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It is the purpose of this paper to study multidimensional
nonlinear integral equations of Volterra type of a rather
general form with unknowns in one of the function spaces
C,Li L, or L,, 1< p< + o, In analogy with the theory
of differential equations, global existence and uniqueness
theorems as well as continuous dependence on initial values,
are established for such integral equations. The hypotheses
on integrands in this paper are less demanding than normally
found in the literature and are motivated by applications,
particularly to boundary value problems found in optimal
control theory.

Since the literature on multidimensional integral equations of
Volterra type is very extensive (see N. V. Kasatkina [5], W. Walter
[10], Arthur Wouk [11] for partial surveys), we shall incorporate below
certain relevant remarks on these equations and also briefly describe
the general form of the integral equations studied in this paper.

The integral equation

z (Y
T 2@ 9) = 8@) + v@) — 50 + || F@ 8,5 2, 2)dads

is well-known since it corresponds to the classical Darboux problem

2@, ) = f(%, Y, 2, 2 2,), (%, y) € [0, B] X [0, K] ,
with boundary data
2(z, 0) = 9(2); 2(0, y) = v (v); 8(0) = ¥(0) .

The above equation is clearly with two independent variables x and v.

For the the multidimensional (m > 2) equations, several forms have
been proposed in the past. One such form, studied by W. Walter
[10], is

@ =a@+| kg ue,

H(

v

U = (Uyy Ugy %, W), ¥ = 1,2, ¢4+, m, € BCE™,

where H,(x) C B(x) = {fe B|§&; < 2,1 = 1,2, -+ n}. Precisely, H () is
assumed by Walter to be contained in a p,-dimensional hyperplane,
1 < p, < m, parallel to the coordinate axes-i.e., in a translate of the

linear manifold generated by p, of the basis vectors (1,0, +--, 0), (0,

809
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,0:--0),+--(0,0,-+-0,1) in E™. W. Walter gave theorems for the
existence of continuous solutions for such systems.

One is now directed naturally to equations where the set H, need
not be in a p,-dimensional hyperplane (with nonzero measure). In
other words, one may consider equations where H, may consist of
several sets, each of which belongs to a hyperplane of different dimen-
sion. An example of such an equation would be

5@, 9) = £, 9) + | A, v, 996, 1)ds
(1.3) y ° s ¢y
+ S B(w, v, )6(x, Odt + S S C(a, v, 5, t)4(s, t)dsdt
which is not of the form (1.2) [see T. H. Gronwall [3]].
N. V. Kasatkina [5] in the lines of R. H. J. Germay [12], has
studied the following more general integral equation for local uniqueness
of continuous solutions:

tiy t
xt = e K t 8: ...
(1.4) () 1§i1§;§ik§”gail Saik k2 tk( 3 Crgeerrp Y
1Skzn

(L, Cyooe e Cipmty Sipy Ligrry =0 Coprty Sipy 00 tn))dsil te dsik + f(?)

where ¢t = (t,, £+ ++ t,), Sijoci, = (S, Si, »++ 8;,). His method involves diffe-
rential inequalities and the results hold locally.

The integral equations studied in this paper are of the same general
form as (1.4), but with unknowns in spaces L, 1 < p < o, and not
necessarily in C, as is usual. Besides, we require less demanding
hypotheses on the integrands.

The canonical form, emphasized in the present discussion, seems
to be the most general since it is found that many equations considered
in the past can be put into this form. The theorems we obtain are
global and not local. Further, an analogy with the usual theory of
differential equations is maintained as far as possible.

The proofs in the present paper are based on fixed point theorems—
precisely, on an extension of Banach’s contraction theorem. Indeed,
the equations under consideration—being of Volterra type—give rise to
an operator T which is not necessarily a contraction by itself; but
suitable powers of T are so. It is seen that still, there exists a fixed
point for T, by a remark of F. F. Bonsall [1]. This fact allows us
to relax the hypotheses.

Essentially, the same argument applies to the space C of con-
tinuous functions, as well as to the spaces L, of the »™ summable
functions, for 1 < p < o, and in each of all these cases, we assume
a different set of hypotheses. If the equations are assumed to be
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ON MULTIDIMENSIONAL INTEGRAL EQUATIONS OF VOLTERRA TYPE 811

linear, with analytic coefficients, then existence of analytic solutions
is obtained by applying the argument to a space of analytic functions.
The results of this paper are used in—and the present paper has
been motivated by—problems of optimal control monitored by nonlinear
system (1.1) (and corresponding Darboux data), particularly since the
controls are known to be only measurable, and hence the integrands—
which contain the controls—may be assumed, at best, to be in some
L, space, 1 < p < . Besides, the corresponding Pontryagin-type mul-
tipliers are known to satisfy linear Volterra-type integral equations
of the same form (1.4), but again with integrands in an L,space.
In §2 we develop suitable notations, in §3 we summarize basic
statements, in particular Bonsall’s remark, in §4 we discuss the
problem under consideration in class C, in §5 we show that analogous
results and essentially same proofs using Bonsall’s remark hold in
L, 1< p=< «; in §6 we consider the linear case and show the existence
of analytic solutions, in harmony with classical results. Applications
to control problems will be given elsewhere. The special case of the
classical Darboux problem (1.1) is discussed in the appendix.

2. Notations. Let E" denote the n-dimensional Euclidean space.
Let G={teE"t =(t, ty «ot), s =t; <a; +hy,1=1,2.--m}, Let
a denote the multiindex (a,, a, <+ @,) with arbitrary nonnegative
integers «a;,i=1,2---nm. As usual, |a| = a, +a + -+, and
a! = ala,) ---a,). Given any «, let B; denote the index of the j**
nonzero element of the sequence («,, &, ---«,). Let us consider the
multiindex 8 = (8, B -+, Br); k being some integer with 1 <k < =,
determined by @. We shall say that g corresponds to @. Thus, for
example, (2, 5) corresponds to (0,1, 0,0, 2); (1,3, 6,7) corresponds to
(1,0,1,0,0,1,1), etec. For tc E", let t; denote (ts, ts, *++ t;,) and let
ts o= (b toeee tamsy Loy * o * Loy Lopwry * %, £a).  In particular let ¢ =
(i to oo ticyy Linyy o). Let Gy = {ss€ E* |55 = (S5, s,y ** %, Sp,), s = 8; =
a;+hi; 1=p8, Bev L. Let @) = w0y, 0,4+ 0,) = Dicim=n NI denote
a polynomial of degree N in 6 with no constant term. Here 6* denotes
0?10;‘2 e 0;‘/&.

Let C(G) denote as usual the space of functions continuous on G,
with supnorm and let L,(G) be the space of the pth summable functions
for 1< p< « and L.(G) be the space of all essentially bounded
measurable functions on G. For m = 1 and X = C(GQ), L,(G) or L..(G),
let X™ =X x X ... X(m times) and for ¢ = (p,, P, +++ ®,) in X™ let
[Pl = 2. ||e:ll. We shall denote by ||®][., [|#]], and ||?]|.. the norms
in [C(G)]™, [L(@]™ and [L.(G)]™, respectively.

For i=1,2...m,let T; be an operator defined on X™ (with X =
C(@), L,(G) or L.(G)) as follows:
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Tp(t) = S P(t!, s)ds, P e X" .

We define the product T;7; as composition, so that T7p = Ty(Ti '),
r=1and T'9 = @; pec X™. By using Holder’s inequality, it is seen
that

2.1) [ TPl < [|Plhi(rl p)77, 1< p < oo
and

(2.2) TPl = (|2 llhi(r)™ .

Also,

(2.9) 1Tielle = llelle b (r)7" .

For any multiindex a = («,, &, «»+ @&,) as in the beginning of this
section, we shall denote by T* the operator T/ -.- T2»; and given any
polynomial 7(d) = S x.0° of degree N, we shall denote by x(T) the
operator > A.T* = 3 N apeay Tt Tz o oo Tiin,

In this paper we shall consider the following (canonic) form of
multidimensional integral equations of Volterra type:

w(t) = f(O) + (2(T)eF)(w)(t)
=f) + 3. NTFu(t, sp @(t;, sp))

1stalsN

(2.4)

where f(t) e X™ and for each a, with 1 = |a| £ N, the function F,(z,
85 %) = (Fyy F2e++ F7) is defined on G X Gy X E™ and here g is the
multiindex corresponding to «, as described earlier. Specific assump-
tions on f and F, will be made later.

3. Preliminaries. In the sequel, we shall need a few preliminary
statements. They are given below:

If F: X— Y is a mapping of a metric space (X, o) into another metric
space (Y, o) and there is a constant ¢ > 0 such that o(Fz, Fz,) <
co(x, x,) for all =, x,€ X, then we denote by y(F) the number sup
{o(Fz,, Fx)/o(x, ©): %, ¥, € X, T, # T},

(3.1) (An extension of Banach’s contraction mapping theorem)
(see F. F. Bonsall [1]): Let F: X— X be a complete metric space
(X, p) into itself. Let F'= F and F" = F(F"*) for n > 1. Let us
assume that v(F") < + o for every % and that >3, v(F'") < co. Then
F has a unique fixed point z,e X.

(3.1i) (F. F. Bonsall, [1]): If F: X — X is any continuous map of
a complete metric space (X, p) into itself such that for some integer



ON MULTIDIMENSIONAL INTEGRAL EQUATIONS OF VOLTERRA TYPE 813

N =1, F¥ is a contraction on X, then F has a unique fixed point =,
in X.

B.i1ll) Let G={teE*t=(t,ty-"-t), 0 =t;=a;+ h;yi=1,2...
n} as in§2 and let G, ={seB o, =s=Za; +h} t1=1,2.-+m. Let
® = @(t, s) be a real valued function defined on G X G; such that

(a) |, s)] = em(s) for all (¢, s)e G x G; where ¢ is a constant
and m(s) is integrable on G..

(b) @ is continuous in ¢ for each fixed seG;.

(¢) @ is measurable in s for each fixed te G.

Then the function T;®(t) = " ®(t, s)ds is continuous on G.

Following the notation of §2, it T,%=1,2++n are the operators
defined there, if @ = (a,, @, -+ @,) is any multiindex, T* = T+« T
and B is the multiindex corresponding to «, then T"®(t, s;) e [C(G)]™,
provided

(@) P, sp)| = em(s;) for all (¢, s5) e G X G

(b) @ is continuous in ¢ for each fixed s;< Gs.

(c) @ is measurable in s; for each fixed te G.

(3.iv) Let a = (a,, @, +++ ,) be any multiindex and let g = (5,
Bs -+ B:) correspond to ¢ as in §2. Let ®(¢, s;) be any real valued
funetion on G X G, which is continuous in ¢, for almost all (¢}, s;) € G
and belongs to L,(G) for each fixed t; € G;. Let there exist a constant
B = 0 and a function m(t}, s;) in L,(G) such that for (¢, s;)eG x G,
we have |@(t, s;)| < Bm(t}, s;). Then the function @(¢) defined by @(t) =
T*p(t, s5), is measurable on G.

Let B, be a measurable subset of E” and let g;(x, %), 7 =1,2 -
m be realvalued measurable functions on B, x E". Let p, and p, be
two real numbers with 1 £ p,, p, < . Let us consider the following
condition:

(H) There exist m functions a;(z),7 =1,2-+-m, in L,(B,) and
a constant b = 0 such that for each ¢ = 1,2 -.- m, we have

3.1) [g:(@, ¥)| < au(@) + bly|»/* .

(8.v) (see M. A. Krasnoselskii, [6]) Let B, be a measurable subset
of E* and let g;(x, y),7=1,2--- m be real valued functions on B, x
E" such that for each 4, g;(x, y) is continuous on E” with respect to
y for almost all x in B,, and measurable in « for each fixed y in E".
Let Jz = (J2, J2, «+- J.2) with Jiz(x) = g;(2, 2(x)). Then Jz is meas-
urable whenever z is measurable. Furthermore, the operator J maps
[L,(B)]" into [L,(B)]™ if and only if condition (H) holds.

Following the terminology of R. C. Gunning and H. Rossi [4], a
complex valued function f defined on an open subset BC C* (the n-
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dimensional ecomplex vector space) is called “holomorphic” in B if each
point we B has an open neighborhood U, we U C B, such that the
function f has a power series expansion f(z) = 335 ..., =@y, (B2 —
wy)* -+ - (2, — w,)”» which converges absolutely forallze U. A function
f is said to be holomorphic on a closed set D < C», if f is holomorphic
on an open set containing D. For functions of several real variables,
the same definition above holds, with the word “analytic” being used
instead of “holomorphic.” The set of all functions holomorphic on D
will be denoted by O(D).

If D denotes the rectangle {{eC"||{;| = H,t=1,2.--n}CC"
then we can define a norm on O(D) as:

o]l = 3 la,| H* where o = S alee OD) .

la|=0

(8. vi) The set O(D) with the above norm is a Banach space.

4, Continuous solutions. In this section we shall discuss the

existence and uniqueness of continuous solutions (as well as the depen-
dence of solutions on the “initial” values) of the canonical system:
(2.9) x(t) = f(@t) + 1S§SNMT“Fa(t, S5y (T3 S5)) -
Theorem 1 below shows the existence of continuous solutions of (2.4)
under the assumption that the F, are merely continuous in 2, and
not necessarily linear. In this situation, the modulus of continuity is
required to be “small” and suitable bounds are given for the ..

If all F, are known to be Lipschitzian in «, the condition of “small
modulus of continuity” can be removed due to the fact that the equation
(2.4) is of Volterra type, and the X\, are then arbitrary. Besides, the
solutions are unique in this case. Precise formulations are found in
Theorem 2. If F, are linear in x, with analytic coefficients A4,, then
solutions can be found which are analytic—not merely continuous.
This is in harmony with classical results. This case is studied in §6.

In order to state a theorem on the existence of continuous solutions
of the integral equation (2.4), we shall need the following set of
hypotheses:

(H): Let f(¢) be a given element of [C(G)]™, and let M, > 0 be
such that | f(t)| < M, for te G. Let M, > M, and S,, denote {{|{ec E™,
4P UAR

(Hy): Let F,(¢, 83, x) = (F, F2+++ F™) be functions defined on G %
Gs X Sy, where 8 = (B, B, +++ Ba4,) corresponds to a, as described in
§2. Let

(@) F,(t, ss x) be measurable in s, for fixed (¢, x);

(b) there exist functions £, (s;) integrable on G; such that on G x
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Gs X Sy, we have |F,(t, s;, )| = ki (sp).

(H;): There exist monotone nondecreasing continuous functions
w;, with w; (0) =0, ¢ =1, 2 and functions k,,(ss) integrable on G, such
that for (¢, x), (&, @) in G X Sy, and s;c G4, we have

(4'1) ]Fa(tl, Sey xl) - Fa(tzy Sps x2)f = E%((Sﬁ)[wla(i &= l) + wza(’xl - le)] .

It is to be noted that if we take H,(¢, ss, ) = (£t — s’ (8 — DI)™*
F,(t, ss, «), then we have T;H, = T+ Ts,+++ T, (H,) = T*F,. Further-
more, as a consequence of the condition (H;) above, there exist functions
k, (ss) integrable in G, such that

[Ha(tly Sg, xl) - Ha(tzs Sg, xz)l

42 < ko (sl (18 = 1) + s, (2 — 2]

for (t, ®,), (&, ) in G X Sy, and s;€ F;. This is what we shall need
in the sequel.

Let D;, denote the product of intervals [a;, a; + h;] for j =1,
2¢e0¢0—1,74+1, ---d, where d, is the number of nonzero elements
ina=(a, - a,). Let us consider the functions K; (¢;,) defined on
[as,, as; + kg, as follows:

2 Ko (t) = |t — 5°7((8 — D)k, e)dsy

where the integration is performed over the set [a;, t;,] X D;s, and
k..(ss) are the functions found in (H,). Since %, (s;) are L-integrable in
G;, it follows that the functions K; are continuous in [as, as, + ks ].
Also, by (H,), the function f is continuous on G. Thus, there exist
monotone nondecreasing functions v(:), o; (-) such that »(0) =0,
0;,(0) = 0, and

[f(t) — f(@&)] = v(t* — ¢*]) and
| K () — K, (th:) | = o, (|th: — t5:]) -

(4.3)
Let k;, = S ki (sdss, i = 1,2 1< |a| < N.
Gg
(H,): Let there exist real numbers A\, such that

M, + 3 Nl k(8 — D) = M,

(H;): Let there exist monotone nondecreasing, continuous functions
7(.) vanishing at zero such that

7(0) = CO) + 2 [Nl ko2, (1(6))
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where
£0) = 2(6) + 3 INl[Z 0110, + Fw, 0)]

and

(4.4) 0 = (6, 0,0, with 6,€[0, h],5=1,2+++m.

THEOREM 1. Let the above hypotheses H, — H; hold. Let K denote
{e[C@]™ |2@)| £ M, and |z(t) — ()| < n(jt* — *]) for t', e G}. Let
T be an operator defined on [C(G)]™ by

Tx(t) = f(t) + Z k'az‘a];yoz(ty Spy x(t:% Sﬁ)) .

1sialsN

Then, there exists at least one x e K with © = tx.

Proof. The set K defined above is a nonempty compact convex
subset of the normed space [C(G)]™. Let us prove that ¢ maps K into
K and that ¢ is continuous.

For ze K, t', #e G with t; < t3,1=1,2+..- n we have

lo(t) — a(@®)| = | F(E) — £
+ % l)"a[TaFa(tly Sp, x(tly Sﬁ)) - TaFa(t2) Sy x(ﬁ’ Sﬁ))]l
= ”(ltl - tz‘) + Za; lxa[TﬁHa(tls Sy x(tly 85)) - TﬂHa(t25 Sp, x(tzy sﬁ))”

ot — )+ S| (8 = Vit — 50k s0dss

E;

| e, (8 = 2D + w0t 5) — ot 5)))ds,

Gg

=0t~ £ + 3N (S 03,008, — 8, + ks, (w, (18 — )
+ow, ot — ] < (1t — £

by (H;). (Here, as in (H), E; denotes [t} ¢3,] X D;s). This shows in
particular that cx is continuous on G. Also, for ze¢ K,

TE®)] = O] + X INTFult, 85, 2(8, 55))
é Ml + Z !/\*a‘ J TﬂHa(t’ Ss, x(t,’ﬁ” Sﬁ)),
M, + 2N BB — DDk, = M,
Thus, 7 maps K into K.

Now, let #, and «, be any two elements of K.
Then,
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[72,(t) — Ta,() | = X N T Falt, s, )
- TaFa(t, Sps xZ):” = zaa i)’alkzawza(uxl - mZ”)

where

o, — a,|] = sup {|2.(¢) — 2.(D)|: e G} .
Hence for
(4.5) @y, 02 € K, (|72, — T[] = 30 [Nl boo, e, (1] 00 — 1)

This shows = maps K continuously into it itself.

Now, by Schauder’s fixed point theorem there exists at least one
xe K with 7o = . This concludes the proof of Theorem 1. [Note:
Details of above calculations for » = 2, may be found in [8]].

REMARK. Concerning the hypothesis (H,) of above theorem, let
us consider the case where F, are Lipschitzian with constants A4, in
. Then w, (v) = A (see (4.1)). If

SUIANRY] < 1

then
9(0) = L) + 3 1Ne] Ach7(0)

yields
7(0) = (1 — 3 [ Adh)7E0)

and hence by choosing this function as % in (H;), it follows by Theorem
1 that there exists at least one ze K satisfying (2.4). Further, in
this case, i.e., if >, |4\ A%| < 1 then the solution of (2.4) are unique.
Indeed, if 2, and «, are solutions then x, = 72, and z, = 7x,. Now with
w,, (V) = A, the inequality (4.5) will reduce to

@ — @l = ([T, — 2 ]] = 304D ([0 — 2, ]
< @y, — ]|

which is impossible if x, # x,.

This proves uniqueness.

On the other hand, if F, are known to be Lipschitzian, then by
a completely different argument one can prove the existence and
uniqueness of continuous solutions of (2.4)—without the further con-
dition 3, ]| AA%] < 1. Precise formulations follow. We shall omit
the proof here, since it is the same as for L,-solutions which will be dis-
cussed in the next section.
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THEOREM 2. Hypotheses: For each a,1 < |al £ N, let F(t, s;,
) = (Fy, F2eoo ) be defined on G X G, X E™ where B corresponds
to a. Let F, be continuous in (L, t;) and be measurable in s, Let
there exist constants M, = 0 and functions A.(s;) in L,(G;) such that
for all (t,s5) e G x Gy and 2, x, in E™, we have

| Falt, sp, @) — Fult, s5, @) | = M |@, — 2,

and | F,(t, 85 0)| < Au(ss). Given a sequence of real mnumbers
|1 = |a] £ N} and a positive r, let 0, denote 3t h*(a!)™ where
summation extends over s = |a| < rN and p, is the coefficient of 0% in
the binomial expansion of Qusimsy | M|l MH%)7. It is seem that 6 =
N ,0, < oo. Let R=1 be such that 6, < 1. Let M > 0 be any real
number such that

(4.6) M >0 — )7 ([ fll. + Dizmsn | Mdall A% (@) ™)
where f is a given element of [C(G)]™.
Conclusion. Given fe[C(@]™ N, rea, 1< |a|< N, and M >0

satisfying (4.6), there exists a unique x € [C(G)]™ with ||z|| £ M such that
7 = & where, as in Theorem 1,

(4.7) Tat) = f(8) + 3 NTFult, sp (E, sp)) -

1£]al=N

Further, if f, and f, are any two elements of [C(G)]™ and if 2, , are
the corresponding solution of 7o = x, then

(4.8) o, — @|| = (1 — 0p)7 | fL = fell -
Thus, the solutions depend continuously on the “initial” values.

REMARK. The inequality (4.8) is readily obtained by repeated
application of the following

[2,(8) — @) = [f1(8) — fot) + INT[Fu(, 85, @)
— Fu(t, 55, @) | = | [1(®) — [o(] + XN T°M, |2, — @]

Thus, for each r
oy — @l = 01 fr = Sfell + 0, ][ — @,
so that
llo, — @l = 01 — 0)" |1 f1 — full

where R is such that dp < 1.
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5. L,Solutions (1 £ »p £ ). It is of interest to observe that
Theorem 2 with slight changes yields unique L,-solution for the equation
(2.4). The changes needed are made clear by the following.

THEOREM 3. Hypotheses: Let F, be as before defined on G X G5 X
E™; where B corresponds to a. Let F, be continuous in t; and be
measurable (i}, s5). Let there exist comstants M, = 0 and functions
At 85) in [L(@)], 1 £ p £ =, such that for all (¢, s;) € G X Gy and
T, X, in E™

(5'1) lFa(t’ Slg, xl) - Fa(t, Sgy xZ)l g Ma|x1 - xz’
and
(5'2) IFa(t: Spy 0)] é Aa(tgy Sﬂ) .

Given a sequence of real numbers {\,]1 = |a| < N} and a positive
wnteger r, let 0, denote >, <imsrn th*(@p)™M? (with » =1 in case of
L) where p, ts the coefficient of 6* in the binomial expansion of
Clisimsn N MO%7. It is seem that 6 = 3.2, 0, < co. Let R =1 be such
that 0, < 1. Let M > 0 be any real number such that

(5.3) M >0 = 0n)7 (1 flly + 35 1hadall ol p%)7)

where f is a given element of [L,(G)]™ (In the case of L.(G), p s
taken as 1 in (5.3)).

Conclusion. Given f in [L(@]™ N real, L < |a| < Nand M >0
satisfying (5.3), there exists a unique x € [L,(G)]™ with ||z]||, < M such
that zx = «, where 7 is defined as in Theorem 2, by

Tx(t) = f(t) + Z x’aTaFa(ty Ss, x(t;) sﬁ)) .

1€lalEN
Further, if f, and f, are any two elements [L,(G)]™, and =z, z, are
the corresponding solutions of v = z, then jja, — @,|[, = (1 — 0z)70!| f1 —

Sell e
Proof. Let us observe from (5.1) and (5.2) that

|Fa(t: Sg,y .’IJ)I é lex(t, Sg) x) _ Fa(ty Sg, 0)‘ + ’Fa(ty S3, O)f

(5.4) < M, x| + Adth, s5) .

As a consequence of the assumption on F, and the inequalities (5.4),
it follows (see 3. v in §3) that F,(¢, ss, #(¢}, s;)) for fixed ¢, is in [L (G)]™.
Hence T“F.(t, ss, ®(t;, s5)) is in [L,(G)]™ and consequently = maps [L,(G)]™
into itself.

Let us now show that for x,, x, in [L,(G)]™ and any integer r = 1,
we have
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(5.5) [[T7%, — T, < 0,]|2 — o[ -
Indeed,
[Ta,(t) — Ta(t)

= l ZkaTaFa(ty Spy xl(t;, 8,9)) - Z)’aTaFa(tr Sp» xz(t:% Sﬂ)),

é Z I)’a| TuMa]xl - le(té’ sﬂ)
and

[T72,(8) — Ty (t) | < 30 (M| ToM, 777w, — 77710, |(8, Sp)
It follows now by induction that
[772,(t) — T2,(0) | = X0 [Na| T*Mo)" |20 — 2] (85, Sp) -
Now, it follows by using the inequalities (2.1) that
Hz"xl - T’szp § 3,”%1 - x2”p .

The concludes the proof of the inequality (5.5). As a consequence, it
is seen that = = 7' is continuous on [L,(G)]™. Further, since o, —0
as r— oo, there is an R =1 such that 6, < 1. The corresponding
operator =% is a contraction on [L,(®]™.

As a further consequence of (5.5), we have

l7% — oia|| < ol 7w — ol s [L(@]" i = 1,2+
Hence, for » =1,
Il < llall + 3 s — <o

< llall + llew—al] 3,0:

For z = 0, this inequality yields

(5.6) Iz = (g. )|z} || = al[z(0)]] .
Hence, by (5.5)

(5.7) 72| = o, [|=[| + o[l=(0)]] .
But, since

[7(0)[ (@) = [ SO + X [ NT A, s6) |
it follows by the inequality (2.1) that
KON +1§Z el ¥ (al p) =7 .

la|=N

Thus, by (5.7),
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(5.8) Hrrell < o, llxl] + o(| fI + 2 I Nedall (@l p9)~7 .
Let us consider the set
Xy = {we[L@]"| [|=]l, = M} .

This set is mapped into itself by z%. Indeed it follows from (5.8) that
for e X,

72| < Mo, + M1 — 0z) = M.

Now, since % is a contraction on [L,(G)]™, it is so on X,. Further,
since X, is a closed subspace of the Banach space [L,(G)]™, and thus
itself is a Banach space, it follows that there is a unique x ¢ X,, with
7z = 2. But since r is a continuous operator on [L,(G)]™ it follows
(see 8.ii in §3) that 7o = x. This concludes the proof of existence
and unigueness.

Let f, and f, be any two elements of [L,(G)]™ and let =, and =,
be the corresponding solutions of (2.4). Let f = |f, — f.| and = =
|z, — 2,]. It is seen that

z(t) = F@O) + (X [N T*M)2() -
Applying the inequality again, we get

w(t) = fO) + 3 e T*Mo(f (@) + (3 | T*Mo)2(2))
= 1+ X T M) f (@) + (X [Ne] T*Mo) ()

In general for r = 1,

@) = [1+ (Xl TM) + +- - + (N T"M)1F (@)
+ (X [Nl T*M) () -

But then

el S 1 FIlo(L + 00+ 0. + «+ +0,2) + 0, [|2]]5 -
If R is such that 6, < 1, then

Nollp(1 = 0z) S [ fIlo(1 + 0y 4 =++ +0,) =0l fll,
thus,

lzll, = 01 — ax) 7| fll»
ie.,
o, — @, £ 0 = 02) 71 fy = full, -

This concludes the proof of the theorem.
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6. General Remarks. A. The arguments of the previous sections,
when applied to a space of analytic functions yield a unique analytic
solution of (2.4) provided the function F, are assumed linear in x with
analytic coefficients. Precise formulations follow:

THEOREM 4. Let G = {tc E*| |t;|E h,1=1,2+++ n} and let f(?),
A1), 1 £ |a| £ N be functions analytic on an open rectangle R, =
{te E"| |t;| < H,1=1,2++-n} containing G. Then there exists a
unique function x(t) analytic on G and satisfying
6. at) = £ + 3 NT(AD)(E, 59 -

=l

I

Proof. Let R = {te E*| |t;|] < H;,1=1,2--.n} be such that GC
RcR,. LetD={eC"|{;|£H,i=1,2-..-n}CC" where C denotes
as usual, the set of complex numbers. Let O(D) denote the set of all
functions holomorphic in D. Then O(D) is a Banach space with the
norm given by

Nzl = 3 |a. H* for o = 3 a L (see 3. vi)

laj=0 =0

Let f() and A,() be natural holomorphic extensions in D, of f(t)
and A.(f) respectively. Let 7 be operator defined on O(D) by

(0 = FO + 3 WA &)
where T, = T «.. T¢ is analogous to T.,; for example,

To© = " a(d, )z, i=1,2m.

It is to be noted that for xe O(D), the integral defining 7%, does not
depend on the path.

It is clear that ¢ maps O(D) into itself. Further, for any positive

integer » and any z, x,€ O(D), we have
lew — eml| = 5w HA @) o, —

where f, is the coefficient of 6 in the binomial expansion of
Clizimsr | M| A8%)"—here, A, = Sup {| A0 |: e D}. [To obtain the above
inequality, we observe that if

- = >, a0l

iv|=0

then
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| T, — )| < | S al (@ + )
< Z ta,| Hv! (o + v))™!
< Xla,|H H*ah)™] .

It follows that ||z7%, — t"a,| £ 0, || ¢, — .|| where 8, = >, cin<rn M H* (@)™
Since this is true for any x,, ,€ O(D) and 3., 0, < co—(it is majorised
by an exponential function)—and since O(D) is a Banach space, it
follows by statement (3.1i) that r has a unique fixed point in O(D). If
Z(£) denotes this fixed point, and if z(¢) denotes the restriction of Z({)
for { real, it is clear that x(¢f) is the unique analytic solution of (6.1).

B. The canonical form suggested in this paper is very similar to
the form studied by Kasatkina [5]. It is to be noted, however, that
the notation proposed here simplifies the exposition. Further, it takes
care of repeated itegrals also, in a natural way. Of course, a repeated
integral can be transformed into a single integral and the author
found that it made no difference in the estimates obtained here.
The arguments remain the same too.

C. A function ve L,(G) will be said to be the generalized partial
derivatives of order a = (a, --- «,) of a function u € L,(G), or v = D"u,
in the usual sense (C. B. Morrey [7], S. L. Sobolev [9]). We mention
here that generalized partial derivatives of order one, have a
simple characterization. A function &, ¢ L,(G) is the generalized
partial derivative of xe¢ L,(G) with respect to ¢, if and only if for
almost all closed rectangles RC G, R ={t|le; =, =d;, v =1,2.+-m},
we have

|, #dt = " [, 5) — otey, 9)lds
R c;

where ¢; and d; are defined as usual, by ¢ = (¢, ¢;) and d = (d;, di).
Here the expression “for almost all rectangles R = [¢, d]” means that
the set of all (¢, d) has the same measure as G x G.

It is not difficult to verify that if ze L,(G) then T;x possesses
generalized partial derivative with respect to ¢, ¢ = 1,2 -.- n. Conse-
quently, if « is an L,-solution of an equation of the form

2(t) = f() + T 2NTF. (2, s, 2(t, s))

for a given 7,7 =1,2..-m, and if f possesses generalized partial
derivative with respect to ¢;, then x also possesses generalized partial
derivative with respect to ¢£,. An example of such a situation is the
equivalent of Darboux Problem,
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sw,9) = || Pl 8, #(a, p)dads .

Any L,solution of this equation possesses generalized partials with
respect to both « and .

Appendix. We shall discuss now the application of our existence
theorems to the special case of the classical Darboux problem in a
rectangle G = [a, a + k] X [b, b + k]C E*

ziy = Fz(x, Y, %, %4y 21,), (x, y) eG ’
(A. 1) #(z, b) = P'(); 2'(a, ¥) = ¥'(¥); P@) = ¥'(D),
z2=@R,%, - 2)1=1,2-+m

The precise results which will be stated below as corollaries of
our Theorem 8 of § 5 will be applied in the optimal control problem
mentioned in the introduction. We shall need the following hypothesis
on (A.1) to be able to apply Theorem 3, §5 and obtain solutions of
(A.1) belonging to a Sobolev class (see [2]).

(H): The functions @) = (@', #% «++ P"), and 4(y) = (¥, ¥ -+
") are defined and absolutely continuous on [a, @ + k] and [b, b + k]
respectively. The derivatives @, and -, which exist almost everywhere,
belong to L,([a, a + h]) and L,([b, b + k]) respectively; here 1 < p < .
Further o(a) = (b).

Hy): F=F(,y,z2rt=(F,F,- -+, F,) is defined for all (x,
y)e @ and (2, r t)e E*. For each i, F; is measurable in (v, y) for
fixed (z, r, t) e E*".

(H;): There exists a constant K > 0 such that for (x,y) e G and
(zu 7, tl), (zz, T tz) S E3n’ we have

IF(LU, Y, %y Ty tl)_F(m, Yy %oy Ty tz)iéK(;zx—z2l + ITL_Tzl + ltl'—tzt)'

(H): Let F(z,y,0,0,0)e[L(G]"

REMARK. One may assume, instead of (H,) that, there exist con-
stants K,;, K,;, K;; > 0 with j =1, 2, .+, n, such that,

th(W, Y, zu Ty tl) - F.b(’t?, Y, z2, 7"2, tz)‘
< S [Kyldd — 2] + Kulri — vi] + Kulti — t]] -

But with no loss of generality we may set K,; = K,; = K;; = K' >0
and K = nK"' so that the above inequality reduces to (H,).
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Let WXG) denote the Sobolev space of all ze L,(G) with first order
generalized partial derivatives (see §6) z,, 2, belonging to L,(G). Let
2]l = llz]l, + [|2.]l» + ||2,]|, denote the norm in [W,(G)]".

THEOREM 5. Let the hypotheses H, — H, hold. Then, there exvists
a unigue z€ [WH@], 1L £ p £ o (same as in (H)), such that (i) the
generalized partial derivative zi,(x, y) exists and equals Fiy(z, y, 2, 2., 2,)
a.e. in G and (i) z(x, b) = P@); 2(a, ¥) = ¥ (y).

Further,
2l = @ — o)~k (| 2.1, + 27| 2]l,)

+ Ryl + 27yl + (B + B)|ls@, y)ll,]

where s(x, y) = F(x, 4,0,0,0); 6 =>,0, 6, =I[n/2] 0" with o = (2K +
D x (p vy + k)P ifl<p<ocoand p=E+2YWo +k) if p=1
or p = co, The number k here is same as in (H;) and the number
R in (A. 2) is that positive integer for which 05 < 1.

If (P, ) and (P, ) are any two pairs of functions satisfying
(H) and if z, z, are the corresponding solutions of (A.1) then

(A.3) Izl = X =070k (| Palls + 27 | P 10) + Bl 4y s + 27 [ 4] ,)]

(A. 2)

where
2 =2 — 25 P =P — Py A = A, — Ay,

0’s are as above.

Proof. Let us consider the integral equation
2w, y) = (@) + ¥(y) — P(a)

(8.4 i
+{ 1 P 8, 2, ), 2l 8), 2@, @)dads

where z, and z, are understood as generalized partials of z. Clearly,
any solution of (A.4) (which is necessarily continuous on G and hence
in [L(G)I*) has, indeed, generalized partials z,, z, which satisfy the
following

@, 9) = 2@ +9@) + 27 | wie, pda+ 2] we, pag
(4.5 ) =20 + | 0.da + | Fla, g, wie, £)ds
W@, 4) = ) + | Fla, v, wie, )da+ | 0.d5..

Where

(A. 6) W, = 25 Wy = 2,5 Wy = &y W = (W, Wy, W) .
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Further, z,, exists and equals F(x, y, z, z,, 2,) a.e. in G. Thus, every
[W(G)]" solution of (A. 4) (and hence of (A. 1)) corresponds in a unique
manner (as in (A.6)) to a [L,(G)]*" solution w = (w,, w, w,) of (A.5).
Now, the system of equations (A.5) is exactly in the canonical form
(2.4). Since the hypotheses H, — H, guarantee the assumptions in
Theorem 3, §5, existence of a unique solution w e [L,(G)]** and hence
of the corresponding ze [W.(G)]" is concluded.

The norm bound (A. 2) for the solution z follows from the inequality
(5.3) with the observation that in the present case, ||w]l, = ||%];
N=1; Aa(ﬂ?, y) = F(IX}, Y, 0, 07 O); Ao = 15 f = (2—1(¢ + ’5"”)’ Py Q/fy); a =
(1, 0) or (0,1). It is to be noted that ||.|| in (5.3) denotes the norm in
L,(G) while ||®]|| in (A.2) denotes the norm of ®(x) in L,(a, a + A]),
and so on.

The same observation leads us from the conclusion of Theorem 3,
§5 to the inequality (A.3). This concludes the proof of Theorem 5.

Special cases: (i) If F of (H,) does not depend on » and ¢, then
(A. 4) is itself in the canonical form (2.4). In this case, the norm bound
for the solution z is given by

Hzll= 01 — dp) 727 (K [Pl + B[y ll) + 77 (Rk][s],
+ 1| PalIhE + ([, || kRY7)/2]

where

0, = () (Khk)" if p =1 or p = o and

0, = (rl p)¥*(khk)" if 1 < p < o and

0= i 0,, as before.
(ii) Let Uc E™and let I" be any set of measurable functions v: G— U.
Let f = f(x,y,2 7t w be defined on G x E** XU and let f be
measurable in (z, y), continuous in %, and Lipschitzian (as in (Hy)) in

(2, r, t). Let for each ve I", the function f(z, v, 0, 0, 0, v(z, y)) belong
to [L,(G)]*. For a given ve I, define

(A" 7) F(x’ y’ z’ fr’ t) = f(x? y, z’ (r’ t’ v(x, y)) .

Then F satisfies H, H,, H,. By applying Theorem 5, to this F we
obtain a unique solution z of (A. 1) corresponding to the data @, 4 and
v (which defines F). The inequality (A.2) gives the norm-bound on
2, as before. If v, and v, are any two elements of I, (, +,) and
(@,, vry) satisfy (H,) and if z; is the solution of (A. 1) corresponding to
the data (®;, ¥, v:), 2 = 1,2 then z = 2, — 2, satisfies the inequality
(A.2) with @ = @, — @y; 4 = 4, — +, and
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(A' 8) S(ﬂ?, y) = lf(xy Y, %1y R1zy R1yy vl) - f(x, Y, 21y Rigy Riy,y vZ)l .

Pointwise estimates: Since any solution z of (A.1) satisfies the
integral equation (A.4), it is absolutely continuous in the sense of
Tonelli. Hence, there is a set FcC G, with meas EF = 0 such that
for (=, y,) € G — E, we have in view of (H,),

(2, 0| = [2uw) + |7 [5 + K(12]

+ 12| + [z, )], B)dB

where s(z, y) denotes | F'(x, v, 0,0, 0)|. Similar inequality holds for z,(x,,
y). Further 2@, ) = v(0) + | (e, y)da = 9@ + | 2(, ©)dg. Using
these facts along with the repeated application of Gronwall’s lemma
one finds that

(A. 9)

#tm, )| < 2700l + vl + e sta, p)dads
(A. 10) + Ay(Ah + Ak + eX0+)]
2w, 9)| S 0,@)+ A4, and [2,(x, 9)| < 0.0) + A4,

where
00) = 12,0 + Kkl o@)] + | s(z, 9)ds]

0.0) = )| + KElv@)] + | sle, ydal
Ae= @+ 1 + (121l + [ DKRE + | s, @)dads

and A is a constant depending only on K, 7 and k. In the above ||.||,
denotes the supremum norm.

Dependence on data: Let z; denote, as before, the solution of
(A.1), corresponding to the data (@;, ¥, v;), ¢ =1,2. (F being given by
(A.7).) It is seen then that z, = z,, — 2,, and 2, = 2, — 2,, satisfy
the inequalities (A.9) and hence pointwise estimates for z =z, — z,
and its derivatives are also given by (A. 10) where z, @, 4+ and s are
understood as follows:

BR=2 — 2y P =P, — Pos i = ¥y — VYo

s(x, y) = If(xy Y,y iy 1y vl) - f(xs Y, %1y Z1zy Riay 'Uz)l .
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