},
and again (Al)1 = B2. Since the Weyl group is transitive on the
shorter roots, there is some element w such that w(+ + + +) = 1.
Then w(+ H ) is a shorter root orthogonal to 1, and hence, using
a signed permutation if necessary, we may assume w(+ H —) = 2.
Then since w(l + 2) and w(3 + 4) are orthogonal to neither 1 nor 2,
and they are orthogonal to each other, we must have w({±(3 + 4),
± ( 1 + 2)}) = {±1 ± 2}. Hence w takes the B2 from case (3) into the
B2 of case (2). Thus w takes B£ into i?2

x, which is just Al in each
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case. Hence cases (2) and (3) are conjugate, and we only need to
consider case (2).

In this case we claim A\®B2 is not primitive. In particular
A\@B2 is a subalgebra of the algebra (I)\J(Π), and W φ ^ c
W{I)l){II). For let we WA*®B2. Then w must preserve each summand,
and within each summand it must preserve the roots of each length.
Hence w takes {±3, ±4} onto itself. Also w preserves {±1 ± 2}.

If w(l)e(IΠ) (and thus w(2) e {III), as w(l) and w(2) are
orthogonal), then we may assume w(l) = (+ + + + ) , w(2) = ( + H ),
or w(2) = (+ + ) . If w{2) = ( + + ), then w{l-2) = 3 + 4,
contradicting the fact that w fixes {±3, ±4}. If w{2) = (H h),
then w(l-2) = 2 + 3, which is not orthogonal to w(3- 4) e {±3 ± 4 } .
"Thus neither case can occur, and w(ϊ) and w{2) are of type I. Hence
w is a signed permutation, therefore fixing (I) (J (II) as well. Thus
W φ β 2 c W{I)U{II), and A\ 0 B2 is not primitive.

(c) kx = 3.
Let the three copies of KAχ be {±a}, {±/9}, {±7}. Then at most

one of a, β, 7 can be a shorter root, or else two copies of A1 would
have [Au Aλ] Φ 0, as above in the kγ = 2 case. Thus there are two
•cases to consider (up to conjugacy) for a, β, y:

(1) 1, 2 - 3, 2 + 3
(2) 1 - 2, 1 + 2, 3 - 4,
In the first case, ^ = {±4}. Then (A?)1 = A19 and A J 0 Λ

generates as a Lie algebra B2 0 A2. Thus there is no primitive
subalgebra in this case.

In the second case, K^ — {±(3 + 4)}, and {A\)L = Ax. Here we
get A[ which is treated below.

(d) k, = 4.
A4

L contains A\ as a summand, and by the kγ — 3 case we can
assume KA* — {±1 ± 2, ± 3 ± 4}. But this is not primitive, since
A\ s {II), and WIT = WFp WAκ

Case 2. X, = A2.
If ίΓ 2̂ g (/) U (///), then we may assume JB 2̂ = {±1, + ( + + + + ) ,

± ( - + + +)}. Then KA2 = {±(2 - 3), ±(3 - 4), ±(2 - 4)}. Thus
we get 4 2 © 4 2 . Similarly, if KA2ξΞ:{Π), then we may assume
KA2 = {±(2 - 3), ±(3 - 4), ±(2 - 4)}, and then

KA2 = {±1, ±(+ + + +), ± ( - + +

Hence we get in either case A2 0 A2 with one KAl c (I) u (III) and
the other KA2cz(Π). This algebra is maximal and thus primitive.

Case 3. X, = B2.
As we observed in Case 1 above, all B2 c F4 are conjugate. Thus
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we can assume KB2 = {±1, ±2, ± 1 ± 2 } . Then iΓ^ = {±3, ±4, ± 3 ± 4 } r

and we have B2 0 B2. But this generates (7) + (77) = B4. Thus
there are no primitive subalgebras in this case.

Case 4. Xι = A3.

If KAsa (77), then we may assume KH = {±1 ± 2 , ±2 ± 3,
± 1 ± 3}. Then KL

H = {±4}, and we have A, 0 A3. This is covered
by Case 1. On the other hand, KAz can have at most one root (and
its negative) in (7), or else it would also have one in (77), con-
tradicting the fact that all roots of A3 have the same length. Thus,
if KAza(I) U (777), then all but at most one root (and its negative)
are in (777). This is impossible.

Case 5. X1 = A+.

This is not contained in F± as a maximal rank subalgebra.

Case 6. X, = B3.

Just as in Case 3, there is only one way, up to conjugacy, to
have B3 c F4, namely KBz = {±i, ±i ± j \ 2 ^ i, j ^ 4}. Then KBs =
{±1}. Thus Bt = A. A, + B3 generates (7) + (77) = B4. Thus there
is no primitive subalgebra in this case.

Case 7. X, = B4.

As above, all 7?4 c F4 are conjugate, and we may assume KB4 =-
(7) U (77). This is maximal, and thus primitive.

Case 8. X= A
KDA = (77) is the only possibility. This is primitive, since WDi =

WF^ and WV4 is transitive on shorter roots. However 7>4 is not
maximal, since D4aB4= (I) U (77).

Case 9. Xλ = C3.

All C3 are conjugate JST̂ 3 = KΛl as in Case 1 (a).

Case 10. Xx = C4.
This is not a maximal rank subalgebra of F±.

4. G2. Let «!, α:2 be simple roots of G2. Then KGi = {±αi,
±{ccι + ̂ 2), ± ( 2 ^ + a2), ±(Sa, + α2), ±(3αx + 2a2)}

Case 1. p = A2.

The roots of A2 are all of the same length.
The only way to imbed A2, then, is as roots of longer length,.
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i.e., KA2 = {±α2, ± ( 3 ^ + a2) ± (Saλ + 2a2)}. This is maximal and
hence primitive.

Case 2. p = Ax.

There are two possibilities up to conjugacy for KAl = {±/3},
namely, β = aλ and β = a2, since the Weyl group acts transitively
on roots of each length, and there are two lengths of roots in KG^
that of av and that of a2.

If β — a2, this is not primitive, since WAl £ WAi = WGz. If
β = aly then the only root 7 with [7, cct] = [7, — ax\ = 0 is 7 =
± ( 3 ^ + 2a2). Thus we have A\ with iΓ^ = {±aly ±(Sa, + 2α2)}.

Further, if fe WAι, i.e., /(±α:1) = ±a19 then

0 = /(0) = / [ ± α l f 3α, + 2a2] = [/(±α1),/(3α1 + 2α2)]

+ 2a2)] .

Thus ^ ± ( 3 ^ + 2a2) = ± ( 3 ^ + 2α2). Hence / G TΓ .̂ Thus A, is not
primitive.

Case 3. p = A?.
Since ^ 2 is not contained in the roots of one length, we have,

up to conjugacy, KA* = {±a19 ±(Sa1 + 2< 2̂)}. This is maximal, and
thus primitive.
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