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The purpose of this paper is to study further the ideal
and module structure of a commutative ring with identity,
in which every principal ideal is projective. Results concern-
ing particular modules being projective are also obtained, e.g.
if R is a commutative ring with identity, then Zz(Rz) =0
and every finitely generated nonsingular R-module is projective
if and only if R is semihereditary and K, the classical ring
of quotients of R, is selfinjective.

A ring R is said to be a right P.P. ring if every right principal
ideal of R is projective. These rings have been considered by Hattori
[6] and by Endo [4], [5].

If R is a commutative ring with identity it can be shown that
Ris a P.P. ring if and only if for each z ¢ R, r(z) = {t ¢ R|xt = 0} = eR
for some idempotent ec R. This latter property was used by Kist
[9] to define ‘commutative Baer rings’. In this paper, however
by a Baer ring we will mean a ring R, with identity, such that for
each subset SE R, r(S) = {te R|St =0} =e¢R, where ¢ is an idempotent
of R. This is the definition used by Kaplansky [8, p. 2].

1. Notations and terminologies. Throughout this paper, unless
otherwise indicated, a ring R is an associative ring with identity; all
modules are unitary.

Given a subset S of a module M we set, as usual, r.ann,(S) =
{xe R|Sx = 0} and we abbreviate this to »(S) if no ambiguity arises.
The notion /. ann,(S) = I(S) is similarily defined; over a commutative
ring no distinctinction is made between [(S) and »(S). If N is a
submodule of M we set (N: M) = r.ann,(M/N).

For jall homological notions used in this paper, the reader is
referred to [10].

Throughout this paper, K will denote the classical ring of quotients
of a commutative ring R. Spec R will denote the space of prime
ideals of commutative ring R, while Minp B will denote the space of
minimal prime ideals of R. Details of Minp B may be found in [7].
If R is a commutative P.P. ring, let ¢, be the unique idempotent such
that »(z) = e, R.

By a regular ring we mean a von Neumman regular ring, that
is a ring with the property that every finitely generated right (left)
ideal is generated by an idempotent. Regular rings, thus are in
particular P.P. rings.
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2. Quasi-regular rings. Quasi-regular rings were first discussed
by Endo in [5].

DEerFINITION 2.1. A commutative ring R is said to be quasi-regular
if the classical quotient ring K of R is a regular ring.

THEOREM 2.2. For a commutative ring R, the following are
equivalent:

(1) PFor all xe R there exists &' ¢ R such that rr(x) = r(@') and
R is a semiprime ring.

(2) For all xe R there exists a nonzero divisor de R such that
xd = 2%,

(3) R s a quasi-regular ring.

Proof. (1) implies (2). It will first be shown that « + 2" is a
nonzero divisor of R. If (x + «')s = 0, then 2s = — a#’s and hence
zserr(x) Nr(x). It is a consequence of R being a semiprime ring
that »»(z) N (@) = 0 and hence s¢ r(x). Similarily se r(@) = rr(z) and
s0 s = 0. The result follows by observing x(x + ') = 2

(2) implies (3). Let xzd*e K where ¢ R and d is a nonzero
divisor of R. By (2), there exists a nonzero divisor v ¢ R such that
24 = 2. Hence 2*(d™")*du™ = zd™*, which implies K is a regular ring.

(8) implies (1). Let xe R< K. Then, as K is a P.P. ring
ranng(z) = (sd”')K where sd™* is an idempotent of K,sc R and d a
nonzero divisor of B. Hence r.ann, (r.anng(z)) = r.anng(r.ann,(z)) N
R = r.anng(sd™) N R = r.ann,(s). Finally R is semiprime as K is.

REMARK 1. Since every quasi-regular ring is semiprime, condition
(2) expresses the fact that for each 2 ¢ R there is a nonzero divisor
de R such that © < d, where < is the partial ordering defined on
any semiprime ring by z < y if and only if 2y = 2%, [1].

REMARK 2. Condition (1) was introduced in Theorem 3.4 of [7].
If R is a semiprime ring this condition implies Minp R is compact. It
has been stated in the paper of Henriksen and Jerison [7] and later
in the paper of Mewborn [12] that an example of a semiprime ring
R with Minp R compact, but which does not satisfy condition (1) of
the Theorem, has not been found.

COROLLARY. Ewvery commutative P.P. ring is a quasi-regular ring.
Proof. For each xze R, rr(xz) = r(e,) where r(x) = ¢,R and the

other half of condition (1) of the Theorem 2.2 is proved in the following
lemma.
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LEMMA 2.3. Let R be a commutative ring tn which every principal
iwdeal is flat. Then R is a semiprime ring.

Proof. Let «* = 0. Consider the exact sequence 0 — r(x) > R —
*R— 0. As 2R is flat 0 —» 7(z) @z R — R@®: *R — *R@r xR is an
exact sequence. Hence by Proposition 1 of §5.4 of [10] it follows
that 0— r(®).2R — 2R — 2*R — 0 is exact: i.e. 0 -0 —2R —2*R—0
is exact and as 2* = 0, z = 0.

REMARK 3. The above Corollary is contained in Endo’s Proposition
1 [4, p. 168], which we record here as we shall have occasion to
remark on it again.

PROPOSITION 2.4. If R is a commutative ring, then R 1s a P.P.
ring if and only if K is regular and R, is an integral domain for
each maximal tdeal V of R.

Quasi-regular rings are analogous to distributive =-lattices [16].
The following proposition has an analogue in distributive lattices.
This has been given in [16] and so the proof will not be given here.

ProrosiTION 2.5. If R is a semiprime ring, thewm the following
are equivalent:

(1) For all xc R, there ewists ' € R such that rr(z) = r(x’).

(2) For all xc R, there exists an x'c¢ R such that xa’ =0 and
x + &' is a non zero divisor.

(3) If P is a prime ideal of R, which contains only zero divisors
then P is a minimal prime ideal.

REMARK 4. The Baer extension [9, p. 46] of a quasi-regular ring
is simply the ring generated by R and the idempotents of K.

3. Modules in which every cyclic submodule is projective.
A right R module is said to be a C.P. module if every right cyclic
submodule is projective.

ProrosiTION 3.1. If R is a ring and A, is a right R-module,
then the following are equivalent:

(1) A ts a C.P. module.

(2) For each x € Ay, v(x) = eR for some tdempotent ec R.

_Proof. (1) implies (2). Consider the exact sequence O——»r(x)—z—»
R—l»a:R—»O, where ¢ is the imbedding map and j: ¢ — xa. Then, as
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xR is projective, the exact sequence splits and »(x) is a direct summand
of R.

(2) implies (1). Suppose xR is a ecyclic submodule. Then xR =
R/r(x) = RleR. As R/eR = (1 — ¢)R by the correspondence 7/eR —
(1 —e)r,2R= (1 — e)R. Hence xR is projective.

THEOREM 3.2. For a ring R the following are equivalent:
(1) R is right P.P.

(2) FEwvery free right R-module Fj s a C.P. module.

(3) Ewery projective right R-module P, is a C.P. module.

Proof. (1) implies (2). It suffices to prove (2) in the case Fj =
R™ = {(x,, @, - -+ x,) Y x; € R} for some positive integer n. Thus suppose
n>1 and let xR < R™ where z = (x, -+-, x,) € R™. Let n: R"™ —
R be the map given by =n(r, ---, r,) = r, (i.e. the projection on to the
first component of R™) and let T = w|xR. Then the exact sequence
0—ker7—aR-5>Im7—0 splits as Im7 is a principal right ideal
of R. It follows that *R =ker7 @ Im 7, where kerT is a cyclic
submodule of R™* and so projective by the induction assumption.

xR is a projective R-module as it is a direct sum of two projective
right R-modules.

(2) implies (38). Trivial.

(3) implies (1). Trivial.

Next in this section we obtain a characterization of commutative
P.P. rings. The following lemma will be required for the proof of
this characterization. For modules NS M we write N<E'M when
M is an essential extension of N. For the definition of essential the
reader is referred to the book of Lambek [10, p. 90].

LEMMA 3.3. Let RS S be rings (with the same identity) such
that R, &' S,. Then for each sc S, r.anng(s) is generated by an
idempotent of R if and only if r.anns(s) is generated by an idempotent
of R.

Proof. Let se S and suppose r.anng(s) = eR, where ¢’ = ec R.
Since r.ann,(s) &’ r.ann(s) (as R-modules) it follows that eS &’ r.ann(s)
(as S-modules) and so r.anng(s) = eS.

Next suppose r.anng(s) = eS for some ¢* = ec R. We then have
eR <’ eSN R = r.anng(s) and so eR = r.anng(s).

THEOREM 3.4. For a commutative ring R with total quotient ring
K the following are equivalent:

(1) R is a P.P. ring.

(2) K is a P.P. ring and every idempotent of K is an element
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of R.
(3) Any ring A such that R= A< K, is a P.P. ring.

[Note: All rings in (3) share the identity of R.]

Proof. (1) implies (2). By Proposition 3.1 it suffices to that for
each ke K, r.anng(k) = eK where ¢ is an idempotent element of R.
Thus let ke K and so &k = ad™ where ae R and d is a nonzero divisor
of R. The map kR— R given by kr — dkr is a module imbedding
and so kR is projective. It follows that the epimorphism R — kR
given by » — kr, splits and so r.ann(k) = ker(R — kR) = ¢R for some
e =ec R. Lemma 3.3 now gives r.anng(k) = e¢K.

(2) implies (3). This is a clear consequence of Lemma 3.3.

(3) implies (1). Trivial.

We now have a corollary to Proposition 2.4. [Endo].

COROLLARY. Suppose R is a quasi-regular ring. For any ring
A such that R < A S K the following are equivalent:

(1) R, is an tntegral domain for every maximal ideal V of R.

(2) 4, 1s an integral domain for every maximal ideal V of A.

4. Baer ideals and torsion free R-modules. Throughout this
section R is assumed to have a right ring of quotients as defined by
Levy [11, p. 133]. Any commutative ring has such a ring of quotients.

If M is a right R-module, let T(M) = {me M}md = 0; for some
nonzero divisor d of R}. T(M) is a submodule of R [11, Theorem 1.4].
M is said to be torston-free if T(M) = 0.

If J is a right ideal of R, let J, be the right ideal of R such
that T(R/J) = J,/J. Ideals such that .J, = .J, have previously been
used by Cateforis and Sandomierski [2, p. 162].

ProPOSITION 4.2. Let R be a ring, S the right ring of quotients
of R and J a right ideal of R. Then the following are equivalent:

(1) T(R/J)=0.

(2) There exists a right ideal J' of S such that J'N R = J.

(3) Jg=J.

Proof. (1) implies (2). Clearly J< JSN RE. Conversely if ze
JSN R, then & = asd™, where acJ,se R and d is a nonzero divisor
of R. Hence xzd = aseJ. Thus as T(R/J) = 0,xeJ.

(2) implies (3). If adeJ, then xdd~' e JS & J which implies x € J;
ie. J; = J.

(8) implies (1). If M is any right R-module T(M/T(M)) = 0.
Hence T(R/J;) = 0.
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PRrROPOSITION 4.3. Let R be a ring, J a right ideal of R. Then

(1) Jy= R if and only if J contains a nonzero divisor.

(2) T(R/Jz) =0, and of J = I a right ideal such that T(R\I) =
0, then J, S I.

Proof (1). Since T(R/J) = R/J if and only if J contains a non-
zero divisor, the result follows.

(2) From Proposition 4.2. T(R/J;) = 0. Now suppose x¢.J,.
Then 2deJJ = I for some nonzero divisor d of R. Hence as T(R/J) =
0,xel.

We now look at ideals J of a ring R such that T(R/J) = 0 when
R is a quasi-regular or commutative P.P. ring. Properties of these
ideals in quasi-regular rings have been looked at by Endo [5, p. 111-
112]. From Proposition 3.5 we have the following.

COROLLARY 4.4. If R is a commutative semiprime ring then the
following are equivalent:

(1) R is a quasi-regular ring.

(2) If P is a prime ideal of R, T(R/P) = 0 if and only if it is
a minimal prime ideal.

COROLLARY 4.5. If R 1is a commutative quasi-regular ring then
the following are equivalent:

(1) If J is an ideal of R, them R, then T(R/J) = 0.

(2) R is a regular ring.

Proof. (1) implies (2). From Corollary 4.4 this means that every
prime ideal of R is a minimal prime ideal, and hence maximal ideal
of R. Hence R, is a field for each maximal ideal V' of R. The
result follows from Theorem 1 of Endo [5].

(2) implies (1). Every nonzero divisor of a regular ring is a unit.

ProrosiTiON 4.6. Let R be a commutative P.P. ring, J an ideal
of R then the following are equivalent:

(1) TR/J)=0.

(2) If x — yedJ then e, — e, e J.

(8) R/J is a flat R-module.

(4) If xed then rr(x) & J.

(5) J=nN{MeMinpRYJ = Mj}.

Proof. (1) implies (2). It will first be shown that if s, ze R,
then sx ¢ J if and only if se, — seJ. If se, — seJ then — xs = x(se, —
s)edJ. Hence zseJ.

Conversely if xzseJ, then (se, — s)(x + ¢e,) = — s + se, — se, =
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sxed.

Now if © — yeJ, then z + J = y + J. From the above it can be
seen that this implies (e, + J)R/J = r.ann,, (x/J) = r.ann,, (y/J) =
(e, + JH)R/J ie. e, — €.

(2) implies (3). Let weJ. Then 1 —e,e¢J and x(l —e,) = x.
Thus R/J is flat [11, Ex 3, p. 135].

(8) implies (1). If zdeJ, then by [11, Ex 3. p. 135] there exists
a ceJ such that xde = xd, which implies © = zce J.

The equivalence of (2), (4) and (5) has been shown by T. P. Speed

[17].

REMARK 1. Conditions (1), (4) and (5), of the above theorem, are
equivalent for a quasi-regular ring. Furthermore it can be shown as
a corollary of Theorem 3.1 of Mewborn [12], that conditions (4) and
(5) are equivalent for a semiprime ring R if and only if Minp R is
compact.

In [18] ideals satisfying property (2) were called Baer ideals. We
will continue to use this name.

REMARK 2. In [18] a Baer homomorphism between two commuta-
tive P.P. rings, R and R’ was defined to be a ring homomorphism f
satisfying the additional property f(e,) = e;.,, Where r.ann.(f(x)) =
e;mBR, for all e R. It was shown that an ideal J of R is the kernel
of a Baer homomorphism if and only if J satisfied condition (2) of
the above theorem.

The Baer ideals of R, a commutative P.P. ring, form a pseudo
complemented lattice [17], which we will denote by I?(R). If Sisa
commutative ring, denote the lattice of ideals of S by I(S) and let
B(S) denote the Boolean algebra of idempotents of S.

PrOPOSITION 4.7. Let R be a commutative P.P. ving. Then [(K) =
I(B(K)) = I(B(R)) = I"(R), where the isomorphisms are lattice isomor-
Phisms.

Proof. It can be seen from Proposition 4.2 (2) that I(K) = I*(R).
It is well known that I(K) = I(B(K)) and I(B(K)) = I(B(R)) as B(K) =
B(R) (Theorem 3.4).

Finally in this section we look at the decomposition of commutative
P.P. rings.

A submodule M of a right R-module A, is said to be large if
M N N = 0 for each nonzero submodule N of A4,. A large ideal is a
large submodule of B. If R is a commutative semiprime ring, J is
a large ideal if and only if »(J) = 0. A right R-module A, is said
to be nonsingular if Z,(A;) = 0 where Z,(A;) = {x e R|r(zx) is a large
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ideal of R}.

THEOREM 4.8. Ower a commutative P.P. ring the following are
equivalent:

(1) R has the a.c.c. on Baer ideals.

(2) R is a finite direct sum of integral domains.

(3) Ewvery torston-free R-module is a C.P. module.

(4) Ewvery torsion-free R-module is a nonsingular module.

(5) Z(M) = T(M) for every module M.

(6) Every large ideal contains a monzero divisor of R.

Proof. (1) implies (2). This follows from the lemma of Hattori
[6, p. 156].

(2) implies (3). If A, is a torsion-free R-module then each cyclic
submodule of R is a torsion-free R-module. Hence if ¢ R, r(x) is a
Baer ideal, (Proposition 4.6). It is a consequence of R being a finite
direct sum of integral domains that all Baer ideals of R are idem-
potently generated.

(38) implies (4). Free modules over nonsingular rings are non-
singular modules.

(4) implies (5). If an ideal J contains a nonzero divisor d then
JS' Rand so T(M) & Z(M). Now Z(M)/T(M) = Z(M/T(M)) and since
TM/T(M)) = 0 we have Z(M/T(M)) = 0 or Z(M) = T(M).

(5) implies (6). If J is a large ideal of R, then Z(R/J) = R/J
and so T{(R/J) = R/J. Hence there is a nonzero divisor de R such
that d(1 +- J) =0 or de J.

(6) implies (1). If B is a large ideal of K then BN R is a large
ideal of R and so B contains a nonzero divisor of R. It follows that
B =K, as d" exists in K, and so has no large ideals # K. K is
thus artinian semisimple. Hence the ideals of K satisfy the a.c.c.

It now follows from Proposition 4.7 that the Baer ideals of R satisfy
the a.c.c.

COROLLARY 4.9. If R is a commutative hereditary (semihereditary)
ring R with identity, then R is a finite direct sum of Dedekind
(Priifer) domains if and only if R has the a.c.c. on Baer ideals.

5. Finitely generated nonsingular R-modules of a commuta-
tive semiprime ring. In this section we introduce a third torsion
theory. If A, is an R-module of a commutative ring R, let U(A) =
{xe A¥lr(x) = 0}. This is the definition of ‘torsion submodule’ used
by Pierce [13, p. 80-83]. Note that if R is an integral domain U(A4) =
0 if and only if T(A) = 0. Also, if R is a semiprime ring U(4) = 0
if and only if Z(A4) = 0 [11, Ex. 1. p. 108].
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It was mentioned in the introduction of this paper, that by a Baer
ring, we will mean a ring R with identity, such that for each subset
SE R, r(S) ={tc RfSt = 0} =¢R, where ¢ is an idempotent of R.
A commutative P.P. ring is a Baer ring if and only if its Boolean
algebra of idempotents is complete. We will need the following lemma
of Sandomierski [15, p. 226]. For the definition of closed submodule
the reader is referred to [15].

LEMMA 5.1. If B, is a submodule of an R-module Ay, such toht
Z(A/B) = 0, then B 1is closed in A.

THEOREM 5.2. Let R be a commutative ring. Then the following
are equivalent:

{1) R is a Baer ring.

(2) Zy(R) =0, and if A, is a nonsingular E-module, then A,
s a C.P. module.

(3) If Ap is an R module such that U(A) =0, then A is a C.P.
module.

(4) If SE R, then R/r(S) is a projective R-module.

Proof. (1) implies (2). Since R is a semiprime ring, the closed
ideals of R are exactly the annihilator ideals of BR. If A, is a non-
singular R-module, then ze 4, implies »(x) is an annihilator ideal of
R (Lemma 5.1). The result now follows by Proposition 3.1 as R is
a Baer ring.

(2) implies (3). Since Z(R) = 0, U(A) = 0 if and only if Z{4) = 0.

(3) implies (4). Let S< R, where S is an arbitrary subset of
R. It will first be shown that U(R/#(S)) = 0. Suppose that »(S) =
R. Then there is an xe¢ R, such that z¢»(S). Now »(x -+ »(S)) =
{te Rlzte»(S)} = r(xS). Hence if rr(z + »(S)) = 0, then »«S) = R,
which implies S = 0, i.e. xe»(S). Thus U(R/r(S)) = 0 for »(S) = R.
Hence as R/r(S) is a cyclic R-module it is projective.

(4) implies (1). Since R/r(S) is projective the exact sequence
0—7(S)— R— R/r(S) — 0 splits. Hence »{S) is a direct summand
of R, i.e. »(S) = eR for some idempotent e < E.

K. M. Rangaswamy and N. Vanaja have also considered the
condition that every cyclic nonsingular R-module is projective. The
above result generalised Proposition 1 of [14] for the commutative case.

The following proposition will be used in the proof of Theorem 5.4.

PropoSITION 5.3. Let J be a finitely generated ideal of a commu-
tative quasi-regular ring R. Then if J does mot contain a monzero
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divisor, r(J) = 0.

Proof. Let J = >, a;R and suppose Jx = 0 implies = 0. Then
J is a large ideal of R and so JK is a large ideal of K. Since K is
regular and JK is a finitely generated K-ideal (generated by the a,)
it follows that JK = K. ThusleJKand 1 = >\7, x.k; = >, xi(ad;™)
where x,€J, d; is a nonzero divisor of R. Now by [12, Lemma 1.3]
there exist b,¢ R and a nonzero divisor d€ B such that ad;* =
b,d™ and so 1 = S.bd™'. It follows that deJ, a contradiction.

Let @ denote the complete ring of quotients of R[10, p. 40].
Cateforis and Sandomierski have introduced the condition Z,(Q ®- Q) =
0. [2, p. 151]. The next proposition gives an equivalent condition to
this when R is a quasi-regular ring.

THEOREM 5.4. Let R be a quasi-regular ring, @ the complete
ring of quotients of R, then the following are equivalent:

(1) ZyQ®rQ) = 0.
(2) @ = K, the classical ring of quotients of R.

Proof. (1) implies (2). @ is a flat R-module as Minp R is compact
[12, Thm 3.1]. As R is also semiprime it is possible to use Theorem
1.6 of [3]. Hence Z(Q @z Q) is equivalent to the condition that for
each qc @, (R:;q) = {re R|rqe R} contains a finitely generated large
submodule, J. @ is an essential extension of R and therefore J is a
large idesl of R. Now if J is a finitely generated large ideal of R,
r(J) = 0 and hence by Proposition 5.3 J must contain a nonzero divisor
d. Finally, if ge Q there exists a nonzero divisor d of K such that
dge R & K which implies g ¢ K.

(2) implies (1). As K@ K = K it follows that Z,(Q®:Q) = 0.

If R is a semiprime ring with Minp K compact and Z,(Q @, Q) =
0, where Q is the complete ring of quotients of R, then @ = K, the
classical ring of quotients of the Baer extension of K. The Baer
extension has been introduced in [9].

The following Proposition is due to Cateforis [3].

PropoSITION 5.5. For a ring R, the following are equivalent:

(1) Z(R,) =0 and every finitely generated nonsingular right
R-module 1s projective.

(2) R s semihereditary, Qp is flat and Z(Q @, Q) = 0.

COROLLARY 5.6. Let R be a commutative ring. Then the following
are equivalent:
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(1) If A, ts a finitely generated R-module and U(A) = 0, then
Ar 1s projective.

(2) Z(R;) =0 and every finitely generated nonsingular R-module
is projective.

(8) R is semihereditary and K the classical quotient ring of R
15 self injective.

Proof. The proof is derived from Theorem 5.2, Theorem 5.4 and
Proposition 5.5.

Theorem 24.5 of Pierce [13] can be obtained directly from this
corollary. For if R is a regular ring, R is semihereditary and R = K.
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