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A topological space is called locally finite-dimensional if
every point has a neighborhood of finite (covering) dimension-
dim. In the class of metric spaces, it is shown that every
locally finite-dimensional space has small inductive dimensicn
ind < w, and is strongly countable-dimensional (hence is also
countable-dimensional). Examples are given to shown that
the converses of these statements are false, and that the
property of being locally finite-dimensional neither implies
nor is implied by that of having large inductive dimension
Ind. Sum theorems are included, of which the following is
representative: a metric space is strongly countable-dimen-
sional iff it is the union of a locally countable collection of
closed finite-dimensional, locally finite-dimensional, or strongly
countable-dimensional subsets.

1. Introduction. Our purpose will be to examine relationships
among certain classes of infinite-dimensional spaces in terms of finite-
dimensional subsets. All spaces will be metrie, so the two dimension
functions dim and Ind [cf. 6] may be used interchangeably in the
finite case [4]. We shall also have occasion to mention the small
inductive dimension ind [ef. 6], which in general does not coincide
with the others [7].

Several classes of spaces which include infinite-dimensional spaces
have recently been investigated. Each of the following properties
determines such a class of spaces; the definitions have been stated
in such a way as to emphasize the fact that each property is defined
in terms of finite-dimensional subsets.

DEFINITION 1. X is countable-dimensional iff X is the countable
union of finite-dimensional subsets [5].

DEFINITION 2. X is strongly countable-dimensional iff X is the
countable union of finite-dimensional closed subsets [5].

DEFINITION 3. ind X < w iff for every p ¢ X and every neigh-
borhood U of p, there exists a neighborhood V such that pe Vc U
and ind B(V) is finite [2].

DEFINITION 4. Ind X < w iff for every closed set F and open

267



268 B. R. WENNER

set U with FC U, there exists an open set V such that Fc Vc U
and Ind B(V) is finite [9].

To these four properties we add a fifth which enjoys some inter-
esting interrelationships with the above.

DErINITION 5. X is locally finite-dimensional iff each point of
X has a finite-dimensional neighborhood.

Since every metric space is paracompact it follows from work of
C. H. Dowker [1] that for any fixed integer %, dim X < » if and
only if each point of X has a neighborhood U with dim U £ #n. On
the other hand, any locally finite union of finite-dimensional spaces
{X;:ned} such that sup{dim X;:red} =  (e.g., the space @ in
§ 2) is an example of an infinite-dimensional, locally finite-dimensional
space (see Lemma 1 below). It is immediate from the definition that
every subspace of a locally finite-dimensional space is itself locally
finite-dimensional, and that any finite product of locally finite-dimen-
sional spaces is again locally finite-dimensional. Unions of locally
finite-dimensional spaces will be discussed in § 3.

The following Lemma will be a basic tool for the investigation
of locally finite-dimensional spaces.

LeEMma 1. X s locally finite-dimensional tff X has a locally
finite (closed, open) cover of finite-dimensional subsets.

Proof. The necessity is an immediate consequence of the para-
compactness of X. For the sufficiency we assume that X has a
locally finite cover .27 of finite-dimensional subsets; let pec X, and
U be a neighborhood of p which meets at most finitely many mem-
bers, say A4,, -+, A, of .o Then

dim U < dimU 4; = 3 dim 4, + (6 — 1)

[6, Corollary to Theorem II. 4], so U is a finite-dimensional neigh-
borhood of p.

THEOREM 1. Ewvery locally finite-dimensional space is strongly
countable-dimensional (hence is countable-dimensional).

Proof. By Lemma 1 any locally finite-dimensional space X has
a locally finite closed cover & of finite-dimensional subsets. Then
for each n = 1,2, ---, the closed set F,, = U {F: Fe & and dimF <
n} has dimension <% by the Sum Theoreom [6, Theorem II. 1], so
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x=UF,

n=1

is strongly countable-dimensional by definition.
THEOREM 2. If X is locally finite-dimenstonal, then ind X < w.

Preof. Let p be a point of a locally finite-dimensional space X
and U be a neighborhood of p. Then there exist neighborhoods V
and W of p such that dim V < « and W< VN U; W is the desired
neighborhood since

ind B(W) < dim B{W) <dim V < o .

2. Counterexamples. As a consequence of Theorems 1 and 2,
we see that the class of locally finite-dimensional spaces is a subclass
of the classes of spaces which satisfy respectively Definitions 1, 2,
and 3. In this section we shall establish that these are the only
possible inclusions which involve the class of locally finite-dimensional
spaces. To this end we introduce the following examples.

ExampLE 1. For all » = 1,2, --- we define the subset @, of E"
by the formula

Q. ={(@, -+, 2);0=m<1ln forall i =1, -, n}
and
e=Ua..
For z,y e Q o = (v, -+, %), ¥y = (¥, *++, ¥), we define
” 1/2 .
do, ) = (S —w)) it m=n,
dz,y) =1 if m = n.

It is easily verified that d is a metric for @.

ExaMpPLE 2. For all n = 1,2, --- we define the subset J, of the
Hilbert cube by

J,={x):0=2, <1ln for i=1 +.-,n and x; = 0 for ¢ > n},

and

e
il
1Cs
N

-
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Note that J is not homeomorphic to the well-known set K, which
consists of all points of the Hilbert cube for which at most finitely
many coordinates are nonzero.

THEOREM 3. Q s locally finite-dimenstonal, but Q has no large
transfinite dimension (t.e. Ind @ does not exist).

Proof. If pc@ then pec@, for some #u; Q, is then an »-
dimensional neighborhood of p, which proves that @ is locally finite-
dimensional. The remainder of the Theorem follows from a result
of Ju. M. Smirnov [9, Remark, p. 193].

THEOREM 4.

(i) J is strongly countable-dimensional (hence is also countable-
dimensional),

(il) inddJ = o,

(ili) IndJ = o, and

(ivy J is mot locally finite-dimensional.

Proof. That J is strongly countable-dimensional is obvious; to
prove the remaining assertions we shall need the following Lemmas.

LEMMA 2. For any neighborhood N of the origin q of J, there
exists an integer k such that J,C N for all n = k.

Proof. Any neighborhood N of ¢ contains a sphere about ¢ of
radius (k — 1)7' for some suitably large k. If » = kand 2 = () € J,,
then

oo N\1/2 N1
d(@, q) = (z oc)l = (S yw) P o< (- 1,
so z€ N.
LeMMA 3. The space J — {q} is locally finite-dimensional.

Proof. For any xzeJ — {g} we let V be a neighborhood of z
such that g¢ V (the closure of V in J). Then J— V is a neigh-
borhood of ¢, so by Lemma 2

. oo

—VoUlJ

for some integer k, which implies

vevers- 0 7.cU.
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Thus V is a subset of a finite-dimensional space and is itself finite-
dimensional.

LEMMA 4. If X is compact, then Ind X £ w i¢ff ind X £ .

Proof. Only the sufficiency requires proof, so we suppose ind X <
® and let F and G be disjoint closed subsets of X. For each point
p e F let U(p) be a neighborhood of p which misses G and such
that ind B(U(p)) = n(p) < o (hence Ind B(U(p)) = n(p) as X is sepa-
rable). As F is compact there exist finitely many members of F,
Say Py, *++, Dp such that Fc U{Uwp):i=1,.--,k = U. Clearly
UNG=, and

BU) ¢ U BU®))

implies Ind B(U) < max {n(p;):t =1, -+, k} < oo.

We are now prepared to prove (ii) of Theorem 4. If N is any
neighborhood of ¢, then by Lemma 2 there exists an integer % such
that

BN)cJ-NcJ- QLU

so B(N) is finite-dimensional. On the other hand for any zeJ — {q}
and any neighborhood U of z there exists, by Lemma 3, a neighbor-
hood V whose closure has finite dimension. Then UN V is a
neighborhood of # whose boundary is a subset of V and is therefore
finite-dimensional. This implies indJ < w, hence indJ = @ since J
contains subsets J, of arbitrarily high finite dimension #.

To prove (iii) it suffices, by Lemma 4, to show J is compact, so
we let A be an infinite subset of J. If A is contained in %, J, for
some k then A has an accumulation point in that compact subset of
J. If, on the other hand, there is no such %k, then ¢ is an accumu-
lation point of A, since for every neighborhood N of ¢ there exists,
by Lemma 2, an integer k such that

NnA:(ngﬂJﬂ)ﬂAD(J—QIJn)ﬂA;é@.

Thus in all cases A has an accumulation point and J is compact.
Part (iv) follows from the fact that ¢ has no finite-dimensional
neighborhood, since by Lemma 2 any neighborhood of ¢ contains sets
of arbitrarily high dimension. This completes the proof of Theorem 4.
In view of Theorem 3 and Theorem 4 we have now demonstrated
the wvalidity of the opening statement of this section. There is one
other class of spaces which enjoys an interesting relationship with
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the class of locally finite-dimensional spaces:

DErFINITION 6. X is weakly infinite-dimensional iff for every
sequence of pairs F;, G; of disjoint closed sets of X there exist open
sets U, 7= 1,2, .-+, such that

F.cUcX-G,;

and
k
O B(U;) = ¢ for some integer k.

This definition is due to Ju. M. Smirnov [11], and a space which
satisfles this definition is sometimes called “weakly infinite-dimensional
in the sense of Ju. M. Smirnov.” As an immediate consequence of
a remark of E. G. Sklyarenko [8, p. 201] we can state the following.

ReEMARK. No infinite-dimensional space is both locally finite-
dimensional and weakly infinite-dimensional.

3. The sum theorems. In this section we shall characterize
several kinds of unions of finite-dimensional, locally finite-dimensional,
and strongly countable-dimensional spaces; these may be compared
with sum theorems for finite-dimensional and countable-dimensional
spaces given in an earlier work [12]. We first give a sum theorem
for locally finite-dimensional spaces.

THEOREM 5. X 1s locally finite-dimensional iff X 1s the union
of a locally finite collection of closed locally finite-dimensional subsets.

Proof. Suppose X = U{F:: ve 4} where F, is a closed locally
finite-dimensional subset for each ae 4. Then for each \e A there
exists, by Lemma 1, a locally finite closed cover &, of F, consisting
of finite-dimensional subsets. We now show that the collection & =
U{F:: ve d} is locally finite in X. For any pe X we let Mc4
be the collection of pre A for which pe F, (M is necessarily finite
by hypothesis), and for each pe M we define the neighborhood N(z)
of p by

Ny = X—-U{F:Fe #,and peF}.
It is clear that

N= (X ' F,_) n (,{,Q, N(;e))

2ed—

is a neighborhood of p which meets only finitely many members of
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&7, since for each pre M the set N{z) meets only finitely many
members of /..

Hence X has a locally finite cover & consisting of finite-
dimensional subsets, which implies that X is locally finite-dimensional
by Lemma 1.

The hypothesis of Theorem 5 cannot be significantly weakened.
All subsets must be closed, as can be seen from the example J =
(J — {g}) U {¢} of a union of two locally finite-dimensional spaces (see
Lemma 3) which is not itself locally finite-dimensional (by Theorem
4. On the other hand, the union must be taken over a locally finite
collection since J is the countable union of locally finite-dimensional
spaces which is not locally finite-dimensional. More can be said about
unions of locally finite-dimensional spaces, but we shall postpone
further discussion until we have proven some infinite-dimensional
analogues of the Sum Theorem [6, Section 1. 2].

LeEMmA 5. X is strongly countable-dimensional iff X is the union
of a locally finite collection of closed (open) strongly countable-
dimensional subsets.

Proof. By hypothesis X has a closed cover {F;: nec A} where F,
is strongly countable-dimensional for each A e 4 (in the case of an
open cover we shrink to a closed cover [3, p. 26] and proceed in
exactly the same fashion), so for each ne A4

Fz = L{FX¢

where each F',; is closed in ¥, (hence in X) and is finite-dimensional.
For each ¢ = 1,2, --- we define
Gi=U Fi;;
ied
by Lemma 1, each G; is a closed, locally finite-dimensional subspace,
hence is a closed, strongly countable-dimensional subspace by Theorem
1. This implies

X=Ue=g(ye.)

where each G;; is a finite-dimensional closed subspace of G;, hence
of X, and the Lemma follows.

THEOREM 6. X s strongly countable-dimensional iff X s the
union of a a-locally finite collection of closed strongly countable-
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Proof. Let X = U, F; where each F; is the union of a locally
finite collection of closed, strongly countable-dimensional subsets.
Each F; is closed, and by Lemma 5 each F, is strongly countable-
dimensional, so

x=0(0 F.)

where for all 4,5 = 1,2, .-+, F;; is a closed, finite-dimensional subset
of F; and hence of X, which completes the proof.

THEOREM 7. X 1is strongly countable-dimensional iff each point
of X has a strongly countable-dimensional neighborhood.

Proof. If the condition is satisfied then X has an open cover Z
all of the whose members are strongly countable-dimensional; then
7 has a locally finite open refinement, which proves the Theorem
by Lemma 5.

THEOREM 8. X s strongly countable-dimensional tff X is the
union of a locally countable collection of closed strongly countable-
dimensional subsets.

Proof. By Theorem 7 it suffices to show that each p € X has a
strongly countable-dimensional neighborhood. Let U be a neighbor-
hood of p which meets at most countably many members {F;:¢ =
1,2, ---} of the given collection; then

where for all 4,5 = 1,2, .-+, F;; is a finite-dimensional closed subset
of F;, hence of X, and the proof is complete.

THEOREM 9. X 1is strongly countable-dimensional iff S = Ui<. F
where for all A < T, F, is strongly countable-dimensional and U<, F,
18 closed.

Proof. Forall i =12 ---, all A < 7, we define

F,;=F, — 1/i<U Fy) = U F/!" Sm'(U F#) .
29 #=2 B<2

By Theorem 6 it suffices to show that
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f:Q%:Q{Fz,i:KT}

is a o-locally finite closed cover of X. The second form of the de-
finition of F,, shows that & 1is a closed collection; we now show
that & covers X. If p € X then by hypothesis there exists a first
A < T such that pe F;. Also by hypothesis the set U..; F is closed,
so there exists an integer ¢ such that

d(n, U F,) 2 Ui,

hence pe F, ;.
Finally we show that each & is locally finite. If p € X there
exists a first M < 7 such that p ¢ F,, and we shall prove that

N = 8,i(p) — }Jl F,

is the desired neighborhood. For all ¢ < A,
NcX-UF,cX-UFcX-F,.;;

v<i vep

for all x>\, on the other hand,

FicX—8u(UF)c X~ SupcX—N.
v<y
Thus NN F,; = @ unless £ =\, so F; is locally finite.

In view of Theorem 1 it is now possikle to conclude our discussion
of unions of locally finite-dimensional spaces with the following
Corollaries of Theorems 6, 8, and 9, respectively.

COROLLARY 10. X is strongly countable-dimensional iff X is the
unton of a o-locally finite collection of closed finite-dimensional (locally
JSinite-dimensional) subsets.

COROLLARY 11. X s strongly countable-dimensional iff X is the
wnton of a locally countable collection of closed finite-dimensional
(locally finite-dimensional) subsets.

COROLLARY 12. X s strongly countable-dimensional iff X =
U< F; where for all N < 7, F, is finite-dimensional (locally finite-
dimensional) and U.<; F,. s closed.
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