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Super-reflexivity is defined in such a way that all super-
reflexive Banach spaces are reflexive and a Banach space is
super-reflexive if it is isomorphic to a Banach space that is
either uniformly convex or uniformly non-square. It is
shown that, if 0 < 2§ <ex<1< @ and B is super-reflexive,
then there are numbers » and s for which 1< 7 < o,
1 < s < o and, if {¢;} is any normalized basic sequence in B
with characteristic not less than ¢, then

P2 a1 = 1| Zases || £ 0 [2 | as |52,

for all numbers {a;} such that Za;e; is convergent. This
also is true for unconditional basic subsets in nonseparable
super-reflexive Banach spaces. Gurarii and Gurarii recently
established the existence of ¢ and r for uniformly smooth
spaces, and the existence of & and s for uniformly convex
spaces [Izv. Akad. Nauk SSSR Ser. Mat., 35 (1971), 210-215].

A basis for a Banach space B is a sequence {e¢;} such that, for
each x in B, there is a unique sequence of numbers {a;} such that
Sra.e; converges strongly to w, i.e.,
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A normalized basis is a basis {e;} such that ||e;|]| =1 for all 4.

A basic sequence is any sequence that is a basis for its closed
linear span.

It apparently was known to Banach (see [1, pg. 111] and [3]) that
a sequence {¢;} whose linear span is dense in a Banach space B is a
basis for B if and only if there is a number ¢ > 0 such that
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if k< n and {e;} is any sequence of numbers. The largest such
number ¢ is the characteristic of the basis. It follows directly from
the triangle inequality that, if 1 < p < ¢ £ n, then
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An unconditional basis for a Banach space B is a subset {e)} of
B such that for each 2 in B there is a unique sequence of ordered
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pairs (a;, e,;) such that >\ a.e,; converges strongly and uncondi-
tionally to z. By arguments similar to those used in [1] and [3] for
a basis, it can be shown that a subset {e,} whose linear span is
dense in B is an unconditional basis for B if and only if there is a
characteristic € for which

| Zaaeeall = ell Xpaatall

if Bc A and A is a finite subset of the index set.

A uniformly non-square Banach space is a Banach space B for
which there is a positive number 6 such that there do not exist
members 2 and y of B for which ||2|| =1, |ly]| £ 1,

||—;—(a:+y)“>1-b‘ and "—Zl—(ac—y)”>1—5.

A uniformly convex space is uniformly non-square and a uniformly
non-square space is reflexive [6, Theorem 1.1].

THEOREM 1. The following properties are equivalent for mormed
linear spaces X, each of them is implied by mnonreflexivity of the
completion of X, and each is self-dual. If a normed linear space
X has any one of these properties, then X 1is mot isomorphic to any
space that is uniformly non-square.

(1) There exists a positive number 6 such that, for every posi-
tive integer n, there are subsets {z, ---,2,} and {g, -+, 9.} of the
unit balls of X and X*, respectively, such that

9:2;) =0 if 1=7,0/2)=0 3f 1>7.

(ii) There exist positive numbers & and B such that, for every
positive integer n, there is a subset {x, ---, x,} of the unit ball of X
for which |lz|| > a if xzeconvix, -, x,} and, for every positive
integer k < n and all numbers {a,, ---, a,},

=B

k
Ell @;2;

n
ZI. a;%;

(iii) There exist positive numbers o’ and B such that, for every
positive integer m, there is a subset {x, --+, x,} of X which has the
property that, for every positive integer k < n and all numbers {a,},

= a'supla;|] and “Z’:“xil<6’.

n
2 ;2;

Proof. It is known that Theorem 1 is valid for properties (i)
and (ii) [8, Theorem 6]. We shall show that (i) and (iii) are
equivalent.



SUPER-REFLEXIVE SPACES WITH BASES 411

If (i) is satisfied, let %, =2 and ;=2 — 2, if 1<i=Zn.
Then ¢,(x;) = 6{0, so that

>

’

d |
gk(g ai%)' =0 ,ak

n
Z. a;;

and || 2F x| = || 2. ]| £1. Thus (iii) is satisfied.

If (iii) is satisfied, let z, = >.F /8. Define g, on lin{z, -, 2,}
by letting ¢;(x;}) = d{a’. Then ||2z,|| < 1 and
z%‘; ;2 " ’

=ala;| =

l 9; (2? aixi>

so that g; can be extended to all of the space with || g;|| < 1. Also,
9:2;) = /g if ¢ <7 and ¢;(2;) = 0 if 7> 7, so that (i) is satisfied.

DEFINITION. A super-reflexive Banach space is a Banach space
that does not have any of the equivalent properties (i), (ii)) and
(iii) described in the statement of Theorem 1.

This is a natural definition, since a Banach space is non-reflexive
if and only if (i) of Theorem 1 is satisfied by infinite sequences {z;}
and {g;}. Moreover, there are several other finitely stated properties
that are equivalent to (i), but which become equivalent to non-
reflexivity when stated for infinite sequences [8, Theorem 3].

THEOREM 2. Let B be a super-reflexive Banach space. If @ >1
and 0 < e £1, then there is a number s for which 1 < s < < and,
if {e;} is any mormalized basic sequence in B with characteristic not
less than ¢, then

(1) 1 Xaell=0[Xa "

for all numbers {a;} such that >, ae; is convergent.

Proof. It will be shown that, if there are numbers @ and & for
which @ > 1, 0 < e <1, and there does not exist such a number s,
then B has property (ii) of Theorem 1 with a = 1/2 and g = ¢. Let
n be an arbitrary positive integer greater than 1. Let 0 be a
number for which

1
1—-—<0<1.
2n< <

Then choose ) such that % <X <1, M@ > 1, and

(@"‘1)(1"_)"2) 1 __ P
(2) ——)\)W<;(1 0’).

Choose s > 1 and close enough to 1 that an < »n'*. Then
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(3) (@+B)" =N (@ +8") if a=0 and g8=0,
(4) an(inf gy < (Z B‘.)‘” if 5, =0 for each i.

Since there is a basic sequence {e¢;} with characteristic not less than
¢ and a sequence {a;} for which (1) is false, there also is a least
positive integer m for which

m

> a;e;
L s:M>@,

e

where the sup is over all m-tuples of numbers (a, ---, a,). Since

(5) sup

mz—laiei + anén MZT a;e; Il @t ||
1 S 1 + mEm é @ + 1 R

m—1 1/s — m—1 1/s sl/s
[S s+ jaar]" [Ehar]” ol
we have @ < M £ @ + 1 and it follows from (2) that

MA—WT _ MA-N) _ 1 .
(6) [VM——l] <>&M—1<n(1 6 -

Let (a,, +--, @,) be an m~tuple such that || >\F ase; || = 1 and

1 D ae;
(7) = A L >aM.

EeT e

We shall show first that, for each k,

(8) <L @09 af

It follows from (8), (7) and (5) that, for each k,

[Srar] 2 e+ (g1 )

and

i/s

| +hi%aieil _lal +M[g‘_‘k;ai|s—|

(9) NM < Tl + [z% o [3]1/8 = ] + [%% a ls]ils

Since MM — 1> M@ — 1 >0, direct computation shows that (9)
implies



SUPER-REFLEXIVE SPACES WITH BASES 413

1/s
My > la | =2 m
o< & ] <[S1ap] U0,
MM -1 1 NM —
which with (6) implies (8). Now that (8) has been established, we

know there is a sequence of m integers {m(l), -.-, m(n) = m} such
that, for each j,

Sl — L3 o)
7:”]1 n 1

<l a-omSiar.
2n 1

Let us write

m m(2) m

m(
Zaieizzae + 2 et + 3 e
1 1 m(1)+1 m(n—1)+1
»
= zl“ u] ,

where u; = Sni ., ae; with m(0) = 0. Then we have, for each j,

i) s 1 < s 1 1/4 - 8
[ 3 tar-L8jar] <ta-o9 Siar.
m(j—1)+1 n 1 n 1
This implies that

w/42|a|’< z laiis<%(2 ~0 3l < = 6‘1’*Zlal

m(g—1)

and

(10) S e < omring{ S
(=041

m(j—1

e | 1§k_s_n}

m{k—1)+1

for each j. It follows from (7), (5), (10), (4) and A* > @' that

L oaare o Mwll o @8
m 1/s - m(g) i/s . m (k) 1/s

|21l | 50 Jar]" [ine S jak]
1 m(j—1)+1 k. m(k—1)+1

(G ol |07 I A 7Y
Sl el

so that || ;|| < 1/(nf). We are now prepared to show that {z, -, .}
satisfies (ii) of Theorem 1 if x; = nfu; for each ¢, = 1/2 and B =e.
Note first that if 8, =1 and 8; = 0 for each j, then

b

2850l = || 2o || — || A=) @; ||
= nd || Ju; || — 2(1—p4;) .

Since || Ju; || = || Zase; ] = 1 and 6 > 1 — 1/(2n), we have
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1280 2(n—F) - - =F=a.

Since the characteristic of the basic sequence {e;} is not less than
e =R, we also have

if k<n.

n
ST“' O;;

k
=8 " ;aiwi

The duality argument used by Gurarii and Gurarii [4] in a
similar situation does not seem easily adaptible to give a proof of
Theorem 3 that makes explicit use of Theorem 2. Therefore a direct
proof of Theorem 3 will be given.

THEOREM 3. Let B be a super-reflexive Bamach space. If ¢ and
& are numbers for which 0 < 2¢ < e <1, then there is a number r
Jor which 1 < r < « and, if {e;} is any normalized basic sequence in
B with characteristic not less than €, then

(1) 12 a:lT" = | 2 aell,

for all numbers {a;} such that Xa.e; is convergent.

Proof. Suppose that 0 < 2p <e<1. It will be shown that if
no such number #» exists, then B has property (iii) of Theorem 1 with
o' = 2¢%/e and B’ > 1/e.

Let n be an arbitrary positive integer greater than 1. Let N be a
positive number for which

20 <NMe and A<1.
Then choose » > 1 and large enough that
(12) nHr < N L=
If B; = 0 for each ¢, then it follows from (12) that

a0 ()" < o

Since there is a basic sequence {e;} with characteristic not less than
¢ and a sequence {a;} for which (11) is false, there also is an m for
which

iaiei\
: r:M<¢’

Sl

where the inf is over all m-tuples of numbers (a, ---, a,). Let

(14) inf
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(y, +++, ,) be an m-tuple such that || 3" ase; || = 1 and

(15) S bl

Frar]” [Srar]

As is true for all basic sequences with characteristic not less than e,
| Srase || = (1/2)e | ;| for each k. Thus it follows from (15) that

Since M < ¢ and 24 < M, it follows from (16) and (12) that

- < MX.

(16) <2
&

m
21:. a;e; l

< n Slal <4 @-n Sl

Therefore, there is a sequence of n integers {m(l), -+, m(n) = m}
such that, for each j,

<@Vl
" 1

Let us write

m m (1) m(2) m
Slaue; =2, ae + D e+ e+ D age
1 1 m(1)+1 m(n—1)+1

where w; = >\m? ., with m(0) = 0. Then we have, for each j,

[mﬁ lailf—%ilaﬁ]

m(j—1)+1

<ra-vSlar.
n T

This implies that

1 m , m{3) - 1 m ” 1 o ,
=Alal" < N el <=@-ME]a <V
n I m{7=1) 41 n 1 n 1

and
m(4) m (k)
an 5 |am>>&sup{z {cm’:lglcgn}.
m(y—1)+1 m(k—1)+1

It follows from (15), (14), (17), and (13) that, for each 7,
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N e lwll [ s |
Bia  [BeT ws e
o Ml

so that || ;|| > M. Since {¢;} is a basis with constant not less than
¢ and \* > 4¢°/¢%, this implies

n 2
| S 0]z Tellanll 2 Zevlan 2 2 o) = @ 0]
1 2 2 &
for all numbers {a;} and each k¥ < n. Now we can use
=[S =[S ]2 | S

1

to obtain || S Fu; || £ e < g,

THEOREM 4. Let B be a Banach space that is super-reflexive.
If 0<20<e=Z1< D, then there are numbers r and s for which
1<r<o, 1<s< o and, if {e} is any normalized basic sequence
in B with characteristic not less than €, then

Il =l Xael O[3 ]a]"
for all numbers {a;} such that >, a;e; ts convergent.
An examination of the proofs of Theorems 2 and 3 will show that

essentially the same arguments can be used for nonseparable Banach
spaces and unconditional basic subsets. Therefore:

THEOREM 5. Let B be Banach space that is super-reflexive. If
0<20< e <1< D, then there numbers r and s for which 1 <r < oo,
1< s< oo and, if {e} is any normalized unconditional basic subset of
B with characteristic not less than e, then

¢l S (1T aell £ 01X a ],
for all numbers {a,} such that > a.e, is convergent.
It is stated in [4] that it is not known whether B is isomorphic to
a space that is uniformly convex and uniformly smooth if, for each

normalized basic sequence {¢;} in B, there are positive numbers ¢, @,
r and s such that 1 < r < «,1 <8< o, and

I e S| Zae ] = @[3 e T .
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This conjecture would be strongly suggested by the next theorem, if
it should be true that every super-reflexive space is isomorphic to a
uniformly convex space. It would then also follow that uniform
convexity, uniform smoothness, and super-reflexivity are equivalent
within isomorphism and that the existence of numbers ¢, @, r» and s
that satisfy the inequalities of Theorem 4 could be deduced from the
results of Gurarii and Gurarii [4].

THEOREM 6. FEach of the following is a necessary and sufficient
condition for a Banach space B to be super-reflexive.

(@ If0<26<e=Z1<, then there are numbers r and s for
which 1< r < oo, 1 <8< o, and, if {e} s any normalized basic
sequence 1n B with characteristic not less than ¢, then

Il S| el = 0[S a T,

for all number {a;} such that >, ae; is convergent.

(b) If 0<e=1< D, then there is a number s for which
1 <s< oo, and, if {e} is any normalized basic sequence in B with
characteristic not less than &, then

| Xaell=@[X]a ",

Sor all numbers {a;} such that > a;e; is convergent.

(¢) There exist numbers ¢, ® and s such that 0 < e < 1/2,
1<s< oo, and, if {&} is any normalized basic sequence in B with
characteristic not less than e, then

(18) X e = 0[X e T,

for all numbers {a;} such that > a;e; is convergent.

Proof. It follows from Theorem 4 that super-reflexivity implies
(a). The implications (a) = (b) = (c) are purely formal. To prove
that (c¢) implies that B is super-reflexive, let us suppose that B is
not super-reflexive and that there exist numbers ¢, @ and s as
described in (¢). Choose a positive integer » such that

(19) > Jf_ i

It is known that in (ii) of Theorem 1 we can require that ¢ < a = g8
(see the definition of P, and Theorem 6, both in [8]). Therefore there
is a subset {z, ---,x,} of the unit ball for which || x| >¢ if
xeeconv{x, ---, x,} and || Srawx; | = LIl Sifax; || for all k< n and
all numbers {a, ---, a,}. Then {x;} can be the initial segment of a
basic sequence with characteristic not less than ¢ and it follows from
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(18) that

n
in, < onYe.
1

Since || 3 x;|| > me, we have a contradiction of (19).

Recall that, relative to a basis {e;}}, a block basic sequence is a
sequence {e;} for which there is an increasing sequence of positive
integers {n(7)} such that n(l) = 1 and

n(k+1)—1

el,c: Zl a;e; » k:192,"'
n (k)

THEOREM 7. A Banach space B is reflexive of B has a basis {e;}
and, for each mormalized block basic sequence {ei} of {e;}, there are
positive numbers ¢, @, r and s such that 1 < r < oo, 1 < 8 < oo, and

(20) ¢l s Sae| = 0[X]alT",

for all numbers {a;} such that >, a;e; s convergent.

Proof. If {e;} is not boundedly complete, there is a sequence {u;}
and a positive number 4 such that || > Fu;|| is bounded, || u;|| > 4,
and

n(k4+1)—1

wU; = nz(;,) ae; o k=12 «..,
where {n(7)} is an increasing sequence of positive integers. Let ¢ =
w;fl|wslle  Then || [lw; el ]| is bounded, but there do not exist ¢ >0
and 1< 7 < c such that ¢ >\' || u;|[” > ¢nd™ is bounded. If {e;} is
not shrinking, there is a normalized block basic sequence {e;'} such
that || Sirel | > (1/2)n for all n. But there do not exist @ and s>1
such that @n'* > (1/2)n for all n. Thus {e;} is boundedly complete
and shrinking, which implies B is reflexive [2, Theorem 3, p. 71].
The next example shows that Theorem 7 can not be strengthened
by assuming that (20) is satisfied only for a basis for B, even if ¢ =

@ =1, s=2, and r is close to 2.

ExAMPLE. Choose ~ >2 and positive integers {n;} so that
(n;)®* > 2¢ for each 4. For each k, let v* be the sequence that has
zeros except for k initial blocks, the ith block having %, components
each equal to (n,)"¥%. Let B be the completion of the space of all
sequences of real numbers with only a finite number of nonzero
components and, if z = {x;},

21) 2]l = nf{(Zud" + Slal: ¢ =u + X a0} .
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If |[{y:}|l, denotes [3 ]y, [", then (3 ud" = |lull, and
H /Uk ”r — [,n/i—-lli’r + n;—~1/27‘ cee + (np(k))l—d/Z'r]l/?‘ < 1 .

Therefore

[

el zllwll, + X llav* [l =

It follows directly from (21) that ||z < L #dY% It follows from
the facts that ||+*|| <1 for all & and that a sequence has norm 1
if it contains all zeros except for one block of #, terms each equal
to n;Y2, that the natural basis for B is not boundedly complete and
B is not reflexive.

It was shown by N. I. Gurarii [5, Theorem 7] that, for any r
and s with 1 <7 < e and 1 < s < o, there is a basis {e;} for Hilbert
space such that for any positive numbers ¢ and @ there are finite
sequences {a;} and {b;} for which

¢ [3[a: T > [ Xae || and || X bie; || > @[ a: [T .

Thus for Hilbert space there can be neither an upper bound p < <o
for » nor a lower bound ¢ < 1 for s in Theorems 2-5, even if ¢ and @
are allowed to depend on the basic sequence.

X
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