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ON THE NON-MONOTONY OF DIMENSION

BEVERLY L. BRECHNER

In this paper an example is constructed of a compact
Hausdorff space X with covering and large inductive dimen-
sions 0, but containing subsets Y,, with covering dimension
n, and large inductive dimension at least n, each n,1 < n =
co. This result is an interesting contrast with the recent
result of D. W. Henderson that there exists an infinite dimen-
sional compact metric space with no n-dimensional compact
subsets for 1 <n < co. As a corollary of our results, we
show that for each 7,1 < n < oo, there exists a (necessarily
non-metric) continuum M, of covering dimension 7, which con-
tains subsets of all positive covering dimensions. Covering
dimension is treated in §2, while large inductive dimension is
treated in §4. In §3, compactifications of Y, are discussed
and it is shown that the covering dimension of 5Y, =0 for
1 = n < oo, Itis known (see Gillman and Jerison) that for a
normal space N, covdim N = cov dim §N.

1. Introduction and construction of examples. For separable
metric spaces, cov dim = ind dim = Ind dim, and each of these is mono-
tone; that is, A & B implies dim A < dim B. However, it is well-
known that although ind dim is always monotone [7, appendix], cov
dim and Ind dim need not be monotone. In the appendix of [7], it
is shown that if S denotes the Tychonoff Plank, and T denotes a
particular (non-normal) subset of S, then inddim S = covdim S =
Inddim S = 0, while covdim 7 >0 and Inddim 7 > 0. However,
covdim 7 and Ind dim 7' are not determined in [7]. In this paper, we
will prove, among other things, that the set T (Y, in our notation)
satitisfies covdim 7 = Ind dim T = 1.

We establish the following notation.

Let 2, denote the first ordinal whose cardinal is infinite.

Let 2,, for each positive integer n, denote the first ordinal greater
than Q, ,, whose cardinality is greater than the cardinality of Q,_..
(Note that 2, is a limit ordinal. See page 100 of [5].)

Let X, be the set of ordinals from 0 to Q;, inclusive, with the
order topology; X; = [0, 2;].

Let X = [, X:.

Let p= (2,02, -+, 2, -+-)e X.

let Y.=Y =X — {p}.

Let Z, = ] X..

Let p, = (2, 2, -+, 2,) € Z,.
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Let Y, = Z, — {p.}-

The examples of this paper are X and the Y,’s just constructed.

We note that they are simple generalizations of the Tychonoff
Plank. (See p. 132 of [9] or p. 154 of [7].) It is known that for any
space 4, Inddim A = 0 iff covdim A = 0, and that for a compact Haus-
dorff space 4, inddim A = 0 iff Inddim A = 0 iff covdim A4 = 0. (See
[7, appendix] and [10].) Thus a totally disconnected, compact, Haus-
dorff space has dimension 0 in all three senses. The spaces Z, 1 <
n < o, and X, constructed above, are totally disconnected, compact,
Hausdorff, and hence, 0-dimensional in all three senses.

All spaces are Hausdorff.
We use the following definitions.

The small inductive dimension of a space A4, ind A, is —1, iff
A= @;ind A < n iff for every point »p € A and open set U containing
p, there is an open set V such that pe V= U and ind (bdry V) <
n—1. Wesay indA =n iff indA <»n but ind 4 £n — 1.

The large inductive dimension of a space A, Ind A, is —1 iff
A= 0;Ind A <n iff for every closed set F < A and open set U
containing F, there is an open set V such that FS VS U and
Ind(bdry V) <n —1. Wesay IndA =5 iff IndA < » but IndA4 £
n— 1.

The covering dimension of a space A, covdim A, or dim A, is —1
iff A is empty; dim A < » iff every finite open cover of A has a finite
open refinement such that at most (n + 1) elements have a nonempty
intersection. We say dimA = » iff dimA < % but dimA4 £n — 1.

See [7] and [10] for a further discussion of dimension theory.

An n-dimensional cover of a space is a cover in which some
(m + 1) elements meet, but no (n + 2) elements meet.

An initial segment of ordinals in X, (or X, — {2,}) is the set of
all ordinals less than some a e X, (or X, — {Q.})-.

An end segment of ordinals is the complement of an initial
segment.

A cofinal set S in X, means if a €0, 2,) then there exists B such
that ¢« < 8 <2, and g€ S.

2. The non-monotony of covering dimension. We have seen
that dim X = 0. In this section we prove that dimY, =nfor1 < n <
oo, and that X contains a copy of each Y,. It is clear that Y, is not
normal for m =1, since it contains, as a closed subset, the nonnormal
subset T of the Tychonoff Plank S discussed in §1.
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We note that Dowker has given an example of a normal Hausdorff
space N with a normal subset M such that dim N = Ind N = 0, but
dim M = Ind M = 1. See [3] or pages 102-3 of [8].

LEMMA 2.1. Let 2. U, U, -+-,, U, be a finite open cover of Y,.
Let B;={(x,, ®, +++, %y -+, x,)€ Y, |2, €]0, Q)), 2;=02, for j = i}. Then
some element of ZZ must contain a cofinal subset of B;.

Proof. Suppose not. Since B; is well-ordered by its ¢th coordinate,
then for each j,1<j <k, there exists an a;; €[0, 2;] such that
(2, 2, <+, a;;, -+, 2,) is the first element of B; such that no element
following it is in U,;. Let a = max{a;};-.. Then

p= (‘QO, ‘Qly ct Bi: Y ‘Qn)

is not in any element of 7, if @; is the ith coordinate of p, with gB; >
«. This is a contradiction.

THEOREM 2.1. Y, is one dimensional.

Proof. Let #Z = {U, Uy} be a cover of Y, defined as follows:
U =Y, — B, where B, = {(x, 2))|2 <0, 2)}, U, = Y, — B, where B, =
{(Q, ) [2 €0, 2)}. We will show that any finite refinement 7~ of %
must contain some pair of elements which intersect. We first note
that some element of 7” must contain a cofinal subset of B,, by Lemma
2.1. We assume that V, is such an element.

We show that V, must have a limit point in B,. For each (¢, 2,) €
V. N B,, there exists g, such that («, 8) € V, for 8 = B., since V, is
an open set about (a, 2) and the set {(a, x)|a fixed, x<€[0, 2]} is
homeomorphic to X,. Then card {8,]|(a, 2,) € V}} < card 2,, and there-
fore v = sup {B.|(a, 2) e V}} < 2.. Then (2, ) is a limit point of V,,
but not in U, and therefore not in V.. Thus any element of 7" con-
taining (2,, v) must meet V,. It follows that Y, is at least one dimen-
sional.

We must now show that Y, is at most one dimensional. Let %
be an arbitrary finite open cover of Y,. We wish to find a finite
refinement which is at most 1-dimensional—i.e. no three elements inter-
sect. Recall that Y, = [0, 2] x [0, 2.] — {(2,, 2)}.

Now B, = [0, 2,) x {2} is a closed subset of Y, and is homeomor-
phic to the set of positive integers. Since 7 is a finite open cover
of Y, we note, incidentally, that at least one element of % contains
a cofinal subset of B,. Let U, U, ---, U, be all the elements of %
which interseet B,. If V/=UNRB, Vi =(U; — U,;«:U;) N B,, then

».. Vi =B, and V! is open in B,. For each point (ai, Q) e VI,
there exists Vi, €10, 2,) such that for all v = Vigs (a,-ﬁ, yeU. If 75 =
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sup {7i, | (@, Q1) € Vi}, then Vix[7, Q& Ui If 6zmax {V;[i=1, -+, n},
subject to the condition that ¢ is not a limit ordinal, then Vi x[d, 2,] &
U,i=1,--+,n. Let W, = V! x [0, 2], and we note that W, is an
open subset of u;. Now [0, 2] x [0, & — 1] is a compact subset of Y,
which is also open in Y. Therefore there exists a finite 0-dimensional
refinement %’ of z/, covering this set. Now the collection of
members of 7/’ together with the {W;}r,, forms a 0-dimensional finite
open cover of Y, — ({2} x [0, 2))). We will add enough members to this
collection in such a way that an at most 1-dimensional cover will
result.

If C= {2} x [0, 2), then a finite number of the elements of %,
say U/, +++, U/, cover C. Thus if D, = U’ NC, then {D}L, is a
finite open cover of C in C. Since C is 0-dimensional, there exists a
finite 0-dimensional refinement, say E,--- E,. Now [0, 2] x E; is
open in Y. If N;= ([0, 2] x E;) N U, where Uy, is any element
of {U;}7-, which contains FE;, then the collection {N;};_, is 0-dimen-
sional collection.

Let «2 be the finite collection of open sets consisting of the
members of Z7’, the members of {W;}7-,, and the members of {N;}i..
Then 7 is an at most 1-dimensional cover of Y,, for the only possible
intersections are between an N, and either an element of %’ or of
{Wili-.

It follows that Y, is 1-dimensional.

THEOREM 2.2. Y, has dimension =n.

Proof. The proof is by induction on the method of proof of
Theorem 2.1. Let Z: U, U, ++-, U, be an open cover of Y, defined
by U; = Y, — Ujx B.,;, where B, ; = {(x, @, +++, x;, -+, 2,) € YV, [a; €
[0, 2;) and %, = @Q, for k = j}. Let 7 be any finite refinement of 7.
By Lemma 2.1, for each 7, 0 < 7 < #n, there exists V;e?" such that
V; contains a cofinal subset of B,;. We will show that N, V: = @,
by showing that )= V; has an end segment of B,, as limit points.
We note that Y,_, is homeomorphic to

{(xm xl’ ° .7 xn—ly Qn) € Yn[ (xOy xl} °* '7 xn-—l) e Y —1} g Yn s

and that B,_,; is homeomorphic to B, ; for 0 < ¢ < n — 1. We identify
these in the remainder of the proof, without explicitly referring to
the homeomorphism between them.

We assume, as an inductive hypothesis, that for any collection of
V:’s chosen as above, M= V; # @. For n = 2, this is proved in Theo-
rem 2.1. Let Vi =Y, NV, let V=N V!, and let V=N Vi
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Now card Y,_, < card 2,, and therefore card V’ < card2,. For z¢
V', let a,€][0, 2,) be an ordinal such that if & > «a,, then (z, o) e V.
We know that a, exists since V is open in Y, containing the point
(%, 2,). Card {a,|ze V'} < card 2,. Therefore if @ = sup {w,}, then
a< Q2,and V' x[a 2] V.

Now let y = (2, 2, -+, 2,_,, B € B,,, such that 3 = &. We wish
to show that y is a limit point of V. We accomplish this by showing
that if (8, By, *++, Bu—s, B) € Y,, B: < 2;, then there exist v,, v, = *+, Yues
such that v; > g; and (v, vy, <+, Vi, B) € V. To this end, let 7; be
a non-limit ordinal > g; such that ;e V;N B,;, let

W, = <[7;i, ARSI %> NV, for
g
0si<n—1, and let W/ = W.Nn Y,... Then W/ is a neighborhood
of a cofinal set in B,; S Y,_,, and therefore, by the inductive hy-

pothesis, W/ = Nizs W/ = @. We note that W’ & V', and therefore
there exists a point

(Yos Viy o, Y)E W S V.

Then (v, vy, o7, Yoo, )€ V' x @, 2,] S V.

Thus we have shown that each point of {(2, 2,, ---, 2,_)} x [&, 2,)
is a limit point of V. Therefore any neighborhood V, of a cofinal set
in B,, must meet V and N, V; % @. It follows that dimY, = .

THEOREM 2.3. Y, has dimension = n.

Proof. Let Z/ be a finite open cover of Y,. We wish to find a
finite refinement of % which is an at most n-dimensional cover of
Y,. Let B,; be defined as in the proof of Theorem 2.2, and again
we don’t distinguish in notation between B, ,; in Y,_,, and its homeo-
morphic copy B,;in Y, for 1 <7< n — 1. We also identify Y; with
(Vi % [T {2) in Y,

We assume, as an inductive hypothesis, that Y, , has an at most
(n — 1) dimensional refinement of any given cover. Let %’ be the
elements of % intersected with Y, _,. Then % is a cover of Y,_,,
and by hypothesis, has an at most (n — 1)-dimensional refinement.
Let 7. V/, --., V] be such a refinement of Z7'. Let V; & U/. Note
that it is possible that U/ = U} for ¢ # j. Note also that card Y, _, <
card 2,. Fix ¢. For each we VJ, there exists «, such that for a >
a,, (»,«)e U;. Let @ =supla, |xec V/} and we see that a; < @,.
Let @ = sup {@;|7 = 1, ---, k} such that & is a non-limit ordinal. Then
Vi=V!x[& 2= U,;ez, foreacht, 1 <i=<k. Thus Y, , x|[a, 2,]
is a subset of Y, which is covered by an at most (n — 1)-dimen-
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sional finite collection, 7": V,, «-+, V,, which refines /. The points of
[B..U(Y,., x[0,@)] are the only points not yet covered. Now
Z,_. x [0, &) is a zero dimensional clopen subset of Y,, and therefore
there exists a finite, zero dimensional refinement of % covering it,
say &.

It remains to cover the set of points of {(2,, 2, -+, 2,_)} X [&, 2,).
Call this set A. The elements of % intersected with A is a cover of
A, say Z”, and A is zero dimensional. Thus there exists a zero
dimensional finite refinement of %" which covers A, say <% W,
W, +--, W,. Now fix 7. For each xe W, & U;, there exists a clopen
product neighborhood, H;, = H, x H, +++ x H,_, x W,;, where W, &
W, and such that H; & U;. Let H/ = Usew, H,,. Then x € H!, H =
U;, and H/ isopen in Y,. Further H N H; = @ for ¢+ j, and H{ N
O; = @ for any O;e & Let _# = {H/, H,, ---, H/}. Then since at
most n elements of 7~ have # ¢ intersection, the addition of _# to 7~
will make at most % + 1 elements intersect. Thus the cover defined by
the elements of ¢, &, and _7 is an at most n-dimensional cover of Y.

It follows that Y, is at most n-dimensional.

THEOREM 2.4. Y, has dimension #.
Proof. Clear from Theorem 2.2 and 2.3.

THEOREM 2.5. Y s infinite dimensional and contains subsets of
dimension n, for every positive integer n.

Proof. 1t is clear that Y contains n-dimensional subsets for all
n, since Y, is homeomorphic to {(x,, %, *++, &,, ---) € Y]z, = 2; for all
1 >n} < Y. We identify this set with Y, in our notation. Since Y,
is closed in Y, it follows that dim ¥ = co.

THEOREM 2.6. X s a O0-dimensional, compact, Hausdroff space,
and contains subsets of dimension n, for 1 < n < oo,

Proof. By Theorem 2.5, Y is co-dimensional and contains subsets
of dimension % for 1 < n < . But Y& X. The theorem follows.

COROLLARY 2.6.1. For each n,1 =< n =< o, there ewists an n-di-
menstonal continuum with subsets of dimension k,1 <k < oo.

Proof. X, is a totally ordered, totally disconnected compact
Hausdorff space, and can be imbedded in a generalized arc, A;, pre-
serving the order of X;, in such a way that if © < y in X; and there
does not exist z in X; with # <z <y, then A, contains a real arc
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from z to y.

Now X = T[], X; and is a compact totally disconnected Hausdorft
space with a lattice-like structure, intuitively like the ordered co-
tuples of integers in R>. We fill in the lattice structure, to make a
1-dimensional grid, in the following way. Let M = J[=, A; and let
M, be the subset of M defined by M, = {(a}, ®zy <+, s, »++) € M| there
exists at most one coordinate «, such that a,c 4, — X,}. We show
that dim M, = 1. Clearly ind M, = 1, since, if xe M, and U is open
with x e U, then there exists a neighborhood V of x such that V &
U, and BdV is homeomorphic to a subset of [, X;. Thus BdV is
0-dimensional, and ind M, < 1. But M, contains arcs. Thus ind M, =
1. Now, by Theorem B page 198 of [10], since M, is compact Haus-
dorff, dim M, < ind M,. It follows that dim M, = 1, since clearly
dim M, > 0.

Let I, =0,1] and let M, = M, x [[:=!I;. By Theorem 4.7 of
[2] the product of an mn-dimensional compact space with the unit
interval has dimension < u 4+ 1. Now M, contains an interval, so
that dim M, = 2, and inductively, dim M, = n. Since X & M,, the
corollary follows.

3, On compactifications of Y, and Y. In [4, pg. 124], it is
shown that the one point compactification of Y, = gY, = Z,. In this
section, we show that the one points compactification of Y, = 8Y, =
Z,, for 1<m< . Thus for each n,1 <7 < <, we have an
example of a space of covering dimension n, whose Stone-Cech com-
pactification is of dimension 0. On pages 244-245 of [4], it is proved
that dim X = dim gX, if X is normal. Thus we see the necessity of
the hypothesis of normality. We note that in [4, pg. 248], it is pointed
out that Y, is a space of positive dimension whose Stone-Cech com-
pactification has dimension 0.

LEMMA 3.1. Let f be continuous from X, (or X, — {Q,}) to the
reals, n = 1. Then there exists an end segment K = |, 2,) (or [a, 2,])
such that f ts constant on K.

Proof. This is proved for X, on page 75 of [4]. It is clear that
the same proof works for X,.

THEOREM 3.1. The Stone-Cech compactification of Y, s Z,, n = 1.
Proof. For n =1, this is proved on page 124 of [4].

In general, Y, = I, X; — {(2, 2, -+, 2,)}. By Theorems 6.4,
6.5 of [4] it is sufficient to show that every (bounded) continuous
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function from Y, to the reals, has a continuous bounded extension to
Z,. It follows from the argument below that any continuous real
function on Y, is necessarily bounded.

We assume, as an inductive hypothesis, that every real continuous
function on Y,_, can be extended to Z,_,. Let f: Y,— R be continuous.
For each ze Y,., W, = {(z, a)|lae X,} is homeomorphic to X,, and
therefore f| W, is constant on an end segment, by Lemma 3.1; that
is, there exists a, such that f(x, ) = f(z, a,) for all « = «,. Further,
if W={(Q,22,---, 2., )ac]|0, 2,)], then f is constant on an end
segment of W, also, say for @« = «,. Now card Z,_, < card 2,. Let
A = [{a,} U {a, |z e Y,_}], and it follows that card A < card 2,. There-
fore sup A < 2,. Let @ = sup A such that & is a non-limit ordinal.
Then [Z,_, x (& 2,]] — {(2,, 2, +-+, 2,)} has the property that on each
{x} x (&, 2,], f is constant. It follows that for ze Y, ,, f((z, 2,) =
f((z, B)), for each 8 = &. Now, since f|Y,_, x {2,} can be extended
to (2, -+, 2., 2,), say it has value %k, then since this extension is
unique, it has same value as f on (2, ---, 2,_, B) for each g = a.
Thus we can extend f to Z,, by defining f((2,, ++-, 2,)) = k.

It follows that Z, is the Stone-Cech compactification of Y.

QUESTION. Is X the Stone-Cech compactification of Y?

THEOREM 3.2. For each n,1 < n < <o, there exists a (non-normal)
space of dimension n, whose Stone-Cech compactification has dimen-
ston 0.

Proof. Our spaces Y, satisfy the conditions of the theorem, by
Theorems 2.4, 2.5, and 3.1.

4, The non-monotony of large inductive dimension. In §2,
we proved that dim Y, =n,1 < n < «. In this section, we show
that Ind Y, =n,1<n < c,IndY,=1,and Ind Y., = . Thus Ind X =
0, but X contains subsets Y, whose large inductive dimension is at
least #,1 < n < oo.

LemMA 4.1. If F, and F, are disjoint closed sets in [0, 2,), 0 <
n < oo, then one of them 1is bounded.

Proof. (See 5.12 (b) p. T4 of [4]. Proof is included here for
completeness.) Suppose neither is bounded. Let {a;}, be a sequence
of elements of [0, 2,) chosen inductively so that (1) a; < a;.1, (2) a;¢
F, for i odd, and (3) a; € F, for 7 even. If v = lub{a} then v < 2,
and v is a limit point of both F, and F,. Therefore ve¢ F,N F,, and
this is a contradiction.
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LemMmA 4.2, Ind[0,2,) =0,0 < n < .

Proof. Case 1. n > 0. Let F be closed in [0, 2,), and let U
be a neighborhood of F. We wish to find an open set V such that
FSVZUand BAV = ¢.

Suppose F' is bounded, there exists a clopen cover of F' by sub-
sets V, of U. Since F is bounded then it must be compact, and
therefore there exist V,, ---, V., contained in U such that FS V =

¥.V.. Then Vis open, FSVEU, and BdV = .

If F is not bounded then, by Lemma 4.1, C(U) is bounded, and
by a similar argument, we find the required set V.

Thus, in either event, there exists an open set V such that F &
VEUand BAV = ¢.

Case 2. m =0. Clear, since the nonnegative integers are discrete.

LeEmMA 4.3. If Z7 is a finite open cover of [0,2,),1 < n < oo,
then some element of Z/ contains an end segment of [0, 2,).

Proof. Suppose no element of %/ contains an end segment.
Then at least two elements of %7 must contain disjoint cofinal sets
in [0,2,). Let U, .-+, U, be those elements of % which contain
pairwise disjoint cofinal sets A, ---, A, respectively, in [0, 2,) with
ANU,=0,j#4,1,5=1,+-- k,and leta,,, a,,, -+, a,, be elements
of A,--., A, respectively, such that a;, >« for all xelJ%i., U;. Let
b, [0, 2,) such that 6, >a,, 1 1=k, let a.y Aoy Ays, » ¢, Ay ele-
ments of A4,, --+, A, respectively, such that a;, > b, and let b, [0, 2,)
such that b, > a,,, 1 <1< k.

Continue the above process inductively, and let b = sup {6;}. Then
b < Q, and b is a limit point of A,, 1 <4 < k. Further, if bec U, then
jef{l, 2, -+, k} and U, contains points of each A;;1<4=<k. But
A NU;,= @ for i =7 when 1 <4 <k, and this is a contradiction.

LEmMA 4.4. If F, and F, are disjoint closed sets in T[] [0, 2] X
[0, 2,), then at least one of F, and F', is bounded away from the corner
point of Y, in the n'™ direction; that is, there exist non-limit ordinals
Qo Qye v+, @, such that T[22 a;, 2] X [a., 2,) misses, say, F,. (The
corner point of Y, is (2, +--, 2,) even though this point does not
belong to Y,.)

Proof. Let B,={(£2,, +++, 2,, ®)|x € [0, 2,)} and we see by Lemma
4.1, not both F,N B, and F, N B, can be unbounded in B,. Thus we
assume that there exists a non-limit ordinal e, such that if a = «,
then (2, 2, +++, 2,_, @) ¢ F,.
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Now, suppose the lemma is false. Then for each point (B, B, ++-,
B.) with g, > a,, and B; < 2; for all 4, there exists another point
(B, B, +++, B)in Fysuch that 8, < i < 2, for0 =£i<n —land B, <
B < 2,. Thus after a countable number of choices, with each point
closer, in at least one coordinate to (2, ---, 2,) than the preceding
point (closer in 0™ coordinate whenever possible), we exhaust all pos-
sibilities for B, This is true because there are only a countable
number of points in X,. Then if B;, denotes sup {8;| for each choice
of g < 2} it follows that (2, 8.1, B ***, Bny) 1S a point or limit
point of F, and therefore must be in F,. Further, each g;, < 2,,
1i<m, and B, < 2,.

We continue the process inductively and note that after at most
[ Q.| choices, we obtain a point (2, 2, Bas+*, Ba.) as a point or limit
point of F,, and therefore in F,, and such that 8,,< 2,2 <17 < n,
with 8,. < 2,. After n steps, we obtain a point (2, 2,, -+, 2.1, Bu.w)
in B, as a point or limit point of F, and therefore in F,. But g,., >
«, and this is a contradiction. Thus F, must be bounded away from
the corner point of Y, in the n™ direction.

LEMMA 4.5. If BS A and US A, then Bd,(UN B) S Bd(U).

Proof. Let 2e Bdz(UN B). Then each neighborhood of x contains
points of UN B and of C(U) N B and therefore contains points of both
U and C(U). It follows that xe Bd,(U).

REMARK. The following two lemmas are well known among dimen-
sion theorists. However, we include them here since they may not
have been explicitly stated in other published work. The proof is the
same as the proof for the metric case [10, II. 1.A].

LEMMA 4.6. If IndA =0 and B is a closed subset of A, then
Ind B =0.

LEemMMaA 4.7. If Ind A=k and B s a closed subset of A, then
Ind B < k.

REMARK. The next proposition is not used in the rest of the
paper, but is included for its (possible) interest. Also, the proof of
this proposition is referred to in Theorem 4.1.

ProrosiTiON 4.1." If S= (I X;) < [0, 2,), then dim S =Ind S = 0.

!t The referee has pointed out that this theorem follows easily from a theorem of
Morita (Topogical completeness and M-spaces, Sci. Reports Tokyo Kyoiku Daigaku. Sec.
A 10 (1970) 271-288) that dim X X Y < dim X + dim Y if X is paracompact, locally
compact, and Y is pseudoparacompact.
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Proof. Let % be a finite open cover of S. Each {z} x [0, 2,) is
homeomorphic to [0, 2,), and therefore, by Lemma 4.3, some end seg-
ment of {#} x [0, 2,), say {x} X [a,, 2.,), is a subset of every element
of % which it meets. Since card ([[!= X;) < card [0, 2,), let o’ =
sup {a, |z e [1/= X;} and let &« > & Dbe a non-limit ordinal. Then for
each #, there is a j such that ({z} x [a, 2,)) € U; Further, if {z} x
[, 2,) meets several U,’s, then it is a subset of each of them. Consider
(II7=+ X;) x {a}. This is a compact zero dimensional space, and %’ =
{U;N (1= X; x {a})|U;e 7} is a finite open cover of this space.
Thus there exists a zero dimensional refinement 7’ of %’. For each
Ve,V x|a, 2,) S some Uj, and the collection 7" ={V’' X [a, 2,)| V' €
77’} is a zero dimensional cover of (I];= X;) X [a, 2,) refining Z.

Now since [I75 X; x [0, ¢ — 1] is a zero dimensional compact
Hausdorff space, there exists a finite zero dimensional refinement 57~
of 7z covering this set. Then the collection 7" U 9~ is a finite zero
dimensional refinement of %r. It follows that dim S = 0.

Now in the appendix of [7], it is shown that for any space S,
dim S = 0 iff Ind S = 0. Thus the lemma is proved.

THEOREM 4.1. Ind Y, = 1.

Proof. If B, = {(x, Q) |2 [0, 2)}, B, = {(2,, ) [xe[0,2)}, and U =
Y, — B, then B, is a closed subset of Y, and B, U, with U open
in Y,. As in the proof of Theorem 2.1, we see that for any open
set V such that B, V< U, Bd V must contain a = @& end segment
of B,. Thus Ind Y, > 1.

We now show Ind Y, < 1. Let F be closed in Y, and let U be
and neighborhood of F. F and Bd U are disjoint closed sets in Y.

If F contains a cofinal set in B,, then by Lemma 4.1, Bd U misses
an end segment of B, and by Lemma 4.4, there exist non-limit ordinals
«, and «, such that [a,, 2] X [a, 2,) misses BdU. Thus BAU < KU
(le,, 2] < {2}), where K is the totally disconnected compact open
subset of Y, defined by K = Z, — [a,, 2] X [, 2,]. Then KNBAU
can be covered by a finite number of clopen sets V,, ---, V,, each of
which is a subset of K and misses F, sothat V = U — Ui, V; is open,
contains F, and BAV = @ or BdVE [a, 2] x {2].

If F contains no cofinal set in B,, then by an argument like that
of the above paragraph, F< L U (I8, £, x {2}) where L is a totally
disconnected compact open subset of Y, defined by L = Z, — [B,, 2] X
181, £.], and B, and B, are some non-limit ordinals. Then L N F can
be covered by a finite number of clopen sets W, ---, W,, each of
which is a subset of UN L, so that if W = U, W;, then BdW = ¢&.
From this we see that if FF< L, there exists an open set W such that
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FEWEUand BAW = @. Otherwise FN(Y, — L) S [B,, 2] x {2.}.
Let /' = FN(Y,— L) and let U’ = UN (Y, — L). It suffices to show
that there exists W’ open such that F/& W' < U’ and Bd W' is at most
0-dimensional (in the large inductive sense).

To this end, we note that U’ is a neighborhood of F’, F’' <
(5., 2,) % {2.}) and, since there are only countably many elements in
F’, by the method used in Proposition 4.1, there exists a non-limit
ordinal v such that if W' = (F'.N B, x [v, 2.]), then W’ = U’. Since
[0, Q,) is discrete, W' is open, so that W' is open, contains F”’ and
BdW’' < B, or BAW’ = @. Thus Bd W’ is at most zero dimensional.
The theorem follows.

COROLLARY 4.1.1. If A =|a, Q] %[5, 2.]—{(Q, 2.)} then Ind A =1.
Proof. Clear from the proof of Theorem 4.1.

COROLLARY 4.1.2. Let Y! = [0, 2] x [0, 2] — {(2,, 2.)} and let
Y/, B =[a, Q] X[, 2] —(2,, 2). Then Ind Y/ =1 and Ind Y/(a, 5)=1.

Proof. A simple modification of the proof of Theorem 4.1 shows
this.

DeriNiTION. Let Y,_, = [1~. [0, 2;] — {(Q, 2,, --+, 2,)}. By a cor-
ner of Y, , we mean a set of the form [Jr,[a;, 2] — {(2, --+, 2,)},
where «; is a non-limit ordinal, ¢ =1, ---, ». In the proof below, we
identify Y,_, with the set of points of Y, whose first coordinate is Q,.

THEOREM 4.2. Ind Y, =n,1< n < .

Proof. If B, = {(x, 2, D, +++, )¢ Y.|ze[0, 2)} and
Bi = {("QOy ey ‘Qi—l’ T, "Qi—'rh MY "Qn) € Yn|xe [Oy ‘Qz)}

then B, is closed and U=Y, — Y,_, is a neighborhood of B,, We
assume as an inductive hypothesis that any corner of Y,_, has large
inductive dimension at least » — 1, and note that for n = 2, this is
just Corollary 4.1.2. We will show that any neighborhood V of B,
such that VS U must contain a corner of Y,_, on its boundary. As in
the proofs of §2, we do not distinguish in notation between Y,_, and
its copy in Y,.

To this end, we first prove that if V is any neighborhood of B,
such that V< U, then there exist non-limit ordinals «, «,, ---, @,
such that B, X [, la;, 2] = V. By an analogous argument to the
proof of Theorem 2.1, there is a non-limit ordinal «, such that B, X
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[a, 2] = U. Inductively assume that there exist non-limit ordinals
a, «--, a,_, such that B, x T[!Z [a;, 2,] & V. Now each point of B, x
TI:=t [@, 2;] is the last point of a ‘“vertical set” over it in Y, with
the vertical set homeomorphic to [0, 2,], and card (B, x [I/=! [a,, 2:))
< 2,. Thus for each of these “vertical sets”, there exists B < 2,
such that the end segment below @8 lies in V, since V is a neighbor-
hood of the last point of this segment. If we let @, be greater than
or equal to sup{Q|g is obtained as described for each point of B, x

e, 2]} with «;, a non-limit ordinal, then @, < 2, and B, x

bFola, 2]1< V. Our assertion about the existence of «, ---, «,
follows.

Thus we see that each point of

A = [} x 1 e, Q] — {(2, 2,5 -+, 2}
is a limit point of B, x [[r- [« 2], so that A BdV. Butlnd A =
n — 1, and it follows that any neighborhood V of B, such that V&
U has at least (n — 1) dimensional (Ind) set on its boundary. Thus
Ind Y, = n.

COROLLARY 4.2.1. Let T = [[1- [0, ] —{(2,, +++, Qi =+, 2,)} and

=N i
let T' = 1ol Q] — {(Qyy «v+, 25y =+, )} Then each of T and T’
has large tnductive dimension at least n — 1.

Proof. A modification of the proof of Theorem 4.2 works.

THEOREM 4.3. Ind ¥V = =-.

Proof. Y,= Y homeomorphically and we identify Y, with its
image in Y. Since Ind Y, ==n, and Y, is closed in Y, Ind ¥ = <o,

THEOREM 4.4. X is a totally disconnected compact Hausdorff space
with Ind X = 0, but X contains subsets Y,, 1 < n < oo, withInd Y, =
n;Ind Y, =1, and Ind Y., = o.

Proof. Follows from Theorems 4.2 and 4.3.

QUESTION. IsInd Y, =% for 1 <n < «?
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