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Let W(t, w) be the Wiener process on an abstract Wiener
space (i, H, B) corresponding to the canonical normal dis-

t
tl;ibutions on H. Stochastic integrals gé(s,w)dW(s,(u) and
0
S (l(s, w), dW(s, w)) are defined for non-anticipating transfor-
[

mations £ with values in <% (B, B) such that (¢(¢, w) — I)(B)C
B* and { with values in H. Suppose X(t, )= %+

t

t
SOE(S, o) dW(s, w) + Soa(s,@ds, where ¢ is a non-anticipating

transformation with values in H. Let f(t, x) be a continunous
function on R X B, continuously twice differentiable in the
H-directions with D2f(t, x)e <z, (H, H) for the x variable and
once differentiable for the ¢ variable. Then f({, X({,w)) =

710, 2) + | (€5, wDAs, X(s, ), dWis, o) + | (os1asts, X(s, 00+
<Df(s, X(s,w),0(s,w)> + —;— trace[E¥*(s, 0)D*f(s, X(s, w))&(s, w)]}ds,

where < , > is the inner product of //. Under certain assump-
tions on A and ¢ it is shown that the stochastic integral

equation X(t, 0) = 2, + S:A(X(s, o)dW(s, w) + S:a(X(s, w))ds

has a unique solution. This solution is a homogeneous strong
Markov process.

1. Introduction. The notion of stochastic integral introduced
by K. Ito [5; 8] is well-known nowadays [10]. Its generalization to
infinite dimensional space has been investigated and used for the study
of differential equations of diffusion type. See, for instance, [1] and
[2]. The purpose of this paper is to define and study stochastic
integrals with respect to standard Wiener process in an abstract
Wiener space [3; 4]. We will generalize Ito’s formula [7] and study
the stochastic integral equation. We remark that our work is quite
different from that of [1] and closely related to that of [2]. How-
ever, we have a more general space and weaker assumptions than [2].

2. Abstract Wiener space. In this section we give a brief re-
view of the notion of an abstract Wiener space and establish notation
at the same time. Let H be a real separable Hilbert space with
norm and inner product denoted by |-] and <, > respectively. Let
t:(t > 0) be the cylinder set measure on H defined by ,(C) =

(2mty—nr S exp {—|x[*/2t}dx, where C = P~(D), D is a Borel set in the
D

image of an n-dimensional projection P in H and dx is Lebesgue

measure in PH. A measurable norm on H is a norm || -|| on H with

469
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the property that for every ¢ > 0 there exists a finite-dimensional
projection P, such that p({xe H;||Px|| > ¢}) <& whenever P is a
finite-dimensional projection orthogonal to P,. Denote by B the com-
pletion of H with respect to || +||]. Let ¢ be the inclusion map from
H into B and j the embedding (by restriction) of B* into H*. Hence-
forth we will make the identifications H* = H and B* = jB*. Thus
B*c Hc B and {z,y) = (x,y) for all # in B* and y in H, where
(,) denotes the natural pairing of B* and B. The triple (¢, H, B) is
called an abstract Wiener space. It is shown in [3] that z, 047, defined
on the cylinder sets of B, has a unique countably additive extension
», to the Borel field of B.

Define for x in B and E a Borel subset of B, p,(x, E) = p,(E — ).
It is remarked in [4] that p.(x, -), ¢ > 0, are the transition probabi-
lities for a Markov process with continuous sample paths starting at
the origin in B. Throughout this paper 2 will denote the space of
continuous functions @ from [0, ) into B vanishing at 0. Then
there is a unique probability measure &7 on the o-field 7 generated
by the coordinate functions such that if 0 =¢ <t < --- < t, then
Ot — @0(;), 0 <7 <n— 1, are independent and the jth one has
distribution measure Di,y ity We denote by % the expectation with
respect to (2, &°). The process W(¢) given by W(t)(w) = w(t) is called
a Wiener process with state space B.

In the sequel we will use the notation 6, = Lljxlirpl(dx). Itisa

consequence of a theorem proved recently by Fernique that 6, < o
for 1 < » < . Thus we have, for instance, & (|| W(t) — W(s)|]) =
[t — s8]0,

We will assume the following on (4, H, B): There exists a sequence
@, of finite dimensional projections such that (1) Q.(B) € B*, (2) Q,
converges strongly to the identity both in B and in H. It follows
by the Principle of Uniform Boundedness that there exists a finite
constant « > 0 such that ||@Q,!l5 5 = sUDwx | @.2!|/I|2]] < a for all n.

3. Stochastic integrals.

NOTATION. .7, =0-field generated by W(s), 0<s<t. Z (X, Y)=
the Banach space of all continuous linear operators from a Banach
space X into another Banach space Y. .<Z(H, H) = the Banach space
of all trace class operators of H. <Z(H, H) = the Hilbert space of
all Hilbert-Schmidt operators of H. Norms in (X, Y), Z\(H, H)
and .ZZ,(H, H) are denoted by ||+||x.y, ||+]. and |||, respectively. ¢
will always denote a constant such that [|z|] < ¢|#| for all # in H.

REMARK 3.1. Every bounded operator from B into B* is a trace
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class operator of H (p. 10 in [9]). In fact we have || S|, = 6| S||5 5
for all Se (B, B*). A map from B into itself with image in B*
will be called skinny.

DerFINITION 3.1. By a non-anticipating skinny transformation
(n.a.s.t.) we mean a stochastic process {(t, ) (te[0, =), we 2) with
state space <# (B, B*) with the properties that { is (¢, w)-jointly measu-
rable and for each t= 0 {(t, -) is _-measurable. ( is said to be
simple if there is a partition {0 = ¢, < ¢, < -+ <t,} such that {(¢, w) =
C(ti: 0)) for t; =t < ity J= 0,1, e, mn—1, and &G, ) = C(t, Ct)) for
t, = t.

By using the same technique of Lemma 7.1 in [8] we can easily
prove the following

LEmMA 3.1. Let £ be a n.a.s.t such that for each 0 < T < oo
T
# 1ct, it < oo .

Then there exists a sequence (, of stmple n.a.s.t. such that for each
0<T<

lim & [16(t, @) = Gty @) [fdt = 0

Let £ be a simple n.a.s.t. with jumps at 0 <t <&, < o+ < ¢,
T
Suppose %ag [|C(s, W) ||%,mds < o= for each 0 < T < . We define
0
stochastic integral I, of { with respect to W(t) as follows:
L(t, 0) = 5, Lty O)(W(te, ©) = Wits, @)
-+ C(tj’ CU)(W(t, (l)) - W(tjy Cl)))
if 6, <t <tp,i=01, -, n.
Here we use the convention that ¢, = 0, ¢,,, = <o.

NOTATION. L(t, @) = Stc(s, @AW (s, ©) .

REmMARK 3.2. We will consider I, as a stochastic process with
state space H.

LemmaA 3.2. Suppose { is ¢ n.a.s.t. Then we have
(1) for s <, E(LUS)W() — W(s)[) = (¢t — 9Z ([L(s)1])-
(i) for s<t<u<w, & <L) W(t)— W(s)), L(u)(W(v)— W(u))>=0.

Proof. We prove (i) only since (ii) can be proved similarly. Let
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{Q.} be the projections given in the end of §2. Define a sequence of
random variables f,, on Q2 by

o = [QuCENW(E) — W(s)[* .
So

S S [CEW(E) — W) = el (WD) — W(s) ][5
= ¢l|[C) |5,z W(E) — W(S)I]* -

Since { is non-anticipating, we have

E1EE) 15,51l W(E) — W(S)[F) = E(18(8) 15,52+ E (| W(E) — W(s)IF)
= (t — 86, (I|L(s) [[%,5+) -

Thus f,. is dominated by an integrable function. Obviously f, con-
verges to |{(s)(W(t) — W(s))|* a.e. By the Lebesgue dominated con-
vergence theorem,

E(LHW(E) = W) = lim & ( QLSO — (WE)P) -
Now
Z(QEEW(E) — W) = #(3 < L) — W), e >?)
= S E (W) - W), e -

We will prove below that
(1) E(WO - WE), C@e)) = (¢ — ) 3 S(C6)es e
Then

E(QHIO) — WP = 2 — 9 2 £ e, 0

= (¢t - 92 (310 @esr)

which yields the desired conclusion when m — .

Let us prove now the assertion (1). Define g, = (Q.(W(t) — W(s)),
C*(s)e;’. Then g, converges to (W(t) — W(s), {*(s)e;)* a.e. Further-
more g, is dominated by an integrable function since:

9 = [|@ull5all W(@) — W(S)II*IIE*(s) 5,24/ €;]]
= @[ W) — WIS ) 5 les] -

Therefore by Lebesgue’s convergence theorem,
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g{W @) — W(s), L*(s)ey)’} = lim Z{QUW () — W(s)), C*(s)ey)} .

Assertion (1) follows immediately by noting that
QW) — W(s)), CT*(s)es)}
= 2[00 - W), e @es 0 [ |

= (t — 9) 3, F{C e 0}
by a simple calculation.

ProrosiTioN 3.1. The stochastic integral I; has the following pro-
perties:

(1) I; s coutinuous in t for almost all w.

(2) I; is a martingale with respect to {_#}.

(3) Flsupisisr | Lt 0)| > a} = (1 )&{| 1(T, o) [}

¢

(4) Z{Lit, 0) = 0, F{Lit, )} = & | 16, )lids

(5) I, =0al; + pBl;, where {, and §; are n.a.s.t. and «, B € R.

(6) I; is mon-anticipating.

Proof. (1), (2), (5) and (6) are obvious, while (3) follows from
(1) and (2) by Doob’s inequality. Therefore we need only show (4).
Without loss of generality we may assume that ¢ = t;., for some j.
Thus

L(t, ) = 3 Ut O)(Wltses, 0) — Wity 0)

Lt ) = 3 3, <Lt O)(Wtia, o)

— W(t,, 0), L(tn, @) W(tns, @) — W(t,, @))> .
Apply Lemma 3.2 and we obtain
g( Lt ) ") = é(tm — )& (1L, @)]3)
= |15, o) lds -
Finally using the same argument used in the proof of Lemma

3.2 we see immediately that & < I:(¢, w), h > = 0 for all he H.
Hence

E{L(t, w)} = 0.

Using Lemma 3.1 and applying the same technique used in
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Theorem 8 of [8], we can easily show the following.

THEOREM 3.1. For every n.a.s.t. { such that ngC(t, W) |3 5dt <

o for each 0 < T < o, we can determine o stochastic process
L(t, @) = | s, 0)a Wi, )
0
such that the properties (1)-(6) of Proposition 3.1 hold.

DEFINITION 3.2. By a non-anticipating transformation (n.a.t.) we
mean a stochastic process &(t, w)(te |0, =), we 2) with state space
(B, B) such that {(t, w) = &, @) — I in a n.a.s.t.

DEerFINITION 3.3. If &(¢, w) is a n.a.t. such that
T
g)g &, @) — T|[% pdt < oo for each 0< T < oo,
0

then we define the stochastic integral I. of & with respect to W by
I(t, w) = W(t, w) + L(t, @), where { = & — I.

ProrosITION 8.2.

t
LA o) [ = 2(1 + o' (1 + 02)%‘S0(1 + [1L(s, @) [[)ds .
Proof. Direct computation.

DeriNiTION 3.4. By a non-anticipating vector (n.a.v.) we mean a
stochastic process o(t, w) (te]0, «), w € ) with state space H such
that ¢ is (¢, w)-jointly measurable and for each ¢t = 0, (¢, -) is _#;-
measurable. ¢ is said to be simple if there is a finite partition of
[0, ==} such that o is a constant random vector (i.e., with values in
H) on each interval of the partition.

LeEmMA 3.3. Suppose 0 ts a n.a.v. such that for each 0 < T < oo
T
& g [o(t, w)]Pdt < oo. Then there exists a sequence of simple n.a.v.
0 T
o, such that ¢, € B* and for each 0 < T < o, fo”g lo(t, w) —o,(t, ®)[dt —
0

0 as n— .

Proof. The same argument in Lemma 7.1 [8] shows that there
is a sequence 7, of simple n.a.v. such that for each 0 < T < o,

g (7.t @) — a(t, @) Pt — 0 as n — oo
Let {e;,} be an orthonormal basis of H lying entirely in B*. Let
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P, be the orthogonal projection onto the span of ¢, +--, ¢,. It is easy
to see that o, = P,n, is a desired sequence.

Let ¢ be a simple n.a.v. in B* with jumps at 0 < t,< «++ < t,.
The stochastic integral J, of ¢ with respect to W is defined as follows.

Tt @) = 5 (0(t, ©), Wik, ©) — Wik, )
+ (U(tis (t)), W(t, CD) - W(tj, a))), ti =t < ti+1

where t, = 0, t,,, = co.

NOTATION. J(t, @) = gt(o(s, ), dW(s, »)) .
0
REMARK 3.3. Recall that (,) is the natural pairing of B* and
B. Hence J, is a stochastic process with values in R.

Parallel to I; the stochastic integral .J, has the similar Properties
and extensions. We will omit the proof since it is routine.

7
THEOREM 3.2. For every n.a.v. ¢ such that %’S la(t, w) [Pdt < o
0
for each 0 < T < co; we can determine a stochastic process J,(t, w)=

St(a(s, ), dW(s, ®)) such that
(1) J, is continuous in t for almost all @
(2) J, is a martingale with respect to {_#;}
(3) FAsubisisr | (¢, ®)| > a} = 1/aYE{J(T, w)*}
(4) @It @) = 0, F{(, 0} = # | 0ls, ) ds
(5) Juorso, =t + BJ,,, a, BER
(6) J, is also non-anticipating.

REMARK 3.4. The reader should not be surprised that we can
determine J, such that it is continuous in ¢ for almost all w. Con-
sider for example the simplest case ¢ = he H\B*. The stochastic
process (&, W(t)) = X(¢) is not continuous in ¢{. However it has a
continuous version. This can be seen by observing that

Z{X(@) — X(9)'} = 3(¢ — s’ ]*.

4. Tto’s formula. Let f be a real-valued function defined in
an open set U of B. We will consider two kinds of differentiability
for f. The Frechet derivative of f at xe U is the element a(x) e B*
such that

| f(@ +y) — fx) — (@), )| = o(llyl)  for small yeB.
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We will always denote a(x) by f'(x). f is said to be of class C* if
f'(x) exists for every e U and f’ is continuous from U into B*.
On the other hand, f is said to be Frechet differentiable at © in H
directions (briefly, H-differentiable at x) if there exists an element
b(z) € H such that

[ flx 4+ h) — fz) — <b(x), B>| = O(h)) for small heH.

b(x) is easily seen to be unique and will be denoted always by Df(x).
Note that the existence of f’(x) implies that of Df(x) and f'(x) =
Df(x), but the existence of Df(x) does not imply the continuity of f
at » in B-topology. Inductively we can define f™, class C* and D"f.

THEOREM 4.1. (Ito’s Formula). Let f(t, ) be a real-valued con-
tinuous function on [0, ) X B. Suppose

(1) for each xe B, f(-,x) is of class C' and 0f/0s is continuous
on [0, =) X B.

(2) foreacht=0, f(t, +) is twice H-differentiable with D*f(t, x) €
&(H, H) for all x€ B.

(8) Df is continuous from (0, =) X B into H and D*f is con-
tinuwous from (0, «) X B into <Z(H, H). There exists 6>0 such that
S:IDf(s, ©)|ds < oo, Y;;sz(s, )lids < o for all  in B.

If X(t, ®) = , + S:E(S, @)dW(s, ) + gto(s, w)ds, where & is @ m.a..

and 0 is a n.a.v., then
ft X6, @) = £0, ) + | (s, @)D (6, Xs, ), dW(s, @)

-+ S:{%j;‘_(s, X(S, G))) + < Df(s, X(S, 0))), 0(8’ (!)) >

+ % trace [£%(s, @)D" f (s, X(s, @))&(s, a))]}ds

where * denotes the adjoint of an operator when it is restricted to H.

THEOREM 4.2. Let f(t, x) be a continuous function on [0, ) X
B, C*' in the t variable and C* in the x variable and satisfying the

condition (3) of Theorem 4.1. Then the same formula as in Theorem
4.1 holds.

Proof of Theorem 4.1 by assuming Theorem 4.2:
Define g,(t, ®) = f(¢, Q.x), n =1,2, ---. It is easily checked that

each g, satisfies the hypothesis of Theorem 4.2, dg,(t, x)/0t =01 (¢, Q,%)/ot,
9.(t, ®) = QIDf(, Q.») and g7/(t, ») = Q- D*f({, Q.x)°Q,. Therefore by
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Theorem 4.2 we have
£t QX o)
= £(0, Q) + | (€5, 9)QI DS, Q.X(s, @), AW, @)

(1% 6 0.x6 0) + < QD56 QX ), 065, @) >

+ —é— trace [£%(s, W)Qi- D’ f(s, Q. X(s, 0))Q,&(s, co)]}ds .

Letting 7 — <o, we get the desired conclusion.

The remainder of this section is devoted to the proof of Theorem
4.2. For the sake of notational convenience, we will prove Proposi-
tion 4.1 only. The proof of Theorem 4.2 follows similarly.

LEMMA 4.1. Let £ be a n.a.s.t. Then

(i) for s £ t,

Z{CENW(E) — W(s), W) — W(s))t = (¢t —s)*&{|L(s)]]3

+ (trace {(s))*}
(i) for st u =,
L (W(t) — W(s), W(t) — W(s)}x
XA (W (v) — W(w)), W(v) — W(w))}
= (v — w)& {trace L(w)(L(s){W(t) — W(s)), W(t) — W(s))} .

Proof. Direct computation.

LeEMMA 4.2. Let { be a n.a.s.t. Assume that {(t, ®) ts continuous
i t for almost all @ and ||{(t, @)z < M for all t and a.e. ®. 7w,=
{0=t,<t, <+ <t, =t} 1s @ partition of [0, t]. |m,.|=max,c;cpt (tirr—1;).
Then

3 (s, (Wit @) = Wits, @), Wit @) = Wits, @)
converges in the mean to Sttrace C(s, w)ds as |7,| — 0.

Proof. For the sake of convenience we use the notation 4¢; =
tj+1_tj’ AW] = W(tJ'Jrly (t)) - W(tiy Cl)), Sn(t: (0) = ?:é (C(tn (())A WJ" AW])
and R,(t, w) = X2 4t; trace {(t;, ®). Note first that since { is con-

tinuous we have R, (t, w) — Sttrace {(s, w)ds with .Z-probability 1 as

{m,| — 0. Using the assumption in { and the Lebesgue dominated
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convergence theorem it is easy to see that R,(¢{, w) converges to
t

S trace {(s, w)ds in the mean as |7, — 0. Therefore to finish the
0

proof it is sufficient to show that #{S, — R,[’—0 as |x,| — 0.

18, — B[P = |3 (C(ts @)4W,, W) — 4t trace (t;, )|

= g{(C(tj, W) AW, 4W,) — 4t; trace {(t;, o))
;-—2 ; {C(t,y w)dW,, AW,) — 4t trace {(t;, )}
. {(g(t;, W)AW,, AW ;) — 4t; trace (t;, w)} .
Applying Lemma 4.1, we obtain

18, — Bl = 5 at# (1Lt ) 1)
< 5 480,51t @) 5.0}

< OM'S At < 0,M%|7,| —0 as |7, —0.
=0

ProposiTION 4.1. If f s a real-valued function of class C* on
B, then

SO, @) = £O) + | (7(Wes, @), dW(s, @)

+ %S trace f"(W(s, @))ds .

Proof. Obviously the integrals have continuous versions. There-
fore it suffices to prove the equallity for each fixed ¢{. Because f is
C? we have

f@) — ) =", e —y) + é—(f "W — y), v — )

(1) 2
+ o(lle — ylf¥) .
Recall that (,) is the natural pairing of B* and B. Note that f'(y) ¢
B* and f"(y)e & (B, B*) for all yeB. We may assume that
"D lpp <M for all yeB. Let 7, ={0=¢t,<t, < -+ < ¢, =t}
be a partition of [0, ¢] and |7,| = maX,cicn (timy — ti)-
Using (1) we obtain

F(W(t, @) — £(0) = g F(W(ts, @) — F(W(E;, @)

= 3 (Wt ), Witir, @) — Wits, )
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(2) + Sty 0)( Wit @)
- W(tj’ CU)), W(tj-‘rly (U) - W(tj’ (U)]
+ 50| Wity ©) = Wits, o))

i+ (l)) - W(tia a)))

(1) 7

— | W, @), aWes, w)|

=g

5w, o) - s, o, awis, o)

7=0

n—1 n—1 t]J_l tir1
zzg N

124

Now use (4) of Proposition 3.1 to conclude that the above quantity is
equal to

S one, o) — £, o) s

< 50 E 0 o) (Wit 0) = Wie, 0))F + of|| Wits,
— Wi, o) D)ds
< S [ AWt — 84 o bty )t~ |0 3 7,10

Therefore 5,72 (f(W(t;, ®)), W(tjs, ®) — W(t;, ®)) converges to
St(f’( Wi(s, ®)), dW{(s, ®)) in the mean as |m,| tends to zero.
(ii) By Lemma 4.2,

%2—‘1

=0

—;—(f "Wty @) (Wt @) — Wik, @), Wi, @) — (W(t;, 0))

[

converges to 1/2 gttrace F"(W(s, @))ds in the mean as |z,| tends to
0

Zero.

(iii) It is easy to see that

sen @) — Wity @)|F — Oty — 5}

= (0, 0) S (s — £ < (6, — OYtIm, — 0 as |7,] —0 .
Therefore

5 o1 Witss, @) — Wit @)1
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converges to 0 in the mean as |z,| — 0.

Finally, choose a subsequence of partitions such that the con-
vergence in (i), (ii) and (iii) is in the sense of almost sure. Then
the desired conclusion follows immediately from (2).

5, Stochastic integral equation. Let A be a map from [¢, o) X
B, t, = 0, into <Z (B, B) such that (A(, ) — I)(B) < B* and ¢ a map
from [t, «) x B into H. Consider the stochastic integral equation

(3) Xt w) = (o) + St As, X(s, @)dW(s, ®) + gt (s, X(s, w))ds

where v is _# -measurable.

Our objective is to seek a solution. In order to make the integrals
meaningful, this solution must be non-anticipating with respect to
AN

THEOREM 5.1. Assume that A and o satisfy the following condi-
tions
(i) A@, ) — I s continuous wn ¢t from [t, =) into <& (B, B*) for
each xe B. o(t, x) 1s continuous i t from [&, o) into H for each
x e B.
(ii) There exists a constant K such that for all t = t, and x, ye B,

AL, ©) — A, )]l = Kllo — vl
lo(t, ) — o(t, v)| = Kllo — yll
1A, ») — Il = KA + [[«]])
lo(t, ) |* = K(1 + [[#f)
(iii) Z (V@) [F) < e

Then there exists a unique non-anticipating continwous solution of (3).
REMARK. Obviously it is sufficient to consider the case ¢, <t=<T<
We will assume this in the following proof.
Proof. Let U be the Banach space of all non-anticipating stochastic

processes X(t, w) with state space B satisfying sup;,.<r & (|| X(¢, @)|]) <
oo with norm

11X = {sup & (1| X(t, @)[F)}* .

Observe that We 2 and ||| W||| =1v/8,T. Define a map @ in % by: Xe
A
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DX, @) = v(®) + Sz A(s, X(s, 0)dW(s, ®) + S: (s, X(s, ®))ds .

Note that A(s, X(s, w)) is a n.a.t. and o(s, X(s, ®) is a n.a.v.
Therefore the integrals make sense. Moreover @(X) is clearly non-
anticipating and the integrals exists by the assumption (ii). Further-
more, by (1) of Proposition 3.1, @#(X) is a continuous process.

(X)L, w) = v(w)+ W(t, w)— W(t, o)+ S: (A(s, X(s, w)) — I)AW(s, w)
+ S:Oa(s, X(s, w))ds .

Use the inequality (3}i- @;)® < 532,60} and apply (4) of Proposition
3.1, it is easy to check that
HeOIP < 5la + 206, T + ¢KX(T — &)1 + T — )1 + [[| XI[P]

where a = £ (||v(®)]|)). Hence #(X)eN and @ maps U into itself.
Now let X, Ye¥I,

(@(X) - @(Y))(t, (0) = S;(A(S’ X(S, CO)) - A(S, Y(S, (!))))dW(S, 0))
+ | (065, X(s, @) — o(s, ¥is, @))is .
Hence

@ || (@(X) — DY), @) |
= 202 | | A(s, X(s, @) — Als, Y(s, @) 2ds

+20(t — )& | |0ts, X(s, @) — 005, Y5, @) ds
< 20K+ T— 8| (1 XG5, 0) — Y, 0)1)ds .
Let a = 2¢K*1 + T — t). Then
(4)  ZHOEX) - 0¥ o) < a| # (X6 o)~ Y, 0)lfds .

Hence ||| 9(X) — &(Y)|]] = [a(T — t)]"*|}l X — Y|| and @ is a Lip-1 map,
a priori @ is a continuous map.

Furthermore, using (4) to get for any m >1 &|/(@™(X) —
(Y, @) |]* = [(a—t)]"/m)}|| X — Y||ff. Thus [||o~(X)—-0™(Y)|l| =
VT = tJ*/m)||| X — Y||l. Let 0 <& <1 be fixed. Let N be such
that (V[a(T — t)]"/m!) < & for all m = N. Thus for all m = N,
Nlo™(X) — d™(Y)||| < 8]]| X — Y]||. That is, ™ is a contraction from
9 into itself whenever m = N. By the generalized contraction
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mapping theorem, @ has a fixed point which solves the equation (3)
by the definition of @. This solution is a continuous process because
@(X) is continuous for every Xe 9. Finally we show (3) has a unique
solution. Suppose X and Y are solutions of (3). Then @(X) = X,
@(Y) =Y. Using the same argument in the derivation of the solu-
tion, it is easy to see that X = Y in %. Therefore X(¢, w) = Y(¢, w)
a.e. for each t. But X and Y are continuous, so X(¢, w) = Y{(t, w)
for all ¢ with &”-probability 1.

THEOREM 5.2. Suppose A and o satisfy the conditions of Theorem
5.1. Then the process X(t) which solves the stochastic integral equa-

tion X(t):X(O)-{—StA(s, X(s, @)dWs, a))—l—gta(s, X(s, ©))ds is a Markov

process with tramsition probability q(t, z, s, B) = FP{X(s)e B|X(¢) =
x}.  Moreover, X(t) is homogeneous and satisfies the strong Markov
property if A and o are independent of t.

Proof. The first part can be shown in the same manner as [6]
and [8]. We show the second part. Let + .(s, ®), s = ¢, denote the
solution of the stochastic integral equation,

Y(s, ) = o + S:A( Y(u, 0))dW(u) + §:a( Y(u, 0))du .
Let 7 be any stopping time. Then

X(s + 7, 0) = X(z, ) + Sf“A(X(u, ©)dW(u) + Sj“a(X(u, ®))du
or

X(s+7, 0)=X(z, ®)+ S:A(X(v +7, @)dW(w+1)+ SZJ(X(Q; +7, 0)d .

But W + 7) — W(z) is also a Wiener process in B independent of
M NOW g x(s, ) and X(s + 7, w) are both solutions of the last
equation. By the uniqueness of solution, v x (s, ®) = X(s + 7, w).
Now let E be a Borel set in B and z¢ B, then

E(X(s +1)e B A) = E(Yox(s) € E| )
= &(Y(s)e E| Y(0) = X(7))
= Q(Sy X(T)y E) .

Hence X is homogeneous and satisfies the strong Markov property.

We wish to thank Professor L. Gross and Professor K. Ito for
their conversations and encouragement.
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