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If M is an R-module, then the dual of J is defined to be
Hompg (M, R). Artinian QF-3 rings R have been characterized
by the following two properties:

(1) The class of R-modules with zero duals is closed
under taking submodules.

(2) The class of torsionless R-modules is closed under
extension.

These properties are independent and, in the present
paper, we study the two classes of rings R which satisfy
each of these conditions separately.

Let R be a ring with identity. R is said to be (left) QF-3
provided there is an idempotent ¢ in R such that Re is faithful and
injective as a (left) R-module. The notion of QF-3 rings is derived
from the definition of QF-3 algebras introduced by Thrall in [4].

If M is a left R-module, let M* = Hom (M, R) denote the “dual”
of M, with the usual right module structure. For left Artinian
rings R, Wu, Mochizuki and Jans [5] have given the following two
properties characterizing those which are QF-3.

1) If M, < M, are R-modules, then M = (0) implies M* = (0).

(2) The class of torsionless R-modules is closed under extension.

That is, if A and C are torsionless R-modules, and 0 — A— B—
C — 0 is an exact sequence of R-modules, then B is torsionless.

In this note, rings satisfying (1) or (2) separately are studied.
Those satisfying (1) are called SZD and those satisfying (2), TCE.
For (left) R-modules M, the following notation is used,

Z{(M) = {meM|Em = 0 for some essential left ideal £ = R} (the
singular submodule of M)

S(M) = the sum of all simple submodules of M (the socle of M)

E(M) = injective hull of M

SZD and TCE Rings

ProrosITION 1. A 7ring R is SZD if and only if the following
are equivalent for every R-module M.
(1) Hom (M, R) = (0) (2) Hom (M, E(R)) = (0)

Proof. Assume R is SZD. Condition (2) implies (1) trivially. To
show (1) implies (2), assume M* = (0) and let f+ 0 in Hom (M, E(R)).
Set L = f(M) N R and M, = f~(L). Then M, = (0) and fl|,: M, — R
is nonzero, so that M = (0). Since R is SZD, this implies M™* = (0),
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a contradiction.

Conversely, if (1) = (2), let M* =0. If M, is a submodule of
M, we have Hom (M, R) = (0) =Hom (M, E(R))=(0)=Hom (M,, E(R))=
(0) = Hom (M;, R) = (0).

ProposITION 2. If R s SZD and Z(R) = (0), then E(R) s
torsionless.

Proof. Let K= Nseuomwm.n Ker f, and assume K == (0). Then
Hom (E(K), R) # (0) since R is SZD. Choose f = 0 in Hom (E(K), R)
and pick xe E(K) such that f(z) 0. Set A = {re R|rf(x) = 0}.
Because Z(R) = (0), A is not essential in R, and there is a left ideal
L +# (0) such that LN A = (0). Then LxzN K== (0), so there is a
re L such that ree K and f(rx) = 0. But E(R) = EK)® Y for
some Y < E(R), and f can be extended to f: E(R) — R, contradicting
the definition of K.

COROLLARY. If R is SZD and Z(R) = (0), then an R-module M
1s torsionless if and only if E(M) s torsionless.

Proof. If E(M) is torsionless, M is a torsionless submodule. If
M is torsionless, M can be embedded in a product, 7R, of copies of
R. Then E(M) can be embedded in a product, 7E(R), of copies of
E(R). Since E(R) is torsionless by Prop. 2, so is 7#E(R), and hence
E(M) is torsionless.

COROLLARY. If R is SZD and Z(R) = 0, then R is TCE.

Proof. Kato [2] has observed that the proof in [5] can be
modified slightly to show that in any ring, SZD and TCE are eguivalent
to E(R) being torsionless. Hence, by Prop. 2, R must be TCE.

THEOREMV 3. If R s right perfect and Z(R) = (0), then SZD
mplies QF-3.

Proof. Tachikawa [3] has shown that in a right perfect ring,
E(R) torsionless implies R is QF-3.

We continue with some results on TCE rings. For an R-module
M we let 7, denote the natural map from M to its double dual M**.

THEOREM 4. If 0 — 45 Bﬁ C— 0 s a short exact sequence of
R-modules with A and C torsionless, then B is torstonless if and only
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if Imj, N Kera** = (0), where a** is the induced map from A**
to B**.

Proof. Apply the exact sequence in Ext to 0—-4% Bfi Cc—0,
to obtain an exact sequence 0—C* L prihar Sl x— 0, where
X < Exty (C, R) is the image of A* under the connecting map ¢ (see

[1]). Take the dual of the latter sequence to obtain

a row exact, commuting diagram. Now B torsionless implies jp« is
monic, so that a**j, is monic, and Ker a** N Imj, = (0). Conversely,
if Kera™NImyj, =(0), then Kerj,NIma = (0). Thus if 0=
beKerjz B(b) # 0. Since C is torsionless, there is a map f:C— R
such that f(8(b)) = 0. But then fB: B— R satisfies (f8)(b) = 0, con-
tradicting b€ Kerj, (see [1]). Therefore Ker j,=(0) and B is torsionless.

Theorem 4 says R is TCE if and only if Imgj, N Ker a** = (0)
for every short exact sequence 0-AS5B—-C—0 with 4 and C
torsionless.

We now define a special type of torsionless R-module for use in
further investigation of TCE rings.

DEFINITION. An R-module M= (0) is completely torsionless (c.t.)
provided M is torsionless and has no nontrivial torsionless factors.

It is immediate that a c.t. module M must be isomorphic to a
left ideal of R, for there must be a nonzero map f: M — R since M
is torsionless, and Ker f = (0) since M has no torsionless factors.

LemMmA 5. If R 4s left Noetherian, every left ideal has a com-
pletely torsionless factor.

Proof. Let L be a left ideal in R. If L is not c.t., L has a
torsionless factor L/L,. If L/L, is not c.t., there is left ideal L,2 L,
such that L/L, is torsionless. Continuing in this fashion we obtain
an ascending chain {L;} of left ideals which must terminate. That
is, L/L, is c.t. for some .

COROLLARY. If R s left Noetherian and M is an R-module with
Hom (M, R) == (0), then M has a completely torsionless factor.
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Proof. Pick f# 0 in Hom (M, B). Then f(M) has a c.t. factor,
so M does also.

THEOREM 6. If R is left Noetherian, R is TCE if and only if
every short exact sequence 0 — A — B — C— 0 with C torstonless and
A completely torsionless, must have B torsionless as well.

Proof. The “only if” part follows from the definition of TCE.
To show the “if” part, let 0 - 4 —> B—C—0 be exact with 4 and
C torsionless. Set M = {M| M is a submodule of A, B/M torsionless}.
Then Aec M, and if M,2 M,2 .-+ is a descending chain in I, define
a map ¢: B/(\iL, M;— 112, B/M; by (b + Nz M) = [12. (b + My). It
is easy to check that ¢ is an R-monomorphism. Thus, B/ M, is
isomorphic to a submodule of the torsionless module [[, B/M;. This
implies B/(:.. M, is torsionless, hence =, M;c M. Now apply Zorn’s
Lemma to M to obtain a minimal element M,. If M, is c.t., then
0—-M,— B— B/M,—0 gives B torsionless by hypothesis. If M, is
not c.t., there is a completely torsionless factor M,/N by Corollary
to Lemma 5. But the exact sequence 0 — M, /N — B/N — B/M,— 0
implies that B/N is torsionless, contradicting the minimality of M,
in M. Thus M, is in fact c.t., and B is torsionless.

We next consider short exact sequences where the factor module
is e.t. The theorem in this case is only for finitely generated modules
over left Artinian rings.

THEOREM 7. Let R be left Artinian. The class of finitely gener-
ated torsionless modules is closed under extension if and only if
every exact sequence of finitely generated modules, 0—A— B—(C—0,
with C completely torsionless and A torsionless, has B torsionless as well.

Proof. Again the “only if” part is immediate. For the “if”

part, let 0——>A—a»B—ﬁ+ C—0 be exact with A and C finitely generated
and torsionless. If C is not c.t., there is a c.t. factor C/D,. Let
A = pBY(D)=2 A. This gives 0— A, —-B—C/D,—0 exact. If A,
is torsionless, then so is B by hypothesis. If not, consider 0 — A —
A, — D —0. Let D/D, be a c.t. factor of D,, and 4.=5(D.) E A,.
This yields 0 —» A, — A, — D,/D, — 0 exact. If A, is torsionless, then
A, is also, contradiction. The process may be continued inductively,
obtaining at each stage D,_,/D, completely torsionless and 4,=5"'(D,).
The sequence C = B/A 2 A/A 2 A,JA 2 -+ must terminate sinece C
is finitely generated and R is left Artinian. By construction, the
sequence stops at A4,/A if and only if A, is torsionless. But A4,
torsionless implies A,_, torsionless, also by construction. We conclude
that A,, hence B, is torsionless.
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Note that the above proof does not require that A be finitely
generated, and the theorem can be generalized slightly. Considera-
tion of short exact sequences with c.t. modules at both ends failed
to yield any significant results.

REFERENCES

1. J. P. Jans, Rings and Homology, Holt, Rinehart and Winston, New York, (1964).
2. T. Kato, Torsionless modules, Tohoku Math. J. (to appear).

3. H. Tachikawa, A mote on QF-3 rings, (to appear).

4. R. M. Thrall, Some generalizations of quasi-Frobenius algebras, Trans. Amer.
Math. Soc., 64 (1958), 321-329.

5. L. E. T. Wu, H. Y. Mochizuki, and J. P. Jans, A characterization of QF-3 rings,
Nagoya Math. J., 27 (1966), 7-13.

Received January 27, 1970. This Note represents part of the author’s thesis work
at the University of Washington. The author wishes to express gratitude to his
advisor, J. P. Jans, for his ideas and inspiration.

THE UNIVERSITY OF CONNECTICUT






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94305 University of Southern California
Los Angeles, California 90007
C. R. HoBBY RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024
ASSOCIATE,EDITORS
E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO

MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH

UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON

OREGON STATE UNIVERSITY * * *

UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 40, No. 1 September, 1972

Alex Bacopoulos and Athanassios G. Kartsatos, On polynomials

approximating the solutions of nonlinear differential equations. . . .. ... 1
Monte Boisen and Max Dean Larsen, Priifer and valuation rings with zero

AIVISOTS . o oot e e 7
James J. Bowe, Neat homomorphisms . .............coeeeiiiiinennnnn. 13
David W. Boyd and Hershy Kisilevsky, The Diophantine equation

uu+DU+2)u+3)=v@+DW+2) e 23
George Ulrich Brauer, Summability and Fourier analysis.................. 33
Robin B. S. Brooks, On removing coincidences of two maps when only one,

rather than both, of them may be deformed by a homotopy . . .......... 45
Frank Castagna and Geert Caleb Ernst Prins, Every generalized Petersen

graph has a Tait coloring .. ... i, 53
Micheal Neal Dyer, Rational homology and Whitehead products . .. ........ 59
John Fuelberth and Mark Lawrence Teply, The singular submodule of a

finitely generated module splits off......... ... .. 73
Robert Gold, I"-extensions of imaginary quadratic fields .................. 83
Myron Goldberg and John W. Moon, Cycles in k-strong tournaments. . . . ... 89

Darald Joe Hartfiel and J. W. Spellmann, Diagonal similarity of irreducible
matrices to row stochastic matrices................

Wayland M. Hubbart, Some results on blocks over local fi
Alan Loeb Kostinsky, Projective lattices and bounded ho

Kenneth O. Leland, Maximum modulus theorems for alge
valued functions ............... .. ..
Jerome Irving Malitz and William Nelson Reinhardt, Maxi
language with quantifier “there exist uncountably ma

John Douglas Moore, Isometric immersions of space form

Ronald C. Mullin and Ralph Gordon Stanton, A map-theo

Davenport-Schinzel sequences ....................
Chull Park, On Fredholm transformations in Yeh-Wiener s,
Stanley Poreda, Complex Chebyshev alterations . ........
Ray C. Shiflett, Extreme Markov operators and the orbits
Robert L. Snider, Lattices of radicals...................
Ralph Richard Summerhill, Unknotting cones in the topol

CALEGOTY . . oot i ittt e e
Charles Irvin Vinsonhaler, A note on two generalizations
William Patterson Wardlaw, Defining relations for certain

parameterized Chevalley groups...................

William Jennings Wickless, Abelian groups which admit o
multiplictions ............cooiiiiiiiiinnnnnnnd


http://dx.doi.org/10.2140/pjm.1972.40.1
http://dx.doi.org/10.2140/pjm.1972.40.1
http://dx.doi.org/10.2140/pjm.1972.40.7
http://dx.doi.org/10.2140/pjm.1972.40.7
http://dx.doi.org/10.2140/pjm.1972.40.13
http://dx.doi.org/10.2140/pjm.1972.40.23
http://dx.doi.org/10.2140/pjm.1972.40.23
http://dx.doi.org/10.2140/pjm.1972.40.33
http://dx.doi.org/10.2140/pjm.1972.40.45
http://dx.doi.org/10.2140/pjm.1972.40.45
http://dx.doi.org/10.2140/pjm.1972.40.53
http://dx.doi.org/10.2140/pjm.1972.40.53
http://dx.doi.org/10.2140/pjm.1972.40.59
http://dx.doi.org/10.2140/pjm.1972.40.73
http://dx.doi.org/10.2140/pjm.1972.40.73
http://dx.doi.org/10.2140/pjm.1972.40.83
http://dx.doi.org/10.2140/pjm.1972.40.89
http://dx.doi.org/10.2140/pjm.1972.40.97
http://dx.doi.org/10.2140/pjm.1972.40.97
http://dx.doi.org/10.2140/pjm.1972.40.101
http://dx.doi.org/10.2140/pjm.1972.40.111
http://dx.doi.org/10.2140/pjm.1972.40.121
http://dx.doi.org/10.2140/pjm.1972.40.121
http://dx.doi.org/10.2140/pjm.1972.40.139
http://dx.doi.org/10.2140/pjm.1972.40.139
http://dx.doi.org/10.2140/pjm.1972.40.157
http://dx.doi.org/10.2140/pjm.1972.40.157
http://dx.doi.org/10.2140/pjm.1972.40.167
http://dx.doi.org/10.2140/pjm.1972.40.167
http://dx.doi.org/10.2140/pjm.1972.40.173
http://dx.doi.org/10.2140/pjm.1972.40.197
http://dx.doi.org/10.2140/pjm.1972.40.201
http://dx.doi.org/10.2140/pjm.1972.40.207
http://dx.doi.org/10.2140/pjm.1972.40.221
http://dx.doi.org/10.2140/pjm.1972.40.221
http://dx.doi.org/10.2140/pjm.1972.40.235
http://dx.doi.org/10.2140/pjm.1972.40.235
http://dx.doi.org/10.2140/pjm.1972.40.251
http://dx.doi.org/10.2140/pjm.1972.40.251

	
	
	

