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FINITELY-VALUED f-MODULES

STUART A. STEINBERG

Let M be a right f-module over the directed po-ring R
(i.e., M is a lattice-ordered R-module that is a subdirect pro-
duct of a family of totally ordered R-modules), and let g be
a nonzero element of /. There is a natural one-to-one
correspondence between the set of R-values of g in M and
the set of Z-values of g in M. This basic fact enables one
to obtain all of the local structure theory for f-modules that
Conrad [Czechoslovak Math. J. 15 (1965)] has obtained for
Z-groups. There is, in addition, the interaction between
the two structures. For example, a special element g has
the same value in Cx(g), the convex <-submodule generated
by ¢, that it has in Cs(g). Using this structure theory and
the fact that a special element is basic in a Johnson semi-
simple f-ring, it is shown that a finitely-valued Johnson
semisimple f-ring is a direct sum of unital Z-simple f-
rings.

It is well-known that an abelian lattice-ordered group (s/-group)
can be represented as a subdirect product of a family of totally
ordered groups. In this paper we begin the study of those lattice-
ordered modules (~~-modules) that can be represented as subdirect
products of totally ordered modules. An ~-module that can be so
represented is called an f-module.! We will continue this study in
a later paper, considering the problem of supplying the injective hull
of an f-module with a lattice order so that it becomes an f-module
extension, and considering the related problem of characterizing re-
lative injectives in the category of f-modules (see [16] and [19]). Here
we are concerned with the structure of f~modules.

We wish to mention that many of the results in this paper hold
in the more general situation where M is a not-necessarily abelian
s-group with appropriate operator set RB. Appropriate means, here,
that the mapping induced by each re€ R preserves all polars and
sends positive elements to positive elements.

Throughout Z and @ will denote the totally ordered rings of in-
tegers and rational numbers respectively.

1. Characterizations of f-modules. Let R be a partially order-
ed ring (po-ring). An (right) s~module over R is a right R-module

1 We have recently learned that Bigard [2] has defined an f-module (he calls it an
z-module) and has proven the equivalence of (a) and (b) of 1.1 for the case that R is
an /-ring with a positive identity element.
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M that is also an s-group for which M*R* = M*. The ~s-module
M will be called an f-module if it is isomorphic to a subdirect pro-
duct of a family of totally ordered modules. A convexr s-submodule
of the ~module M is a convex s-subgroup N that is also an R-
submodule. The set of convex s-submodules of M, partially ordered
by inclusion, is a distributive lattice. If M/N is totally ordered, then
N is called a prime submodule of M. A minimal prime submodule
of M is a prime submodule that does not contain any other prime
submodule of M. When R = Z, these definitions agree with the usual
definitions for ~~groups. The following theorem is just a translation
of the theorem about representable s-groups.

THEOREM 1.1. Let M be an s~-module over the directed po-ring
R. The following statements are equivalent.

(a) M is an f~module.

b)) If 2 and y arein M and r is in R*, then x Ay = 0 implies
xr ANy = 0.

(¢) Ewvery minimal prime subgroup is a submodule.

(d) Every polar of M is a submodule.

Proof. That (a) implies (b) and (c¢) implies (a) is trivial. That
(b) implies (c) follows from the fact that if N is a minimal prime
subgroup and x€ N, then the polar of # is not contained in N[14,
Theorem 6.5]. Finally, (c) and (d) are equivalent since each minimal
prime subgroup is the union of principal polars, and each polar is the
intersection of minimal prime subgroups.

The proof of (b) implies (c) is essentially the proof of the fact
that a polar preserving endomorphism preserves minimal prime sub-
groups [8].

If R is not directed, then Theorem 1.1 is false. In particular,
let R= D, be the two-by-two matrix ring over a totally ordered
division ring D. Then R is a po-ring if its positive cone is defined
by R+ = {(38); s, ye D). Let M= {(gg): a,be D} and M+ =

{(88) a, be D+}. Then (M, M') is an ~-module over R that satis-

fies (b), but neither (a), nor (c), nor (d).

If R is a po-ring, then S = R* — R* is the largest directed po-
subring of R. Thus, if M is an ~-module over R, then M is an
Sf-module over S if and only if M satisfies (b). For this reason and
for the sake of simplicity, unless specified otherwise, all po-rings will
be directed for the remainder of this paper.

It is known that an f-ring can be characterized as an /-ring
for which every subdirectly irreducible homomorphic image is totally
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ordered. An f-module can be characterized in an analogous manner.
For a non-empty subset S of the ~~module M, let Cr(S) be the
convex --submodule generated by S.

ProprosITION 1.2. Let M, be an ~module, and let ac M. Then
Cpla) ={xeM: |x|<n|a|+ |a|r for some re R* and some me Z}.

Proof. Let N be the set defined in the proposition. Since
a e N< Cy(a), we only have to verify that N is a convex <-submodule.
Ifx,ye N, then |z —y|=|z| +|y|=nlal+]a]|r)+(m|a]| + |als)=
(n +m)la|l + |a|(r + s). Therefore N is a subgroup, and hence it
is a convex <-subgroup. If xe N+ and » e R*, then a#re N, and it
follows that N is a convex s-submodule.

CoROLLARY 1.8, If M, is an f-module, then x Ay = 0 implies
Cr(x) N Cr(y) = 0.

Proof. If 0 < ae Cy(x)NCr(y), then a = (nx + xr) A (my + ys) =
0, since M is an f-module.

COROLLARY 1.4. An Zmodule M 1is an f-module if and only if
each of its subdirectly irreducible homomorphic images 1is totally
ordered.

Proof. Since a homomorphic image of an f~module is an f-module,
a subdirectly irreducible homomorphic image of an f-module is totally
ordered, by 1.3.

The converse follows from the fact that an ~-module is a sub-
direct product of its subdirectly irreducible homomorphic images.

It is sometimes convenient to work with unital modules, so we
will show that this can always be arranged. For a po-ring R let
R, be the po-ring obtained by freely adjoining an identity to R. Thus,
R, = R@ Z as a po-group with multiplication given by (r, n) (s, m) =
(rs + mr 4+ ns, nm). Then R, is a po-ring with a positive identity
element (0,1). If M is an ~s-module over R, then M becomes a
unital ~module over R, if we define a(r,n) = xr + nx for xe M
and (v, n) € R,.

An s-module M, is called a distributive s~module if for =, ye M
and re R*, (xVy)r = ar\Vyr. Thisis, of course, equivalent to say-
ing that multiplication by re R* is a lattice homomorphism of M.
Not every distributive ~~-module is an f-module. The following pro-
position is well known for --rings [4, p. 59].

ProposITION 1.5. If M, is a distributive s~module and if xe M
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and xR = 0 implies x = 0, then M is an f-module.

Proof. Suppose that xAy = 0 in M. Let a, bc R* and let ce R*
with ¢ = ab, b. Then 0 < (xa Ay) b = zab Ayb = x¢ Ayec = 0. There-
fore (xa Ay)R =0, so xa Ay = 0.

COROLLARY 1.6. The following statements are equivalent for the
/~module My.

(a) M s an f-module over R.

(b) M is a distributive s-module over R,.

(¢} M is an f-module over R,.

Proof. The equivalence of (b) and (c¢) follows from 1.5. That
(a) and (c) are equivalent follows from the fact that the R-submodules
and the R.-submodules of M are the same.

We mention next a special type of f-module that arises frequently.
Suppose that ¢: M— II,.; M; is a representation of the f-module M,
as a subdirect product of the family of totally ordered R-modules
{M;:ieI}. The representation is irredundant (and M is called an
rredundant f-module) if, for each ¢ € I, the map ¢;: M— Il,.;M; that
is induced by ¢ has nonzero kernel. Using [12, p.40] and Theorem
1.1 we immediately get

ProposiTION 1.7. The f-module M is an trredundant f-module if
and only if its Boolean algebra of polars is atomic. If this is the
case, them M 1is an trredundant subdirect product of the family of
totally ordered modules {M/N: N a maximal polar of M}, and this is
the unique (up to isomorphism) irredundant representation of M.

We close this section with a negative observation.

ProposiTiON 1.8. Let R be a (not necessarily directed) po-ring
with a set of positive matriz units {e;;: 1,5 = 1, -++, n} of degree n > 1.
If M is an f-module over R, them Me;; = 0 for all 1, 7.

Proof. Since M is a subdirect product of totally ordered R-
modules we may assume that M is itself totally ordered. If xe M,
then N = R/r(x) is isomorphic to «R as an R-module. (r(z)=
{reR: zr =0}.) Thus N can be made into a totally ordered R-
module.

Let w;; = e; + r(®) e N. Suppose x;;>0 for some 4, j. Then
Ty = e, >0 for all k=1, -+, n. Since ; — 2,20 or x;, —;, <0,
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—x; = (¥, — ;) >0 or —a&; = (x;, — «;,)(—e,) >0, which is a con-
tradiction. Similarly, z;; < 0 for some 4, j leads to a contradiction.
Therfore z;; = 0 for all 4, j; i.e., {e;;:¢,7=1, .-+, n} & r(®). Since z
was arbitrary we are done.

If R is a po-ring, then the =-by-n matrix ring over R, R,, be-
comes a po-ring if its positive cone is defined by R, = {(a;;): a;;€ R*
for all 7, j}. The module M; is said to be non-trivial if MR == 0.

CoROLLARY 1.9. If R 1is a (not necessarily directed) po-ring with
a positive identity element and n>1, then R, has nmo montrivial f-
modules.

If the matrix units are not positive, then 1.8 is false. For let

00
R=2, R+ = i(o ):aez+}, M= {(e, b):a,be Z},
a

and
M+t ={(a,b):b>00r b=0and ¢ = 0}.
Then M is a totally ordered R-module.

2. Finitely-valued f-modules. In this section we obtain all of
the local structure theory for f-modules that Conrad [6] has obtained
for ~-groups. In addition, it will be seen that there is a strong
interaction between the s-group and f-module structures of an f-
module. Many of the arguments used in this section are modelled
after those used by Conrad for the ~s-group case.

The f-module M, is a lexicographic extension of its convex --
submodule N if N is a prime submodule of M, and g ¢ M*\N implies
g>N [5]. We write M = lex N. The convex ~~submodule N of M
is called a lower submodule if there is an xe M such that N is a
maximal element in the set of convex ~s-submodules not containing
2. N is then called an R-value of x. It is clear that N is a lower
submodule if and only if it is covered by some convex ~s-submodule
K; i.e., K is the smallest convex ~s-submodule of M properly con-
taining N. Also, K= N + Ci(x) for any e K\N, and N is an R-
value of xe M if and only if xe K\N.

If N is a lower submodule covered by K, then K/N is an -
simple f-module; i.e., K/N has exactly two convex /-submodules.
It is well kown that an ~-simple ~group is isomorphic to an -
subgroup of the reals (see [18, p.II 41] or [10, p. 74]). No such nice
characterization of an s-simple f-module is available, in general. If
R is a commutative totally ordered integral domain with an identity
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element, Viswanathan [17] has given necessary and sufficient condi-
tions for an --simple totally ordered R-module to be isomorphic to
an s~submodule of the completion of the quotient field of R.

A po-set is said to be rooted if the set of all elements which
exceed a given element is totally ordered. A maximal totally ordered
subset of a rooted po-set is called a root. By the trunk of a rooted
po-set we shall mean the intersection of its roots.

Since a prime submodule is a prime subgroup, the po-set I, of
lower submodules of an f-module is rooted. I, will be called the R-
value set of M. Let M,(R) be the intersection of all of the elements
of the trunk of I'p,. For I', and M(Z) we will write I" and M,
respectively. Weinberg [18, p. II 74] has shown that M = lex M, and
that M, is trunkless for any --group M.

Another description of M, has been given by Conrad [6]. An
element ¢ > 0 of the f-module M is called a nonunit if its polar
gt 0. Let N, be the subgroup of M generated by the set of non-
units of M. Then M is a lexicogaphic extension of a convex /-sub-
group K if and only if K2 N,; and N, is the smallest convex
<s-subgroup that is comparable with every convex s-subgroup of
M (smallest is to be understood as smallest nonzero if N, = 0).
Since M, also has these properties, M, = N,. It can be shown that
M is a lexicographic extension of a convex <-submodule K if and
only if K2 M,(R). Since N, is a submodule of M, M, = M,(R). We
collect this information in the following theorem.

THEOREM 2.1. If M is an f-module over the po-ring R, then
M(R) = M,= N,. If K ts a convex s-submodule of M, then M =
lex K if and only of K2 M,. If K is a nonzero convex -subgroup
of M, then M = lex K if and only if K is comparable with every
convex s-submodule of M.

THEOREM 2.2. Let g be a nonzero element of the f~module M over
the directed po-ring R. If N is a value of g, then the largest convex
s~-submodule of M contained in N is an R-value of g. This induces
a natural one-to-one correspondence between the value set of g and
the R-value set of g.

Proof. Let N, be an R-value of g. Since g¢ N, and N, is a
prime submodule, ¢ has a unique value N containing N,. Therefore,
the correspondence N,— N is a well-defined mapping from the R-
value set of ¢ into its value set. Clearly N, is the largest convex
z-submodule of M contained in N, since N, is an R-value of g. Thus
the mapping N,— N is one-to-one.
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Now suppose that N is a value of g. Then N is a prime sub-
group, and hence contains a minimal prime subgroup (the intersection
of a maximal chain of prime subgroups contained in N). By Theorem
1.1 every minimal prime subgroup is a submodule, and hence N,, the
largest convex s~submodule of M contained in N, is prime. If K
is any convex ~~submodule of M properly containing N,, then K pro-
perly contains N. For K and N are comparable, be primeness of N,
and K £ N, by maximality of N,. Thus ge K, and N, is an R-value
of g¢.

Notice that, in general, there is no one-to-one correspondence
between I" and I',. For let R be an ~-simple nonarchimedean f-
ring, and let M, = R;. Then I'; = {0}, whereas I" can be infinite.

We next show that, just as for ~-groups [6], there is a one-to-
one correspondence between the R-values of ¢ in M and the maximal
convex s-submodules of Cy(g).

THEOREM 2.3. For 0« ge M the map . A— AN Crlg) is a one-
to-one correspondence between the set of R-values of g in M and the
set of maximal convex /~-submodules of Cp(g). If N is a maximal convex
s-submodule of Cgz(g), then

o (N)={xeM: |xr|A]lg|e N for all re R,}.

Proof. First note that N is a maximal convex s-submodule of
Cx(g) if and only if N is an R-value of g in Cgz(g). Let {K, ac A}
be the value set of g in M, and let {L,: « e A} be the R-value set of
g in M (where, of course, L, is the largest convex ~s-submodule of
M contained in K,). Now we have the theorem when R = Z [6,
Theorem 3.5]. Thus, {K, N C(9): a«e A} is the set of maximal convex
s-subgroups of C(g), and K, ={xe M:|xz|A]gle K, N C(g)}. Again,
using this theorem with M = Cx(g), {K,: o€ A} is the set of values of
g in Cxilg), where K,={reCy9):|z|AlgleK.NC(g9)}  Thus,
{K.N Cx(g): «e A} is the set of values of g in Cgi(g). Clearly,
L.NCxyg) is the largest convex ~s-submodule of C.(g) contained in
K, N Cx(g), and so o is one-to-one and onto by 2.2.

Finally, L, ={xeM:|xr|A|g|eL,N Cxlg) for all re R,} is a
convex s-submodule of M since R is directed. Since 1€ R,, L,=K,.
But if ze L, and re R,, then [ar|Algle L, N Cx(g). Thus L, =& L,
so L, = L, by maximality of L,.

A nonzero element ¢ of M is called R-special (special) if it has
exactly one R-value (value) in M. Theorem 2.2 says that ¢ is R-
special exactly when it is special. If Ne I'y(Ne ') is the unique R-
value (value) of g in M, then N is called R-special (special) also.
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The nonzero element ¢ is called basic if C,(g) is totally ordered. Note
that ¢ is basic in M, exactly when g is basic in M,.

THEOREM 2.4. Let g be a monzero element of the f-module M.
The following statements are equivalent.

(a) g is R-special in M.

(b) g s R-special in Cg(9).

(c) Cx(9) is a lexicographic extension of a proper conver -sub-
module.

(d) g s special in M.

(e) g s special in C(g).

() g s special in Cg(g).

(9) Cl(g) is a lexicographic extension of a proper convex /-sub-
group.

If this is the case and if K (respectively N) is the unique R-value
of g in M (respectively C,(g)), then N = KN Cxz(g), Cz(g9) = lex N,
and K= N®@g-*.

Proof. The equivalence of (a) and (b) comes from 2.3. In [6]
Conrad has proven that (d), (e), and (g) are equivalent, and thus that
(e) and (f) are equivalent. The equivalence of (a) and (d) follows from
2.2.

If (b) is true, then Ci(¢9) has a unique maximal convex ~-sub-
module N. Hence Cr(9) =lex N, since N is comparable to every convex
s-submodule of Cx(g). Thus (b) implies (¢). Conversely, if Cx(g) =lex I,
then I is comparable to every convex s-submodule of C,(g9), and hence
Cr(9) has only one maximal convex s-submodule.

Finally, Conrad has proven [5, Lemma 6.1] that if B is a convex
s~subgroup of M which is a lexicographic extension of a proper
convex <-subgroup, then (B B*)* = {xe M*: x does not exceed
every element of B}. Since M is an f-module, Cr(9)* = g*. Thus,
(Cr(9) B g")" = {xre M*: 2 does not exceed every element of Ci(g)}.
Hence K= Cr(9) Pg*. But g+ & K, so, by the modularity of the
lattice of convex s-submodules, K = (K N Cx(g)) Pg* = NP g*.

COROLLARY 2.5. Let g be a special element of the f-module M,
and let N be the unique value of g in Cg(9). Then N 1is the largest
convex <-subgroup of C(g). Thus g has the same value in C(g) as
it has in Cx(9).

Proof. By 2.4 NNC(g) is the largest convex <-subgroup of
C(9), and N=[NNC(@]DIlg* N Cr(g)]l. But g*- N Cr(g) = 0 since M
is an f-module, so N = NN C(g).
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COROLLARY 2.6. Suppose that g is special in M. Let K and N
be the values of g in M and Cx(g), respectively, and let K, and N,
be the R-values of g in M and Cylg), respectively. Then K/K, and
NJ/N, are isomorphic s-groups, and K/N and K,/N, are isomorphic
Z-gTOUPSs.

Proof. K= N@g* and K, = N, P g* by 2.5 and 2.4.

COROLLARY 2.7. If g 1is special but C(g) is not totally ordered,
then C(9) contains a nonzero convex s-submodule of M.

Proof. If N is the value of g in Cr(¢9) and N, is the R-value of
g in Cyz(g), then N, &€ N< C(g) by 2.5. Since N, is prime in Ci(g)
and thus in C(g), N, = 0.

COROLLARY 2.8. If g 4s special and N (respectively N)) is the
value (respectively R-value) of g in Cr(g), then Cr(g) = lex N, Cplg)=
lex C(g), and C(g) = lex N..

Proof. N, = N E C(g) € Crly) by 2.5, and Cp(g) = lex N,. So
Cr(g) = lex N and C(g) = lex N..

If ¢ is special, then C(¢)/N is isomorphic to an ~s-subgroup of
the reals. In general, Cr(9)/N, and Cr(g)/C(g) could be large. For
instance, let R be an s-simple f-ring, M = R, and 0= ge M. Then
N, =0, Cuylg) =M, and so Cr(g9)/N,= M, Cr(9)/C(9) = M/C(g). In
particular, if R = Q[x] is ordered lexicographically with the highest
term dominating, then R is s-simple. If

0£g=a+ar+ - + aa"

with «, = 0, then C(9) = C(x*). Thus, Cx(9)/C(9) = R/C(x") = M as
an /-group.

The following result follows from Theorem 2.2 and from the
known case R = Z ([6, Theorem 3.7] and [7, p. 90]) (for a special case
of the definition of lex-sum, see below; for the general definition see

[7, p. 95]).

THEOREM 2.9. A mnonzero element g of the f-module M has only
a finite number of R-values if and only if it s the finite sum of
pairwise disjoint R-special elements. If K,, +++, K, are the R-values
of g in M, then g=g,+ --- + g, where g; ts special with R-value
K, and |g;|A|g;| =0 for ¢ = j. This decomposition of g into dis-
joint special elements is unique. Finally,

Cr(9) = Cr(9) @ -+ D Crl9n) »
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and g+ is the lex-sum of gtt, +++, git.

Note that if g has only a finite number of R-values but is not
R-special, then the values of ¢ in C(g) and in Cy(g) need not be the
same. Thus, 2.5 does not generalize. Theorem 2.9 implies that if ¢
has only a finite number of R-values, then each R-value of g is
special. Just as for ~-groups, the converse of this statement is
true.

THEOREM 2.10. A nonzero element g of the f~-module M has only
a finite number of R-values if and only if each R-value of ¢ s R-
special.

Proof. For a family {K,: ac A} of convex ~-submodules of M
let Va{K,} = {x e M: each R-value of x is a submodule of K, for some
aec A} U{0}. Then V,{K, is a convex <-submodule of M. Also,
KeI'y is R-special if and only if V,(K) £ K. For if K is the unique
R-value of z, then clearly x ¢ V,(K)\K. Conversely, if ze Vo(K)\K,
then z has an R-value containing K, which must be K, since every
R-value of z is contained in XK. Thus, K is the only R-value of z.

Now suppose that each element of I',(g)={K,: a € A} is R-special.
Let L = 3., Va(K,). If ge¢ L, then g has an R-value containing L,
ie., L& K, for some acA. Thus V,(K, < K,, which contradicts
the hypothesis that K, is R-special. So ge L, and

ge VR(KaI) + e VR(Kan) & VR(Kalr ) Kan) .

Thus, every R-value of g is contained in one of the K., so K,, -+, K.,
are the only R-values of g.

Following Conrad [6], we say that a lattice L is generated by its
set of meet irreducible elements S if every element of L is the great-
est lower bound of a dual ideal of S. L is freely generated by S if
every element of L is the greatest lower bound of a unique dual
ideal of S. Conrad has shown that the lattice of convex <-sub-
groups of an ~s-group M is freely generated by I" if and only if M
is finitely-valued, i.e., each element of I has at most a finite number
of values. It is, of couse, no surprise that this result holds for f-
modules.

A lattice L is completely distributive if the following equation
and its dual hold in L, provided the indicated joins and meets exist:

AieIVjeinj = V¢eﬂ Niei®igy «

THEOREM 2.11. For an f-module M with lattice of convex <-
submodules ¥ (My) the following statements are equivalent.
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(@) Iy freely generates &7 (My).

@) I freely generates & (M,).

(b) A (My) is completely distributive.

by 7 (M,) is completely distributive.

(¢) (BV (A4 = A(BV A,) for every subset {A., B} of I'.

(€) BV (ALA) = AABV A,) for every subset {A,, B} of I.

(d) Each element of 'y is special.

(d) Each element of I' is special.

(e) FKach element of M has at most a finite number of R-values.

(") Each element of M has at most a finite number of values.

(f) Each element of M has a unique representation as the sum
of a finite number of pairwise disjoint R-special elements.

(") The same as (f) with R replaced by Z.

Proof. The equivalence of (a), (b), and (c), and that of (a’), (b'),
(¢, (@), (¢), and (f’) is proven in [6]. The equivalence of (d), (e),
and (f) follows from 2.10 and 2.9. Theorem 2.2 implies that (e) and
(e') are equivalent. Since &7(M;) is a complete sublattice of .2~(M,),
(b") implies (b).

Now suppose that (a) is true and let Ke I';,. Then 4, = {Ne 'y
NZ K} and 4, = 4, U {K} are distinet dual ideals of I'p. IfN{N:
Nedt S K, thenN{N: Ne4,} = N{N: N e 4,}, contradicting (a). Thus
there exists ge N {N: Ne 4 }\K. Let L be an R-value of g containing K.
If L= K, then Le4, and ge L. Thus L= K. If P is any other R-
value of g, then Pe 4,, so ge P. Thus K is R-special, and (a) implies (d).

The concept of finitely-valued is strongly related to that of direct
sum.

THEOREM 2.12. The f-module M, is a direct sum of totally order-
ed R-modules if and only if it is finitely-valued and each special ele-
ment is basic.

Proof. Suppose that M is finitely-valued and each special element
is basic. If g is a basic element, then g¢g'* is totally ordered ([7,
p. 88] or [1, Lemma 1]). Thus M is the sum of its totally ordered
convex s-submodules. Since two totally ordered convex /-submodules
are disjoint or comparable [7, 3.1], M is the direct sum of totally
ordered R-modules.

The converse is trivial.

The following theorem shows that finitely-rooted f-modules can
be built up from a finite family of totally ordered modules by means
of direct sums and lexicographic extensions. When R = Z and when
the lattice of convex ~-subgroups of M has finite length the theorem is
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due to Birkhoff. It has been generalized to non-abelian ~-groups
(without the assumption of finite length) by Conrad. Our proof is
modelled after a proof that Weinberg [18, p. II1 75] has given for the
non-abelian case.

Observe that the jf-module M, has at most a finite number of
roots exactly when M, has at most a finite number of roots. More
generally, there is a one-to-one correspondence between the roots of
I and the roots of I',. For there is a one-to-one correspondence
between the roots of I', and the minimal prime submodules of M,
given by M,—N{C:Ce M,}. Since each minimal prime subgroup
of M is a submodule (1.1), the above correspondence establishes a
bijection between the roots of I" and those of ;.

An f-module M, is a lexicosum of the family of totally ordered
R-modules {M,: ac A} if it is in the smallest class & of f-modules
containing {M,: a e A} and satisfying

(1) If A Be &~ then A@ Be .

(2) If K=1lex L, where L and K/L¢c &, then Ke &

LEMMA 2.13. (Weinberg). Let I' be a rooted po-set with only a
finite number of roots. If the trunk of I" is empty, then I' is the
cardinal sum of two nonempty subsets.

THEOREM 2.14. Let M be an f-module over the directed po-ring
R, and suppose that I'y has only a finite number of roots. Then M
s a lexicosum of a finite number of totally ordered modules, and only
a finite number of extensions are needed to get to M.

Proof. Suppose that I', has n roots. If » =1, then M is total-
ly ordered. Suppose that n >1 and the theorem is true for M with
less than % roots. If the trunk of /I, is empty, then I is the car-
dinal sum of non-empty subsets 4 and B, by 2.13. Let M, = N {C,:
ae A}, M,=n{Cs: BeB}). Then M, + M, = N.Cr+ N:Cs = NN
C.+ Cy), by 211. If C,+ C; & M, then C,+ C;, & D for some
Del,=A\UB. This clearly cannot happen, so M =C, + Cs;. Thus
M= M & M, Since I',(M) is the cardinal sum of I'z(M,) and
I'y(M,), I'y(M,) and I"z(M,) each has less than = roots. So we are done,
by induction.

If the trunk of I, is not empty, then M = lex M, and M, is
trunkless by 2.1. Since every minimal prime submodule of M is
contained in M,, M, has n roots, also. Thus the previous case applies
to M,.

3. Applications to f-rings. An f-ring is a lattice-ordered ring
S such that S; and ;S are both f-modules. (If Sg is an f-module,
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then ¢S need not be an f-module.) This two-sided condition may be
reduced to a one-sided one. For e S let L, be the map defined by
(s)L, = as, and let T, be the map defined by (s)7, = sa. Then the
subring B of Hom,(S, S) generated by the set {T,, L,:acS} is a
directed po-ring if its positive cone is defined by

R*={feR:S*f < S+}.

Now S is an f-ring if and only if S, is an f-module. The convex
s-submodules of S, are, of course, the s-ideals of S. All of the pre-
ceding theory now applies to S;.

Using Theorem 2.12 and Proposition 1.7 we can obtain general-
izations of the results in [1]. In that paper Anderson studied f-rings
S that satisfy the ascending chain condition for polars. Since Polar
(S) is a Boolean algebra, this condition is equivalent to Polar (S)
being finite, which is a special case of Polar (S) being atomic. In
particular, we have that the f-ring S is an irredundant subdirect
product of totally ordered rings exactly when Polar (S) is atomie.
If S is semiprime, then it is an irredundant subdirect product of
totally ordered domains exactly when Polar (S) is atomic. (This
also follows from [13, Theorem 8.2].) Also, a finitely-valued semi-
prime f-ring is a direct sum of totally ordered domains if and
only if each special element is basic. An example due to Anderson
[1, p. 718] shows that a semiprime finitely-rooted f-ring need not have
this latter property.

A more interesting situation arises if we assume that S is
Johnson semisimple, i.e., that J(S), the intersection of the regular
maximal ~-ideals of S, is zero (see [13] for the theory of the Johnson
radical for f-rings). The following theorem, and also Proposition 3.3,
have analogues in the theory of archimedean ~s-groups.

THEOREM 3.1. The following statements are equivalent for an f-
ring S.

(a) S 1is isomorphic to an f-subring of a direct product of a
Jamily of s-simple unital f-rings that contains their direct sum.

(b) S is Johnson semisimple and its Boolean algebra of polars
s atomic.

Proof. Suppose that (b) holds, and let {P,: a € A} be the set of
maximal polars of S. By 1.7N{P,. aec A} =0. By [1, Lemma 6],
S=P,HP; and P; is an ~~simple unital f-ring. We have the
isomorphism ¢: S — [[...P+ which is induced by the projections
Dot S — P, Clearly, >.,.. D P < ¢(S). Thus (b) implies (a).

That (a) implies (b) follows from 1.7 and from the fact that the
Johnson radical is a radical.
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Note that in an f-ring satisfying the conditions of 3.1 a regular
maximal ~~ideal need not be a polar. For an example, let R, be an
/-simple unital f-ring for each « in the infinite set A. Then
Siees P R, is a regular maximal ~-ideal of the f-ring

PR+ QLS ]I R,

ae A

but it is not a polar.

LEMMA 3.2. If S is a unitable f-ring and e is an idempotent of
S, then Se and S(1 — e) are s~ideals of S.

Proof. Since e is central [11, 2.1], Se is an ideal. Since (re)* =
r*e, Se is a sublattice. Suppose that 0 < z < re, and let ¢(S) be a
totally ordered image of S. Then [11, 2.1] ¢(e) = 0 or 1, so ¢(x) =
#(x)p(e). Thus x = xee Se, and Se is an s-ideal. Since S(1-—e) is
the annihilator of e, it is an ~~ideal, also.

ProposiTiON 3.3. If J(S) = 0, then every special element of S is
basic.

Proof. Let ge S be special. Then, by 2.4, C,(9) = lex N, where
N is the maximal ~-ideal of S contained in C,(g). If K is a regular
maximal «-ideal of Cj(g), then K is an s-ideal of S, since C,(g)/K is
semiprime [9, Lemma 61]. Thus K = N, and J(Cp(g)) = N. But
J(Cr(9)) = Cr(g) N J(S) = 0 [13, Theorem 4.16]. Thus N = 0, and ¢
is basic.

COROLLARY 3.4. If J(S) =0 and g is special in S, then there is
an idempotent ec S such that Crp(g) = Se. Also, Se is an s-simple f-
ring.

Proof. By 3.3 Cr(g) is a totally ordered Johnson semisimple f-
ring, hence a unital ~~simple f-ring. Let e be the identity of Cx(g).
Since S is unitable [13, Theorem 3.6], Se is an s-ideal. Thus Se =

Cr(9)-
The following corollary follows immediately from 2.12 and 3.3.

COROLLARY 3.5. Amn f-ring s the direct sum of unital s-simple
S-rings of and only if it ts finitely-valued and Johnson semisimple.
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