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Let (X, Z/) be a uniform space in some set theoretical struc-
ture .#Z and let *X be the set corresponding to X in an
enlargement *.#Z of .. In this paper a set of %/ -finite
elements of *X is defined and this set is used to define a non-
standard hull of (X, Z/). The main result is that, with some
specific exceptions depending on the existence of measurable
cardinal numbers, this nonstandard hull is the same as the
smallest of the nonstandard hulls defined by Luxemburg.
This result is used in giving a characterization of subsets of
X on which every uniformly continuous, real valued function
is bounded. Also, two examples are given to illustrate the
possible structure of the nonstandard hulls.

The nonstandard hulls defined by Luxemburg [4] are obtained
from sets F' of “finite” elements of *X which may be written in the
form

F ={p|pe*X and *f(p) is finite for all f in &}

where & is a set of uniformly continuous, real valued functions on
(X, Z’). The concept of finiteness introduced in this paper is entirely
different. An element p of *X is Z/-finite if, for each A in % there
is a sequence q,, + -+, ¢, in *X which satisfies the conditions (i) ¢, = p,
(i) ¢, = *x for some # in X, and (iii) for each y =0, ..., » — 1 the
pairs (¢;, ¢;+,) and (g;.i, ¢;) are both in *A.

Our main result is that the set of Z/-finite elements of *X is
equal to the set

{p|pe*X and *f(p) is finite for every uniformly continuous,
real valued function f on (X, %)}

if and only if it is impossible to partition X into a measurable cardinal
number of subsets {X,|ac I} which are “uniformly open” in the sense
that there is an A in % such that

xe X, implies {y|(y,x)e A} C X,

for every a in I. In particular, these two sets of finite elements of
*X are equal whenever the number of topologically connected com-
ponents of (X, %) is smaller than every measurable cardinal number.

This result is used in giving a characterization of those subsets
Y of X such that every uniformly continuous, real valued function
on (X, %) is bounded on Y, generalizing a Theorem of Atsuji [2].

115



116 C. W. HENSON

Also, two examples are presented which illustrate the possible struc-
ture of the nonstandard hulls defined using the set of Z/-finite ele-
ments of *X. These examples are based on ideas due to L. C. Moore,
to whom the author is grateful for many helpful conversations on the
subject of this paper.

1. Throughout this paper _# denotes a set theoretical structure
and *_# denotes an enlargement of _#. (The image of an element
x of _# under the embedding into *_# is denoted by *x.) Whether
# and *_# are taken to be structures for type theory (as in [4]
and [6]) or to be structures for the e-language of ordinary set theory
(as in [5] and [7]) is a matter of taste. Most references in this paper
will be to [4], although the concepts and results in [4] can easily be
set in the frameworks of nonstandard analysis described in [5] and
[7].

As is usual, it is assumed here that the set N of positive integers
and the set R of real number are elements of _#, and that the
embedding % +— *z is the identity on R (and thus also on N.) The
extensions to *R of the operations + and . on R, as well as of the
ordering < on R, will be denoted by the same symbols. In general
the embedding © —— *x is not the identity on sets in _#. Given an
element A of _# it is convenient to introduce the notation *[A] for
the set of standard elements of *A; that is,

*[A] = {*a]ac A} .

In dealing with uniform spaces there are certain useful operations
on subsets of a cartesian product C x C. If A and B are subsets of
C x C, recall that A-B and A~ are defined by

AoB = {(x, 2)| for some v, (xz,y)€ A and (y, 2) € B}
A7 ={@, 9y, ») e A}.
The set A" is defined recursively for » = 1 by:
A=A, A" = A"A.
Also, given an element x of C, the set A(x) is defined by
A@) = {yl(y, x) e A} .

Note that if A, B and C are elements of _# then *4 and *B are
subsets of *C x *C (= *(C x C).) Moreover, the following equalities
hold:

*(AoB) = (*A)°(*B)

*(A—-!.) — (*A)-—l
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(A = (4
“(A@) = CA(C2)

(where x€C and n = 1.)

Throughout this paper (X, %) denotes a uniform space which is
an element of _/. The set of all uniformly continuous, real valued
functions on (X, %) is denoted by C(X, Z). It is assumed that the
reader is familiar with certain parts of the nonstandard theory of
uniform spaces, as presented in [4] or [5]. In particular, recall that
the monad of the filter % (that is, the intersection of the family
*[Z] of subsets of *X x *X) is an equivalence relation on *X. The
equivalence class of p is denoted by x(p), for each p in *X.

The collection *[Z/] generates a filter on *X x *X which will be
denoted by Z. A simple, direct argument can be used to show that
7 is a uniform structure on *X and that the mapping & +H—— *x is
a uniform space embedding of (X, %) into (*X, 7;). Alternately, let
Z be any set of bounded semimetrics on X which defines 2. (o(x, )
is a semimetric on X if p is nonnegative, symmetric, satisfies the
triangle inequality and o(x,2) = 0 for any 2 in X.) For each p in
7 a function 0 may be defined on *X x *X by

o(p, @) = st (*o{p, 9)) -

(Here “st” is the standard part operation on finite elements of *R.)
Then 0 is a semimetric on *X. For each pc.2Z and ¢ > 0 in R, let

Then the collection {A(pe, d)|0ec .2, 0 > 0} generates %~ so that the
collection {*A(p, d)|pe &, 6 > 0} generates 7. But

*A(p, 0) < {(p, @) | 0(p, q) = 0}
and

{(p, 9 10(p, @) < 6} < *A(p, d) .

Therefore %7 is the uniformity on *X defined by the set {0|pe .7}
of semimetrics on *X.

Let X, = {¢(p)|pe *X} and let %/, be the quotient uniformity on
X, induced by 7. Denote the quotient mapping from (*X, Z;) onto
(Xy, %,) by w. The previous remarks show that (X,, %) is the non-
standard hull for (X, %) constructed in [4] using any set .22 of
bounded semimetrics which defines Z7. (See also p. 56 of [5], where
(X,, #,) is constructed and called T,.)

The definition of % makes it clear that w(p) = p(g) if and only
if » and ¢ have exactly the same neighborhoods in the ?;-topology
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on *X. Thus 7 is not only uniformly continuous, but also z(*A)
(which equals {(¢(p), t(@)) |(p, @) € *A} by definition) is in %, whenever
Aisin %. Therefore 7 is an open mapping. Moreover, any net in
*X which is mapped by 7 onto a Cauchy net (convergent net) in (X,, %)
is a Cauchy net (convergent net) in (*X, ?}). If the Z/-topology on
X is Hausdorff, then the map taking z to x(x) is a uniform space
embedding of (X, z) into (X,, %,). (Otherwise it simply identifies
those pairs of points which have exactly the same neighborhoods in
the Z/-topology.)

Constructing “nonstandard hulls” of (X, %) in general involves
two distinet steps: (i) the identification of a set F' of “finite” elements
of *X, and (ii) the construction of a uniformity on F (and then on
the set {¢(p)|p € F} by a quotient operation.) There are many dif-
ferent useful concepts of “finiteness” for elements of *X, each one
motivated by considerations depending on the kind of mathematical
structure which X is assumed to carry. However there seems to be
only one natural way to carry out step (ii)—by putting on F the
uniformity obtained by restriction from Z%. In that case, the non-
standard hull constructed using F is just the subspace 7w(F) of
(X,, %5)-

For example, let . be any set of semimetrics which defines Z.
In defining a nonstandard hull using &4 Luxemburg [4] takes F to
be the set

{p|*o{p, *z) is finite if x e X and pe &}.

The uniformity put on F is the one defined by a set {¢'|pe &} of
semimetrics on F, where

0'(p, 9) = st (*o(p, 9))

for each p in % and p,q in F. If &2 isthe set {min(0,1)|pe &},
then .27 also defines %. Moreover, the uniformity defined on ¥ by
the set {0|p e .22} is easily seen to be the same as the one defined on
F by {0|pe.&”}. That is, this uniformity is just the restriction of
Z to F.

In this paper an entirely different concept of “finiteness” for ele-
ments of *X is introduced. It is based on the intuitive idea that a
point is “finitely far away” from a set if there is a finite chain of
small steps from the point to (some element of) the set, no matter
how small the steps are required to be. Thus an element of *X is
taken to be finite if it is “finitely far away” from *[X], relative to
the uniform space (*X, “Z/). (See Definition 1.2)

DErFINITION 1.1. Let (Y, 7") be any uniform space.
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(i) If Ae7 and z,yec X, then an A-chain from x to y is a
finite sequence ,, +--, 2, in Y which satisfies: «, = 2, #, = ¥ and, for
each 1 =0,+-+, 2 —1, (;,2,.,)€AN A" (The number of steps for
such an A-chain is n.)

(ii) If x,yc Y, then x =,y if and only if there is an A-chain
from « to v.

(i) If #,ye Y, then x =, y if and only if =z =,y for every A
in 77

I

If A isin ¥7; then AN A~ is symmetric and contains the diagonal
of Y x Y, so that =, is an equivalence relation on Y. Therefore =..
is also an equivalence relation on Y. The latter relation can be cal-
culated from any collection .2 which generates 7 as a filter on
Y x Y, in the sense that

r=,y——ux =,y for every Ac.=7.

Also, observe that if A is in </, then the equivalence classes under
=, are both open and closed in the 7 -topology on Y.

Definition 1.1 will be applied to both of the uniform spaces
(X, %) and (*X, ‘Zj/) Since *[Z/] generates 7 as a filter on *X x *X,
it follows that for each p,qge*X

p=yq—p=.,q for every Aec 2.

Note that for each Ae Z, *(=,) is also an equivalence relation
on *X, and in general it will not be the same relation as =.,. Indeed,
p and q are in the same *(=,) equivalence class if there is a *-finite
sequence (hence an internal element of *_#) q,, +++,q, in *X which
satisfies: ¢, = », ¢, = ¢ and (q;, ¢;») € *(A N A7) for every 1 =0, +--,
w — 1. Such a *-finite sequence may exist without any such finite
sequence existing: in that case p =.,q would be false.

DEFINITION 1.2. An element p of *X is Z/-finite if, for each
A€ 7/, there exists an ¢ in X which satisfies p =., *x.
The set of Z/-finite elements of *X will be denoted by fin. (*X).

It is clear that if p is Z-finite, then every element of p(p) is
also Zr-finite. In the language of [4], this says that fin, (*X) is
p-saturated. Also the condition p efin, (*X) is equivalent to a con-
dition on the ultrafilter {Y|Yc X and pe*Y} determined by p.
Namely, p is Z/-finite if and only if for each A € Z there exist e X
and % =1 such that pe (*4A)"(*x) = *(A"(x)). Therefore, if p is Z/-
finite then each element of the monad of the ultrafilter {Y|Yc X
and pe*Y} is also Z-finite. In the language of [4] this says that
fin, (*X) is p,-saturated.
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If o is any semimetric on X which defines a weaker uniformity
than %, and a € X, then the function f(x) = p(x, @) is Z-uniformly
continuous (since [o(x, a) — o(y, a)| = p(x, y).) Thus the sets F of
finite elements of *X considered in [4] are all of the form

F = {p|*f(p) is finite for every fe .7}

where % is a set of Z~uniformly continuous, real valued functions
on X. The next result shows that each of these sets has fin, (*X)
as a subset.

THEOREM 1.38. If feC(X,Z) and pecfin,(*X) then *f(p) is
finite.

Proof. Since f is uniformly continuous, there exists 4 in Z
which satisfies

@, ped— [flo)y -y =1.

Since p is Z-finite, there is a *A-chain ¢,, +-., ¢, from p to *z, for
some z in X. Therefore

() = )| = T1*A) — Mg |

=n.

It follows that *f(p) must be finite.

THEOREM 1.4. fin, (*X) 4s closed in the ”;/-topology on *X, and
pns, (*X) C fin,, (* X).

Proof. For each A in % the set
{p|p =., *x for some z¢ X}

is a disjoint union of =., equivalence classes, each of which is open
and closed in the %—topology on *X. It follows that this set is, it-
self, open and closed in that topology. Finally, fin, (*X) is an inter-
section of such sets, so that it must be a closed set.

That pns, (*X) is a subset of fin, (*X) follows immediately, using
the obvious fact that *[X] is a subset of fin, (*X) and using Theorem
3.15.2 of [4]. (This Theorem implies that pns., (*X) is the closure
of *[X] in the ‘Z/—topology on *X. The extra assumptions on *_#
made in [4] are not needed for this result. See also Theorem 7.5.3
of [5].)

Let £ be an uncountable cardinal number which is strictly larger
than the cardinality of some filter basis for Zr. It is well known that
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there must be a set <# of bounded semimetrics which defines Z and
which has cardinality less than £. Theorem 3.15.1 of [4] implies that
if *_ is k-saturated, then (X, %) is a complete uniform space.
(Theorem 3.15.1 has the added assumption that *_.Z is an ultrapower
of _/, but this is not necessary. It may be removed by noting that
the completeness of (X;, %, can be proved by considering only Cauchy
nets over index sets of cardinality less than &, and then using Theo-
rem 1.8.3.)

Therefore when *_.7 is k-saturated the uniform space (*X, /N/)
is also complete. By Theorem 1.4 this implies that the restriction of
7 to fin,, (*X) defines a complete uniform space. It should also be
noted that each set of the form {p|*f{p) is finite if fe .7 } is closed
in the ‘Zfﬂ;’—topology when & is a subset of C(X, %). Therefore each
of the nonstandard hulls of [4] is a complete uniform space when *_~7
is k-saturated, even when & may have cardinality = k.

2. This section is concerned with the relationship between
fin, (*X) and the set

F, = {p|*f(p) is finite for all fe C(X, %)} .

As argued in §1, n(F,) is the smallest of the nonstandard hulls of
(X, %) constructed in {4]. By Theorem 1.3, fin, (*X) is a subset of
Fi. In fact, the two sets are equal, except in certain circumstances
depending on the existence of measurable cardinal numbers. (Corollary
2.5) The principal tool in proving this is the following result.

LEMMA 2.1. If A is in % and x =,y for all x,ye X, then
there 1s a semimetric 0 on X which satisfies

(1) the uniformity defined by o contains A and is weaker than
2, and

(ii) for each p,qe*X,

P=., q— *0(p, q) ts finite .

Proof. The proof uses a modification of a construction given in
[3]. Let A be in 2 and suppose x =,y holds for all z,ye X. It
may be assumed that A is symmetric (replacing A by AN A if
necessary.) Let Z be the set of all the integers. Select a sequence
{4,]neZ} of symmetric sets in & as follows: (i) 4, = A, (ii) for
% > 0 define A, inductively by

A, = (4,.),
(iii) for n < 0 select A, inductively so that
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(4. < Apsr
Then {A,|ne Z} is a chain of sets in %, and it satisfies
(2.1) (A c A,., forall neZ.
Moreover, since % = 0 implies 4, = (4%”, it follows that
(2.2) U{d,lmeZ}= U{4"|n = 1}.

The assumption that © =,y holds for every z, ¥y € X means that
the right side of (2.2) is equal to X x X. Therefore a function g on
X x X may be defined by

2" if (x,y)ed,~ A,
99 =10 it .y ed foral neZ.
In particular, for n = 0
9(z, ) 2" —— (v, y) e A" (= 4,) .

Passing this to *_/, it follows that for any p,qge*X and ne N

*9(p, @) = 2" —— (p, @) € (*4)" .
Therefore, if p,qe *X, then

*9(p, q) is finite —— p =.,q .

The desired semimetric p is then defined from g by
n-—1
o{x, y) = inf {Z g(®;, %0 1) | %, + -+, 2, 18 & sequence
i=0
in X, x, =« and xn:y}.

(That o is nonnegative, symmetric and satisfies p{x, ) = 0 for all «
in X follows from the fact that the function g has the same properties.
That p satisfies the triangle inequality is equally obvious.) The
fundamental fact about p is the inequality

(2.3) o, y) = 9@, y) = 20(x, y)

which holds for all z, ye X. The first inequality follows immediately
from the definition. The second is proved by showing that if x,, -+ -, @,
is a sequence in X,

(2.4) 9@, 3.) = 2+ 3 9@, 0i1) -

The proof of (2.4) is by induction on %, using (2.1). The details are
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like those in the proof of Theorem 6.7 in [3], and they will be omitted.
Passing the inequality (2.3) to *_#, it follows that *o(p,q) is
finite exactly when *g(z, y) is finite. Therefore, for any p,ge*X

P =.,q— *o{(p, q) is finite .

It thus remains only to show that o satisfies (ij. The definition of
g implies that A = {(z, ¥}|g(z, ¥) £ 1}, and by equation (2.3) it follows
that A contains the set {(z, v)|p(x, v) < 1/2}. This shows that A is
in the uniformity defined by o. Finally, for each ne Z

A, ={, 9ok, ) = 27 C{, ylolw, y) =27 .

This shows that the uniformity defined by o is weaker than %/, and
completes the proof.

Throughout the rest of this section let .2~ denote the set of all
cardinal numbers £ which support @w-complete, free ultrafilters. It is
well known that if .25 is nonempty, then the smallest member &, of
2 is actually measurable. (In fact, every w-complete ultrafilter on
£, i1s < k,-complete.) Moreover, in that case the class .27 consists
exactly of the cardinal numbers >k, (There does not seem to be any
accepted term designating the members of 27 Some authors call
them “measurable” but this does not agree with current terminology
in set theory.)

Given a set I in .2 and an element p of *I, let Fil{p) denote
the ultrafilter {J|J <1 and pe*J} on I determined by p. (Fil,(p)
will be used for Fil{p) if necessary to avoid confusion.) Recall that
Fil(p) is a free ultrafilter if and only if p is not standard.

LEMMA 2.2. For each pe*I, Fil(p) is w-complete if and only if
*f(p) is finite for every veal valued function f on I.

Proof. Given any real valued function f on I and n = 1, define
A, (f) ={z|ecel and [f)| = n} .

Then {A,(f)|n =1} is a decreasing chain of subsets of I and the
intersection of the chain is empty.

If pe*I and there exists a real valued function f on I such that
*f(p) is infinite, then p e *A,(f) for every n = 1. That is,

{4 e =1}

is contained in Fil(p). This shows that Fil(p) is not w-complete.
Conversely, suppose Fil{p) is not w-complete. Then there exists
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a decreasing chain {A4,]n = 1} in Fil(p) whose intersection is empty.
It may be assumed that A, = I. Thus a real valued function f may
be defined on I by

S@) = max{n|zcA.}.

Evidently A4,(f) = A, for each » = 1. The assumption that pe*(4,)
for all » = 1 implies that [*fip)| = = for all » = 1. That is, *f(n)
is infinite.

Let < be the discrete uniformity on X (that is, <& is the prin-
cipal filter on X x X generated by the diagonal set.) Clearly C{X, &)
is the set of all real valued functions on X and fin.(*X) = *[X].
Thus Lemma 2.2 says that

fin. (*X) = {p|*f(p) is finite if fC(X, 2))

if and only if the cardinality of X is not in .27
The next results describe completely the conditions under which
an element of F, is not “Z“finite.

THEOREM 2.3. If pe*X is not z/-finite but *f(p) is fiwite for
every f e C(X, %), then there exists an element A of Z which satisfies

Y e Fily(p) — the number of =, equivalence classes which
intersect 'Y is in 7.

Proof. Assume that pe*X is not Zfinite, and that *f(p) is
finite whenever f e C(X, 7). There exists a symmetric element A of
77 such that p =.,*x is false for every xe X. Let {X,|lacl} be a
one-to-one enumeration of the =, equivalence classes, and let a func-
tion ¢ from X to I be defined by

>pe X, .

Xy = a —

It will be shown first that *¢(p) is not a standard element of *I.
If otherwise, there exists a €l which satisfies *a = *¢{p), and hence
pe*(X,). Let A, equal AN (X, x X,) and let 2, be the uniformity
obtained by restricting 9% to X,. Sinece X, is an =, equivalence
class, « =, y holds for every =,y < X,. By Lemma 2.1 there exists
a semimetric 0 on X, which satisfies (i) the uniformity defined by
0 on X, contains A, and is weaker than 7, and (ii) for any #,se¢
(Xa),

7 =8 — “o{r,s) is finite .

Since X, is an =, equivalence class, » =., s is equivalent to » =, , s,
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for elements 7, s of *(X,). Thus (ii) implies
(ii") for any 7, se *(X,),

* =.,8—— *p(r, s) is finite .
Let 2z, be a fixed element of X, and define a function 2 on X by

0 if g
ha) = e,
oz, ) if xelX,.

Given 6 > 0, there exists an element B, of %, which satisfies
((U, y)eBa___’lo(x: y) < 5

by (i) above. This implies that B, contains a set of the form
BN (X, x X,), where B is in %/, and it may be assumed that Bc A.
If (x,y) € B, then either  and y are both outside X,, and A(x) =
hy) = 0, or (%, y)€ B,. In the latter case

[h(@) — W) | = [0(x,, ) — @, »}| = pl@,¥) < 9.

Therefore, % is an element of C(X, %’). This implies that *h(p) is
finite. However, since pe*(X,), *i(p) = *o(*»,, p). Thus, by (ii’)
above, p =.,*x, which is a contradiction. This shows that *c(p) is
not a standard element of *I.

Now let Y be any subset of X which satisfies pe*Y, and let
J =¢(Y). It must be shown that there exists an w-complete, free
ultrafilter on J. If not, then the ultrafilter Fil(*¢(p)) is not w-complete.
(It is free since *c¢(p) is not standard.) In that case, by Lemma 2.2
there exists a real valued function f on .J such that *f(*c¢(p)) is
infinite. Define a function ¢ on X by

0 if cx)ed
g(@) = .
Sfle()) if e@)ed.
If (®, y) e A, then x=,y and hence ¢(x) = ¢(y). This implies that g
is in C(X, ). But *g(p) = *f(*c¢(p)), so that *g(p) is infinite. This
contradiction shows that Fil,(*¢(p)) is an w-complete, free ultrafilter
on J, and completes the proof.

THEOREM 2.4. If Y C X and the number of =, equivalence classes
which itntersect Y is in 5%, for some A in %7, then there exists an
element p of *Y which is not Z/-finite but which satisfies: *f(p) is
finite for every f e C(X, Z).

Proof. Given Ae % and Y C X as stated, there is a subset W
of Y which has one element in common with each =, equivalence
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class which intersects Y. Moreover, there exists an w-complete,
free ultrafilter on W. Since *_~Z is an enlargement of _# this
means that there is an element p of *W which is not standard and
such that Fil,(p) is w-complete. By Lemma 2.2, *f(p) is finite for
every real valued function f on W, hence for every f in C(X, %).
It thus suffices to show that p =.,*x is false for every z in X.
Otherwise, there exist x€ X and n =1 which satisfy (p, *z)e *B~,
where B is AN A™'. Since pe*W it follows that for some we W,
(w, x) € B*. Therefore (p, *w)e (*B)*. But since p is not standard,
this implies that there exists w’'e€ W such that w’ is distinet from
w and (w', w)e B*™. That is, w' =, w and hence W has two elements
from the same =, equivalence class. This contradiction proves that
P has the desired properties.

COROLLARY 2.5. The equality
fin,(*X) = {p|*f(p) is finite for all f e C{X, %)}

holds if and ownly if the number of =, equivalence classes is not in
%" for every A€ %

In cases where the cardinality assumption of Corollary 2.5 holds
(in particular, if there is no w-complete, free ultrafilter on X) then the
smallest nonstandard hull constructed in [4] is also the subspace
w(fin,(*X)) of (X,, %,). This fact is helpful in determining the ele-
ments of this nonstandard hull, since it is usually easier to show that
¢(p) is an element by showing that p is Z~finite, and to show that
¢(p) is not an element by exhibiting a function f in C(X, %) such
that *f(p) is infinite. (See the examples in §4.)

3. Atsuji [2] has given a condition on (X, %) which is equivalent
to the statement that every function in C(X, %) is bounded, and
which is closely related to the concepts discussed above. In this
section a nonstandard proof is given of a natural generalization of
Atsuji’s Theorem. (The ideas used in proving this Theorem are also
used in §4.)

DEFINITION 3.1. A subset Y of X is finitely chainable in (X, %)
if, for each A € Z, there exist y,, ++-, ¥, in Y and # = 1 which satisfy

YT A (y) U -+ U AYy,) .

The uniform space (X, %) is finitely chainable [2] if X is finitely
chainable in (X, %).

THEOREM 3.2. For any subset Y of X, Y is finitely chainable in
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(X, %) if and only if *Y C fin,(*X).

Proof. Suppose Y is finitely chainable in (X, ). Given A€ %,
there exist ¥, +++, ¥, in Y and n = 1 which satisfy

YT AYy) U --- U A™w,) .

If follows that *Y < (*4A)*(*y) U +-+ U (*4A)"(*y). If A is symmetric,
this implies that each element of *Y is in the same =., equivalence
class with one of the elements *y,, ---, *y,. Therefore *Y is contained
in fin,(*X).

Conversely, suppose Y is not finitely chainable in (X, Z). Thus
there exists a symmetric set 4 in % such that for any # =1 and
Yy, +++, Y € Y, the union A*(y) U --+ U A*(y,) does not contain Y. For
each y€ Y and n = 1 define

Sn,y) = {x|jxeY and 2xz¢ ANy)}.

The assumptions on Y imply that the collection {S(%, y)} has the finite
intersection property. Since *_.# is an enlargement, there exists
pe*Y which satisfies p e *S(n, y) for every y€ Y and n = 1.

It will be shown that p is not #-finite, thus showing that *Y
is not contained in fin,(*X). Otherwise there exist xe X and n =1
which satisfy (p, *x) € (*4)". This implies that there exists y in Y N
A™(x), and therefore pe A™(y). That is, p¢*S(@2n,y), which is a
contradiction.

The following result generalizes the theorem due to Atsuji [2]
which states that (X, %) is finitely chainable if and only if every
function in C(X, %) is bounded.

THEOREM 3.3. For any subset Y of X, Y 4s finitely chainable in
(X, ) if and only if every function in C(X, Z) is bounded on Y.

Proof. If Y is finitely chainable in (X, %), then by Theorem 3.2
*Y c fin,(*X). For any function f in C(X, %), this implies that
*Y < {p|*f(p) is finite} by Theorem 1.3. Therefore the set

{I"f(p)|lpe*Y},

which is internal, has a finite upper bound M in R. But this implies
that f is bounded by M on Y. That is, each member of C(X, %) is
bounded on Y.

Conversely, suppose each function in C(X, %) is bounded on Y.
To show that Y is finitely chainable in (X, %) it suffices to prove
*Y c fin,(*X), by Theorem 3.2. If not, then by Theorem 2.3 there
must exist an element A of % such that the number of =, equivalence
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classes which intersect Y isin .2#7 In particular there are countably
many (distinet) =, equivalence classes X, --., X,, ---, each of which
intersects Y. The function f defined on X by

n if xzeX,
Sw) = .
0 if zeX,, alln=>1

is therefore unbounded on Y. However, f is constant on =, equiva-
lence classes, and thus f is in C(X, %’). This is a contradiction, and
completes the proof.

REMARK. Theorem 3.2 allows us to say exactly when there is
a single function f in C(X, %) which satisfies

fin,(*X) = {p|*f(p) is finite} .

Namely, this equality holds if and only if the sets {x||f(®)| < =} (for
n = 1) are all finitely chainable in (X, %’). (The equality holds if
and only if {p||*f(p)| < n} C fin,(*X) for all » =1 (by Theorem 1.3)
if and only if {z||f(x)] < n} is finitely chainable in (X, %) for all
% =1 (by Theorem 3.2).)

In particular, if Z- is the uniformity defined by some metric o
on X, then the equality

fin, (*X) = {p[*0o(p, *x) is finite}
holds for some (or, equivalently, every) « in X, if and only if

{yloly, ») < n}

is finitely chainable in (X, %) for every » = 1.

4, Given a metric 0 on X, Robinson [6] says that p and ¢ are
in the same galawy of *X if *o(p, q) is finite. Generalizing this idea
Luxemburg [4] defines » and ¢ to be in the same galaxy relative to
a set .&” of semimetrics on X if *o(p, q) is finite for every o in 4
The following definition of the Z/-galawxies of *X arises naturally from
the considerations which led to Definition 1.2.

DEFINITION 4.1. If p,qe*X, then p and q are in the same Z/-
galaxy if p =2 q.

THEOREM 4.2. If p and q are in the same Z/-galaxy and 0 s
any semimetric on X which defines a uniformity weaker than %,

them *o(p, q) is finite.

Proof. Since p defines a uniformity weaker than Z7 there exists
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A € Z7 which satisfies
(@, yed—pk,y) =1.

Since p and q are in the same Z-galaxy, there is a * A-chain q,, «+-, q.
from p to q. Using the triangle inequality for *p yields

0, Q) = 3 70(g, Giv) S
Therefore *o(p, q) is finite.

DEFINITION 4.3. A subset Y of X is chain connected in (X, Z)
if =,y for every x,y€ Y. The uniform space (X, %) is chain
connected if X is chain connected in (X, %).

THEOREM 4.4. Let &7 be the set of all semimetrics which define
weaker uniformities than Z and suppose that Y is chain connected
wm (X, Z). Then for every p,qe*Y:p and q are in the same Z-
galaxy if and only if *o(p, q) is finite for every p in X

Proof. Let Y and .&” be as stated and assume p,qge*Y. The
implication in one direction is contained in Theorem 4.2. Conversely,
suppose that *o(p, q) is finite for all p in &% To prove that p and
q are in the same Z/-galaxy it is necessary to show that p =.,q for
every symmetric set A in Z/. Given such an A, the fact that Y is
chain connected in (X, %) means that there is an =, equivalence class
W which contains Y. Let 4, = AN (W x W) and let % be the re-
striction of % to W. As in the proof of Theorem 2.3, an application
of Lemma 2.1 yields a semimetric 0 on W which satisfies (i) the uni-
formity defined by o on W is weaker than %, and (ii) for any », s€
*W, r =.,8 if and only if *o(r, s) is finite.

Select w, in W and let f be the function defined on X by

x if zeW.
Then f is constant on =, equivalence classes so that f is uniformly

continuous as a map from (X, %) to (W, Zw). It follows that the
semimetric o’ defined on X by

o', y) = o(f(@), f())

defines a weaker uniformity on X than %. By assumption, this
means that *0'(p, q) = *0(p, q) is finite. Therefore p =.,q by (ii)
above, completing the proof.

COROLLARY 4.5. If (X, Z) is chain conmected and & is the set
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of all semimetrics which define weaker uniformities on X than %,
then the Z/-galaxies form the same partition of *X as do the galaxies
determined by S~

REMARK. As was noted above, if A4 is in %, then each =, equiva-
lence class is open and closed in the Z/-topology on X. Therefore if
X is connected in the Z~topology, then (X, %) must be chain con-
nected. Applying the same reasoning to the uniform space (*X, ??)
shows that any subset of *X which is connected in the ?’?—topology
must be entirely contained in one Z/-galaxy.

THEOREM 4.6. If (X, %) is chain connected, then the following
conditions are equivalent:

(1) There is a semimetric 0 which defines a uniformity weaker
than 77 and which satisfies: p and q are in the same Z/-galazy in
*X if and only if *o(p, q) is finite:

(ii) There is an element A, of Z which satisfies:
for each AeZ there is an n =1 such that A, C A"

Proof. (i) — (ii): Let o be as in (i) and define
A = {(=, w)| oz, y) <1}

as that A, is in 2. If A, does not satisfy (ii), then there is an ele-
ment A of 2 such that for no n =1 does A" contain A,. That is,
for each 7 = 1 there exists a pair z,, ¥, of elements X which satisfy
o, ¥,) =1 and (%,,y,) ¢ A". Let w be an infinite member of *N.
Then *o(*x,, *y,) <1, so that by (i) there is a *A-chain ¢, ---, ¢,
from *x, to *y,. That is, (*z,, *y,) is an element of (*A)" = *(4").
But since @ is not standard, this means that (x,, v.) € A" holds for
infinitely many values of & in N. This contradicts the choice of the
pairs (x,, ¥,) and proves that A, satisfies (ii).

(ii) — (i): Assume that A, satisfies (i1). Then for each A in %,
*A4,c *A" (for some 7 depending on A.) Therefore p =.,, ¢ implies
» =.,q, for every p,ge*X and every AcZ/. Thus the =., equiva-
lence classes and the %/-galaxies are exactly the same. The existence
of the semimetric required in (i) now follows, using Lemma 2.1 and
the fact that (X, %) is chain connected.

REMARK. Suppose (X, %) is chain connected and % is defined by
a metric p,. If (X, %) satisfies the conditions in Theorem 4.6, then
there exists a metric o, which defines Z and also satisfies: p and ¢
are in the same Z-galaxy if and only if *o,(p, q¢) is finite. That is,
Z/ can be “remetrized” so that the Z/-galaxies and the galaxies
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defined by the metric coincide. To construet p,, simply choose o as
in 4.6.i and define

ou(®, y) = max {0z, y), min (0, ), 1)} .

The following two examples were developed in collaboration with
L. C. Moore, and are based on ideas due to him. In each case the
uniformity % is defined by a metric on X. The first example shows
that a Z-finite point need not be in the same Z-galaxy with any
standard point, even when (X, %) is complete. The second example
shows that even when the original space (X, Z) is arcwise connected,
the smallest nonstandard hull of (X, %) constructed in [4] need not
even be chain connected (or, what is the same, the uniform space

obtained by restricting % to fin, (*X) need not be chain connected.)

ExAamMPLE 1. In this example X is the set of all pairs x = (%,, %)
of positive integers, and % is the uniformity defined by the metric
0, where

2L + oY if Y=Y
xl yl xZ y2

o, y) = . i
L B 5 Y if @ %y, .
Ty Y, X, Y.

(The metric o is obtained in the following way: for each x in X let
% be the sequence % = (q,, @,, a,, -+-), Where

g o=

T W

and all other a, are 0. The distance p{z, y) is then just the [, norm
of & — 7 as an element of the linear space of all sequences which
have finite support.)

For an element (p, q) of *X to be Z-finite, it is necessary (by
Lemma 4.2) that *o((1, 1), (p, ¢)) be finite. This implies that p/q and
g/p are finite elements of *R (or, what is the same, that p/q is finite
but not infinitesimal.) Suppose, conversely, that ¢/p and p/q¢ are
finite. It will be shown that the element (p,q) of *X is Z finite.
If either p or ¢ is finite, then the other must be. That is, (p,q) is
in X. Assume therefore that » and ¢ are bothin *N ~ N. Givena
standard real number 6 > 0, a number r in * N may be chosen which
satisfies the inequalities
4.1) T[—% + L] <o0=Z(r+ 1)[£2 + i] .

q Db q D

For any ke N, the *p-distance between the elements (p, ¢ + k) and
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(p,q + kr + r) of *X is equal to

p P |+Iq+k¢_q+kr+¢
qg+kr q+kr+r » p

which is bounded above by

LT,
q P

Now choose the smallest s in *N which satisfies

) 0

q+sr 4

The inequalities (4.1), together with the fact that p/q is finite but
not infinitesimal, implies that »/p is finite but not infinitesimal. This
shows that s is actually in N, and the sequence (p, q), (p,p + 1), ++-,
(p,q + sr) is a d-chain in *X with a finite number of steps.

Since p/q and r/p are each finite but not infinitesimal, there are
standard integers m, m such that m/n is within §/4 of

D
q + sr

and n/m is within 6/4 of the reciprocal

q + sr
D

It follows that the *p-distance between (», g + s7) and (m, n) is less
than 6. This shows that there is a d-chain from (p, ¢) to a standard
element of *X, for each standard 6 > 0. Therefore (p, q) is Z/-finite,
as claimed.

Given a Z~-pre-nearstandard element (p,q) of *X, p/¢ must be
finite but not infinitesimal, by Theorem 1.4 and the previous argument.
If (p, q) is not standard, then p is infinite. Therefore every standard
element of *X is a *p-distance of at least p/q away from (p, q). But
p/q is not infinitesimal, so this is a contradiction. Therefore pns, (*X)
is simply the set of all standard elements of *X. This shows that
(X, ) is complete and that the Z~topology on X is discrete.

Also, there are elements of fin, (*X) which are not standard (for
example, (@, @) is one whenever  is infinite.) Since the Z-topology is
discrete, each standard element of *X comprises a Z-galaxy by itself.
Thus there are Z/-finite points which are not in the same Z~-galaxy
with any standard point. In fact it can be shown, by an argument
similar to the one used to characterize fin, (*X), that the set 4 of non-
standard, Z-finite elements of *X comprises a single Z/-galaxy.
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Note that if @w and ' are distinct elements of *N, then the *p-
distance between (®, w) and (', ®') is 2. Thus the image under =
of fin,(*X) in X, has at least as many elements as *N. Since the
enlargement *_~ can be chosen to make the cardinality of *N arbi-
trarily large, this shows that the various nonstandard hulls of (X, %)
constructed in [4] depend on *_# as well as on (X, %).

ExaMpPLE 2. In this example X consists of a countable set of
points {a,|n = 0}, together with certain arcs joining a, to the other
distinguished points. For each n =1 the arcs joining a, to @, form
n subspaces X(n,1), .-+, X(n, n), each two of which have only the
elements @, and @, in common. Moreover, if 1<j<m1=<k=<n
and n = m, then X(m, j) and X(n, k) have only the element a, in com-
mon.

The metric o which defines % is given first on the subspaces

1 1
4k 4k

—k 4+

Figure 1.
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X(n, k) and then extended to all of X. For a given 1 =k < m,p is
defined on X(n, k) in such a way as to make the subspace X(u, k)
isometric to the subspace of the Euclidean plane pictured in Figure 1.
(This subspace consists of the seven line segments obtained by joining
adjacent pairs of points in the sequence: (0, 0), (0, n), (1/4k, n), (1/4k, — k),
1 — 1/4k, — k), (1 — 1/4k, n), (1, w»), (1, 0).) In each case the isometry is
assumed to take a, to (0, 0) and to take a, to (1, 0). Therefore there
is a function f from X into R* whose restriction to a given subspace
X(n, k) yields the assumed isometry.

The metric o is defined on the rest of X x X as follows. Let
2,y € X and suppose o(z,y) is not yet defined. That is, e X(m,J)
and ye X(n, k), where the pairs (m,j) and (n, k) are distinct. If
n % m, then o(z, y) is defined to be p(z, a,) + o{a,, y). If n = m, then
oz, y) is defined to be

min {0, a;) + 0(a, ¥), 0(x, a.) + 0, Y)} -

It will be shown first that for every 2,y X and » = 0

(4‘2) 10(:'7, y) é (O(xy an) + lo(a/ny y) .

If n =0 or if x and y are both elements of the union X(n,1) U +-+ U
X(n, m), then (4.2) is obvious. Thus assume 2 € X(m, j) where m=n.
In that case

(4.8) o, a,) = (@, a) + P, a,) .
If ye X(n, k) for some k, then

(O(aO’ y) é (O(aO, a’n) + (O(CL”, y) °

This inequality, together with (4.3) and (4.2) when n = 0, proves (4.2)
in the present case. By the symmetry of o, it remains only to con-
sider the case when y e X{(m, j) for some m == n. In that case

(o(a’n, y) = IO(CLOy a’n) + IO(G’O’ y) M

This, together with (4.3), shows that o(z,a,) + p(¢., ¥) is bounded
below by p(z, a,) + o{a,, ¥). An application of (4.2) when n = ¢ com-
pletes the proof.

To prove the triangle inequality in general, let z,y,2¢ X and
assume z € X(n, k). If neither » nor y is in X(n, k), then

o, 2) + p(z, ) = o(w, b) + o(b, 2) + p(z, ¢) + 0(c, v) ,

where b and ¢ are each either a, or a,. Since b, ¢, z are all in X(n, k),
(b, ¢) = p(b, 2) + p(z, ¢). This, together with two uses of (4.2), proves
the triangle inequality
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(4.4) o, y) < o, 2) + 0z, ¥)

in this case. By the symmetry of o it remains only to consider the
case when x e X(n, k) but y¢ X(n, k). Then

oz, 2) + 0(z,y) = oz, 2) + p(z, b) + (b, ¥)

for b = a, or a,. The triangle inequality applied to w, z, b (which are
all elements of X(m, k)) together with one use of (4.2) yields (4.4) in
this case, and completes the proof. Thus o is a metric on X.

In passing to consideration of *X, note that there are subsets
*X(w, @) of *X which correspond to the subsets X(n,k) of X. In
particular, for each p in *X there is at least one pair (w, ®’) which
satisfies 1 < @ < w and p e *X(w, ®). Moreover, if p and ¢ are both
elements of *X(w, '), then *o(p, q¢) = *d(*f(p), *f{q)), where *d is the
extension of the Euclidean metric to *R%

The analysis of fin,(*X) depends on the following fact.

LEMMA. If p is Z/-finite and pec*X{w, '), where @' € *N,w e
*N ~ N and o' < w, then the standard part of the first coordinate of
*f(p) is either 0 or 1.

Proof. Let p, w and @’ be as stated. Since p is Z-finite, *0(*a,, P)
must be finite, by Theorem 4.2. Therefore *f(p) is a finite distance
from (0,0) in *R? so that the second coordinate of *f(p) must be
finite. If @’ is infinite, this implies that the first coordinate of
*f(p) must be one of the numbers: 0,1/4w’,1 — 1/w’, or 1. These
numbers have standard part 0 or 1.

Thus it may be assumed that o’ is finite. Let A be the set of
all ¢ in *X(w, ®") such that *f(¢) has an infinite second coordinate or
has a first coordinate different from 0 or 1. Then if ge A but re
*X ~ A, it follows that *p{q,r) > 1/8®»’. In addition, A has no
standard element (since the only standard element of *X(w, @) is *a,.)
Thus there is no 1/8w’-chain from any element of A to any standard
element. This shows that no element of A is Z/-finite. Thus, in
this case, *f(p) actually has first coordinate equal to 0 or 1.

Now consider the point *a,, where w is any infinite element of
*N. For each standard % in N there is a 1/k-chain from *a, to *a,
in *X(w, k) (since the three segments in *f(* X(w, k)) which lie below
the horizontal axis in * R* have finite length when % is finite.) There-
fore *a, is Z/-finite. However, there cannot be any sequence ¢, *+-, ¢,
of Z/-finite points which satisfy: ¢, = *a., ¢, = *a, and *0{q;, ¢;+.) <
1/2 for all ¢ =0, --., n — 1. Otherwise, by the Lemma, there must
exist 4,0 <7 < n — 1, such that the first coordinates of *f(g;) and
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*f(q;+,) have standard parts 1 and 0 respectively. But this would
imply *0(q;, ¢;.,) > 1/2, which is a contradiction.

Thus it has been shown that the uniform space resulting from
restricting Z to fin, (*X) is not chain connected. The example is
completed by noting that since X is essentially a union of polygonal
paths from a, the space (X, %) is arcwise connected.

REMARK. The last example shows that restriction of % to a -
galaxy need not yield even a chain connected uniform space. In some
cases, however, the Z/-galaxies are exactly the connected components
of *X under the “Z‘?—topology. For example, let % be a wuniformity
defined by a metric ¢ 'on X which satisfies the following convexity
assumption: for each z, y€ X and 0 > 0 there exists z € X which satis-
fies

|0, 9) = ol 1)| < 8

|p(y, 2) — —;—p(x, y)( <.

(This is equivalent to saying that the completion of (X, p) is metri-
cally convex, and it is true, for example, when X is a normed linear
space.)

Passing to *_#, and letting ¢ be infinitesimal, it follows that for
each p, g€ *X there exists € *X which satisfies

st(*o(p, 7)) = st(*p(q, 7)) = —é—st(*p(p, ?) -

Used repeatedly, this shows that whenever *p(p, q) is finite, »
and ¢ must be in the same Z/-galaxy. Moreover, the restriction of
Z to any Z/-galaxy yields a chain connected space. On such a galaxy
Y the restriction of % is defined by the semimetric 0 defined by
o(p, @) = st(*(p, q)), as discussed in §1. If *_7 is W,-saturated, then
(Y, ) is a complete semimetric space, by the Remark following Theo-
rem 1.4 (and the fact that Z/-galaxies are closed in the Z-topology.)
In fact, it has been shown above that (Y, @) is convex. As is well
known, these facts imply that Y is arcwise connected in the o-topology.
It follows, using the Remark following Corollary 4.5, that the Z-
galaxies are identical to the connected components of *X in the Z-
topology.
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