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In this paper, the author gives sufficient conditions for
a Fourier series at an arbitrary but fixed point to be absolutely
matrix summable.

1. Introduction. Let 3> u, be an infinite series with partial
sums s,, and let A = (a,;,) be a triangular infinite matrix of real
numbers (see Hardy [2]). The series >, u, is said to be absolutely
summable A, or summable |A4], if

o

Z|Tn_7’-n—-ll< 2

1
where
n
z-n = Z a’nksk .
k=0

Let f(t) be a Lebesgue-integrable function of period 27, with
Fourier series

(.1) —;-ao + S (a, cos nt + b, sin nd) = 3 A,(f) -

With a fixed point z, we set
t2) 4O = 6.0 = L@+ &) + flo - 9],
(1.3) o) = 10w du .

We establish the following theorem for the absolute matrix sum-
mability of the Fourier series (1.1) of f(¢) at ¢t = x.

THEOREM. Let A = (a,,) be a triangular infinite matric of real
numbers such that A4a,, = A, — A, 41, 18 Monotonic with respect to

n =k for each fixed k = 0.

Let a(t) be a positive function such that ¢"/a(t), for some r with
0 < r <1, is nondecreasing for t = t,. Suppose that

(1.4) S 2wl o
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(1.5) | dap,| + 5 M0l _ 01y a5 m— o .
& " an)

Further, let

(1.6) o) = o[ a(;/t)] as t—0 + .

If all of the above conditions hold, then the Fourier series (1.1) of
J@) at t = x is summable |A|.

We shall require the following lemmas.

LEMMA 1. If a(t) is defined as in the theorem, then

2.1) S% — O[T.ZT)] for all t= ¢, .

Proof.

gt du St w o du
to t{u) twa(w) U

2o =2 1~ Yl

LEmMMA 2. If A = (a,,) is defined as in the theorem and if

IA

(2.2) IANEMESES
2.3) St |d0ns] = O1) a5 Mmoo,
where

tn = kizo Sk ’

then >, u, is summable |A|.

Proof. By Abel’s transformation,

a

Ty = Tp—y = kz_:o (ank - an-—l,k)sk

n—1
= kz“ (Aa’nk - Aa’n—l,k)tk + a'rmtn .
=0

Now

3, 3[40, — 40,1zl - |t ]

7:2:: (2] (nzikﬂ | da,, — Aan—l,k!) = 7:2:; (] * [ 4O — Qpr| -

m 1
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Thus,

gllrn—fn_lléglt%[-[dam[+2§01tn[.[am|:0(1)
as m— o , by (2.2) and (2.3).

This completes the proof of the lemma.

3. Proof of the Theorem. We write

5.(0) = 3 Au(0), 1,(0) = S su(o) .
By (1.6), there exists 6(0 < § < 1) such that

(3.1 o) < K—m for 0<t=o,

where K is a positive constant (not necessarily the same at each oc-
currence). Now, for n > ¢,

7t (1) = S [sm (n + 1)(t/2)]dt
sin (¢/2)

(3.2)

NI RS

We observe that

(3.3) [Sin (n +1)-(¢/2) ]2 _ {0(7@2) for sint/2+ 0 and n =1,

sin (¢/2) o/ foro<ts .
So, by (3.1),
(3.4) [I!<Kng o) | dt < K—" .
a(n)

Further, assuming ¢"/a(f) nondecreasing for ¢ = 674,
Li=x| 20
_ o@) 1 PO
- K{[ £ :I'n"l + ZSn_l [Ad dt}

(3.5) =K [ @éf) * S jrl m‘g/w]

S ]

o Jratu)

<K___ — oo, NAR
) as n by (2.1)
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Obviously,

(3.68) I, =0Q).

From (3.2), (3.4)-(3.6), it follows that

3.7) tA@::O[aZw] as m — oo .

Hence

S 1) o] = O] S —Elanl] = o)

(3.8)
as n— o , by (1.4).
Moreover,
£ = . ki n .
g9 @ dan] = [t [dan] + O] T dam ]

= 0(1) as m— o , by (L.5).

Now the theorem follows from Lemma 2.

4, NoOTE. Let A = (a,,) be a triangular infinite matrix of real
numbers such that a,, =0 for all » =0 and 4a,, is nondecreasing
with respect to n = k for each fixed ¥ = 0. Let «(f) be defined as
in the theorem, and let

(4.1) Jap, + 3 M%) _ 01)  ag m—s oo .
= a)

Then, if the condition (1.6) holds, the Fourier series (1.1) of f(¢) at
t = x is summable |A].

Proof. Let
©u@) = 3} ausi(®) -
Then —
3, 17(®) = 7@
S [4ay, — da,, 4]+ [4(@)]

k=0

4@ (3 1400 = daual) + 16| 3 140, = da,]

IA

Il
Me IMr 1M

(4.2)
[£0(@) [ (dami) + [Eo(2) [(dAn o — X o)

I

|
1l

1
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= [t (dan) + 0|5 e, by 6.7
£ k)
—0(1) as m— oo, by (4.1).

So the required result follows.

I thank Professors A. Meir and A. Sharma for providing me
financial support from their N.R.C. grants during the preparation of
this paper.
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