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Under certain conditions on a class & of subsets of
either a uniform convergence space, uniform space, or bounded
metric space, a natural convergence structure for & is defined
which is, respectively, u-uniformizable, uniformizable, metri-
zable. Conditions which are sufficient for the convergence
structure to be separated, topological, regular, are given. In
the uniform space case some convergence properties of %
are investigated and a fixed point theorem is proved for
certain & -multifunctions.

1. Introduction. In order to establish notation and provide
some motivation we will, in this section, review a few basic results
which deal with uniform convergence structures. The reader is
assumed to be familiar with the very basic theorems from the theory
of convergence spaces [5].

In order to obtain concepts like Cauchy filter, uniform convergence,
total boundedness, which were previously defined only in uniform
spaces, Fischer and Cook began the study of uniform convergence
spaces in [4]. A uniform convergence structure 5 on a set E is an
intersection ideal in the collection of filters on E x E which satisfies
the following axioms:

(U,) The filter of supersets of the diagonal in F x E is a member
of 2.

(U,) If <e2, so its inverse.

(U,) If &, & <X and the composition filter o & exists, then
it belongs to 2.

A uniform convergence space (E, Y) is a set F along with a con-
vergence structure X on E. A convergence structure ¢(2) is induced
on F in a natural way: define # e€c(Y) (z) if and only if & x &¢
Y. If P is a property which can be defined by convergence (for
instance compactness, regularity, Hausdorffness, etc.) then, by defini-
tion, (K, 2) has property P if and only if ¢(2) has it. Also, most
definitions of uniform properties are available in uniform convergence
spaces and are generalizations of the uniform topology case. For
example, a filter & on E is a Cauchy filter if & x # ¢2%; (K, 2%)
is complete if each Cauchy filter converges with respect to o(2); (E,
J) is totally bounded if each filter on E is coarser than a Cauchy
filter; a map f between uniform convergence spaces (F, %), (F, ) is
uniformly continuous on E if (f X f)3 C .

With these definitions one obtains results which, for the most
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part, parallel the uniform space case. For example, it is true that
each uniform convergence space has a completion [8], and that a
uniform convergence space is compact if and only if it is complete and
totally bounded [4]. The following result is due, independently, to
Keller [6] and Cochran [3].

THEOREM 1.1. FEach Hausdorff convergence space (FE,0) is u-
uniformizable. That is, there exists a uniform convergence structure
Y on E such that 6 = o(2).

If (E, ) is a uniform convergence space, a subset  of Y is a
base for ¥ if each member of 3 is finer than a member of +. The
following result (see [4]) shows the relationship between uniform
convergence spaces and uniform spaces.

THEOREM 1.2. If a uniform convergence structure ¥ for E has a
base comsisting of exactly one filter Z7 then Z/ is a uniform structure
for E; each uniform structure Z for K is a base of exactly one
element for a uniform convergence structure %] for E; Z and [#]
have exactly the same set of Cauchy filters and exactly the same set
of convergent filters.

Now consider the following well known construction: If (E, %)
is a uniform space and & is the class of nonempty, closed subsets
of K, then a uniform structure for & is generated by sets of the
form {(4, B): A, Be &, AcU(B), BcU(A)}, Ue %. It follows that a
filter &# on & converges to 4 € &, with respect to the completely
regular topology on % induced by %, if and only if for each Ue %,
there exists # €. such that FCV(4) and ACV(F) for each
Fe . The topology induced on % is called the uniform topology
on % ]7].

The remarks above motivate the consideration of convergence
of sets of a class & (of not necessarily closed sets) in any space
where “closeness of sets” is meaningful. We will begin the dis-
cussion with uniform convergence spaces. According to Theorem 1.1,
these include Hausdorff topological spaces and many others which
are not topological spaces.

2. Convergence classes. For the remainder of this section a
uniform convergence space (E,Y) will be a set E along with a base
Y for a uniform convergence structure on E.

DErINITION 2.1. Let (E, 2) be a uniform convergence space. A
nonempty class & of nonempty subsets of E is called a convergence
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class for (E,2) if and only if ACV(A) for each Aez’, Ve 7,
SF el

DerFINITION 2.2. Let (E, 3) be a uniform convergence space and
let & be a nonempty collection of nonempty subsets of E. The
function 7(%¥°) from % into the power set of the filters on & is
defined by & ct(Z)(4) if and only if for each Ve 2, £ ¢, there
exists .7 e & such that FC V(A) and AcC V(F) for each Fe & .

THEOREM 2.1. The function ©(%) of Definition 2.2 is a convergence
structure on & if and only if & 1is a convergence class for (E,X).

Proof. It is clear that if & et(¥)(4) and & is finer than &#,
then £ c(¥)(4). If #F,Z et (¥)(A) then, since {F U Z: F €
F,cec&}isabasefor NE, F NZecr(¥)A). Hence, (%)
is a convergence structure for & if and only if the ultrafilter gen-
erated by A4 is in 7(¥")(4) for each Aec%’. But this is equivalent
to the statement that A V(4) for each Ae &, Ve 72, £ el

Some additional properties which may sometimes be required of
a convergence class & for a uniform convergence space (E, X) are:

(A) If A,Be% and AcCV(B) for each Ve 2, £ ecX, then
ACB.

(4,) If A,Be% and ACV(B), BCV(A) for each Ve ¢, Fe
2, then A = B.

(A;) For each £ e and Ve 2, there exists Ue _# such that
U(A)cV(A) for all AeZ.

(A,) For each F el Ve #, 6 Ac%, there exists Ue £ such
that U*(A) C V(A).

(4;) If A, Be &, then AU Be &.

THEOREM 2.2. Let & be a convergence class for the uniform
convergence space (K, 2). Then

(1) If either (A) and (4, or (A, and (A) hold, then (&) is
separated and u-uniformizable.

(2) If (A holds and 7(&) 1s separated, then (A,) and (A,) hold.

(3) (A) implies (4,) and, if (4;) holds, (A,) tmplies (4,).

Proof. (1) Suppose F €7(Z)(A)Nt(&)B)and let Ve_g Fel.
By (A,) there exist U, We _# such that U*B)c V(B), W*A)c V(4).
Then S=UnNWe _# so FcS(A),AcS(F), BCS(F), FcS(B) for
all Fe & and some & € % . From these relations, Ac U*B) C V(B)
and Bc W?*A4) c V(A) so, if either (A4) or (4, hold, A = B; that is,
(%) is separated. It follows from Theorem 1.1 that z(¥") is w-uni-
formizable.
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(2) Suppose ACV(B) forall Ve #, £ eX. Then AU BcV(B)
and BC V(A U B) so, since (4;) holds, the ultrafilter generated by B
converges to A U B. Since 7(¥") is separated B= AU B so ACB.
A similar argument shows that (4,) holds.

(3) If (A) holds, (4,) holds. If AcCV(B) for all Ve 2, _Fe
%Y, then, since A UBe%, AU BcCV(B) and BC V(4 U B); it follows
that AUB= B and A C B.

THEOREM 2.3. Let & be a convergence class for a uniform con-
vergence space (K, 2). If (A,) holds then (%) is a topological space;
that is, there is a topology o(&) on & such that a filter F con-
verges to A€ & with respect to o(%) if and only if F € (& )(A).

Proof. It suffices to show that if & ¢ t(€)(A), then there exists
&, a subset of &, such that Ae 2, 2 ¢F and if Be 2, & ¢
7(&)(B), then Z € Z.

Now suppose F ¢ 7(%)(A). Then for some Ve 2, _£ €2, no
& e F satisfies

(1) Fes implies FCV(A) and A CV(F).

Define a subset 27 of & as follows: 2 consists of all Be &
such that

(2) BcCV(B), and ACV(B), and

(3) there exists Ue & such that if He% and HcC U(B) and
BC U(H), then HCV(A) and A C V(H).

Now Ae 2 for AcCV(A) and we may take the U required by
(3) to be V. ¢ by (1) and (2).

Suppose now that & et(¥)(B), Be 2. We show #Z % by
proving that .2° contains a member of &.

Since B e 2, condition (2) holds for some Ue 2. By (4,) there
exists We _# such that WD) c U(D) for all DeZ. Since ¥ ¢
(& )(B), there exists & € & such that G W(B) and Bc W(G) for
all Ge Z.

Let Ge &. Since Be .27 and G < W(B), B W(G), then G C V(4)
and AC V(@) so G satisfies (2).

Suppose He & and HC W(G), G < W(H). Then HcC W*B) C U(B)
and BC W(G) < W*(H)c U(H) so, since Be #, HC V(A) and AcC V(H).
This shows that each G e & satisfies (3).

In summary, 2, £ €&,s0 Z€&.

THEOREM 2.4. With the same assumptions as in Theorem 2.3,
the topological space (€, 0(Z)) is regular.

Proof. Recall first that a net in a topological space converges
to a point if and only if its filter of final sections converges to the
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same point. In the present context it follows from the previous
theorem that a net (4,:me€ D) in & o (& )-converges to A € & (written
(A,:neD)— A) if and only if for each Ve 2, #FeX A, CV(4)and
AcCV(A,) for n sufficiently large.

Now let (A;;:tel, jeJ;) be a simply convergent double net in
& with (A;:7ed;)— P;e for each 1€l. Let h be the diagonal
net on T = I x [I{(J;: 1€ I) defined by h(i, g) = A, ,: and suppose the
diagonal net converges to Xe&. We prove (%, 0(%)) is regular by
showing that (P;:iel)— X.

Let Ve g2, _#eX. By(4,) there exists Ue _# such that U(B)C
V(B) for all Be . Since the diagonal net converges to X,

(1) Auyw CUX), X U(As ) for (i,9) = (i, ). Since each
(A;25ed) — P,

(2) A;cUPy), P, U(A;;) for each © = 4, and 7 = j(¢, V). Define
well(J;:ieI) by requiring w(i) to be greater than or equal to both
94(%), 5(3, V) if © = 4, and w(3) = g,(¢) otherwise. Then, for ¢ =1, (4, w) =
(%0, 90) 80 by (1), A; iy CU(X) and X U(A4;,00)- By (2) Aiuw < UP)
and P;c U(4;,,,)- Hence, for 1 =1, P, U¥X)C V(X)and XC U¥P,)C
V(P;). It follows that (P;:iel)— X and (&, 0(¥)) is regular.

It should be pointed out that a number of other natural conver-
gences on a convergence class & might be studied. The following
are a few such examples.

(1) &# ey(¥)A) if and only if there exists _# € X such that:
for each Ve _# there is an &% € & such that FFC V(4) and A C V(F)
for each Fe &

(2) F eM@)A) if and only if for each Ve &, _F el acA,
there exists & € & such that FCV(4) and F N V(a) = ¢ for each
Fe 7.

(3) &F ca(@)(A) if and only if there exists _# €2 such that:
for each Ve /2, ac A, there exists & €. &# such that FFC V(4) and
FnNVia) + ¢ for each Fe #.

ExAmMPLE 1. Let Y consist of just one uniform structure _~#
for E and let & be any nonempty class of nonempty subsets of E.
By Theorem 1.2 % is a base for a uniform convergence structure on
E. Clearly ACV(A) for each Ve _#,Ae%, so & is a convergence
class for (E, ). In particular, if & is the class of nonempty _#
closed subsets of E, then, by the discussion at the end of §1, 7(%)
convergence is precisely the convergence of closed sets in the uniform
topology on &. (See [7].)

ExaMPLE 2. Let E be a Hausdorff topological space and, for each
finite subset S of E, define _#(S) to be the filter A (_#7(x) x 47 (x):
xeS) A &, where < is the filter of supersets of the diagonal in
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E x E and 4 (x) is the neighborhood filter at x. The collection
3 ={_#(S): S is a finite subset of E} is a base for a uniform con-
vergence structure on E. It is not hard to see that the convergence
induced by 2 is precisely convergence in the topological space E.
Each member of each _#(S) contains the diagonal so any & is a
convergence class for (E, 2).

If E is a closed interval of real numbers, & the class of nonempty
closed subsets of K and _# the usual uniform structure on E, then,
by Example 1 and results from [7], (&, 7(¥")) is compact with respect
to the base {_#}. Now the base 3 of Example 2 induces the same
convergence on K as does {_Z}, but (&, t{(¥")) is not compact with
respect to 3.

Question. 1If % is the class of nonempty, closed subsets of a
compact uniform convergence space (E, ), is there a base @ for a
uniform convergence structure on E such that 5 and @ induce the
same convergence on K, and (¥, (%)) is compact with respect to @?

ExampLE 3. Let E be a Hausdorff topological space and & any
collection of nonempty subsets of E. Define # to be the filter
generated by sets of the form U(G; x G;:i€I) where I is finite, each
G;isopen and U(G;:iel)= E. The collection ¥ ={_g&, 7* _#° «-+}
is a base for a convergence structure on E and & is a convergence
class for (E, 2). The topological convergence on E is generally not
the same as that induced by Y. In this case F ecz(&)(4) if and
only if for each Ve # and each natural number =, there exists
F €. such that FCV"(4) and A CV*(F) for each Fe 5.

ExampLE 4. Let E be a regular, Hausdorff topological space, &
the class of nonempty, closed subsets of E and 3 the base of the
previous example. Then (%) convergence is precisely the conver-
gence of closed sets defined by Choquet on p. 90 of [2].

Question. If E is a topological space, & its convergence class
of closed sets, is there a base Y for a uniform convergence structure
on FE such that one of the natural convergences (C), M%), ete.
induces the convergence defined by Choquet on p. 87 of [2]?

Of course, the meaning of 7(%), ¥(%"), M¥’) or a(&”) convergence
is known as soon as a base for a uniform convergence structure is given.
In this regard, see [3] for an explicit construction of a uniform con-
vergence structure for an arbitrary Hausdorff convergence space, and
see [4] for construction of natural uniform convergence structures on
funetion spaces.
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3. Convergence classes for uniform spaces. Let (E, #) be a
uniform space and let & be any nonempty class of nonempty subsets
of E. Since ACV(A) for Ve # and (4;) of §2 holds, & is a con-
vergence class for (E, #) and 7(¥") induces a regular topology ¢(%")
on . A net (A,;neD)in ¥ o(¥)-converges to Ae % if and only
if for each Ve _Z, A, cV(4) and Ac V(4,) for n sufficiently large.
In fact, we have the following:

THEOREM 3.1. If (E, 7) is a uniform space and & 18 a mon-
empty collection of nonempty subsets of E, thewn the topological space
(%, 0(%)) is uniformizable.

Proof. For each Ve _JZ, define 7 (V) ={(A,B):A,Bes,AC
V(B), BC V(A)}. Then each .7 (V) contains the diagonal in & x &
and the inverse of 7 (V) is itself. Also 7 (V)> . 7 (U)o7 (U) if
U-UcV. Thus u(%), the filter generated by the 7 (V)’s, is a
uniform structure for &. But, from the definitions and the remarks
preceding the theorem, a net o(¥’)-converges to Ae % if and only
if it converges to A with respect to the topology generated by u(%).

Some additional axioms which may sometimes be required of a
convergence class & for a uniform space (E, #£) are:

(B) If A, Be%, then AU Be Z.

(B,) If Acclos B, then AC B.

(B;) If Aceclos B and Bceclos A, then A = B.

(B) If S is linearly ordered and (4,:n€S8) is a decreasing net
in & (n=m implies 4, A4,) such that N A4, =+ ¢, then any net (x,:
ne R) with R cofinal in S and z,€ A, for ne R, which converges,
converges to a point in clos (N A4,).

THEOREM 3.2. If & 1is a convergence class for a uniform space
(E, 7), then

(1) If (B, or (B, tis satisfied, (&, p(&’)) ts Hausdorff.

(2) If (&, u(¥)) is Hausdorff and (B, holds, then (B,) and
(B,) hold.

(3) (B, tmplies (B,) and, if (B,) holds, (B,) implies (B,).

Proof. This follows from Theorem 2.2.

ExAaMPLE 5. A simple example of a convergence class & for a
uniform space (E, #) for which (%, (%)) is Hausdorff and & does
not consist of closed sets is obtained by taking % to be the class of
all nonempty, regular open subsets of E. Recall that an open set
G is regular open if G = Int (clos G). It is clear, then, that & satisfies
(Bs) so (%, n(¥)) is Hausdorft.
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DErFINITION 3.1. A net (4,:7m€ D) in & is increasing (decreasing)
if D is totally ordered and n = m implies 4, D A4,.(4,.D A4,).

THEOREM 3.3 Let (E, #£) be a compact uniform space ard &
a convergence class for (B, ). Then

(1) An increasing net (A,: ne D) in & converges if and only
if there ewists Ae & such that U A, Cclos A and ACclos(U A,).

(2) If (A,:nme D) is a decreasing net in <, N A, #+ ¢ and (B,)
18 satisfied, then (A,: n <€ D) converges if and only if there exists A e
& such that A Cclos(N A,) and N A, Cclos A.

Proof. A proof of (1) is given. The proof of (2) is similar. If (4,:
n e D)— A then, if Ve _#Z A, cV(A) and AcCV(4,) for n sufficiently
large. But since (A,: # € D) is increasing, UA,C V(4)and AC V(U 4,).
Since V was arbitrary, U A, Cclos A and A Cclos (U A4,).

Now suppose 4 ¢ & exists which satisfies U A, Cclos 4Aand AC
clos (UA,). Then, for Ve #,neD, A, V(A). Thus, to show (4,:
ne D) — A it suffices to show that A C V(A4,) for some n e D.

Suppose this is not so. Then there are points y, € A — V(4,). The
net (y,: % € D) has a convergent subnet by the compactness of (£, 7).
Clearly, the subnet converges to a point weclos A Ceclos(U A4,). If
U*cCV, then Ulx)N A, # ¢ for n sufficiently large. But (y,:n e D)
is frequently in U(z) so there is an index n € D such that y, e U(z),
t,e Ux),t,eA,. Then y,e U¥t, CV(t,) < V(A, which is a contra-
diction.

DEFINITION 3.2. If & is a convergence class for (E, ) then
(&, (%)) is said to be monotone complete if and only if each increas-
ing net in (&, (%)) converges and each decreasing net (A4,:n € D)
for which N A4, # ¢ converges.

THEOREM 3.4. Let (E, #) be a uniform space. Then

(1) If f:(E, _7Z)—(E, _Z) is uniformly continuous and & 1s
any convergence class for (B, £) such that Ae & implies f(A)e &
then g: (%, (@) — (&, (Z)) defined by g(A) = f(A) is uniformly
continuous.

(2) If (7, (%)) is separated and monotone complete, then either,

(a) g(A) = A for some Ac <&, or

(b) there exists A€ & such that g{A)C A and N (g"(A):n =1, 2,
cer) =g or

() g(4), A are not comparable for each A€ &.

Proof. (1) If f is uniformly continuous then (f x f)_Z =_Z.
Then, if .7 (V) is a generator of ¢(%”), there exists UeJ such that
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Vo(f x fYU). Itisaneasy computation to show that (9 x ¢).9 (U)C
T (V) 80 (g x )(&) = (%) and g is uniformly continuous.

(2) If Acg(A) for some Aec%’, then AcCg(4d)cCg(4).--is a
monotone net in & and hence converges to Be#. By (1) g{d)C g’
(A) < .-« converges to g(B). Since (&, u(%’)) is separated, B = g(B).

If A>g(A) for some Ae %, ADg(4) D g*(A) ---is a decreasing
net in (&, p{#’)). 1If it is true that (¢9"(A):n =1,2, ---) = ¢, then
g*"(A) — B, g1{A) — g(B) and B = ¢g(B). Hence, if neither (a) nor (b)
holds, it must be that A & g(4) and ¢g{(4) ¢ A for all Ae%. That
is, {¢) holds.

Recall that if f:(E, #)— S is a bijection, then there is a
finest uniform structure for S which makes f uniformly continuous,

namely (f %< f) (_F).

DEeFINITION 3.3. If &, &, are convergence classes for (E, 7)),
(H,, %) respectively, the natural uniformity p[z, €] on [&, & =
{A x B: Ac%,, Be &,} is the finest uniform structure on [Z7,, &3]
which makes the bijection f: (&, X &%, t{E) X &) — [F, &)
defined by f(A4, B) = A x B uniformly continuous.

THEOREM 3.5. (1) Let ©,, &, be convergence classes for (H, 5 ).
Then (A, X B,:ne D) converges to A X B in (&, &), ul&,, €)) of
and only if (A,: ne D), (B,:neD) converge to A, B in (&, u(&)),
(&%, p(&%) respectively.

(2) If (A,:neD), (B, ne D) are nets in (&, u(&)) which con-
verge to A, B respectively and A, C B, for n sufficiently large, then
A c clos B.

Proof. (1) If(A,:nmneD)— Aand (B,: neD)— B, then (4, X B,:
neD)— A X B by the continuity of the map f: (4, B)— A X B. If
(A, xB,:neD)—Ax Band Ve _Z, then, when . (V) = {(S, M): Sc
VM), M cV(S)}, 22(V) = {(R, Y), (F, X)): (R, F)e 7 (V), (Y, X) e
T {(V)}isin p{&) x #(Z). Thus, by definition, (f x f)SZ(V)(A x B)=
{RxY:(R,A) e g (V),(Y,B)ye. g (V)} is a neighborhood of A x B.
It follows that (4,, 4)e .7 (V) and (B,, B) € .7 (V) for n sufficiently
large so (A,:neD)— A and (B,:neD)— B.

(2) We have for Ve _JZ, an index ne D such that A, B,, AC
V(A,), B, cV(B) so ACV*B) and the result follows from this fact.

The result above, as well as the theorem below will be used in
the next section.

THEOREM 3.6. Let & be a convergence class for the the uniform
space (K, £). Then
(1) If (AsineD)— A and xve A, then there exists a directed set
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H and functions p: H— D, m: H— E, such that p(H) s cofinal in
D, the net m converges to © and m(h) € A,u, for all he H.

(2) If (A,:neD)— A and a net m: H— E converges to x with
m(h) € Ay, (H) cofinal in D, p: H— D, then xcclos A.

Proof. (1) Order D x _# by (n, V) = (m, U) ifn =z mand VC
U. By convergence, if (n, V)eD x _Z there exists p(n, V)e D and
m(n, V) € Ay, such that p(n, V) = (x, m(n,V)) e V. The result fol-
lows from this.

(2) If Ve _Z,mh)e V(x) N A, for h sufficiently large. But,
by convergence, there is an index % such that A, < V(4) also. It
follows that for some ae€ A, some ke H, (m(h),x)eV, (mh),a)e V.
Thus a € V*(x) and the result follows.

4. TFixed point theorem for Z-multifunctions. Let & be a
convergence class for the uniform space (E, ~#). If Fi(E, 7#)— (%,
(%)) is a function, then F",n = 2,3, ... is defined inductively as
follows. (Notice that F*(x) need not be in & if » >1.) If zcE,
F*x) = UF(y): ye F(z)) and F**'(x) = U F(y): y € F"(x)) for n > 2. If
F*x)e % for each n and each xz¢ E, then F is called a Z-multi-
function.

DEFINITION 4.1. A <-multifunction F: (E, #£)— (&, (¥)) is
condensing if F' is continuous and Ve _Z, » + y, «, y € E implies there
exists n = n(x, y, V) such that F(x) x F*(y) V.

ExAMPLE 6. With respect to the hypotheses of the next theorem,
we remark that (&, (%)) can be compact without & consisting only
of closed sets. Let E be the closed unit interval and let & consist
of all subintervals (open, closed, or half open, half closed) of F along
with all singleton subsets of E. Then (&, #(%")) is compact.

THEOREM 4.1. If (E, #) is compact and Hausdorff, (&, (%)) is
compact and F: (K, _Z)— (&, M(¥)) 1s condensing, then there exists
x, € B such that , € clos F(x,).

Proof. Suppose z¢ F(x). Then for some ye F(z),y #z. If Ve
_~, there exists n(V) such that

(1) F*P(@) x F*"(y) V.
Since (%, u(¥’)) is compact so is [&, &, €’] by Definition 3.3. Hence,
with _# directed by reverse inclusion, the net p defined by p= (F""(x) x
Fr"(y) x F*"*(x): Ve #) has a convergent subnet t: D —[&, &, €.
If t— A x B x T, then by (1) and Theorem 8.5, A x BCV for each
Ve _#Z. Since (E,_#) is Hausdorff, A x B is contained in the
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diagonal of E x E so A = B = {x,} for some «, € E.

Now y e F(zx) so F*"(y) c F*™*(x). It follows from Theorem 3.5
that x,eclos 7.

Consider ze T. By Theorem 3.6 and the fact that ¢ is a subnet
of p, there is a net m: H— E and a function f: H—_#, such that
f(H) is cofinal in _Z, m — z, m(h) € F(F"/ " (x)), he H. So,

(2) m(h) e F(u(h)), u(h) € FrI7) ().

By compactness of (E, _#), (w(h): he H) has a convergent subnet w.
By () w—x, and since F is continuous, F(w)— F(z,). By (2), the
fact that m — z, and Theorem 3.5, z € clos F{(x,).

In summary we have T < clos F(w,) and %, € clos T so «, € clos F(x,).

COROLLARY 4.1. Let & be thet set of all non-empty closed subsets
of a compact, Housdorff uniform space (E, £ ) and let a continuous
Sfunction F: (E, Z)— (&, n(¥)) satisfy the following condition: Ve
S x#=y tmplies F*x) X F*(y) CV for some n = n(x,y, V). Then
there 1s a unique x,€ K such that x, € F(x,).

Proof. By results of [7], F/* maps F into & for each n =1, 2,
3, .-+ and (&, (%)) is compact. Hence, by the previous theorem
z, € clos F(x,) = F(x,) for some x,¢ E. If also z€ F(x), then given
Ve _#, it is true that (v, x)e F"(®) x F"(%,) <V for some m. It
follows that (v, ®,)e N{V:Ve #}, & +# , which contradicts the fact
that (E, _#) is Hausdorff.

COROLLARY 4.2. (Bailey [1]). Let (E, d) be a compact metric space
and f:(H,d)—(E,d) a continuous function such that if x + y, there
exists n = n(x,y) such that d(f"(x), f"(v)) < d(z,y). Then f has a
wunique fixed point.

Proof. Under the hypothesis of the theorem it is easy to see
that if 6 > 0 is given and x # y, there exists » = n(x, y, 6) such that
a(f*(x), f"(y)) < 6. Then, with _# the natural uniform structure
induced by d, the hypotheses of Corollary 4.1 are satisfied for f and
(E, 7) so the result follows.

Now let (E,d) be a bounded metric space and & any class of
nonempty subsets of E. The well-known Hausdorff function 2 on &
is defined by A(a, b) = max {m(4, B), m(B, A)} where m(4, B) = sup {d(z,
B): x € A} and d(z, B) = inf {d(x, ¥): y € B}.

THEOREM 4.2. Let (E,d) be a bounded metric space and let & be
any nonempty class of nonempty subsets of E. Let & satisfy (B, of
§3 with respect to the natural uniform structure on E generated by the
Vi’s, Vs = {(x, y): d(x, y) < 0}. Then (&, u(%")) is uniformly metrizable
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and one metric for (&, u(&’)) ts the Hausdorff function on &

Proof. 1If i{A, B) = 0, then m(4, B) = m(B, A) = 0. Given § >0,
it follows that AcC V,(B) and BC V,(4). Since (B, holds, A = B.
Clearly h(A, By = k(B, A) and, if A = B, h(4, B) = 0.

To prove the triangle inequality it suffices to show that m(4, B) <
ml{A, X) + m(X, B) for each A, B, X %. Let 6 >0 be given.

(1) m(A, B) < d{a,, a) + d(a, x,) + d(z, b) + 6 for some a,€ A and
all ac A,z X, be B.

Also m(A, X) = d(a, X) for all ac A so given a,<€ 4,

(2) there exists z, € X such that m(4, X) > d(a,, ) — 0; similarly

(3) m(X, B) > d{(x, b} — 6 for some b cB. Combining (3), (2),
and (1) we have m(4, X) + m(X, B) > m(4, B) — 30 and it follows
that m{A4, B) < m(4, X) + m(X, B).

We have shown that & is a metric on & Now let U,e _Z(h),
_# (h) the structure on % generated by £. A computation shows that
if (A, Bye U, then A C V,,(B) and B V,,(A), Vo = {(, ¥): d(z, y) < 20},
hence U, 7 (Vy) so £ (h) = p(C). Similarly .7 (V;) C U, so then
Z(h) = 1(0).

The author wishes to thank the referee for several helpful sug-
gestions.
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