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Let
flz) =z + i at
k

=n+1

and

9@ =z+ >, apt

k=n-+1
be analytic and satisfy
(a) Re (f(2)/[4f(z) + X1 =2 gR)]) >0
or
(b) [ f@RIf()+1—-Del)]—1] <1

for |z <1,0=2<1.

We propose to determine the values of R such that f(z) is
univalent and starlike for [2]| < B under the assumption
(i) Re(g(z)/z) > 0, or (ii) Re(zg'(2)/g(z) > &, 0 < a < 1.

We also consider the case when n =1 and Re(g(z)/z) > 1/2
and show that under condition (a) f(z) is univalent and
starlike for |z | < (1 — /(8 + 2).

2. LEmMA 1. If p( =1+ b,2" + b,..2"" + «++ is analytic and
satisfies Re(p()) > a, 0 < a < 1, for |z| <1, then

(1) () =1+ Ca — Dz"u@]/[1 + zru(z)], for|z|<1,

where u(z) 1s analytic and |uw(z) | =1 for |z < 1.

Proof. Let
(2) Fi)=[pr —a]/l —a) =1+ c,2" + ¢,..8" " + oo
F'(z) is analytic and Re (F'(2)) > 0 for |z| < 1 and hence
(3) hz) =[1 - F@®Rl/[1+ F@R]=d,:" +d, """+ -,
is analytic and |h(z) | < 1 for |2| < 1. Thus, by Schwarz’s lemma
(4) h(z) = 2"u(®) ,

where w%(z) is analytic and |u(2) | <1 for |2|< 1. Now equations (2),
(3) and (4) prove (1).

LEMMA 2. Under the hypothesis of Lemma 1 we have for [z] <1
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240 G. M. SHAH
|20'(®)/p(@) | < 2n2"(1 — ) {1 — [2[9) [L + (L — 20) [z ["]}.

Proof. Proceeding as in the proof of Lemma 1, we have in view
of (8) and a result of Goluzin [1] that for [z| <1

(5) [ =nlz[" 1 —[h(z)H/A~]2]").
Using (3), the inequality (5) takes the form
|F'@) | < 2n]z["" Re (F(z)/A — [2[") .

Hence, in view of (2),

(6) [p'(z) | < 2n|z [ [Re (pR) — a]/(1 — [z [")
or,
(7) [20'(@)/pe) | = 2nl2|"(1 — a/(|pR) D/A — |2 [).

Equation (4) gives
(8) [h) | < (2] for [z <1,
and hence, by virtue of (3),
(9) |[F@|=Q+[2M/Q -z for [z]<1.
From (2) and (9),

1p@ | =la+ 1 - a)F Q)]

sa+1l-a)|FR|
sH+A-20 /A —-[z]).

The inequality (7), because of the last inequality, reduces to
|20’ &)/ p@) | = 2n|z["1 — )L — [2M[1 + 1 — 20)[z["]} for [2]<1

and this completes the proof.

We remark that in the case a = 0, the above lemma reduces to
a result of MacGregor [2; Lemma 1] and the inequality (6) with
a =0, n =1, gives another result of MacGregor [2, Lemma 2].

LEMMA 3. Under the hypothesis of Lemma 1 we have for [z]<1
Re(p() =1 + Qa — 1) [2["]/A + |2 ]").

Proof. We have from equation (8), F(2) = [1 — h(»]/[1 + k(2)]
and also from (8), |h() | < |z|* for |2] < 1. Hence the image of
[2] < r(0 < r<1) under F(2) lies in the interior of the circle with
the line segment joining the points (1 —»*)/1+ ") and (1+%/1— 7"
as a diameter. Consequently Re (F(r) = (1 — |z|)/A + |z|) for
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[2]| < 1. The result now follows from the last inequality involving
F'(z) and equation (2).

LemMA 4. ([6]). If R(®) =1+ ¢,2" + C,0.2" + <+ 15 analytic
and Re (h(z)) > 0 for |z| < 1, then
=27 =A =21 -]z =M+ [2[Y]
Jor |z < [(1 —N)/A + V], where 0 <\ < 1.
3. THEOREM 1. Suppose that f(z) = 2+ @y 2" 4+ Qpag?™ 24 oo e,
and g@) = 2 + b, 2" + b,.2" + --- are analytic and Re (9(2)/2) >0
Jor |z|<1. If Re(fR/INfR)+ (1 —NgR)]) >0, 0=1<1, for

2| <1, then f(2) is wunivalent and starlike for |z| < RY", where
R={[@n+x—m)+ (1L —M]" — @n + ©x — w0}/ + ).

Proof. Let

@) = F@/INR) + (1 —Ng@R] =1+ €.2" + Cuui™™ + -0,
then h(z) is analytic and Re (k(z)) > 0 for |2]| < 1. Now
(10) f@[1 = M@E)] =0 - MhE)2pE) ,

where p(z) = g(2)/z2 = 1+ b,4,2" + b, 2" + ++--. Multiplying the loga-
rithmic derivative of both sides of equation (10) by z we have

(11) 2f'()f(&) = 1 + 20" ()/p(2) + 2h'(@/{h(2)[1 — N (2)]} -

Equation (11) is valid for those z for which 1 —Ah(z) =0 and |2z|< 1.
Since [ |1+ |2M™/Q—=1]z]"), 1 —\(z) #0 in particular if
[z] < [A —MN/1+ M]". Now from equation (11), we have

|2/ (@) f@) — 1| = [20°(®)/p() | + | 2K/ (@)/[h(2) | |1 — Nh(2) [

and by using Lemma 2 with & = 0 and Lemma 4, this gives

, _ 2nlz|" 2n |z |
l2f@ire -11= T—Jzf A= 12) ~ A+ 12/

_2nj"[A -z =ML+ ]2z + A ~-[2"]
X —=1zM[A =]z —M+ (2]
provided that |z| < [(1 — N)/@ + M]¥".

The fact that |2/"(2)/f(?) — 1| <1 implies that Re(zf'(2)/f(2)) >0,
it follows from the inequality (12) that Re (2f'(»)/f(z) > 0 if

l2] <@ = N/@ + V]

12)

and if
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Glzm=@Q+N]|z"+ @n +2nn + N —1) |z

(13)
+ @y —4dn—X—-Dlz]"+ 1L —-—N)>0.

Let |z = ¢ and consider the cubic polynomial G(f) for 0 <¢ < 1.
G() has at most two positive zeros. Since G(0) = (1 ~») > 0,
G — N/ +NM] = —wn@ — N/ + N < 0 and GA) = 4n > 0, it
follows that G(t,) = 0 for some ¢, such that 0 <t < (1 —N)/1 + N
and G(t) >0 for 0<t <t and G@E) < 0 for ¢, <t < (1 — N/ + N).
Hence Re (2f'(2)/f(?)) > 0 for those z for which only the inequality
(13) is true. Now the inequality (138) holds if, in particular

A+N|zP"+ @dn —20n + N —1) |z
+ @ —4dn—AN—=—1]z]"+ 1 —-2N>0
or,
(Jz"=D[A+N|z"+@r—-2nn+20) |2+ 0AW—1] >0

or,

A+N[z"+@dn -2 +20) 2"+ AW—1)<0.
The last inequality holds if
1) jzPlr<{[@rn+x—20)*+ 1 =] — 2n + N —nwN)}/A+ N .

Since f(z) is univalent and starlike for those z for which

Re (2/"(2)/f () > 0,

we have that f(2) is univalent and starlike for |z | < RY", where R
is the right side of (14).

If we put » =0 in Theorem 1 we obtain the following result
which, when » = 1, reduces to a result of Ratti [5, Theorem 1].

COROLLARY 1. Suppose that f(2) = 2 + @,4,2"" + Q2" e o0, and
g(@) = 2 + b, 2" + b, 2" + < -« are analytic and Re (9()/2) > 0 for
lz]| < 1. If Re (f(2)/9(®) > 0 for |z] < 1 then f(2) is univalent and
starlike for |z|< [(4n* + 1)Y* — 2n]Y". :

The functions f(z) = 2(1 —2"*/(1 +2")* and g(®) = z(1 —2")/(1 + 2"
satisfy the hypothesis of Corollary 1 and it is easy to see that the
derivative of f(2) vanishes at z = [(dn®+ 1)'* — 2n]'* and hence
[@n® + 1)V — 2n]¥* is in fact the radius of univalence for such func-
tions f(2). This shows that Corollary 1 is sharp and hence Theorem
1 is sharp at least for » = 0.

THEOREM 2. Suppose f(z) =z + a;2* + «++, and
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g@) =z + b* + -
are analytic for |z| <1 and Re (g(&)/2) > 1/2 for |z| < 1. If
Re (f()/[Mf(2) + 1 — Mg@@]) >0 Jor [2] <1
then f(2) is univalent and starlike for |z| < (1 — M/B + N).
Proof. Let h(z) = F@/INF@ + (L —Ng@] = 1+ cz+ed + - .
Now h(2) is analytic and Re (2(z)) > 0 for |z| < 1 and

(15) FR I = ME] =1 - M9 -

If we let g(z) = zp(2), then by applying Lemma 1 with a = 1/2 and
n =1 we have that p() = [1 + 2u(2)]™", where wu(z) is analytic and
lu() | =1 for |2] < 1. Equation (15) now reduces to

F@)[1 —2M@)] = 1 — M2h()/[1 + 2u(2)] -

Hence

2f'2) _ 1 —2%(2) . zh'(2)

f(® 1+ zu(z) h(z) [1 — Ah(2)]
and

Re (2/0)) 2 Re (L= 2@ _ |sh@/he) |

f/ 1+ zu(z) |1 — AN(2) |

Using Lemmas 2 and 4 with #n = 1, we get
z2f'(?) 1 — 2%\ 2]z
Re< S > = Re( 1+ zu(ﬁ)> (L—[z])— ML+ [z)

for |2 < (1 — /@ + N).
Hence Re (2f"(z)/f(2) > 0 if [z < (1 — N/(1 + ») and
T(lz) Re[(l — 2w (@)1 + zu(@)] — 2] 2] Re[(l + zu(@) (1 + 2u@@)] >0,
where T(jz)) = (1 — |2]) — M1 + |2))’. The last inequality holds if
T(iz)) Re (1 + 2u(@) — T(z]) Re [2"¢'(2)(1 + zu(3)]
+ 2z Re[(l — zu()1 + z2u(z)] —4|2z|Re (d + zu)) >0,
or if
[412] = T(1z D] Re (L + Zu(d) + T( 2)) Re [#w/ () (L + 7u(3)]
<2z =z u@ /)

or
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(412 = T(zD[ A+ [z]lu@)+ T2z w@[Q+|2]u@])
<2z —[z2[u@]).

This inequality holds, in view of (5) with n = 1 if

[4lz] =Tzl + T(zD Iz~ [uEPA-12H7
<2z —Tlz[{u@] .

Two cases arise according as 4|z| — T( z|) is nonnegative or not.

(16)

Case 1. 4]z|—T(z|) =0, ie. |2z]=[AN+5)"—(N+2]1/1+N).
Since [UN + 5" — A+ 2] <@ —»n for 0 n<1, it follows, in
view of inequality (16), that Re (zf"(2)/f(z)) > 0 for those z for which
[Un + 5" — AN+ 2]/ +N =zl <@ —N/1+ N and

42| = T(z)+ T(zDl2z @ — |u@HA - |u@ )™
<2lz[A-lz]lu@]) .

The last inequality holds, because of the original value of T'(jz]), if

an 2zl +2(z2P -1+ M1+ (2" =r]2PQ+ [2)/A —2z)
<lellu@F =Mzl lu@ A+ 12D/ —[2) —2[2Fu@].

Since | u(z) | < 1, the right side of inequality (17)

izl lu@ P —2]zPlu@|—M2zFL+[2)/@—-]2).
Hence inequality (17) holds, if in particular
18) 2|z + 2]z —1+M1+ (2 <[z[lu@[ —2]2zF[u@].

If we let F(x) =2* |2 — 22| 2%, where © = |u(®)|, 0 <2 <1, then
F'(x) is a decreasing function of z for 0 < z < 1, and hence

Fl)y=F@Q) = —|z} for 0 <xz<1.

Hence inequality (18) holds if 2|z| + 22z — 1+ M1+ |2])’< =2
or Bzl —D(zl+1)+2 1+ [z)<0o0r 3|z —1+AN1+]|2)<0
or if |2]< @ —N/B+N. Since 1 —N/B+ N <A —=N/A+N),
we have shown that

19) Re (2f"(2)/f(2)) > 0
for [UN+5)"2— M+ 2)/A+N=Zl2l< @A —=N/GB+N.
Case 2. 4)z|— T(z))<0, i.e. [2]|<[@N+B)"2—N+2)]/A+N).
We intend to show that Re (zf7(2)/f(2)) > 0 in this case also. Since
f(» and g(z) satisfy, in particular, the hypothesis of Theorem 1 with
n = 1, it follows from Theorem 1 that
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Re (2f'(2)/f () > 0 for |z| <[ — )" —2]/L + ) .
It is easy to see that
[AN+5)7P—(A+2]=6 -7 —-2 for0=AZ1
and hence in particular
Re (zf'(2)/f(2)) > 0 for [z| <[@4N+5)" — (A + /(L + ) .

In view of the above and (19), it now follows that f(2) is univalent
and starlike for [z | < (1 — N)/(8 + \) and this completes the proof.

For » =0 the above result reduces to a result of Ratti [5,
Theorem 2] and improves a result of MacGregor [2, Theorem 4] since
Re (g(2)/2) > 1/2 does not necessarily imply that ¢(z) is convex [7].
The functions f(z) = 2z(1 — 2)/(1 + 2)* and ¢(z) = 2/(1 + z) satisfy the
hypothesis of Theorem 2 with A = 0 and f(2) is univalent in no circle
|z] < » with »>1/3 since f’(z) vanishes at z = 1/3. This shows
that Theorem 2 is sharp at least for » = 0.

A function f(z) = z + X5, a,2* is said to be starlike of order a,
0=a<l, for |z] <1 if Re(zf'®/f(r) >a for |z| <1, we now
prove the following result.

THEOREM 3. Let f(2) =z + Siins 02" and g(2) = 2 + Direns; bp2*
be analytic for |z| <1 and g(z) be starlike of order a, 0 £ a <1,
Jor |z| < 1. If Re(f(®/IMF(® + 1 —Ng@)]) >0 for |z] <1, then
f@) is univalent and starlike for

(i) 2] < [ —N/A+ N+ 2m)]in if a=1/2;
and

(ii) 2| < R, if @ #1/2,
where

R = {[4* + 4(1 — W) (2a — D]* — A}/[2(1 + V) (2a — 1)]
with A=2n+x+1— 2a—1) 1 —N.

Proof. Proceeding as in the proof of Theorem 1 we get
Re (2/(2)/f(2)) = Re (29'(2)/9(2)) — | 2l (2)/h(2) | | 1 — Nh(2) |7«
Applying Lemma 3 (to 2¢'(2)/g(z)) and Lemmas 2 and 4 we get,

z2f'(z) 1+ Q@ -1z 2nlz|
@) Re(3H) =z T=T2F) - A+ 27"

provided that |z | < [(1 — N)/@ + N\)]¥=.
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Hence Re (zf7(z)/f(2)) > 0 for those z for which |z | < [1—N)/A+N)]"
and the right side of inequality (20) is greater than zero. The latter
holds if

Glzm=0+NMN2ax — 1) |z ™

@1) ,
T2n v+l — Qe — DI —-N] ]z — L =N<0.

Let |z|~ =t and consider the quadratic G() for 0 < ¢ <1. Since
G0) =x» —1<0, G[(L — N/A + N] = 221 —N)/A + N) >0, it follows
that G() =0 for some ¢ such that 0<é < (1 —N/1+ 2N and
Gty <0 for 0t<t, and G@) >0 for ¢, <t <@ —N/A+N.
Hence f(2) is univalent and starlike for those z for which only the
inequality (21) holds. Now the inequality (21) holds if

[z <[A —N/A+ N+ 2m))7
when a = 1/2 and
|2 | <{[4* + 4(1 — M) (@2a — D] — AP™/[2(1 + M (@2a — D]

when « # 1/2, where A =2n + X+ 1 — 2a—1)(1 — ) and this com-
pletes the proof.

If we put A=0,2=1 and @« = 0 in the above result then
we see that f(2) =z + Diis @,2* under the modified hypothesis
is univalent and starlike for |z| < 2 — 13, a result obtained by
MacGregor [2, Theorem 3]. On the other hand if A =0 and = =1,
Theorem 3 reduces to a result of Ratti [5, Theorem 3]. The func-
tions

F@ =2l —2)/L+2) 7 " and g@ =2/1+2) "

show that Theorem 3 is sharp at least for » = 0 and arbitrary m,
since the derivative of f(2) vanishes at

z={[n+1—a) — (n+1—-a—- 01— 2a)"]/1 — 20}
for @« == 1/2 and at 2z = —1/(2n + 1) when « = 1/2.

4. Let S(R) denote the functions f(z) = z + > 7. a,2" which are
analytic and satisfy |z2f'()/f(®) — 1| <1 for |2] < R. Obviously
every member of S(R) is univalent and starlike for [z| < R. We
now prove the following result.

THEOREM 4. Let f(2) = 2 + ¢,.2"" + @, 02" + -+, and g(®) =
2+ 0,0 2"+ b2+ e be analytic and satisfy Re (g(2)/2) > 0 for
2] <1. If[fR/NR+A-MNg@]-1]<1, 0=1<1, for [2[<1,
then f(2) € S(R"™), where R is the smallest positive root of the equa-
tion o+ Ax—n—1DR —@Bn+rx—200) R+ 1 —N=0.
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Proof. Let
22) k(@ =FE/NE + 1 —NgR] — 1 = 2" + ¢up2"™ 4 «0e .

By hypothesis, h(z) is analytic and |k() | <1 for |2| < 1 and hence
by a result of Goluzin [1] we have that for |2| <1

(23) M@ [ =nlz]" @1 - [h@EF)/A -z
and by Schwarz’s lemma for [z]| < 1
(24) [h@) | = [2]".
If we let g(z) = 2p(2), then we have from (22)
SR =X —=2e@] =1 - N2p@E)[L + rE)] .

Hence,
27 _ 1 '@ zh'(z)
f@ »(2) [+ A®][L — X — Mi(2)]
and this gives
2@ | < |22 |2l'@) | ,
f @) T p@® [1+ A® (|1 —N—N(2)]

Applying Lemma 2, with a = 0, we get, in view of (23), for [z| <1
|20 _ | g 2mizl nl 2" — | h@) [)
f@ Tl—fzfr 0 A —=[2M[1+RE]| L =X~ N0 |

_ 2nlzl L w2l + 1R
STl @ = [2P) 1= n — M@ |

by using (24), we have

‘zf’(z)_l < 2n |z | nlz|
f@) Tl A2 A =N=N[2])

valid for |2 | <[ — N)/AJY". Hence |z2f'(?)/f(®) — 1| <1 if
[z <[@— N/

and
2nlz"A—r=N[z[)+nlz"Q+[z]) <A—=]z/A—=r=7][2]").
The last inequality holds if

(25) Gz =n|zP"+ @+ N—n—1) |z
—@Brn+rx—2nN)|z"+ 1 -2 >0.

Let [2|* =t and consider the cubic polynomial G(f) for 0 <t < 1.
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G(t) has at most two positive zeros. Since G(0) = (1 —») >0 and
G — MM = —(m@ — N/A <0, it follows that G() = 0 for some ¢,
such that 0 <, < @A —2)/xand G(@t) >0 for 0 <¢< ¢ and GE) <0
for some values of ¢ between ¢, and (1 — A)/x. Hence

|2f'(®)/f(&) — 1] <1

for those values of z for which only the inequality (25) holds. Now
inequality (25) holds if, in particular

@axn+rx—n—D]z"—Brn+x—2n0){z]"+ 1L -2 >0

and this completes the proof.

If we set =0 and » =1 in the above result we have the fol-
lowing.

COROLLARY 2. Suppose f(2) =z + a,2* + a,2* + ++- and g@@) =
2+ b2+ b2+ .-« are analytic and satisfy Re (g(z)/z) >0 for
2| <1, If [f@)/g() — 1|<1 for |2| <1, them |2f'(®)/f(») —1|<1
for |z < 1/4(V/17 — 3).

It may be noted that Corollary 2 implies, in particular, that f(z)
is univalent and starlike for |z| < 1/4 (V17 — 3) and hence includes
a result of Ratti [5, Theorem 4]. If we take f(2) = z(1 —2"*/(1 + 2"
and g(® = z(1 — 2)/(1L + 2z, it is easy to see that these functions
satisfy the hypothesis of Theorem 4 with » = 0. We see that f'(2)
vanishes at z, = [—3n + 9n® + 4n + 4)'*]/(2n + 2) and hence

[2.f"(2)[f (@) — 1] =1.
This shows that Theorem 4 is sharp for at least » = 0 and also that
Corollary 2 is sharp.

THEOREM 5. Let f(2) =2 + @, 2" + @,002" + «++ and g(@) =
24 by 2"+ b, 2"+ ... be analytic for |z] <1 and g(z) be star-
like of order a for |2| <1, 0 a< 1. If

[ fR/INfR) + 1 —MNgR] -1<1,0=1<1, for [2]<1,

then f(z) is univalent and starlike for |z| < RY", where R 1is the
smallest positive root of the equation

2o — AR — (n+ 20 — 1 — M) R?

(26)
+ @2 —2—-2ax+12—mR+ 1 -2 =0.

Proof. Proceeding as in the proof of Theorem 4 we have
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1@ _ 20'(®) zh' (2) .
f @ 9(2) 1+ AR -~ A()]
Hence,
2f'(2) 29'() _ | 2R/ (2) |
Re(f(z)>zRe(g(z)> 1T+ h@| 1 =»— @]

Since Re (z9'(2)/g(2)) > a and 2z¢'(2)/9() = 1 + ¢,2" + €12 ™ + «++, We
have by Lemma 3 and inequalities (23) and (24) that
Re f'(@/f@) =z 1 + @a — 1) |2["]/QA + [2])
—nlz["/[A -]z 0 =x=2]z["]
valid for |z| < [(1 — M/\]J™.
Hence Re (zf'(2)/f(?)) >0 if |z| <[@X — M/A]Y* and if (in view of
inequality (27))
G(z|) = @2a —) N[z "
—(m+2a0—-1~—-N) |z
+ @Cax—2—-2an+N—mn)|2|"
+@-x>0.

27

(28)

Let |2z]| =1t and consider the cubic polynomial G(t) for 0 <t < 1.
Since G(0) =1 — x>0 and G(1 — M/ = (—nl — M)A <0, it fol-
lows that G(t) =0 for some ¢ such that 0<¢ < (1 —A)/x and
G(it) >0 for 0<t<t and G@{) <0 for some ¢ between t and
1 —N)/x. Hence f(2) is starlike and univalent for |z| < RY", in
view of inequality (28), where R is the smallest positive root of the
equation (26).

The case when A =0 in Theorem 5 is of special interest. In
this case equation (26) becomes

m+20a—-—1DR— 20 —2—-~nR—-1=0
which gives R =1/3 in case « = 0 and » = 1 and
29) R ={C2a—2—n)+[2a—2—n) + 4(n+2a—1)]"*}/[2(n+2a—1)]
if @ = 0. This proves the following result, which includes a result

of Ratti [5, Theorem 6].

COROLLARY 3. Suppose [f(2) = 2 + Q2" + @, 2" + <o+ and
9(®) =2 + b, 2" + b, 2"+ -o. are analytic for |z| <1 and g(z)
is starlike of order a for |2| <1, 0Za<1l. If |f(®/gr — 1] <1
for |z| <1 then f(2) is univalent and starlike for

(i) |2|<1Bifa=0and n=1
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(ii) |z] < RY", where R is given by (29) of a = 0.

It is easy to see that the functions f(z) = 2(1 — 2")/(1 + z)@ /=
and g(®) = z/(1 + 2" gatisfy the hypothesis of Corollary 38 and
also that the derivative of f(2) vanishes at 2 =1/3 if &« = 0 and
n=1, and at z = {[(n + 2 — 20)* + 4(n + 2a — D] — (n + 2 — 2;)}"'*/
[2(n + 20 — 1)]¥" if & # 0. This shows that Corollary 3 is sharp.
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