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In his ‘‘Lectures on Invariant Subspaces”, H. Helson has
divided the study of the (closed) invariant subspaces of a
unilateral shift of countable multiplicity N (regarded as the
multiplication by z on H%, the H* Hardy class of analytic
functions in the unit disc D = {z: |z| < 1} with values in a
complex separable Hilbert space K of dimension N) into two
main sections: ‘‘Full-range subspaces’ and ‘““‘Analytic Range
Functions’.

An invariant subspace .7 is a full-range subspace if it
can be written as .# = UH%, where U is an INNER FUNC-
TION-OPERATOR, i.e, U(z) is a bounded analytic function on
D with values in the set of all bounded linear operators in
K whose nontangential strong limits U(e?*) (these limits are
well-defined a.e.) are unitary operators in K (a.e). Helson’s
book contains a study of the analytic properties of an inner
function operator in the interior and on the boundary of D.
In this article the properties of the analytic continuation of
these functions outside D are studied; the results also include
some information about the cyclic vectors of a Cy-contraction
in a Hilbert space.

Let us state carefully the definitions that we are going to use.

Let F(z) be an analytic function, originally defined on D, with
values in the complex Banach space .<#; the “analyticity” and the
domain of analyticity (or, the Riemann surface) R(F') of F' is defined
“yia Taylor series” with coefficients in <# converging absolutely in
# -norm.

The Riemann surface R(A4) of an analytic function with values in
the set & (<#) of all bounded linear operators in <& (A will be
assumed originally defined on D) is also defined via Taylor series with
coefficients in .&°(<#), converging absolutely in the norm as operators
in <#.

As it will be shown in the next section, these conditions can be
relaxed.

Let (-, ) and |
respectively, and let

| x denote the inner product and the norm of K,

F@) = 39" G@) = 3 62", a € K)

be two elements of HZ; then the non-tangential limits F'(¢””), G(e™)
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are well defined for a.e., ¢*€dD (the boundary of D) and the inner
product of F' and G can be expressed as

(0.1 <F, 6> =30 &) = | (Fe), Gle)dm
(dm = normalized Lebesgue measure on 0D).

The shift operator S on H} and its adjoint S* are defined by
SF@) = 2F(z) = 3, ya"

ST = [F@) — FOYz = 5, yur#” -

We shall denote by & 7 (&, resp.) the set of all full-range
invariant subspaces (inner function-operators, resp.). Let _# = UH:e
& ~. U(e ) is uniquely determined by ._#, up to a constant
unitary right factor (see [4], Lect. VI). The subspace 9% = _#Z* is

clearly invariant under S* and the operator T: 2% — 2%  defined by
0.2) TF = P(SF) (Fe¢.2%)

where P denotes the orthogonal projection of H: onto 5 is a G-
contraction in the sense of Sz.-Nagy and Foiag; moreover, every C,-
contraction can be actually represented in this form (see [6], [8]).

The following result is contained in [4], Lect. VII (see also [8],
Chap. VI).

THEOREM 1. Let # = UHz(Ue &) and let 25 = #*+. Then:

(i) The spectrum o(T) of T (defined by (0.2)) consists of exactly
those complex numbers ne D such that U(\) ts not invertible in K,
and those e dD such that U(z) cannot be continued analytically to
2 =A.

(ii) If nedD, then g a(T) if and only if all the functions of
% can be continued analytically across 6D at z = \.

(iii) Furthermore, if R(U) 1is the domain of analyticity of U(z),
then F(z) can be continued analytically to R(U), for all Fe .27, and

NF@ e = | — 2T [ F]f.

In the first part of this article we analyze some problems related
to the analytic continuation of analytic functions with values in a
Banach space.

Using these results, the statements of Theorem 1 are improved
in several ways (8§82 and 3).

§4 contains a necessary condition for a function Fe .2 to be a
cyclic vector for T*(T a C, operator), in terms of its analytic con-
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tinuation outside D.

Following M. J. Sherman [7] we shall say that the (not necessarily
full-range) invariant subspace .2 C H% contains the direction of F'e
H: if fFe_«~, for some nonidentically zero scalar function f.

If ¢qH: c _#, for some inner function ¢, then _# is called an
IN-subspace; .# clearly contains all directions and it is actually true
that 7 e & .

Let (IN)~((IN), resp.) be the set of all IN-subspaces (IN-operators,
i.e., those Ue & such that UH} is a IN-subspace, resp.; see [5], [6]).
Then we have the following result:

ProrosITION 2. ([5], Chap. I; [7]).

(i) Let «# = UH%e (IN)™; then there exists an inner function
q such that: rH: C _ (r an inner function) if and only if reqH*>
(i.e., if and only if ¢ divides 7).

(i) Stmelarly, if A~ is an itnvariant subspace containing the
direction of F e H%, then there exists an inner function p such that
pFe v and feH=, fFe V" = fepH™.

The function ¢ of (i) is the minimal inner function (mif) of 27
(or U); the function p of (ii) is the minimal inner function of F with
respect to " (“p is the mif(_+") of F”). In §5 we shall study the
behavior of p in connection with 4~ and the relation between ¢, U
and T, in particular, we shall give a new proof of the following
theorem (see [1]; [3]; [5], Chap. V; [8], Chap. VI).

THEOREM 3. Let Ue (IN) and let q be its mif. Then:

(i) The domain of analyticity of U(z) (U *(?), resp.) is the same
as the domain of analyticity of q(z) (¢7'(), resp.); moreover, U and q
(U™ and ¢!, resp.) have the same kind of isolated singularities.

(ii) In particular, the set D N o(T) (T defined by (0.2)) is precisely
the set of all zeroes of q(z) and it agrees with the point spectrum of T.

(iil) If R(q) s strictly larger than D and ze€ R(q), |z| > 1, then

(0.3) NU@ |« =191

(iv) Moreover, if I — U*()U(z) has finite trace for some zec D,
then the same result is true for all ze R(U) and trace norm [I —
U*@)U(z)] s uniformly bounded on compact subsets of R(U).

Most of the material of this article is contained in the author’s
thesis ([5], Chap. V).

1. The proofs of Lemma 4, Theorem 5 and Corollary 6 are due to
Richard W. Beals. In what follows <Z* denotes the (topological) dual
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of the Banach space Z.

LEMMA 4. Let
(L.1) F@) = 3,9:" u€ F

be an analytic & -valued function defined on D (i.e., the series con-
verges absolutely in &, for all ze D) and assume that, for each &¢
B*, the scalar analytic function [F(?), &] = &(F(2)), can be continued
to an analytic function on the open disc D, = {z: |z| < 1 + (&) }(e(§)>0).

Then there exists an € > 0 such that the Taylor series (1.1) con-
verges absolutely in <& for all z,|z| < 1 + ¢; i.e., F(z) can be continued
to an analytic & -valued function on the open disc of radius (1 + &).

Proof. By hypothesis, we have

(1) lim, sup |[y,]|%" = 1,

) lim, sup [&(y)|"" = (1 + &(§)7", for each &e Z*.

Let Z} ={feZ* &) | =1+ 1/N)™ n=0,1,2,---}.

For each N, N =1, 2, -..<%* is a closed subset of &#* and &Z* =
Uy-.Zy*. Moreover, <Z,* is clearly convex and equilibrated (i.e., v e
0D, e B =N FBE).

According to Baire category theorem, there exists an N such that
< has nonempty interior; using this fact and the above observations
about &, we conclude that there exist an integer N, and 6 > 0 such
that

(& 11lln < O} B -

Let e Z*, ||&]lax = 1; it follows that [&(y,)| = (1 + 1/N,)~"/d,
n=20,1,2, ..., and therefore

lim, sup |||/ < 1 + 1/Ny)~.

Thus the statement is true for ¢ = 1/N, > 0.

THEOREM 5. Let R be an open subset of the Riemann sphere
C’' = C U {c} (or, more generally, a Riemann surface) and let 57, be
a subset of the space 57 of all B-valued functions defined on R.
Assume that:

1) 27 is convex and closed in the compact-open topology of 7,
and

(2) There exist a countable dense subset {z,} of OR and a family
(F,e 57} such that z,¢ R(F,), for n =1,2, .
Then: (1) There exists a function F,e 57, such that R(Fy) = R.

(i) Moreover, there also exists &€ ZZ* such that
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R(F(@),¢) = R.

Proof. For F, Ge 5%, define

dF, Q) =S 2+ sup(|| F(z) — G@)||-: 2€ M}
o= [1 4 sup{||F(2) — G(2)||5: z€ M,}]

where {M,};-, is a sequence of compact subsets of R such that R =
UiM,. As it is well-known, d is a metric on 5# and, moreover,
(27, d) is a complete metric space (hence it is a Fréchet space) whose
topology coincides with the compact-open topology. Hence (2%, d) is
a complete metric space.

(1) Let {z,} be as above and set 57, , 5y = {Fe 5% F extends to
an analytic “#-valued function on D,,(z,) = {2: |2, — 2| < 1/m}, and
IF@)||. < N on Dy}

Then 57, is closed in SZ,.

Let Fe 2%, and let F, be the function of the statement cor-
responding to z,. Then

F =lim. 1 — ¢)F + ¢F, = lim. F., as ¢ — 0 (in the metric d) and
F.¢ 57,y for any ¢ > 0; i.e., 57, ., » is nowhere dense in 57. It
follows from the Baire category theorem that

=~ U Fmn

Nym,N=1

is dense in S5%. Thus, if F,c 57, then
R(Fy) N oR = R(F,) N closure {z,} = @ .
(iiy Let F, be as above and consider the set
22" = {[F2), &l: 6 € 2% |6 llan = 1}

57" is a convex subset of the space of all scalar analytic functions
on R = R(F,). Assume that {£;}5=, is a sequence in the closed unit
ball of &Z* such that

lim. [FO(Z), 53] = fo(z)’ as j— oo,

uniformly on compact subsets of R. Passing if necessary to a subse-
quence, we can assume that &; converges in the weak*-topology to
some element £,€ &Z*. Clearly we have ||&]||.« < 1 and f,(2) = [Fy(2),
&l. Hence 527" is closed and therefore it satisfies the Condition (1)
of the statement.

By Lemma 4, we can see that 5% also satisfies the Condition
(2). Now the result follows from (i).
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The metric d can be replaced by any metric p such that the
identity map (5%, o) — (5%, d) and the maps [0, 1] — 5% (defined by
r— (1 — r)F + rG, where F, G are two fized elements of 5#;) are
continuous. A different kind of modification is used in the following

COROLLARY 6.' Let A(z) be an analytic function defined on the
Riemann surface R = R(A) with values in the set of all bounded linear
operators in <Z. Then there exist e & and &e B* such that R =
E([A@)y, &)-

Moreover, + and £ can be chosen so that, if \ is an isolated point
of 0R, then \ is a pole of order N for A(z) if and only if it is a pole
of order N for [A(z)v, &].

Proof. Let & = & x &F*; &2 is a Banach space with respect to
the norm |[(v, §|l» = |[¥ ]l + [[€]lsx. Observe that [|A(z)|[- is uni-
formly bounded on compact subsets of R; hence the map (v, & —
[A()¥, £] is continuous from .2 into the space of all scalar analytic
functions on R (compact-open topology).

Let 27 = {[A@)y, &]: || (v, &) ]l» = 1}. We are going to prove that
this set of functions satisfies the Condition (2) of Theorem 5; this will
follow by the same argument as Lemma 4.

Assume that ARR) = >tz A.z", where {A4,}7., is a sequence of
bounded linear operators in <& such that lim,. sup. || 4, <1, and
that R([A(z)+, &]) includes a disc of radius 1 + e(v, &) (e(r, &) > 0) about
2 = 0, for each pair (¢, &) e &Z. Applying Lemma 4 to the <#-valued
functions [A(z)v], € &, it follows that A(z)y can be continued to an
analytic <#-valued function on the disc of radius 1 + &'(4)(¢’() > 0).

Let &y = {ve & [|Awlla =1+ 1/N)™ n=0,12---}L

Now the proof that lim,. sup. |[A4,|* < (1 + 1/N,)~* for some
integer N, > 0, follows as in Lemma 4. Therefore, A(z) can be con-
tinued analytically to any domain on which all the functions in 5% are
analytic. This proves that 57 satisfies the Condition (2) of Theorem 5.

Let {z,)7-. COR, {f.(2) = [A(®)Vn, &)} © 5% and 57, ..y be defined
as in Theorem 5. Define 2 = {(v, &): ||(v, &l » = 1} and

%fn,m,N = {(q/f’ E)%el: [A(Z)"l//‘, E] € %,M;N} M

F,.my 18 clearly closed in the closed unit ball <Z' of 2.

Observe that if f(2) = [A(z)v, ] (where (v, &) € &2"), then for each
¢, 0 < e < 1, the functions f..(z) = f(2), f..(2) = [A@{(L — &)y + &yr,),
&, fos® = [A@v, (L — &) + ¢5,] and f..) = [AG(L — v + evn),
(1 — €)& + ¢&,] belong to 57

t The author wants to thank Prof. H. Helson for finding a mistake in the proof of
this corollary.



ANALYTIC CONTINUATION OF INNER FUNCTION-OPERATORS 333

Since f(z) = lim. £, ;(2), as €é—0 (in the metric d; for j = 1,2, 3, 4)
and, for at least one value of j, f.; is not analytic at z =z, for
sufficiently small ¢, we conclude that 2, .. 5 is nowhere dense in 2.
It follows as in Theorem 5 that Z) = #' — U n.v=1.Fn v is dense in
#'. Thus we have R= R(A) = R[A®R), &]) for all pairs (v, &) € &

Finally, if 2z, is apole of order N for A(z), then the set of pairs
(4, &) € F#* such that (z — 2z) " '[A(R)v, &] is regular at z = z, is closed
and nowhere dense in <#'. Since A(z) has only countably many
singularities, the last statement follows by a refinement of the pre-
vious argument.

REMARK. We have actually proved stronger results. In fact we

have:
(@) If F(z) is an analytic function with values in <%, then

R(F(z) = R(F(),¢)) ,

for all £ &#*"”, where &#*" is a G,-dense subset of <Z*.
(b) Similarly, if A(z) is an analytic function with values in .&¥ (%),
then

R(A(2)) = R([A@®)v, &) ,

for all (v, &) € " X & *"”, where <& ahd B*" are G,-dense subsets
of & and Z*, respectively.

2. Let z-—2* be the “symmetry” of €’ that fixes 0D; i.e., 0* =
co; co* = 0; 2% = 2. 2|7 for z £ 0, co.

To every set R C’, let R* ={z:2z*c R}. If R is open and f(2)
is analytic on R, then f*(2) = f(2*) is analytic on R*. The next
lemma is a version for operators of the classical refleciton principle
for scalar functions:

LeMMA 7. Let 2 C be an open disc whose boundary 02 intersects
oD orthogonally. Assume that A(z) is an analytic function defined
on DN 2 whose values are bounded linear operators in K, such that
| A®) ||z is uniformly bounded there. Then:

(i) A(2) has montangential strong limits as z approaches I' =
oD N Q from the interior of DN 2, for almost every point of I'.

(i) Furthermore, if these limit values are unitary operators in
K (a.e., on I') and || A~%(2)||x is also uniformly bounded on D N 2,
then A(z) can be continued analytically to the domain 2, by means
of the formula

AR) = [A*@@")] ", ze D" N Q2.
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Proof. (i) The boundary of D N 2 consists of two arcs of circle,
so that if 7: DN 2— D is a conformal mapping, then 7 can be ex-
tended to a continuous and one-to-one map from 2 = closure (D N Q)
onto D U 8D; this extended 7 is analytic and conformal on 2, except at
exactly two points on the boundary (the extreme points of I") and it
maps sets of positive linear measure on 2 onto sets of positive linear
measure on odD. Moreover, 7" has the same properties.

By ([8], Chap. V-2) A(n'(z)) has nontangential strong limits a.e.
Thus (i) follows from the properties of 7.

(i) Assume that ||A(2)||x < M, ||A7()||lx < M, for all ze DN Q.
A7'(z) is clearly analytic on D N 2; let ¢, 4 € K; the function f,y,(z) =
(A7'(2)¢, v) is analytic on that domain, and this implies that:

Fiv@) = fopl@®) = (A*@O] 'Y, 9)

is analytic in 2, for ze (DN Q)* = D* N 2. Therefore [A*(z*)]" is
analytic in 2, for ze D*N Q.

Let f(z) = f(ré"®) = fop(2),2€ DN A, be defined as above, and let
g(r~te”) = ([A*(re™)] ¢, v). If I is a closed subarc of I", then r¢* e 2
for all e e I and all , r, < » < 1. Since A(¢”) is unitary a.e., we have

{Sp | f (re™) — g(rei®) dm}”z
={l 17t = e am}”
i {SF | f(e") — g(r7'e™) ! dm}1/2—> 0, as r—1.

By a well known result, and using the fact that /” can be arbi-
trarily chosen, this implies that the functions f and g continue each
other across I" to determine an analytic function on the domain 2.

Since this result holds for every pair of vectors ¢, ¢ € K, it follows
from Corollary 6 that A(z) = [A*(z*)]™* is the analytic continuation of
A(z) across I, to the domain 2, and it is clear that || A(z)||]x < M on Q.

REMARK. It is not hard to see that the boundedness of A~'(z)
near I' is also a necessary condition for the analytic continuation of
A(z) in the conditions of the lemma. We can say more than that:
assume that f e H®, f(z) = 0 on D, and | f(rz™)|™* = 0 (exp. {|1 — z[™%}),
t < 1; then f(2) is an outer function ([4], Lect. IV) and therefore,
if Ue 7, from |[f(R)U'(z)||lx £ M, for ze D, z in a neighborhood of
1, we conclude that || U™'(z)||x < M’, in the same neighborhood. That
is,

U@k = Olexp{|1 — 2]™D, t <1,
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in the neighborhood (in D) of a singularity of U(z) at the boundary
of D.

The trivial example U(z) = exp.{(z + 1)/(z — 1)} 1 shows that the
above result is false for ¢ = 1.

From Theorem 1 and Lemma 7 we get

THEOREM 8. Let Ue & ; then R(U) is the component containing
the origin of the set

C'\{z: z7 e a(T")} .

In particular, R(U)c €’ and U(z) = [U*(z*)] ™, for all ze R(U) N
D~.

REMARKS.

(@) R(U) contains the open circle of radius || T|;; (||.]l,, denotes
the spectral radius).

by If

(3.1 = b.r is an inner function ,
(3.2) b) = L (w/IMe]) (v — 2)/(1 — Ni2)}
is the Blaschke product (2.1 — |1.]) < o) and

(3.3) @) = exp.{gw @ + ¢)/(z — e"‘)d#(t)}

(d¢ is a nonnegative Borel measure on 6D, completely singular with
respect to dm) is the singular part, then

(1) If oD csupp() U closure {\.}, then R(q) = D;

(2) If the above inclusion fails, then

R(g) = C"\[supp() U closure {1;}] .

In the latter case, the points A} are poles (of the same order as
the zero of ¢(2) at z = \,) and ¢(2) is meromorphic in D*.

3. Now, we are going to look for a different characterization
of R(U)(Ue &), in terms of the elements of .%2". From the previous
results, we get

COROLLARY 9. Let .# = UH:e & ~. Then there exists F'e 2 =
A2+ such that R(U®R)) = RzF (). If <« is an isolated singularity
for U(z), then F can be chosen so that R(U) = R(F) if and only if
2U'(z) 1is singular at z = 0.

Proof. By Corollary 6, there exists ¢e K such that R(U) =
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R(U(z)¢), and U, Up have the same kind of isolated singularities.
Thus, the same is true (except perhaps for z = ) for: Fi(z) = S*U(z)¢ =
[U)¢ — U)p]ze 2 (see [4], Lect. VIII).

If e R(F) for all Fe 2, then «~ ¢ R(S*Ugp) for all ¢ K. This
implies that U(z)z~* is regular at z = co; then, by Theorem 8, zU~(z)
is regular at z = 0.

Conversely, if U™'(z) has a pole of order one at z = 0, then ([5],
Chap. III) 2" is the direct sum of [BH:]|' and [VH:]*, where Be
(IN), Ve &, R(B7'(z)) = C'\{0} and 0ec R(V~'(z)).

Moreover, the mif. of B is equal to z and every function in [zH%]*
(which includes [BHZ]*) is constant. We conclude that oo € R(F) for
all Fe o

COROLLARY 10. Let # = UHie # ~, %% = . #*. Then
2 = V {F: RzF) = R(U)}

(where VYV means “the closed subspace spanned by”).

Proof. By Corollary 6 and Remarks there exists a G, — dense
subset K; of K such that R(Ug) = R(U), for all ¢ ¢ K.

Assume that 0 is not an isolated pole of U~'(z), then we can
choose K, such that

R(Ug) = R(U) = E[z5*"*"Ug] = R[zT**(S'Ug)] ,

for all ¢e K, and all » = 0,1, 2-.., from which the result follows.
If 0 is a pole of (order N of) U~'(z), then there exists A\ close to
0 such that X ¢ o(T); then we can choose

K; = {¢ € K: R(Ug) = R(U) = R(zS*Ug)} ;
then

2 = VUT* = "(STg): pe Ki)
and
Rlz(T* — M™"(S*Up)] = R[zS*Ug] = R(U) .

4, We do not know whether a cyclic vector F of T* (whenever
it exists!) satisfies the condition R(zF') = R(U) or not. However, this
result is true if, e.g., o(T) is totally disconnected. In fact, we have:

PROPOSITION 11. Let # = UHi:e &F ~, % = _#*+ and asswme
that o(T) = A, U A,, where A, and A, are two disjoint nonempty com-
pact subsets of D: Let Fe % be a function such that R(zF) > Ar
and let 2% F = V oz (T*F).



ANALYTIC CONTINUATION OF INNER FUNCTION-OPERATORS 337

Then 2¢3* + 2F; t.e., F cannot be a cyclic vector for T*.

Proof. By hypothesis, there exists a rectifiable union of closed
ares I'C C’' — (AF U A)) containing A} in its interior and separating
Af from AF. Since I’ is a compact set, it follows from Theorem 1,
(iii) that there exists a constant M such that

4.1) |G@)|lx < M||G]|, for all Ge.% and all ze .

Let Ge .2#*; then there is a sequence of polynomials P,(z) =
Yooy (T**F) e 2% converging to G in .2 -norm, as v — co. This
fact, and (4.1) imply that

4.2) [12[P,(z) — G()]||lx — 0, as v — oo, uniformly on I.

It is clear that R(zP,) D R(zF') for all v. Thus, by (4.2) and the
modulus maximum principle,

[|2P,(z) — 2G(?)||x — 0, as v — oo, uniformly on A .

Therefore A} C R(zG).

On the other hand, (by Corollary 9) there exists F,c .9  such
that R(zF,) = R(U) p A}. Hence F,ec .27 — 3%,

5. Finally, we are going to analyze the domain of analyticity of
the mif(_#") ¢ of a constant function.

THEOREM 12. Let _# = UH%:e & ~ and assume that _# contains
the direction of ¢ée€ K, with mif(_#) q. Let Fe 2 = _#Z*; then:

R(U)  R(9) C RI2(F, ¢)] -
The proof is contained in the following two lemmas:

LEMMA 13. Let .#Z = UH:e & ~ and assume that qp € _# , where
q ts the mif(U) of ¢ K'. Then R(q) D R(U).

Proof. Let FeH: be the function such that g¢ = UF. The
minimality of ¢ implies that there is no nonconstant inner function p
such that pF e H:.

Let p be any inner function such that () # 0 for all ze D —
[R(U)]* and p(2) is analytic in (a neighborhood of) 0D — R(U). Itis
clear from F(z) = ¢(2). U (2)¢(z€ R(U) N [R(U)]*) that p divides ¢ if
and only if PpF e H:. Hence p must be constant and therefore q(z)
and F(z) are analytic on R(U) N [R(U)]*: it follows that they are
analytic on R(U). Thus R(q) D R(U).
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LEMMA 14. Let _# be an invariant subspace and let Fe .o =
A . Assume that qpe _#, where q is the mif(_#) of € K'. Then
R[2(F, ¢)] © R(9).

Proof. Let F, ¢,q be as above and assume that R(q) # D; we
have:

(1) f = Z(F, ¢) e H, and

2 qf =q(¢, F) = (g, F) ¢ HE, because qp € _#, where H? denotes
the subspace of H? consisting of all those functions having mean
value zero.

Therefore h(e””) = q(e**) f(e**) can be continued to an analytic func-
tion on D*(h(eo) = 0). Thus, g = zqh is analytic on R(g) N D* and
(as in Lemma 7) f and ¢ continue each other across any arc of 4D N R(q).
Hence R(q) C R[z(F, ¢)].

Now, Theorem 3 is just a corollary of the above results:
In fact, if Ue (IN) with mif. ¢, then the set

{¢ € K: mif (U) of ¢ is equal to ¢}

is a G;-dense subset of K (see [5], Chap. V; [6]). Using this fact
and Corollary 6 and Remarks it is not hard to prove the existence of
a vector ¢ K and a function F e .2 such that:

(1) the mif (U) of ¢ is equal to g;

(2) R(U) = R[2(F, ¢)].

Hence, by Theorem 12,

BU) C Rlg) < Rle(F, )] = B(U) .

It follows from the results of [5], Chap. III (see also [2]), that
U-'(z) and ¢~'(z) have the the same kind of poles inside D, and every
isolated singularity of these (operator-valued and scalar-valued) two
functions lying on 0D is necessarily an essential singularity, as it
trivially follows from Lemma 7.

From these observations and Theorem 8 we get (i).

The statement (ii) follows from the results of [5], Chap. III (see
also [8], Chap. VI).

Finally, since qU~'e (IN), it follows that if R(q) is strictly larger
than O and Ax*e D* N R(q), then (by Theorem 8) we get (0.3):

OO e = TN [l = g7 = [g(W¥)] .

This result can be also obtained from the canonical formulas for
IN-operators (see [2]; [3]; [5], Chap. IV). Moreover, the analytic
continuation of U(z) outside D (whenever this is possible) is provided
by the same canonical formulas.
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If I — U*(z)U(z) has finite trace for some z€ D, then we can use
the formulas of [1] in order to see that, in this case, trace norm [I —
U*(z) U(z)] is bounded (uniformly on compact subsets!) for all ze R(U).

The proof of Theorem 3 is complete now.

REMARKS. (a) If g is a singular inner function and ¢ > 0 is the
total mass of the singular measure of 7(z) (as in (3.1), (3.3)), then

l¢(2)| = O(exp. {e(|z| — D)7}

(as ze D* approaches oD) and || U(z)||x has the same property.
(b) If dim. K = N < -, then the behavior of U and ¢ is even
closer. In fact, in that case we have

ldet. U [ = [| U)X = (97" = [det. UR) [,

for all ze D such that ¢(z) # 0, and the reversed inequalities hold for

all ze D* N R(q).
(¢) The similarities between the IN-operator U and its mif. q
break down at some points if dim. K is not finite.

ExAMPLE. Define Ue (IN) by Ug, = b(€**, Np)bn, ® = 1, 2, ««+ where
{M: 0 <\, < 1)}2, is an increasing Blaschke sequence; then the mif,

n=1

of U is q(z) = I1,b(z, \,).

If », tends to 1 slowly enough, then we can get lim. q(z) = 0, as
z — 1 along any of the circles passing through the points {— 1, ir, + 1},
0 < r < 1. However, by a straightforward computation, we can check
that || U(z)||x < r~* on the circle passing through ir.

Added in Proof. After this paper was written, the author has
received the preprint “Boundedness from measure theory”, by Henry
Helson. In this article, Prof. H. Helson gives an essentially different
proof of Lemma 4 and its corollaries, among other results.
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