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Let H be a self-adjoint operator with spectral measure
E(S) over the Borel sets S of the real line. The spectrum
of H is said to be strongly concentrated on S if whenever
H, converges strongly to H in the generalized sense it is
true that E,(S) converges strongly to the identity. Sufficient
conditions on H are given for this to occur for a given arbi-
trary Borel set S and necessary and sufficient conditions when
S is the spectrum of H. In addition several more workable
sufficient conditions are cited and a few examples illustrating
the results are given.

Many authors have studied the changes in the spectra of a se-
quence of self-adjoint operators H, as it converges strongly in some
sense to a self-adjoint operator—e.g., [2], [3], [5], [6], |7, pp. 471-
477), [8], [11]. It is known that while as point sets the spectra of
H, do not necessarily converge to the spectrum of H, nevertheless
in some sense the spectra of H, are concentrated on that of H.
This spectral concentration phenomenon is described through the
spectral measures E,, E of the operators involved. In particular since
E(2Y) is the identity when X is the spectrum of H it is reasonable to
say that the spectrum of the sequence H, is concentrated on XY if
E.(2) converges to the identity as n— co. Our main results concern
necessary and sufficient conditions for this to occur for an arbitrary
sequence H, converging strongly to a fixed operator H. We make
extensive use of the properties of the spectral measure FE(S) over
the Borel sets S of the real line for which a general reference is [4]
§§ X. 2 and XII. 2.

1. Preliminaries. Throughout this paper the following notation
will be adhered to. H will denote a self-adjoint operator over a
Hilbert space H. Its domain will be denoted by D(H) and its spec-
trum by ¥ (which is always a closed subset of the real line B). The
resolution of the identity of H will be denoted by E(\), —oo <\ < oo,
and the associated projection-valued spectral measure by E(S) over
all Borel subsets S of R. By convention we take E(\) to be right
continuous, i.e., E(A + 0) = E(\). For a sequence of self-adjoint oper-
ators H,, n =1,2, --+, over H the quantities D(H,), 2,, E,(\), and
E,(S) are defined accordingly.

According to a definition of Rellich (cf. [9] or [7, p. 429]) we
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say that the sequence of self-adjoint operators H, coverges strongly
to H in the generalized sense (denoted Hn-;H in the generalized
sense) if there exists a dense linear manifold D in H such that the
following conditions are satisfied:

(i) D< D(H,) for all n sufficiently large

(ii) the closure of H restricted to D is again H

(iii) lim H,u = Huw for all we D.

n-rco

If the operators H, and H are all bounded the above definition reduces
to ordinary strong convergence which we denote simply H,,—;H.

The following theorem of Rellich (ef. [9] or [7, p. 432]) will be
basic to our analysis:

THEOREM 1.1. Let the sequence of self adjoint operators H, con-
verge stromgly in the generalized semse to the self-adjoint operator H.
Then if N 1s not an eigenvalue of H we have

() — E(\)

and

E.x—0 - EQ) .

Next we give the definition of a spectral concentration phe-
nomenon suggested by Titchmarsh (ef. [11], [12, p. 261]) and later
refined by Conley and Rejto (cf. [2], [3]).

DEeFINITION 1.2'. The spectrum of H, is asymptotically concen-
trated on the Borel set S if E,(S) ~ I.

Asymptotic concentration is thus a property of a sequence H,
(and a subset S). We now introduce the definition of a concentration
phenomenon associated with a single self-adjoint operator H.

DEFINITION 1.3. The spectrum of H is strongly concentrated on
the Borel set S if whenever Hn?H in the generalized sense it is
true that £,(S)— I.

Hence if the spectrum of H is strongly concentrated on S then
the spectrum of any sequence H, which converges strongly to H in
the generalized sense is asympotically concentrated on S.

The following lemma states, as we would expect, that if the

L Actually asymptotic concentration is defined more generally to allow the subset S
to depend on n. We then say the spectrum of H, is asymptotically concentrated on
the sets S, if Ew(Sn) > 1. We shall not need this generalization however.



STRONG CONCENTRATION OF THE SPECTRA OF SELF-ADJOINT OPERATORS 239

spectrum of an operator is strongly concentrated on a set it is also
strongly concentrated on any larger set. The proof follows easily
from the fact that if S< S’ then E(S) < E(S').

LevMMA 1.4. If the spectrum of H 1is strongly concentrated on S
and if S S’ then the spectrum of H s strongly concentrated on S’.

2. Main results. Our main interest will be to see how small
we may make the set S. To this end the following theorem (cf. [7,
p. 472]), reworded using our terminology, is of interest:

THEOREM 2.1. Let S be an open set which contains the spectrum
2 of H. Then the spectrum of H is strongly concentrated on S.

We shall next strengthen this theorem to the case where S is
not necessarily open. Let int S denote the interior of the set S and
let 0S denote its boundary. Then

THEOREM 2.2. Let S be a Borel set which contains the spectrum 3
of H. Then if E(0S) =0 the spectrum of H tis strongly concentrated
on int S.

Proof. We have
2= S<(intS)yoS and (intS)NoS= o
hence
E(X) < E(S) < E(int S) + E(@©S) .

But E(X) =1 and E(@S) = 0. Hence FE(int S) = L.
Since int S is an open subset of R it may be expressed as a
countable union of disjoint open intervals, say

int S = l:lI,, where I, = (a, By) «
k=1

Since the spectral measure is strongly countably additive we there-
fore have

(1) SVE@) = 1.

Furthermore none of the endpoints of the intervals («,, 8,) can be
eigenvalues of H, for the endpoints belong to ¢S and E(©S) =0
while for eigenvalues A, we have E({)\,}) = 0. Since (1) is in the sense
of strong convergence of the sum, given any ue H and any ¢ > 0
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there exists a K such that

|- £ E@)u|<ep2.

Now let H, be any sequence which converges strongly to H in the
generalized sense. Then by Theorem 1.1 we have

E.(8. — 0) - E(B) as N —
and

E, () - E(ay) as n—— oo ,

For the above value of K we may therefore find a value N such that
for n = N

I (En(Br — 0) — E(B)u |l < e/4K
1 (Eu(Br — 0) — Ela))ul|l < e/4K

for k=1,2,.--, K.
By definition of the spectral measure we have
E(I,) = E(B) — E(a)  (since E(B, — 0) = E(B4))
and
E.(I,) = E.(B: — 0) — E. () -
Hence by successive use of the triangle inequality we have for n = N
K K
(- & mam)] s (c- S
k=1 k=1
K K K
(2)  +|SE@u - S Bl <oz + S (B@) — Eu(s— 0l

+ gil (Bu(a) — BEla))u || < ¢/2 +kz:e/4K+ég/4K: c.

Now for all K we have

C
=~
N
C:s

Ik = intS

£
1l
-
-~
Il
-

hence

S E.(I) < B,(int S)

and so
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I— E(int8) < I— S E(L) .
k=1

Therefore from (2) above we have for n = N
| (I — E,(int S))ul|l < e
which implies that E,(int S) - L.

Notice that Theorem 2.2 is indeed a generalization of Theorem
2.1 for if S is open then int S = S and if ¥ & S then oS must lie in
the resolvent set of H, hence E(9S) = 0.

This theorem suggests that under .certain conditions we may
expect the spectrum of H to be strongly concentrated on itself, by
which we mean

DEFINITION 2.3. The spectrum X of H is strongly concentrated
on itself if whenever Hn—s-»H in the generalized sense it is true that

E,(3)— I

The condition suggested by Theorem 2.2 will be shown also to
be necessary in the following

THEOREM 2.4. The spectrum X of H s strongly concentrated omn
itself if and only if E(02) = 0.

Proof. First assume that E(02X) = 0. Then from Theorem 2.2
with S = 2 we have that the spectrum of H is strongly concentrated
on int ¥ hence on itself.

To prove the converse we must show that if FE(02) = 0 then
there exists a sequence H, which converges strongly to H in the
generalized sense for which F,(Y) does not converge strongly to the
identity. To construct this sequence we will need the following sub-
spaces

H, = E(0Y)H and H, = E(int 2)H .

Since Y =int Y UoY and int X NodY = @ the closed subspaces H,
and H, are orthogonal and span the whole space H. Furthermore
they each reduce the operator H. Let us denote the part of H re-
stricted to H, by H, and the part of H restricted to H; by H;. Let
Y, and 3, be their corresponding spectra. Then we have 3 = J,U 2%,
Y, < 0X, and ¥, = int X where int 2 is the closure of the set int 3.

We may now define the sequence H, in each of the subspaces H,
and H;. We set
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H, = Hu for we H, N D(H)

and

o

Hy v = Nen B (L pn)u for ue H; N D(H) .
k ©o

H;, is an approximation to the representation H = SxdE(x) re-

stricted to H,, which converges strongly to H, in the generalized
sense as n— co. For each fixed n the intervals I,,, k=0, £1, -+,
are to be a subdivision of the real line chosen so that the end points
do not fall on Y. The length of the largest interval is to approach
zero as n — co. FEach interval I,, which contains a point of 0% also
contains points not belonging to 2, from which we choose A\;,. In
the intervals which do not contain points of 05 we have that E(I,,)u =
0 for we Hy; N D(H), hence the choice of \,, is immaterial. The
spectrum of H,, for each fixed n consists of those \;,, k=0, +1, ---,
for which 02 N I,, #= @, and so is disjoint from 2.
Finally let

Hn = Hl,n@—HE,n .

Then H,, — H in the generalized sense since H, ,u — H,u and H; ,v —
Hyv for all we H, N D(H) and all ve H, N D(H). To show that E,(2)
does not converge strongly to the identity, let v be any nonzero ele-
ment of H,. Then

En(Z)/U = EB,’IL(Z)/U M

But the spectrum of H;, is disjoint from 2%, hence E;,.(2) = 0.
Therefore E,(2)v = 0 and so E,(2)v does not converge to v.

Actually this theorem also shows the spectrum of H to be strongly
concentrated on a slightly smaller set, as follows.

COROLLARY 2.5. The spectrum 2 of H is concentrated on itself
if and only if it is concentrated on int 2.

Proof. The “if” part follows from Lemma 1.4. Conversely if
the spectrum of H is concentrated on itself then E(6Y) = 0 and hence
from Theorem 2.2 with S = Y it is concentrated on int Y.

The condition E(0%) =0 requires that no eigenvalues of H lie on
0% (in particular H may have no isolated eigenvalues). However
more is required. To give sufficient conditions for E(02) = 0 let us
denote by H,, the set of all we H for which (E(\)u, u) is absolutely
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continuous in . It is known (cf. [7, p. 516]) that H,, is a closed
subspace of H which reduces H. Let us further denote by m(S) the
Lebesgue measure of the set S. Then we have

THEOREM 2.6. If m(33) = 0 and Hy < H,, then E@®Z) = 0.

Proof. If we H, then E(int 2)u = u. Hence
E(03)u = E(0X)E(int Z)u = 0 since 02 Nint T = @ .

And if we H, then u e H,, and since then (E(\)u, u) is absolutely
continuous we have

I BOI | = (O3, u) = | dEM, u) =0

as m(@2) = 0.
As H, and H, span H we have E(02)u = 0 for all we H.

The orthogonal complement of H,; is denoted by Hj and is identi-
cal to the set of all u e H for which (E(\)u, ») is a singular function
of . The spectrum of H restricted to H,, or H; is called, respec-
tively, the absolutely continuous spectrum and the singular spectrum
of H (denoted ¥,, and X¥). The condition H, & H,; in Theorem 2.6
implies, but is not implied by, the condition 0¥ = 3,,. The following
corollary gives sufficient conditions for E(0Y) = 0 in terms of the singu-
lar spectrum.

COROLLARY 2.7. If m(3%) = 0 and 83 N 3 = @ then E(33) = 0.

Proof. If XN 3= @ then E(GX)E(Y,) =0 and hence E(G3)H
and E(X)H are orthogonal subspaces. Now H, = E(03)H and H; =
E(X )H since H; reduces H, consequently H, and H; are orthogonal.
But since H,, is the orthogonal complement of Hg it follows that
H, < H,, and so the conditions of Theorem 2.6 are satisfied.

A weaker but somewhat more useful sufficient condition is the
following:

THEOREM 2.8. Let 03 be countable and not contain any eigen-
values of H. Then E(02%) = 0.

Proof. Let 63 = Uz~ {\i). Then

B@3) = S B = 35 (B0w) — By — 0)) = 0
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since E(\) is continuous at any point A\ not an eigenvalue of H.

3. Examples and applications. Our first example will be to
show that the condition m(62) = 0 in theorem 2.6 is essential. Let
{ro}m=1,2 +++, be an enumeration of the rational numbers in the
closed interval [0,1]. Let ¢ be any positive number less than 1 and
let

0,={re(0,1)]|z—r]<e2
and

Then ¢, is an open set with Lebesgue measure less than or equal to
¢/2, and @ is open with

(@ < S, m0,) < Se2=c.
If we set
P=([0,1] — @ U {0} U {1}

then P is a closed nowhere dense subset of the unit interval con-
sisting entirely of irrational numbers (plus the endpoints 0 and 1).
Furthermore m(P) = 1 — ¢. We define a Borel measure ¢ on R by

o(S) = m(SN P)
with associated generating function
o(x) = o((—c=, 0)) .

Our Hilbert space H will be L:(R), consisting of all o-measurable
functions f(x) on R for which

|I#@) Fdota) < o .
The multiplication operator

(Hf (@) = af(2)

is then self-adjoint on H with spectrum X = P (cf. [1, pp. 103-106]).
But P is closed and nowhere dense, hence 0P = 02 = 3. Hence
E(©%) = E(X) = I and so the spectrum of H cannot be concentrated
on itself. Furthermore since o is a restriction of Lebesgue measure
it is absolutely continuous, hence H,, = H, = H.
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Our second example will be to show that the condition Hy,= H,,
is also essential in Theorem 2.6. Let ¢(x) be the Cantor Ternary
function (cf. [10, p. 39]) on the unit interval and let ¢(S) be the
associated Cantor measure on R. Our Hilbert space will be LXR)
and H will again be multiplication by the independent variable. c¢(x) is
a continuous non-absolutely continuous function whose only points of
increase are on the Cantor set C. Hence ¥ = C. But C is closed
and nowhere dense so that 6C = 02 = 3. Therefore E(0Y) = E(X) =
I and so the spectrum of H cannot be strongly concentrated on it-
self. And since the Cantor set has Lebesgue measure zero we have
m(X) = 0. The theorem fails, of course, since H has no absolutely
continuous spectrum and H, = H.

Our final example will be a positive one of interest in itself.
Let H = L*(R) and let H be the Schroedinger operator

(Hf)(2) = — ij + g@)f

acting on the class of functions f(x) with absolutely continuous first
derivatives for which Hf e H. Here g(x) is a continuous real-valued
periodic function. H is the Hamiltonian operator of a one-dimensional
quantum mechanical particle moving in a periodic potential (a erystal
for example). It is known (cf. [12, Chapter XXI]) that H is self-
adjoint with a purely continuous spectrum consisting of a sequence
of closed intervals bounded below, extending to -+, and separated
by a finite or infinite number of gaps (these are the so-called energy
bands of solid state physics). Since the conditions of Theorem 2.8
are satisfied the spectrum of H is strongly concentrated on itself.
Let us consider the following sequence of operators:

2
(Ho @) = — T+ g,@)f
X
where
= 7 fo a1 S
9l = 0 for || >mn.

The operators H, are self-adjoint over the same domain as H and
they converge strongly to H in the generalized sense since for
feD(H) = D(H,) we have

\HF - HAP =

Wnlg(fv) Flr@) Fde—0as n—> oo

The operator H, is the Hamiltonian operator of a particle moving in
a crystal of finite extent. Its spectrum, since g.(x) is continuous
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with compact support, consists of a continuous portion [0, o) and
at most a finite number of negative eigenvalues with finite multiplicity.

The quantity || E(S)f|? in quantum mechanics represents the
probability of measuring the value of the energy of the particle in
the state f within the subset S. While for a finite crystal the
energy may assume any value from 0 to + o, for an infinite crystal
the energy must lie within the energy bands of the operator H.
The fact that the spectrum of H is strongly concentrated on itself
then assures us that for a finite crystal and a fixed state f we may
make the probability of finding the energy outside the energy bands
of the infinite erystal as small as we desire by taking the crystal
sufficiently large (i.e., by choosing » sufficiently large).
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