
Pacific Journal of
Mathematics

FIXED POINT THEOREMS FOR POINT-TO-SET MAPPINGS
AND THE SET OF FIXED POINTS

H. M. KO

Vol. 42, No. 2 February 1972



PACIFIC JOURNAL OF MATHEMATICS
Vol. 42, No. 2, 1972

FIXED POINT THEOREMS FOR POINT-TO-SET
MAPPINGS AND THE SET OF FIXED POINTS

HWEI-MEI KO

Let X be a Banach space and K be a nonempty convex
weakly compact subset of X. Belluce and Kirk proved
that (1) If f:K-+K is continuous, infxeκ II %-f(%) II = 0
and / — / is a convex mapping, then / has a fixed point in
K. (2) If /: K—> K is nonexpansive and I — f is a convex
mapping on K, then / has a fixed point in K. In this paper
the concept of convex mapping has been extended to point-
to-set mappings. Theorems 1 and 2 in § 2 extend the above
fixed point theorems by Belluce and Kirk.

Let W stand for the set of fixed points of / : K->cc(K).
The set W is called a singleton in a generalized sense if
there is xQ e W such that W c /(xo) In § 3 two examples are
given to show that W is not necessarily a singleton in a
generalized sense if / is strictly nonexpansive or if I — f is
convex. But one can be sure that i f is a convex set if
I — f is a convex or a semiconvex mapping.

1* Preliminaries*

NOTATIONS AND DEFINITIONS. Let X be a topological space,
define

1. 2X = the family of all nonempty closed subsets of X.
2. b(X) = {Ae 2X; A is bounded}, where X is a metric space.
3. k(X) = {Ae 2X; A is convex}, where X is a linear topological

space.
4. cpt(X) = {Ae2x; A is compact}.
5. cc(X) = k{X) Π cpt(X), where X is a linear topological space.
In the remainder of this section we assume X to be a metric

space with metric d, unless otherwise stated.
6. Let xeX and r > 0, define S(x, r) = {yeX; d(y, x) < r}.
7. For xeX, Ae 2X, define d(x, A) = inf {d(x, y);yeA}.
8. Given A e 2X and r > 0, define Vr(A) = {xeX; d(x, A) < r}.

LEMMA 1. Let x,yeX and let A be a nonempty subset of X.
Then d(x, A) ^ d(x, y) + d(y, A).

This is a simple consequence of the triangle inequality.

DEFINITION 1. Let X be a topological space. A mapping
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/ : X—*2X is said to be upper semicontinuous (abbreviated by u.s.c.)
at x0 if for any open set U containing f(x0), there exists a neigh-
borhood V of xQ such that f(y) c U for any yeV. The mapping /
is said to be u.s.c. in X if it is u.s.c. at any x in X.

DEFINITION 2. A map f:X-+b(X) is continuous if it is con-
tinuous from the metric topolgy of X to the Hausdorff metric topology
of b(X).

DEFINITION 3. A mapping / : X-+b(X) is nonexpansive on X if
D{f{x), f{y)) ^ d(x, y) for any x, y in X, where D is the Hausdorff
metric on b(X).

DEFINITION 4. A mapping / : X-+b(X) is a contraction mapping
if there is 0 ^ k < 1, such that D(f(x), f(y)) ^ kd(x, y) for any
x,yeX.

It is clear that a nonexpansive mapping f:X-~+ b(X) is continuous.
For the relation between a continuous map and an upper semicon-
tinuous map, we have the following:

PROPOSITION 1. If f: X—*cpt(X) is continuous, then it is upper
semicontinuous.

REMARK 1. The condition that the values of / are compact
subsets is not removable in the above proposition. As a matter of
fact a nonexpansive mapping / on X into 2X may fail to be upper
semicontinuous. Examples like the following seem to be in the
folklore.

EXAMPLE 1. Let X = [0,1] x [0,1] - {(0,1)} with the usual
metric. Let (x, y) e X, define

(the segment {(x, z); ze [0,1]} if x Φ 0 .
f((x v)) = Ί

' I the segment {(0, z); z e [0, 1)} if x = 0 .

Then / : X—>2X is nonexpansive on X, but it is not u.s.c. at (0, y)
for any ye [0, 1). Because if we take

U = {{x, y) e X; x + y < 1} ,

then U is open and contains /((0, y)). However U does not contain
f((x, z)) for (x, z) e X and x Φ 0. Therefore no neighborhood of (0, y)
exists such that U contains the image of / at every point of the
neighborhood. That is, / is not u.s.c. at (0, y).
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DEFINITION 5. A real valued function g on X is said to be lower
semicontinuous on X if for any real number α, the set

{x e X; g(x) > a}

is open in X.

PROPOSITION 2. If f: X~^2X is upper semicontinuous, then the
function g, where g(x) = d(x, fix)), is lower semicontinuous.

Proof. Let a be a real number and xQe A = {x; g(x) > α}. We
want to prove that A is an open set. Let r ~ g(x0) — a, then r > 0
and the open set VrJ3(f(x0)) contains f(x0). By the upper semicon-
tinuity of /, there exists a neighborhood V of x0 such that

f(y) c Vrβ(f(x0))

for any yeV. We may assume VaS(xo,r/S). Let U= Vr!3(f(x0)).
Then z e U implies

d(x0, z) ^ d(x0, f(x0)) - d(z, f(xQ)) (by Lemma 1)

> r + α-r/3 = α + 2r/3 .

Therefore

d(x0, U) = inf {d(xoy z); ze U} ^ α + 2r/3 .

Thus y e V implies

d(y, f(y)) ^ d(y, U) ^ d(xQ, U) - d(xQ, y) (by Lemma 1)

^ a + 2r/3 - r/3 = α + r/3 > a .

Hence y e V implies y e A. Thus A is open. Therefore g is lower
semicontinuous.

2* Fixed point theorems* First we state a well known fixed
point theorem for a point-to-set contraction mapping (cf. [5] p. 479
for the proof): Let K be a nonempty bounded closed subset of a
complete metric space (X, d). If / : K—+b{K) is a contraction map-
ping, then / has a fixed point in K.

The space X in the sequel is assumed to be a Banach space
unless otherwise stated.

DEFINITION 6. A mapping / from X into 2Γ is said to be convex
if for any x,yeX and m = Xx + (1 — X)y with 0 ̂  λ <£ 1, and any
#i£/(#)> Vι£f(y)> there exists mte f(m) such that
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DEFINITION 7. A mapping / : X —*2X is called semiconvex on X
if for any x,yeX, m = Xx + (1 — X)y, where 0 ^ X ^ 1, and any
#i€/(#), Vι€f{y)> there exists mιe f{m) such that

|| W l | | ^ max {|| a, ||, | | ^ | | } .

REMARK 2. A convex mapping is semiconvex, but the converse
is not true. Take the mapping f(x) = V x, xe [0,1], for instance.
The map / is semiconvex because it is strictly increasing. But / is
not convex, for example take x = 1 and y = 0,

m = 1/4 = 1/4-1 + 3/4-0,

then /(I) = 1, /(0) = 0, but

f(m) = Vϊβ = 1/2 S 1/4/(1) + 3/4/(0) = 1/4 .

LEMMA 2. Lei / : X—>2X, and let I: X—+X be the identity map-
ping. If I — /, where (I — f){x) = {a? — y; yef(x)}, is convex (semi-
convex), then for any x, ye X and m = Xx + (1 — X)y, 0 ^ λ ^ 1, we

d(m, f{m)) ^ Xd{x, f{x)) + (1 - X)d(y, f(y)) .

{d{m, f(m)) ^ max {d(x, f{x)), d(y,

Proof. Let xn e f(x) be such t h a t \\xn — x\\ —>d{x, f(x)) and

Vn e /(?/) be such t h a t \\yn- y\\-+ d{y, f(y)). Let I - / be a convex

mapping, then there exists mn e f(m) such t h a t

\\m- mn\\^X\\x- xn || + (1 - λ) || y - yn \\ .

Now

d(m, f(m)) ^ inf || m - mn\\ ^ λ || x - xn \\ + (1 - λ) || y - yn \\

for any n ^ 1. Thus

d(m, f(m)) ^χ\\χ-χn\\ + (l-χ)\\y- Vn \\

(a?, /(a?)) + (1 - X)d(y, f(y)) .

Similarly one can prove that

d(m, f(m)) ^ max {d(x, f(x)), d{y, f(y))} ,

if I — f is semiconvex.

LEMMA 3. Let f: X-^cpt(X) be a mapping such that for any

x, ye X and any m = Xx + (1 — X)y, 0 ^ λ ^ 1, we have
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d(m, f{m)) ^ Xd{x, f{x)) + (1 - \)d(y, f(y))

(d(m, f(m)) ^ max {d{x, /(a?)), d(y, f(y))} respectively) .

Then I — / is a convex mapping (semiconvex mapping respectively).

Proof. Let a?i€/(α?), Vief(y); we have

dfafW^Wx-x^l and d(y9f(y))^\\V'-yι\\.

Since f(m) is compact, there is an mγ e f(m) such that

|| m - m, || = d(m, f(m)) ^ λd(α, /(»)) + (1 - \)d(y, f(y)) .

Therefore || m - m, || ^ λ || x - x, || + (1 - λ) || y - y, \\. Hence I - f
is a convex mapping. Similarly one can prove, under the condition
that d{m, f(m)) ^ max {d(x, f(x)), d{y, f(y))}9 that / — / is a semi-
convex mapping.

Lemmas 2 and 3 characterize the convexity (semiconvexity) of
I — / in terms of the distance between a point and its image under
/, where / is a mapping from X into cpt(X). The following lemma
is a simple consequence of Lemma 2.

LEMMA 4. Let f: X-+2X, define

where r ^ O . If I — f is a semiconvex mapping on X, then Hr is
convex.

THEOREM 1. Let K be a nonempty weakly compact closed convex
subset of X. If f: K—+2K is upper semicontinuous and

inΐ{d(x,f(x)); xeK} = 0 ,

and I — f is a semiconvex mapping on K, then f has a fixed point
in K.

Proof. Let r > 0, define Hr as in Lemma 4. We see that
Hr^?0 for any r > 0, since inf {d(x, f(x)); xe K} — 0. As / is upper
semicontinuous, Hr is closed (by Proposition 2). The map I — / is
semiconvex, hence Hr is convex (by Lemma 4). The set Hr1 being
closed and convex, is weakly closed for each r > 0. The family
{Hr; r>0} has the finite intersection property. Therefore, by the
weak compactness of K, we have f)r>oHr^0. It is clear that any
point in Πr>o Hτ is a fixed point of /.
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REMARK 3. A convex mapping is semiconvex, therefore Theorem
1 extends Theorem 4.1 of Belluce and Kirk [1]. Example 4.1 and
4.2 in [1], though they are point-to-point mappings, serve the pur-
poses of demonstrating that "inf {d(x, f(x)); xe K} ~ 0" or "K is
weakly compact" in Theorem 1 is indispensable. The following ex-
ample, which is a special case of the example given by Kirk [4],
shows that the semiconvexity of I — / in Theorem 1 can not be
removed.

EXAMPLE 2. Let K = {xe 12\ || x || ^ 1} be the closed unit sphere
of the Hubert space l2. Then K is closed, convex and weakly com-
pact. Define / on K as follows: Let x = (xl9 x2, •) e K, and let

f(x) = (1 - \\x\\,xι,x2, •••) .

Then || f(x) \\ ̂  1 and || f(x) - f(y) \\ S V~2 \\ x - y ||. i. e., / is a
continuous mapping on K into K. We claim that

Let x{n) — (xl9 x2, •) G l2 be such that xι = x2 = = xn2 = 1/n and
Xi = 0 for ί > n\ Then || x{n) \\ = 1 and

We see that

|| x{n} - f{x{n)) || = V~2/n -> 0 , as n > oo .

Hence inf {|| x — f(x) ||; xe K) = 0. But I — f is neither convex nor

semiconvex. For instance, let x = (1/2, 1/2, 0, •••)> 1/ = ( — 1/2, —1/2,

0, •). Then f{x) = (1 - i/T/2, 1/2, 1/2, 0, >^), /fo) - (1 - τ/T/2,

-1/2, -1/2,0, . . . ) , || » - / ( » ) I I - 0 7 4 - 2 ι / 2 ) / 2 < l , || 2/-

(l/12 - βi/T/2 < 1. Take m = 1/2(OJ + 3/), then m = (0, 0, •) and
/(m) = (1, 0, . . . ) • Thus

II m - f(m) \\ = 1> max {|| x - f{x) ||, || 2/ - /fo) ||} .

Therefore I — f is not semiconvex and hence it is not convex. The
map / has no fixed point, for if f(x) = x, where x — (x19 x2, •) e K,
then xL = x2 = , and ΣΓ==i ̂  < °° Thus xζ = 0 for ΐ ^ 1. But
then /(«) = (1,0, . . . ) ^ ( 0 , 0 , •••)•

DEFINITION 8. A map / : X—>2A is said to be asymptotically
regular at x0 if there exists a sequence of points such that xn e f(xn~ι)
and 11 xn — xn__x \ \ —> 0 as n —> 00.

Definition 8 is an extension of the definition of asymtotically
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regular point-to-point mapping given by Browder and Petryshyn [2].
One immediate result of Theorem 1 is the following corollary which
extends the first part of Theorem 4.3 by Belluce and Kirk [1].

COROLLARY 1. If f:K-+2K is asymptotically rgular at some
point in K, where K is a nonempty closed convex weakly compact
subset of X, and if f is upper semicontinuous in K such that I — f
is semiconvex, then f has a fixed point in K.

Proof. Assume / is asymptotically regular at xoeK; then there
exists xn e K such that xn e f(xn-ι), n ^ 1, and || xn — xn_x \\ —> 0.
Since d(xn, f(xn)) ^ || xn+ι - xn || —> 0, we have inf {d(x, f(x)); x e K) =
0; hence Corollary 1 follows Theorem 1.

THEOREM 2. Let K be a nonempty weakly compact convex subset
of X. If f: K—+cc(K) is nonexpansίve and if I — f is semiconvex
on K, then f has a fixed point in K.

Proof. The map / is nonexpansive, so it is upper semi-continuous
(by Proposition 1). Theorem 2 follows Theorem 1 provided that the
condition "inf {d(x, /(#)); xeK} = 0" is satisfied. To prove this con-
dition we have the following lemma.

LEMMA 5. Let K be a nonempty bounded closed convex subset of
X. If f: K—>b{K) is nonexpansive, then inf{d(x, f{x))\ xeK) = 0.

Proof. Let xQ e K. Denote Ko = {x — xQ; x e K], then Ko is a
bounded closed convex subset of X and Ko contains 0. Let 0 ̂  k < 1,
define fk on Ko as follows:

fk(x - x0) = k(f(x) - x0) .

Then fk(x — xQ) cz Ko for any x — xoe Ko, since Ko is convex and con-
tains zero element. As / is nonexpansive, fk is contraction. By the
fixed point theorem for point-to-set contraction mapping, there exists
xk e K such that

k) Xo) .

Thus there is yke f(xk) such that xk — x0 = k(yk — x0). Now

d(xk,f(xk)) = ϊ n f { | | α;* — y \ \ ; y e f ( x k ) } ^ \ \ x k - yk\\\

= \\xQ + k(yk - x) - y k \\ = ( 1 - k) \\ y k - xQ \\

Therefore
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0 ^ inf d(x, f{x)) ^ inf d(xk, f(xk))
xeK 0^fc<l

^ inf ( 1 - k)\\xo-yk\\ = 0 ,
0^λ;<l

since the set {|| x0 — yk ||; 0 :£ k < 1} is bounded. Hence

inf {d{x, f(x)); x e K) = 0 .

3* The set of fixed points of a point-to-set mapping* Let K
be a closed convex subset of a Banach space X. Denote by W the
set of fixed points of a mapping / : K —>2K. Throught this section
we assume W to be nonempty.

DEFINITION 9. A mapping / : X —>b(X) is strictly nonexpansive
if D(f(x), f{y)) < || x — y || for any x, y e X and x =*s? #.

If / is a point-to-point mapping, then the following properties are
true.

(A) If / is strictly nonexpansive, then W is a singleton.
(B) If / is nonexpansive and the norm of the Banach space is

strictly convex, then W is convex.

Statement (A) is no longer true for point-to-set mapping. For
example, let K be a set containing more than two points, then the
set of fixed points of the mapping / : K—*2K, such that f(x) = K
for any x e K, is K itself which is not a singleton.

Statement (B) is obviously not true for a point-to-set mapping.
However, as the next example shows, statement (B) is also not true
for point-to-set mappings such that the image of each point is a
nonempty compact convex set; note that the domain K in our example
is also convex.

EXAMPLE 3. Let K = [0, 1] x [0, 1] with the usual norm. Define
f:K^cc(K) by

f((xl9 x2)) = the triangle with vertices

(0, 0), (xl9 0) and (0, x2) .

Note that f((xL, x2)) is a degenerate triangle if x,x2 = 0. We see that
/ is nonexpansive and the norm in R2 is strictly convex. But the
set W of fixed points of / is

W = {(xl9 x2); (xl9 x2) e K and x,x2 = 0}

which is not convex.
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For a point-to-set mapping /, we have several choices for values
of /, e.g., f(x)ek(X), f(x)ecpt(X) or f(x)ecc(X); among them,
fix) e cc(X) is the strongest assumption. For example, let if be a
compact convex subset of X, and let g: X—+cpt(X) be an upper semi-
continuous mapping such that g(x) c K for any x e K, then g does
not always have a fixed point (e.g., the map G of Strother [6],
p. 990). But if we simply change g as a mapping into cc(X) instead
of into cpt(X), then g has a fixed point (see K. Fan [3]). In
Example 3, although we have imposed the strongest condition on the
values of /, i.e., f(x) e cc(K), that condition does not force / to
satisfy statement (B). However the following proposition shows us
a sufficient condition for W to be convex.

PROPOSITION 3. Let f:K—>2K be a mapping such that I — f is a
semiconvex mapping on K. Then W is convex.

Proof. If I — f is semiconvex on K, then Lemma 4 shows that
the set Hr = {xe K; d{x, f(x)) ^ r) is convex. Hence W = HQ is
convex.

Statement (A) can be rephrased as follows:
(A') If / is strictly nonexpansive, then there is xQ in W such

that Waf(xo).

For a point-to-point mapping /, statement (Ar) implicitly shows
"FT to be a singleton. As for a point-to-set mapping /, statement
(Ar) does not require W to be a singleton, and on the other hand it
does not rule out the possibility that W is a singleton. Therefore,
it is reasonable to define W to be a singleton in a generalized sense
if there exists xQe W such that Waf(x0). Unfortunately even for
a strictly nonexpansive mapping / on K into cc(K), the set W of
fixed points of / is not necessarily a singleton in a generalized
sense.

EXAMPLE 4. Let K = [0,1] x [0,1], a subset of R2 with the
usual metric. Define /; K—>cc(K) as follows:

/((αά, x2)) = the triangle with vertices

(xJ2, 0), (xJ2, 1) and (1, 0) .

Let x = (xl9 x2), y — (ylf y2) e K, with x Φ y, then

D(f{x), f{y)) = 1/2 I Xι - Vι | < d(x, y) .

Hence / is strictly nonexpansive. The set W of fixed points of / is
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the set bounded by positive x, y axes and a branch of hyperbola
2x + 2y - xy - 2 = 0. i.e.,

W = {(x, y) eK; 2x + 2y - xy - 2 ^ 0} .

By an inspection of the shape of the set W, one sees that W<X-f((x, y))
for any (x9 y) e K. Hence W is not a singleton in a generalized
sense.

The question arises: Is if a singleton in a generalized sense if
/ is nonexpansive and / — / is convex? The answer is no. Let us
consider the following example.

EXAMPLE 5. Let K = [0, 1] x [0, 1] with the usual metric. Let
(x, y) e K, d e f i n e

f((x, y)) = t h e s e g m e n t {(ί, y); O^t^ x/2} .

Then / : K-+cc(K) is nonexpansive. I — / is a convex mapping. To
show it, let P = (xly y,), Q = (x2, 2/2) both in if, and let

M = λP + (1 - λ)Q ,

for some 0 ^ λ ^ 1. Then

, /(P)) = ^/2 ,

, f(Q)) =

= Xd(P, f(P)) + (1 - λ)d(Q, f(Q)) .

By Lemma 3, we see that I — f is convex on if. Now the set of
fixed points of / is W = {(0, y); 0 £ y ^ 1}. But W<$f{{x, y)) for
any (x, y) e K. Hence W is not a singleton in the generalized sense.

The author would like to express her sincere thanks to Professor
L. P. Belluce for his suggestions and Professor S. B. Nadler, Jr.
for his constructive comments. This paper is based on the author's
doctoral dissertation written under the guidance of Professor L. P.
Belluce. The research was supported by National Research Council of
Canada and by the University of British Columbia.
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