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QUASI-UNIFORMITIES WITH A TRANSITIVE BASE

PETER FLETCHER AND WILLIAM F. LINDGREN

Every topological space admits at least one compatible
transitive quasi-uniformity, and among the compatible transi-
tive quasi-uniformities there is always a finest one. It is
shown that a topological space is compact if and only if its
finest transitive quasi-uniformity is precompact. A T; space X
whose fine quasi-uniformity is transitive is quasi-metrizable if
and only if X has a ¢ — Q-base. The upper semi-continuous
quasi-uniformity of any topological space is transitive and
countably precompact and a space X is almost realcompact if
and only if it has a compatible almost complete countably
precompact transitive quasi-uniformity. Consequently a space
is almost realcompact if and only if its upper semi-continuous
quasi-uniformity is almost complete. The latter result is the
natural analogue of the result of Shirota that a space X is
realcompact if and only if it is complete in the structure C(X).

The concept of a quasi-uniformity on a set X was introduced by
L. Nachbin. If X is a nonempty set and % is a filter on X X X,
then % is a quasi-uniformity on X if and only if

(i) for each Uez, 4= {(z,2):2eX}cU

(ii) for each Ue %, there is a Ve % such that V-V cU.

A (sub)base <Z for % is transitive provided that for each Be <7,
BoB = B. A quasi-uniformity with a transitive base is called a transi-
tive quasi-uniformity.

It is not true that every quasi-uniformity is transitive; indeed if
a uniformity 2 has a transitive base, then the resulting topology
7 is 0-dimensional. It might appear reasonable to conjecture that
every quasi-uniformity has either a symmetric or transitive base, but
we give a simple counterexample to this conjecture as well. Never-
theless, there is some justification for the point of view that the
ingistence upon symmetry inherent in the axioms for a uniformity
has obsecured the fact that transitivity also plays an important role
in general topology.

In section two we review the known methods of constructing a
compatible quasi-uniformity for an arbitrary topological space; and we
show that every known method may be considered as a special case
of a very general method for constructing compatible quasi-uniformities
which, in fact, may be used to construct every compatible transitive
quasi-uniformity.

In the third section of the paper, we consider topological spaces
whose fine quasi-uniformity is transitive.
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The fourth section of this paper concerns precompact and totally
bounded transitive quasi-uniformities. For uniform spaces the concepts
of total boundedness and precompactness are equivalent; however for
quasi-uniform spaces precompactness is implied by total boundedness
and is in general a weaker condition. A useful property of the Pervin
quasi-uniformity <& is that for any topological space this quasi-uni-
formity is totally bounded. We construct a transitive quasi-uniformity
which contains the Pervin quasi-uniformity and which is always pre-
compact. It follows that the Pervin quasi-proximity class of any in-
finite Hausdorff space contains two precompact members. Some of §4
is devoted to translations of known results into the setting of quasi-
uniform spaces. A typical result of this kind is that the locally
finite covering quasi-unformity 2<% of a Tychonoff space is pre-
compact if and only if &£ = <& One of the most startling transla-
tions is the result, mentioned above, that a topological space is campact
if and only if every compatible transitive quasi-unifomity is precompact.
This result suggests the possibility that every topological space has a
compatible complete transitive quasi-uniformity. At present the best
theorem along these lines appzars to be that every orthocompact topo-
logical space has a compatible complete transitive quasi-uniformity.

The last section concerns complete and almost complete transitive
quasi-uniformities. It follows from our results and those of [10]
that a normal countably paracompact space is realcompact if and only
if its upper semi-continuous quasi-uniformity is complete. Con-
sequently for a discrete space of measurable cardinality the upper
semi-continuous quasi-uniformity is not complete, whereas the finest
compatible transitive quasi-uniformity is the discrete structure which
is complete.

Throughout this paper, if % is an open cover of a topological
space (X, 77) and € X, then AY denotes N{Ce% :xcC}.

2. Construction of quasi-uniformities. At present, there are
two general methods of constructing a compatible quasi-uniformity for
an arbitrary topoligical space. Although we shall show that one of
these methods can in fact be considered as a special case of the other,
the two methods are conceptually different in that one method depends
upon the construction of a transitive base while the other does not.
Moreover only one method has a natural analogue in the construction
of a uniformity for a completely regular space. We begin by recalling
these methods of construction.

(i) Covering quasi-uniformities. A @Q-cover of a topological space
(X, 77) is an open cover & of X such that if xe X, then A7 e 7
[25]. Let .o be a collection of Q-covers of a topological space (X, .77)
such that if xe Aec 7, then there is & €.o7 such that A7 © A. For
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each e .o/ let U.=U{{z} x A2 X} and let &¥ ={U.: ¥ €.}
Then & is a transitive subbase for a compatible quasi-uniformity
7z ., for (X, 77) [6, Theorem 1]. The quasi-uniformity % . is called
the covering quasi-uniformity for (X, 77) with respect to .74 If o7
is, respectively, the collection of all (Q-covers, point finite open covers,
locally finite open covers, finite open covers,) then %/, is the fine
transitive, point finite covering, locally finite covering, Pervin quasi-
uniformity for (X, 7°) and is denoted by 7.7, F.7, L7, F respec-
tively. Since every transitive quasi-uniformity is a covering quasi-
uniformity [6, Theorem 2], the fine transitive quasi-uniformity is, as the
name suggests, the finest compatible transitive quasi-uniformity for a
given topological space (X, 7). It is shown in [26] that the Pervin
quasi-uniformity is the same as the quasi-uniformity first defined by
A. Csaszar in [4]. Moreover the quasi-uniformity defined by R. Nielsen
and C. Sloyer in [22] is also the Pervin quasi-uniformity.

(ii) Upper semi-continuous quasi-uniformities. Let (X, 77) be
a topological space and let F' be a collection of upper semi-continuous
functions which cotains the collection of all characteristic functions
on closed sets. For each feF and each ¢ >0, let Uy, = {(z, y) €
X x X:fly) — fx) <¢e}. Then <& = {U;,.: feF,e >0} is a subbase
for a compatible quasi-uniformity % for (X,.77) [7, Theorem 1].
If U is the collection of all upper semi-continuous functions then 7/,
is called the upper semi-continuous quasit-uniformity and is denoted
by #.<¥%. It is clear that in general the subbase <& for % &%
need not be a transitive subbase.

Definition [18]. An open spectrum a in a set X is a sequence
{A,} of open subsets of X indexed by the integers, Z, such that for
each neZ A, CcA,., Nz 4, = @ and U,., 4, = X.

Each open spectrum a is a @Q-cover. There is an integer » such
that A4, = X if and only if a is a point-finite open cover. In this
case we call a a point-finite open spectrum. If a is an open spectrum,
ze X and n is that integer for which e 4, — A4,_,, then A2 = A,
and U, = UxeX {93} X A; = neUZ(An - An—-l?) X Ape

THEOREM 2.1. Let .57 be the collection of all open spectra in a
space X. Then 7., = Z .S &

Proof. Let U be the collection of all upper semi-continuous func-
tions. It suffices to show that {U,: aec.®7} and {Uy,.:e >0, fe U}
are equivalent subbases. Let fe U and ¢ > 0 be given; take x,¢ X.
Set 4, = {x: f(x) < f(®,) + (n + )¢} and set @ = {4,}. Let (v,y)e U..
There is an integer n such that f(x,) + (n — 1) < flx) < flw,) + ne.
Then ye U,(x) = A = A, so that f(y) < f(x,) + (n + 1)e. Henece f(y)—
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fle) < fl@y) + (n + De — (flw,) + ne) = ¢ and (2, y) € Uy,ee

Let ae.o”. For each xe X, let n be that integer for which z ¢
A, — A,_, and define f(x) = ne. Let (z, y) € U,.; then f(y) < f(z) + e.
Since vxe A,—A,_,, f(y) <f®)+e=(n+1e. Hence ye A, and (z, y) e
(A4, — A, ) x A, U,

COROLLARY. Let X be a topological space. Then 72/ C 7.9
If X is countably compact then each open spectrum is a point-finite
open spectrum and z/.SFE C P,

We omit the proof of the following theorem which is similar to
the proof of Theorem 2.1.

THEOREM 2.2. Let (X, . 97) be a topological space, let U be the
collection of all upper semi-continuous functions which are bounded
above and let .o be the collection of all point finite open spectra.
Then Zy = % e

If in the above theorem U is taken to be the collection of all
bounded upper semi-continuous functions and .7 is taken to be the
collection of all finite open covers, then %, = %/., [12, Theorem 2].

LEMMA. Let Z be a quasi-uniformity on a set X and suppose
that Z7 is a tramsitive quasi-uniformity with a countable base a =
{U, -, such that for each positive integer n, U, oU,., = U,. Then
Z 18 the fine quasi-uniformity for 7., and « consists of a single
transitive entourage.

Proof. Let 5 be a transitive base for % and let = be a positive
integer. Since a and g are bases for 7, there exists a positive integer
m with m = » and Ue g such that U, c U< U,. Since U is a transi-
tive relation on X, U,o U, = U,.,cUcU,. It follows by induction
that U, = U. Thus each member of « is a transitive relation on X
so that a = {U,} = {U}. It follows that Z is the fine quasi-uniformity
for .7, [8, Theorem 3.3].

ExampLE 2.3. A quast-uniformity which has neither a symmetric
nor a transitive base. Let R be the set of real numbers, for each
positive integer =, let U, = {(x, ¥): ¥y — © < 1/2"7'} and let % be the
quasi-uniformity on R generated by the base {U,};... By the above
lemma, it is evident that % is not a transitive quasi-uniformity. It
is also evident that % is not a uniformity.

Question. Does there exist a method of constructing o compatible
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quasi-uniformity for a topological space such that

(i) the method of construction obtains for any topological space

(ii) there is a topological space for which the quasi-umiformity
of the comstruction does not have a transitive base?

In particular is the fine (universal) quasi-uniformity of a topolo-
gical space mecessarily a transitive quasi-uniformity?

3. Transitive spaces.

DEFINITION. A topological space (X, .77) is a transitive space
provided that the fine quasi-uniformity for (X, .77) is the fine transi-
tive quasi-uniformity .7~

ProproSITION 3.1. Let X = {2, be a countable set and let 7~
be a T, topology for X. Then (X, ) is a metacompact transitive
space.

Proof. Let % be the fine quasi-uniformity and let Ue %. For
each positive integer 4, let V.., = int U(w;y) — {2, 2, -+, 2;} and let
V.= int U(x,). Then <& = {V,}z, is a point-finite open cover of X
and for each ;€ X, Us(w;) = AZ c V. U(x)). Thus U, c U and
hence #5 = 7. It is evident that (X, ) is metacompact.

Topological spaces with a finite topology are uniquely quasi-uni-
formizable and hence are transitive spaces [2, Theorem 3.4]. Con-
versely if (X,.97) is R, (in particular if (X, 97) is either Hausdorff
or regular) and (X, .7") has only one compatible quasi-uniformity, then
7 is finite [19, Theorem 2.3].- Another example of a transitive space
may be found in [9, Example 2.2].

PROPOSITION 3.2. Let (X, .7) be a transitive space. Then (X, 7)
has only one compatible quasi-uniformity if and only if every Q-cover
of X is finite.

Proof. Since &7 is totally bounded, by Lemma 4.1, if & = .7,
then every Q-cover of X is finite. Again by Lemma 4.1, if every Q-
cover of X is finite, then &9 is totally bounded. Since .&# 7 is
assumed to be the fine quasi-uniformity the result now follows from
[20, Corollary 3.6].

It is shown in [20] that if (X,.77) is a topological space with
the property that every Q-cover of X is finite, then (X, .77) is heredi-
tarily compact. Note, however, that the real line with the cofinite
topology is an example of a space with infinitely many open sets which
satisfies the conditions of Proposition 3.2.
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DerFINITION [25]. A topological space (X, .77) is orthocompact
(“has property @” in terms of [25]) provided that every open cover
of X has an open Q-refinement.

PrOPOSITION 3.3. Let (X, . 97) be an orthocompact space. Then
F T contains every compatible uniformity for (X, 9).

Proof. Let Z be a compatible uniformity for (X, ) and let
Ue Z. Let W be an open symmetric entourage such that Wo W c U,
let & = {W(x):xc X} and let =2 be a Q-refinement of &. Then, for
eachze X, U.(x) c st (z, ) cU(). Thus U,cUsothat ¥ c. 7.

DErINITION. Let (X, .77) be a topological space and let & be a
collection of open sets such that if e X, then N{Ce&:2cC}e 7.
Then % is a Q-collection. If g is a base for .~ and there is a
sequence {B;}, of Q-collections such that g = Uz, B then g is a
0 — Q-base for 7.

It is shown in [9] that if (X, 97) is a topological space and .7~
has a ¢ — Q-base, then (X, . 97) is quasi-metrizable. For transitive
spaces a complete analogue of the Nagata-Smirnov metrization theorem
obtains.

THEOREM 8.4. Let (X, 97) be a T, tramsitive space. Then (X, 77)
is quasi-metrizable if and only if = has a 0 — Q-base.

Proof. Suppose that (X, .77) is quasi-metrizable. Then (X, . 97)
has a compatible quasi-uniformity 2~ with a countable base B =
{Bi}z, [16, page 185]. Since <& c & C F#.7, there are transitive
entourages BY, BI, ... ¢ #.7 such that for each positive integer %,
Bf < B;. Let g% = {Bf}z, and let " be the quasi-uniformity for
which g7 is a subbase. Clearly ¥ < % < &#.7. Consequently 7 =
T C FTur © T wse = 7. Thus 57 is a countable transitive subbase
for a quasi-metrizable quasi-uniformity for (X, 7). Let {U;}z, be the
countable base generated by g”. For each positive integer 4, let 8; =
{Uizx): e X}. Then B; is an open cover of X. Let ze X and let
ye A%, Let z¢ Ufy) and let te X. Suppose that x e Ui (t). Then
ye Abi < Uy(t) so that ze Ufy) € U,cUi(t). Consequently ze€ Al so
that U,(y) ¢ A%. It follows that Afie 7. For each positive integer
1, B; is a Q-collection and hence .~ has a o — Q-base.

4., Precompact and totally bounded transitive quasi-uniformi-
ties.

DEFINITION. Let (X, %) be a quasi-uniform space. Then %/ is
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precompact (countadbly precompact) provided that if Ue %, then there
is a finite (countable) subset F' of X such that U(F) = X.

DEFINITION. Let (X, %) be a quasi-uniform space. Then % is
totally bounded provided that if Ue %, then there is finite collection
{4;}7-, of subsets of X such that [J{4:1 =<7 < n} = X and such that
for1<i<m A, X A;CU.

LEMMA 4.1. Let (X, 77) be a topological space and let Z/., be a
compatible covering quasi-uniformity. A necessary and sufficient con-
dition that Z ., be totally bounded is that each member of . be a finite
open cover.

Proof. Necessity follows with minor modifications from the proof
of [20, Theorem 3.3]. Now suppose that each member of .o is a
finite open cover and let £& be the collection of all finite open covers.
Then %, C % » = Z and since . is totally bounded % .. is totally
bounded as well.

Note that if 7/, is a precompact covering quasi-uniformity, then
every member of .7 has a finite subcover. Certainly it is possible
for a collection of Q-covers, .%7;, to have the property that every
member of .97 has a finite subcover without % .’s being precompact.
For example the collection of all @-covers of a space X which contain
{X} as a member generates a covering quasi-uniformity %, which
is not in general precompact.

DEFINITION. A collection .o of Q-covers of a space X is an
esplanade for X provided that

(i) if {&}r, is a finite subset of & then UL, &ie 4

(ii) if e then {A¥: 2 X} e o~

(iii) if xe Ue 7, there exists & €.% such that A7 c U.

We note that if .o~ is the collection of point finite (locally finite,
Q@) open covers of X, then .o is an esplanade for X, and that in
general &7 is an esplanade if and only if {U.: € .57} is a base for
a compatible quasi-uniformity.

PROPOSITION 4.2. Let X be a topological space and let .7 be an
esplanade for X. Then Z .. is (countably) precompact if and only if
every member of 7 has a finite (countable) subcover.

Proof. Suppose that every member of .%7 has a finite (countable)
subcover. Let U be a basic entourage of % ... There is a finite sub-
collection {Z}}r., of .o~ such that U= N, U.,. Let & = Ui, &
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Then U=N,Us,=U. and & ¢ ¥ Thus {Ulx):wrec X}={A7:xve X} ¢
% By hypothesis {U(x): € X} has a finite (countable) subcover.
Thus %/ .. is (countably) precompact.

One of the most useful properties of the Pervin quasi-uniformity
& is that &7 is always totally bounded. Nevertheless total bounded-
ness is sometimes of overwhelming strength so that is desirable to
have a method of constructing a compatible quasi-uniformity for an
arbitrary topological space which is always precompact but which is
not necessarily totally bounded. We will show that if (X, .77) is a
topological space and .o is the collection of all point-finite open
spectra, then %/, is precompact. Note that since . is not an
esplanade Proposition 4.2 is not applicable.

In the following Lemma, we will consider only point-finite open
spectra. Let N denote the set of all positive integers and let the
point-finite open spectrum a, be given by a, = {A(n, 5):je N}. Set
&, = U, a;. For convenience, for each n, suppose A(xn,1) = X and
for each n, j, A(n,j) D A(n,7 + 1). (l.e. relabel these spectra by the
positive integers.)

LEMMA. Let X be a topological space. For each positive integer
n, for each finite collection {a,, a, «+-, a,} of point-finite open spectra
and for each Y C X, the open collection {A; »:ye Y} contains a finite
subcover of Y.

Proof. The proof is by induction on %. Case n = 1. Let a sub-
space Y and a point-finite open spectrum a, in X be given. Set M =
inf {j: for some ye¢ Y, yec A(1,5) — A(1,7 + 1)}. Thenif ye AQ, M) —
AL, M+ 1), A = A1, M)D Y.

Let a subspace Y and a collection {a, a,, ---, a,, a,.,} of point-
finite open spectra in X be given. Then by the inductive hypothesis,
there exist ;€ Y (1 =4 =< m) such that Ui, 4;7» > Y. For each 4,
there exists a j(¢) such that y,e A(n + 1, 5(@) — A(n + 1, j(¢) + 1).
Set M = greatest j(¢). Then we have

U 45 = U (4570 A + 1,56) DU (457 0 A + 1, M)
S YNAMmn + 1, M).

Once again by the inductive hypothesis, for each k < M, there exist
yU‘/;’ 7’>’ (7‘ = 1> 2’ M Mk) with

yk,)e(An + 1,k — An+1LE+1)NY
such that

K7
U A4, ) > (A + 1,1 — Aln + L,k + 1) Y.
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Hence for each £,

mp m
U 45wk, 6 = U (457+(k, ) N A + 1, 1)
DYNAnR+1,k) —An+1,k+ 1)) .

Since Y=YNAnr+1, M) U Ui<a(Y N (A(n + 1, k) — A(n + 1, &+ 1))),
(A =1,2,0e M—1;t=1,2,«+c,m} U {450 =1, --.m} is
the required finite subcover of {4;»+:ye Y}.

THEOREM 4.3. Let (X, 77) be a topological space and let &7 be
the collection of all point- finite open spectra for (X, 7). Then Z.,
18 precompact.

Proof. Let U be a basic entourage of Z,,. There exists {a;}r,C
7 such that U = N, U,,. By the preceding lemma there is a finite
set F' < X such that UF) = [N~ U, I(F) = X.

ProposITION 4.4. Let (X, 77) be an orthocompact space. Then
the following statements are equivalent.

(i) Ewvery compatible quasi-uniformity is countably precompact

(i) (X, .97) is Lindelof.

It is known that a T, topological space (X, .77) admits a compatible
totally bounded non-archimedean quasi-metric if and only if (X, 97)
satisfies the second axiom of countability [9, Theorem 3.3]. Neverthe-
less the authors have been unable to understand why an orthocompact
T, space which admits a compatible totally bounded non-archimedean
quasi-metric necessarily satisfies (i) of Proposition 4.4.

By Proposition 4.2, the point-finite covering quasi-uniformity &<
of a topological space (X, 77) is precompact if and only if every point-
finite open cover has a finite subcover. If (X, 97) is countably
compact, then £ is totally bounded and if (X, 97) is a regular space
then &2 is pecompact if and only if (X, Z7) is countably compact
[14, Theorem 2]. It is shown in [2] that a topological space is counta-
bly compact if and only if Z/.$”% is precompact. A considerably
simpler proof of this result follows from Theorem 2.1.

PROPOSITION 4.5. Let (X, 77) be a topological space. Then the
following statements are equivalent.

(i) (X, 77) is countabdly compact.

(ii) Ewvery countable Q-cover has a finite subcover.

(i) Zzr¥& s precompact.

(iv) Ewvery upper semi-continuous function is bounded above.
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Proof. Throughout the proof let .o~ be the collection of all open
spectra and let <2 be the collection of all point-finite open spectra.
It is evident that (i) = (ii). (ii) = (iii): If every countable Q-cover
has a finite subcover, then every open spectrum is a point-finite open
spectrum. In this case %% = % ., = %, which is precompact
by Theorem 4.3. (iii) = (iv): By Theorem 2.1, &% =%",. Evi-
dently, if %/, is precompact, then each ac.%” is a point-finite open
spectrum. Let f be an upper semi-countinuous function. Then
{f7(—oo,m):me Z} is an open spectrum. Consequently f is bounded
above. (iv) = (i). [15, Theorem 1].

PRrOPOSITION 4.6. Let (X, 97) be a Tychonoff space. Then the fol-
lowing statements are equivalent.

(i) &7 1is precompact.

(i) ZF s totally bounded.

(i) ¥ = F.

(iv) (X, .97) 1s pseudocompact.

(v) Ewvery locally finite open cover has finite subcover.

(vi) Ewvery locally finite open cover is finite.

Proof. (i) = (v): Proposition 4.2. (iv) < (v) <= (vi): [17, Theorem
1]. (vi) = (ii): Lemma 4.1. (i) < (ili)y <<% is a member of the
Pervin quasi-proximity class since 7 c 2% and & is the unique
totally bounded member of its quasi-proximity class [12, Theorem 1].

In a normal Hausdorff space pseudocompactness is equivalent to
countable compactness. Thus in a normal Hausdorff space, the con-
ditions of the previous propositions are equivalent.

The full strength of total boundedness is not apparent in the
previous propositions. We have included the next result in order to
point out that total boundedness can sometimes be a much stronger
condition than precompactness.

PropoSITION 4.7. Let (X,.97) be a Hausdorff space. Then the
following statements are equivalent.

(1) ¥ is totally bounded.

(ii) Ewvery upper semi-continuous function is bounded.

(iii) Every point finite open cover is finite.

(iv) FPF is totally bounded.

(v) X is a finite set.

Proof. (i) = (ii): [12, Theorem 2] and [13, Corollary 3]. (ii) =
(iii): [15, Theorem 2]. (iii) = (iv): Lemma 4.1. (iii) = (v): Each in-
finite Hausdorff space has countably infinite pairwise disjoint collection
& of open sets. Then & U{X} is an infinite point finite open cover.
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The equivalence of Proposition 4.5 (i) and 4.5 (ii) suggests the
possibility that a topological space is compact (Lindelof) if and only
if every @Q-cover of X has a finite (countable) subcover. For the
Lindelof property, the matter is to the authors’ knowledge unresolved.
For compactness, a better result is already in the literature.

THEOREM 4.8. [1, Theorem 7.1]. Let (X, 97) be a topological
space. Then (X, 77) is compact if and only if every open cover which
18 well-ordered by set inclusion has a finite subcover.

COROLLARY. Let (X, 97) be a topological space. Then the fol-
lowing statements are equivalent:

(1) (X, 77) is compact.

(ii) Ewvery compatible quasi-uniformity is precompact.

(iii) Ewvery compatible transitive quasi-uniformity is precompact.

COROLLARY. Let (X, 77) be a countably compact space which is
not compact. Then %% < 7.7. If (X, 77) is regular, then
FPI « FI.

5. Complete and almost complete quasi-uniformities. Let
(X, ) be a quasi-uniform space and let &% be a filter on X. Then
F is Cauchy provided that if Ve %, there is » € X such that V(p)e
Z. The space (X, Z) is complete provided that every Cauchy filter
converges and the space (X, %) is almost complete provided that every
open Cauchy filter has a cluster point. A collection of subsets &
has a cluster point provided that N{4: Ae &} %= @. A filter & on
a topological space (X, ) has the countable subcollection intersection
property (C.C.I.P.) if every countable subcollection has a cluster
point. The space is almost realcompact if every open ultrafilter with
C.C.1I.P. hag a cluster point. We refer to [5] and [10] for general
properties of almost complete and almost realcompact spaces. The fol-
lowing lemma is an immediate consequence of Theorem 2.1.

LeMMA. For any topological space, 7.7 % is a countably pre-
compact transitive quasi-uniformity.

THEOREM 5.1. A topological space is almost realcompact if and
only if there is a compatible almost complete countably precompact
transitive quasi-uniformity.

Proof. Suppose first that (X, .77) is an almost realcompact topolo-
gical space. By the previous lemma it suffices to show that /% is
almost complete. Let & be a %.¢” &-Cauchy open ultrafilter. The
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filter # has the C.C.I.P. if and only if every upper semi-continuous
function into the nonnegative real numbers is bounded on some Fe &#
[11, Theorem 1]. Let f be such a function and let ¢ > 0. Then there
is pe X such that U.(p) e .&#. Evidently f is bounded on U ().
Thus % has C.C.L.P. and is a convergent filter.

Now let Z be an almost complete countably precompact transi-
tive quasi-uniformity and let . be an open ultrafilter which has the
C.C.ILP. Let Vez. There is U= U-Uec% such that UcV,
and there is a countable subset A of X such that U(4) = X. Suppose
that for x € A, U(x) ¢ #. Since & is an open ultrafilter it follows
that for each x¢ 4, X — Ux) € #. Since & has C.C.I.P., there is
2€ N{X — U(w): vc A}). There exists xc A such that z€ U(x). Then
U(z) c U(x) which contradicts the assumption that ze X — U(z). Thus
Z is a Cauchy filter and so & converges.

COROLLARY. A topological space is almost realcompact if and only
Wf S E is almost complete.

It is known that every normal countably paracompact almost real-
compact space is realcompact. If (X, 7) is a realcompact space, then
the structure C(X) is a complete uniformity and since C(X) C . %,
#w ¥ is also complete.

COROLLARY. Let (X, .7") be a normal countadly paracompact space.
Then (X, 77) is realcompact if and only if ZE 1is complete.

Let (X, &) be a discrete space of measurable cardinality. Then
the fine (quasi-)uniformity is #.7~ and is complete, whereas /.~ %
is the structure C(X) and is not complete.
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