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GROTHENDIECK AND WITT RINGS OF HERMITIAN
FORMS OVER DEDEKIND RINGS

MANFRED KNEBUSCH, ALEX ROSENBERG AND ROGER WARE

The prime ideal theory of the Grothendieck and Witt ring
of non-degenerate hermitian forms over a Dedekind ring with
involution is studied. The relationship of these rings to those
defined over the quotient field of the Dedekind ring is also
investigated.

The main goal of this paper is to extend the structure theory for
Witt rings over fields of Pfister [18] and Harrison-Leicht-Lorenz ([10],
[16]) to the Grothendieck ring K(C,J) and the Witt ring W(C, J) of
a Dedkind ring C with an involution J. Since the case J = identity
is allowed, the Grothendieck and Witt rings of [12] are included.
We shall see that the main theorems of Pfister and Harrison-Leicht-
Lorenz remain true for W(C,J) and that if J is the identity they
are also true for K(C,J). However, for K(C,J) with J = identity
there is some deviation: there may be p-torsion for primes p +* 2 and
there may be nilpotent elements which are not torsion (Example 1.3).
This fact has been overlooked in [13].

In §1 we extend some elementary results of [12, §11, §13] to
the case J = identity. We conjecture that they are well known to
the specialists but we did not find an appropriate reference in the
literature. We show that the canonical map from W(C,J) to the
Witt ring W(L, J) of the quotient field L of C is injective and give
some information about the kernel A(C,J) of the map K(C,J)—
K(L,J). Since the exact determination of A(C, J) is not needed for
our structure theory we delay this matter to §4, where such a deter-
mination is given along the same lines as in [12, §11.2]. We then
show that W(C, J) is the intersection of certain subrings W(C,, J) of
W(L, J) which are Witt rings for abelian groups of exponent 2 in the
sense of [14, Def. 3.12] and we describe the image K'(C,J) of K(C,J)
in K(L,J) in an analogous way.

We are thus led to study subrings T of an “abstract” Witt ring
R for an arbitrary abelian g-group [14, Def. 3.12]. If T is the inter-
section of a family {T,} of subrings of R which are also Witt rings
for some abelian g-groups, the entire prime ideal theory of R remains
true for T.

In 83 we show that if T is either K(C,J) or W(C,.J) then the
group of units of T is generated by 1 + Nil 7' and the rank one spaces
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over (C, J).
The results of [14] are used throughout.

1. Elementary facts about K(C,J) and W(C,J). (cf.[12, §11,
§13.3], [9].)

In this paper C will always denote a Dedekind ring and J will
be an involution on C which is allowed to be the identity. The
quotient field of C will be denoted by L and J will also denote the
unique extension of our involution to L. Further, F' denotes the fixed
field under J and A denotes the intersection ' N C. Since C is integral
over A (¢ — (J{(c) + ¢)¢ + J(c)e = 0 for all ¢ in C), A is also a Dedekind
ring and C is the integral closure of A in L. The unadorned ®
means X)..

Throughout we use the notations of [14]. In particular, we often
write T for the value J(x) of some x in L under J. A space (E, @),
or more briefly E, over (C,J) always means a fininitely generated
projective C-module E equipped with a non degenerate J-hermitian
form @ (see [14, Sec. 1], @ is linear in the first argument and anti-
linear in the second). A space E over (C,J) is called metabolic if E
contains a direct summand V as C-module with V = V* (see [14,
Sec. 1]). By S(C,J) we denote the semiring of isometry classes of
spaces over (C, J), by K(C, J) we denote the corresponding Grothendieck
ring, and by W(C, J) the Witt ring of (C,J), i.e., the residue class
ring K(C, J)/KM(C, J), where KM(C,J) denotes the Grothendieck
group of metabolic spaces over (C,J) which is an ideal in K(C, J)
[14, Cor. 1.6]. We write [E] for the image of the isometry class of a
space K in K(C, J).

For any finitely generated projective C-module U we denote by
U* the group Hom,(U, C) with C-module structure defined such that

{w, cu*y = &u, u*)

for all w in U, u* in U* ¢ in C. We further denote by H(U) the
hyperbolic space U P U* with the hermitian form @ characterized by
OUxU)=0U**x U* =0 and O(u, u*) = {u, u*y> for w in U, u*
in U*. The elements of KM(C, J) all have the form [H(U)] — [H(V)]
([14, Lemma 1.3()]). For the space H(C) corresponding to the free C-
module C we simply write H. Analogous notations will be used over
(L, J).

LEMMA 1.1. A space E over (C, J) is metabolic if the space L Q) K
over (L,J) ts metabolic. Hence the camonical map from W(C,J) to
W(L,J) induced by E+ L X E, is injective.

Proof. We repeat the well known argument for the convenience
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of the reader. Let W be a subspace of L ® E with W* = W and
consider E as a subset of L ® E. Then V= WnNE is a submodule
of £ with V= V! and V is also a direct summand of E since E/V
is finitely generated and torsion free, hence projective [7, Prop. 4.1,
p. 183]. The last assertion follows from the fact that over (L, J) a space
M whose class in W(L, J) is zero is metabolic ([3, §4] and in case
of characteristic 2 and J = identity, [12, Lemma 8.2.2, p. 119] or [17]).

We denote by A(C, J) the kernel of the canonical map [E]+— [L& E]
from K(C,J) to K(L,J). Since the natural map W(C, J) — W(L, J)
is injective it is clear that A(C,J) is contained in KM(C, J). Hence
any element x of A(C,J) has the form

@ = [H(U)] — [H(V)]

with [H(U) ® L] = [H(V)® L] in K(L,J). Thus for some space M
over (L, J) there is an isometry M1 (H(U)Q L) = M1 (H(V)® L) so
that rank U = rank V. Conversely, it is evident that all such z lie in
A(C, J). Now there exist ideals a and b of Csuch that U= a@Pr x C
and V=0b@r x C for some r = 0 where r x C denotes the free C-
module of rank r [22] or [20, Thm.1]. Hence by [14, Lemma 1.3(iii)],

v = [H@] — [HO)] = [HO] + [HO)™] — (HO®)] + [HO)™)]) .
Recalling that
(*) a,@a=COaa,

for any ideals a,, a, of C and again using Lemma 1.3(iii) of [14], we
obtain « = [H(ab™)] — [H].

We denote by Pic(C) the ideal class group of C, by Pic(C)¢ the
subgroup of all elements invariant under G={1, J}, and by (1+J)Pic(C)
the subgroup of all classes (ad@). Our consideration about A(C, J) shows
that we have a surjective map

f: Pie(C) — A(C, J)

(cf. [12, 11.1.4, p. 136], [9, Th. 1]) which sends an ideal class (a) in
Pic(C) onto [H(a)] — [H]. By (*) we see that f(ab) = f(a) + f(0).

ProrosiTION 1.2.

(i) @ + J)Pic(C) < Ker f < Pic(C)°.
(ii) If J = identity then 24(C,J) = 0.
@iii) A4(C,J)* = 0 (cf. [9, Prop. 5]).

Proof. (i) Since for any ideal a of C the C-modules a* and
a™* are isomorphic, we have H(a) = H(@') and hence f(a) = f(@@™.
Thus f(aa) = 0 for all ideals a. On the other hand, if a is an ideal
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with f(a) = 0 then there exists a space £ over (C,J) with H(a) L K =
H 1 E. Comparing the Steinitz-invariants (= highest exterior powers)
of both sides we see that (a@™) = 1 in Pic(C), hence {(a) = (@).
Statement (ii) is now clear since 2 Pic(C) < Ker f.
(ili) For two ideals a, b we have

H(o) ® H(b) = Ho® (b@ b)) = H(ab) L H(ab™)
[14, Prop. 1.5 and Prop. 1.3]. From this one computes

F@F(®) = [H@D)] + [H@b)] — 20H@] — 2[H©)] + 2[H]
= fOb) + F@E) — 2f() — 2f()
= f5) = 0.

ExaMpPLE 1.3. Let C be the ring of all integers of a quadratic
number field with automorphism J. We have 4 = Z, hence

(1 + J)Pic(C) = 0,

so that 2 Pic(C)” = 0. Hence A(C,J) is a torsion group whose part
prime to 2 equals the part prime to 2 of Pic(C). Thus we obtain many
examples of Dedekind rings (C,J) with K(C,J) having odd torsion.

Furthermore, there are Dedekind rings (C, J) such that A(C, J)
is not torsion at all. To obtain an example let Y be an elliptic curve
over the complex numbers and X = Y — p for some point p of Y.
Since X is a non singular affine curve its affine ring is a Dedekind
ring C with an involution J induced by the inverse map j of the
abelian group Y with unit p. There is a canonical isomorphism
Pic(C) = Y which carries the induced action of J on Pic(C) to j.
Since as an abelian group Y is S' x S', there are only four fixed ele-
ments in Y and Y is not torsion. This yields an example with 4(C, J)
not torsion.

REMARK 1.4. In [9, Cor. to Th. 4] and [i2, §11] it has been
shown that for J = identity the kernel of f is generated by 2 Pic{C)
and the classes of all maximal ideals " with 2e¢. By the same
method we show in §4 that for J == identity, Ker f is generated by
the image of Pic(4) and all maximal ideals P with ¥ = C(B N A).

For each maximal ideal p of A we set C, = A4, ®, C = the localiza-
tion of C with respect to p, which is a semi-local Dedekind ring.
The involution on C, induced by J will also be denoted by J. We
consider the C, as subrings of L and have C, = A,C. Let Im S(C, J)
and Im S(C,, J) be the images of S(C,J) and S(C,,J) in S(L, J).

LEmmA 1.5. Im S(C,J) = N, Im S(C,, J) where p runs through
the set, Max A, of all maximal ideals of A.
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Proof. The assertion means that a space over (L, J), which con-
tains a (C,, J)-space of full rank for all p in Max A, also contains a
(C, J)-space of full rank. This is elementary lattice theory (cf. [6,
Thm. 3, p. 54]).

By Lemma 1.1 we regard W(C,J) and all W(C,,J) as subrings
of W(L,J). Since Pic(C,) = 0 for each p and hence by Proposition
1.2, A4(C,, J) = 0, we similarly regard the rings K(C,, J) as subrings
of K(L,J). We denote by K'(C,J) the image of K(C,J) in K(L, J).

LEmMA 1.6.
(i) K'(C,J)=nN,K(C,J)
i w,J)=N,w(C,J)
where in both equations p runs through the maximal ideals of A.

Proof. Since all projective modules over C, are free, KM(L, J)
and all KM(C,, J) coincide with the additive group generated by [H].
Evidently KM(C, J) also maps onto KM(L,J). Thus as subsets of
wW(L, J) we get W(C,,J) = K(C,, J)/KM(L, J) and

W(C, J) = [K(C, J)/AC, HIKM(C, J)/A(C, J)] = K'(C, J)/KM(L, J)

so that the two assertions of the lemma are equivalent.

We proceed to prove (ii). Let x be an element of [ W(C,, J) and
(V, @) a space over (L, J) representing x. As for any (L, J)-space
there exists a finite “exceptional set” T < Max A such that V contains
a space over (C,,J) of full rank for all pg 7. If T+ @ let p, be a
prime ideal in T. Since the class of V lies in W(C,, J) there exists
a space V, over (L,J) containing a (C,, J)-space of full rank and
metabolic (L, J)-spaces U, U, such that V. U = V,1 U, [14, Lemma
1.4]. Since any metabolic space over (L, J) contains (C,, J)-spaces of
full rank for all p in Max A (see the definition of metabolic spaces in
[14, Sec. 1]) it follows that V' 1 U is a space over (L,J) which repre-
sents ¢ and has an exceptional set contained in T — {p,}. After a
finite number of such steps we obtain a space V representing 2 and
containing (C,, J)-spaces of full rank for all p. Hence by Lemma 1.5
V contains a (C, J)-space of full rank. Thus N\ W(C,, J) € W(C, J).
The reverse inclusion is clear.

REMARK. Using the cancellation theorem for hermitian forms
over fields [3, Thm. 1, p. 71], Hilfsatz 13.3.3 of [12] can be extended
to the case J = identity, stating that if a space V over (L, J) contains
a (C,, J)-space of full rank then the same is true for all spaces V'
with the same class in W(L, J). This offers a shorter proof of Lemma
1.6(ii).

For any p in Max A we have either pC = P or =P or =P, P =
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B, with P in Max C [5, Th. 2, p. 42].

LEMMA 1.7. If pC = PP with P = B or pC = P* then K(C,,J) =
K(L,J) and W(C,, J) = W(L, J).

Proof. We denote the norm function x — 2% (x — 2* if J = identity)
by N. Since K(L,J) and W(L,J) are both generated by one dimen-
sional forms it suffices to show that any coset of F* mod NL* con-
tains a unit of C,. Now, the coset of an element z of F* mod NL*
contains a unit of C, if and only if the coset of x in FA’U mod N[::‘
contains a unit of CA'p (ﬁ’v, L, C'p, -+- denote the completions of F, L,
C, .-+ with respect to p). Evidently this is true if pC = B2 If pC =
PP with P==P then L, = F, x F, and the involution of L, corresponds
to the involution (a, b) — (b, a) of F, x F,[14, Example 1.7]. Thus
N(L¥) = F¥ and the assertion is also true in this case.

RemARrk 1.8. If pC = P then K(C,,J) + K(L,J) and W(C,, J) +
W(L, J). In fact, one has an exact sequence

0 — W(C,, J) — W(L, J) —2 W(C/B, J) — 0

with residue class form homomorphism o, (cf. [21], [12, §13.3], [19]).
Combining Lemmas 1.6 and 1.7 we get

ProprosiTION 1.9.

(i) K'(C,J)=N,K(C,J)

(i) w(C,J) = nv W(Cm J)
where in both equations p runs through all maximal ideals of A with
pC a maximal ideal of C.

2. Subrings of Witt rings. Let ¢ be a rational prime and G
an abelian g-group. In [14, Def. 3.12] we have called a commutative
ring R a Witt ring for G if R is a homomorphic image of the integral
group ring Z[G] and the torsion subgroup, R,, of R is ¢-primary. Let
us recall some facts proved for a Witt ring R in [14]: There is only
one prime ideal M, of R which contains ¢q. The ideal M, is of finite
index ¢ (i.e., R/M,= F?) and contains all minimal prime ideals
of R. Moreover, any maximal ideal M =+ M, of R properly contains a
unique prime ideal and this prime ideal is a minimal prime ideal.
All the zero divisors of R lie in M,, the ring R is connected (i.e.,
has no idempotents other than 0 or 1) and R, = 0 if and only if M,
consists entirely of zero divisors. R is integral over Z and hence R
is a Jacobson ring [5, p. 67] of Krull dimension, dim R <1. In parti-
cular, its Jacobson radical, Rad R, coincides with its nil radical,

1 F; denotes the field of g-elements.
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Nil R. In addition, R, = Nil R if and only if Z— R is injective and
R, = R otherwise. In the former case the minimal prime ideals P of
R are characterized by PN Z = 0 and in the latter case R is local
and M, is the only prime ideal of R.

Let C be a Dedekind ring with involution J and quotient field
L. 1t is pointed out in [14, Remark 8.11] that K(L,J) and W(L, J)
are Witt rings for an abelian group of exponent two. By Lemma 1.1,
W(C,J) is a subring of W(L,J) and by Proposition 1.2 the natural
map K(C, J) — K(L, J) has a kernel A(C, J) which is small in the sense
then A(C,J)* = 0, and if J is the identity, in addition 24(C,J) = 0. We
are thus led to consider subrings 7T of a Witt ring R for an abelian
g-group.

The following Lemma follows easily from the properties of R
described above, the Lying over theorem [5, Th. 1, p. 38], and [14,
Lemma 2.5]. Its proof will be omitted.

LEMMA 2.1. Let T be a subring of a Witt ring R for an abelian
q-group. Then

(i) T s integral over Z, T is a Jacobson ring, and T is con-
nected.

(ii) T has a unique prime ideal M, containing q and T/M,, = F,.

(i) If M,, is not the only prime ideal of T then every maximal
wdeal properly contains a prime ideal. In this case Z— T s tnjec-
tive and a prime ideal P is minimal if and only if PN Z = 0.

(iv) T =T, if and only if M,, is the only prime ideal of T.

(v) T, is g-primary.

(vi) All zero divisors of T lie in M,, and M,, consists entirely
of zero divisors if and only if T, # 0.

(vily If T, T then NilT = T,.

In particular, the statements of the lemma are true for W(C, J)
and K'(C,J). Because of the stated properties of A(C,J) they also
remain true for K(C, J) if J is the identity. If J is not the identity
(i), (ii), and (iii) remain true for K(C, J) and (iv) is vacuous because
K(C, J) always contains Z. As shown by Example 1.3, (v), (vi), and
(vii) are generally not true. However, even in this case K(C,J), C
Nil K(C, J) since A(C, J)* = 0 and K'(C, J), c Nil K'(C, J).

REMARK 2.2. Suppose G is group of exponent two and Z— T is
injective. If P is a minimal prime ideal of T there is a minimal
prime ideal P’ of R such that P’NT = P [11, Ex. 1, p. 41]. More-
over, by [14, Remark 3.2], R/P' = Z so T/P is a subring of Z and
hence T/P = Z. Thus we see that any homomorphism from 7T to Z
extends to one from R to Z and Nil T is the intersection of the
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kernels of the homomorphisms from 7T to Z. Moreover, if M is a
maximal ideal of T we must have T/M = F, for some rational prime
p. Thus if C is a Dedekind ring with involution J and P is a non
maximal, whence minimal, prime ideal of T = K(C,J) or W(C, J)
then T/P= Z. If M is a maximal ideal of T = K(C,J) or W(C, .J)
then T/M = F, for some rational prime p. Moreover, in these cases
the ideal M, , is exactly the ideal of forms of even rank.

At the beginning of this section we stated one property of Witt
rings R which is not necessarily inherited by all subrings of R: a
maximal ideal M % M, contains a unique minimal prime ideal. We
obtained this property in [14] as a consequence of the following theo-
rem: If R denotes the integral closure of the image R = 1® R of
R in Q ® R then R/R is a g-group. Here, and until the end of § 2,
& always denotes ®,. This results from the rather evident fact, that
R/pR is von Neumann regular for all p # q (see [14]). Thus we are
now looking for subrings 7T of R such that 7T/pT is von Neumann
regular for all p # q. For any such subring it will be true that a
maximal ideal M = M, , contains a unique minimal prime ideal.

For any abelian group X and rational prime p we let X[p] be
the p-primary component of X.

LemmA 2.3, Let T C R be an integral extension of commutative
rings and p a rational prime such that Rip] =0 and R/pR is von
Neumaniw regular. Then T/pT is von Neumann regular if and only

o (RB/T)[p] = 0.

Proof. By [14, Lemma 2.8], Nil(T/pT) =0 if and only if
(R/T)[p] = 0. Now by Lemma 2.7 of [14] the kernel of the map
T/pT— R/pR is a nil ideal. Since R/pR is integral over T/pT,
dim T/pT = dim R/pR = 0. Thus T/pT is von Neumann regular if
and only if Nil(T/pT) = 0 [4, Ex. 16(d), p. 173], which proves the
lemma.

COROLLARY 2.4. Let R be a commutaive ring and {T;};.; ¢ family
of subrings such that R is integral over T = (i, Ti. Lf for a rational
prime p with R[p] = 0 all the rings R/pR, T;/pT; are von Neumann
regular then T/pT 1s also von Neuwmann regular.

Proof. Consider the exact sequence
0—— R/T— I R/T;
i/
of abelian groups. By Lemma 2.3, we have (R/T;)[p] = 0 for all ¢ so

(R/T)[p] = 0. Hence Lemma 2.3 shows that T/pT is von Neumann
regular.
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THEOREM 2.5. Let R be a Witt ring for an abelian q-group G
and let {T;};c; be a family of subrings of R such that each T; is a
Witt ring for an abelian q-group H;,. If T = (Yie; T: then

(i) T/pT is von Neumann regular for all rational primes p +# q.

(ii) If T denotes the integral closure of T=1Q T in QR T
then T/T is a q-group.

(i) Any mazimal ideal of T distinct from M,, properly con-
tains a unique prime ideal of T which s a minimal prime ideal.

Proof. Since R, is g¢-primary, R[p] = 0 for all rational primes
» # q. Moreover, by [14, Example 2.6] R/pR and T./pT; are von
Neumann regular rings. Statement (i) now follows immediately from
Corollary 2.4. Statement (ii) is then a consequence of [14, Prop. 2.9].
Finally, if T contains a maximal ideal distinet from M, then by
Lemma 2.1 (iv) and (vii), Nil T = T,. Thus (iii) follows from (i)
and [14, Cor. 2.10 and Th. 2.12].

ExAMPLES 2.6. (i) Let G be an abelian ¢-group and {H.};.; a
family of subgroups of G. Let K be an ideal of Z[G], R = Z|[G]/K,
and for 7 in I, let T, = Z[H,)/(Z[H;] N K). If R is a Witt ring for
G then each T, has only g¢-torsion and so is a Witt ring for H,.
Hence T = NT; satisfies the conclusions of Theorem 2.5.

(i) Let C be a Dedekind ring with involution J and quotient
field L. Denote the fixed ring of J on C by A. By Proposition 1.9,

K'(C,J) = NK(C,J), w(C,J) = NW(EC,J)

where p runs through all maximal ideals of A with pC a maximal
ideal of C. Since each C, is a local ring it follows that K(C,, J) and
W(C,, J) are Witt rings for an abelian group of exponent two [14,
Remark 3.11]. Hence the conclusions of Theorem 2.5 apply to K'(C, J)
and W(C,J). Since by Proposition 1.2(iii) the kernel A(C,J) of
K(C,J)— K(L,J) is nilpotent, statement (iii) of Theorem 2.5 remains
true for K(C, J). In caseJ is the identity, Proposition 1.2(ii) asserts
that 24(C,J) = 0. Hence Q ® K(C, Id) = Q X K'(C, Id) and

K(C, Id)/pK(C, Id) = K'(C, 1d)/pK'(C, Id)
for all odd p so that statements (i) and (ii) of Theorem 2.5 hold for
K(C, Id) also.
We finally remark that a shorter proof of Theorem 2.5(ii) and

hence, using [14, Cor. 2.10 and Th. 2.12], also of Theorem 2.5(iii)
can be given by way of

LEMMA 2.7. Let R be a commutative ring, {T:}i.; a family of
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subrings and T = Nie; T;. Let p be a rational prime such that
R[p] = (T:/T)[p] = 0 for all i in I. Then (T/T)[p] = 0.

Proof. Since Q is a flat Z-module we may identify Q ® T; and
Q ® T with subrings of Q ® R. Thus we regard T}, T, T, and T as
subrings of @ ® R. Let % be an element of 7 with p& in 7. Then
for all 7 in I we have e 7; and pZFe T;. Hence % € [Vic; T:» There
thus exist elements z; in T; and v in T such that T = 1® «; and
p% =1 y. Hence px; — y lies in R, for all 7 in I. Thus there exist
integers n; with (n;,, p) = 1 such that #n;px; = n;y. Now there are
integers a;, b; with 1 = a;n; + b;p. Multiplying this last relation by
y yields elements z; in T; with y = pz; for all 7 in I. But since
R[p] = 0 the relation pz; = pz; shows z; = z; for all 4,7 in I. Hence
there is an element z in T with vy = pz. Thus p% = 1 & pz and there-
fore # = 1 ® z which shows that # lies in T, i.e. (T/T)[p] = 0.

3. Units in K(C, J) or W(C, J). We first recall some elementary
facts true for spaces over an arbitrary commutative ring C with involu-
tion J. For any space (H, ®) over (C,.J) there is an inverse space
(E, @) [3, Def. 8, p. 23] defined as follows: E is a C-module on the
additive group FE with a new scalar multiplication ¢-z = J(¢)z and
the form @ on E is defined by &(z, y) = @(y, x). Now assume that E
has rank one. Then it is easily checked that the C-linear map ¢g: £ ®
E — C defined by gz ® y) = @(x, y) is bijective and gives an isometry
from (E® E, ® ® ) to the space (C, 2) where 2(c, d) = cd for ¢, d in
C (by a localization argument it suffices to check this for E a free
space in which case the proof is straightforward). Since the space
(C, Q) has matrix (1) it is clear that the tensor product makes the
set S,(C,J) of isometry classes of (C, J)-spaces of rank one into an
abelian group. The subgroup of classes of free spaces of rank one
can be identified with A*/NC* where A denotes the fixed ring of J
and C*, A* are the groups of units of C, A.

REMARK 3.1. On the group Pic (C) of projective C-modules of
rank one, J induces an involution (M) — (M), where again M denotes
the abelian group M with new scalar multiplication c.2 = J{¢)x.
Denote by .,,Pic (C) the subgroup of all (M) in Pic (C) with (M) (M) =
1. The “forgetful map” (K, @) — (E) from S,(C,J) to Pic (C) yields
an exact sequence

1— A*¥/NC* — S,(C, J) — 44, Pic (C) —> 1.
(The surjectivity on the right can easily be proved, cf. [12, §2.3]).

REMARK 3.2. Let C be an integral domain with quotient field L.
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Any element of Pic (C) can be represented by an invertible ideal a
and @ is isomorphic with the ideal a = J(a). For any hermitian from @
on a we have @(x, y) = day for some d in L such that daa < C, since
@ is the restriction of an (L, J)-form on L. Note that @ is non
degenerate if and only if daa = C.

Now let C be connected. For any (C, J)-space (E, @) of rank n
we define the determinant, det (E), of (E, ®) to be the element of
S.(C, J) represented by the space (A"E, 4) with 4 defined by

A@ N o ATy Yy A o0 A Y,) = det (O, ¥5)) »
which is again a nondegenerate space [3, §2]. The map
det: S(C, J) — S,(C, J)

is additive but it does not vanish on all hyperbolic spaces. Thus
we have to modify this map in the following well known way: denote
by Z/2Z.S,(C, J) the set Z/2Z x S,(C,J) with the twisted multiplica-
tion

(Uyy ) (Usy @) = (Uy + Uy, (—1)“1"20,2)
We have a surjective map
x:Z x S(C,J)— Z[2Z-8,(Z, J)
via x(n, £) = (nmod 2, (—1)m=22g) |

It is easy to verify that y is multiplicative so that, in particular,
Z2Z-8,(C, J) is a group. We now consider the additive map

w, d): S(C, J) I 7 8.C, ) 2 Z/22-8,(C, J)
i.e. (V(EB),d(E)) = (nmod 2, (—1)"/2det E) for any (E) in S(C, J)
of rank n, and call d(E) the signed determinant of E. Since (v, d)
vanishes on all hyperbolic spaces [12, Satz 4.1.2, p. 108], it induces
maps from K(C,J) and W(C, J) to Z/2Z-S,(C, J) which we will also
denote by (v, d). Since for (E) in S,(C,J) we have d(E) = (F) it
follows that the canonical maps S,(C,J)— K(C,J) and S,(C,J)—
W(C, J) are injective. Thus we may regard S,(C,J) as a subgroup
of the units of K(C,J) or of W(C, J).

THEOREM 3.3. Let C be either a Dedekind ring or a conmnected
semi-local ring with involution J and let T be either K(C, J) or W(C, J).
Then for any unit x of T we have

¢ =d@l+ n)

with a wilpotent element n wn T. In particular, the group T* is
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generated by S,(C,J) and 1 + Nil T.

Proof. 1f T = T, then by Proposition 1.2 (iii) and Lemma 2.1 (iv),
M,, = Nil T. Since z is a unit, it must be represented by a form of
odd rank. Hence x — d(x) € M, , is nilpotent, so setting

n = d{x)~'(@ — d(x))

we have z = d(x)(1 + ») with % nilpotent.

If T T, then Z— T is injective so by Proposition 1.2 (iii) and
Remark 2.2, Nil T is the set of ¥ in 7T such that o(y) = 0 for all ring
homomorphisms ¢: T'— Z. Thus we only need to check that o(x) =
o(d(x)) for all o. This has been done in [14], proof of Theorem 3.23,
for C connected semi-local. Now let C be a Dedekind ring, L its
quotient field, and R be K(L, J) or respectively W(L, J). Denote the
canonical map 77— R by ®. By Proposition 1.2 (iii) and Remark 2.2
any homomorphism o¢: T— Z can be factored ¢ = ¢0’-® with some
o': R— Z. Since ®(x) is a unit of R we know from the preceding
that ¢’(p(®)) = o’'(d(®(®))). But by the functorial properties of exterior
powers clearly d(®(®)) = @(d(x)). Thus we get the desired equation

(0"P) (@) = (0"-P)([d(x)) .

REMARK 38.4. Let ¢ be any rational prime, R = Z[G]/K a Witt
ring for an abelian group G of exponent ¢ and T be the intersection
of the subrings T; = Z[H;]/(Z|H;] N K) corresponding to some family
{H;} of subgroups of G. It can be shown that any unit of T has
the form =+ g(1 + n) where g is the image of some ¢ in [); H; and
7 is in Nil 7, in the following cases: (I, = augmentation ideal).

(i) g#=2: KC I} + qZ[G]

(i) ¢g=2: KC I+ 4Z[G]

(ili) ¢ = 2: there exists an element w of M H; such that

1+ weKcIz+4Z[G] + 1 + w)Z[G] .

Note that for R = W(L,J), G = F*/NL*, T = W(C, J) condition
(i) is violated but (iii) holds with w = (—1). The assumptions (i)-
(iii) are needed to construct “determinant functions” playing a role
similar to that of the signed determinant in the proof of Theorem 3.2.

4. A(C,J) for J # identity. If J is the identity the kernel 4(C, J)
of the canonical map K(C,J) — K(L, J) has been determined for any
Dedekind ring in [9, Cor. to Th. 4] and [12, 11.3.5, p. 138]. In this
section we give a computation of A(C, J) for J = identity. We argue
along the same lines as in [12] and use well-known classical methods

(2], [15)]).
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Throughout this section we use the notations of §1: C is an
arbitrary Dedekind ring with an involution J = identity, whose fixed
r1ng is denoted by A. For any prime ideal p of A, we denote by
A the completion of the localization A,, and we write C for CR,A
the completion of C ®, A, with respect to p. We set C = L for p =
0 and for a maximal 1deal p of A we write L for the completion
L&, F‘, =CQR, F'b of L which is the total ring of quotients of the
semi-local ring C,. The involutions induced by J on C, and L, will
both be written as J,. For any space E over (C,J) we denote by
E the completed localization E@AA which is a space over (Cp, J, o)
As usual we consider E, as a subset of the space E®,F, over
(Lv, Jp) and the automorphism group 11(E ) as a subgroup of W(EF X, F,,)
For a space M over (L,J) we denote by ZVIP the completion with
respect to p, which is a space over (L,,J,). Note that M, = M if
p=0.

We define the genus, I'(E), of a space E over (C,J) as the set
of isometry classes (E’) in S(C,J) such that E’p = E‘,’ for all prime
ideals p of A. If (E’) lies in I"(E) we can find an isometry ¢: EQ L —
E'® L and for every p in Max A an element ¢, in WE' ® I:,,) such
that

4.1) B =0,0E, .

Since o, is unitary, the determinant of o, over L, has norm 1 and
hence by Hilbert’s Theorem 90,

4.2) det 0, = a,a;"
for some a, in I:;*. We use (4.2) to define for any genus I" a map
@: I' x I' — Div C/9 (Div C)¢

where Div C denotes the divisor group of C, (Div C)¢ the subgroup left
fixed by G = {1,J} and § the group of principal divisors of C. For
E, E' in I" we define ¢(E, E’) to be the image of

4.3) II SBI'[ Peranies) B in Max C
P b

in Div C/9(Div C)¢ with a, coming from (4.1) and (4.2) chosen arbitra-
rily. Here p runs only through the ideals of Max A4 which split in
C. Next, we show that @o(E, E’) is well defined, i.e., that (4.3) does
not depend on the particular choices in (4.1) and (4.2). Given (4.1),
the a, in (4.2) can only be changed by a factor in FA’p* which does not
affect (4.3) mod Dw). Let £ = ¢ ,0'E be another system of equations
of type (4.1). Then there exists some o in W(E’ Q L) and g, in H(E )
such that
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(4.4) O, = (1,0,0

for all p in Max A. If p splits in C then L, = F, x F, and the involu-
tion f, is given by J,(x, y) = (v, *) [14, Lemma 1.8]. Hence the ele-
ment det (#,) of C’,* of norm 1 can be written in the form b,b;" with
b, in C*. Again by Hilbert’s Theorem 90, there is an element ¢ in
L such that det o = ¢¢™'. Thus starting from (4.4), we obtain for
the computation of @(E, E’), elements a, = b,a,c at split prime ideals
and this yieldst he same value in (4.3) mod . Hence it is also clear
that (&, E') depends only on the isometry classes of E and E'.
Clearly for spaces V, V'’ in some other genus we have

@.5) PELV,E 1LV =9FE, EYe(V, V') and also
’ P(E, B') = P&, E)™
EXAMPLE 4.6. Let (E, ®) be the hyperbolic space of rank 2 over
(L, J), i.e., E = Ce@ Cf with @, e) = O(f, f) = 0, D(¢, f) = 1. For
any a in DivC we regard H(a) as the sublattice ae@a™f of E.
Choose for every p in Max A a generator a, of the principal ideal aC,.
Then the automorphism e a., f+— @,'f of E’v maps H(C'),, to fl(a)p.
Thus H(a) and H are in the same genus and @(H, H(a)) = [a], where
[a] denotes the class of the divisor a in Div C/9(Div C)°.

We define the SU-genus 3(E) of a space E over (C,J) as the set
of all isometry classes (E’) in I'(E) such that there exists an equa-
tion (4.1) with o, in SU(E?) for all p in Max A, i.e., with deto, = 1.

LEMMA 4.7. Let E be a (C, J)-space and assume that E\", represents
a unit of ffb for every p in Max A. (This hypothesis is always ful-
filled if p splits or if 2 does not lie in p.) Then X (E) is the set of
all (E") in I'(E) with (K, E') = 1.

Proof. If (E’) lies in X(E) it is clear that @(E, E’) = 1. Let
now (E’) be in I'(E) with @(F, E') = 1. Without loss of generality
we assume that E and E’ are lattices of full rank in the same space
M over (L, J). First, for every p in Max A, we choose some o, in
W(M,) and some @, in L¥ such that E/ = ¢,E, with deto, = a,d;"
We want det o, to be a unit in Cy. This is automatically true unless
pC = PR with P = P. But since @(E, E') =1 we can find a ¢ in L*
such that ordg(a,c) = ordg(a,c) whenever pC = LR, P = P. Since J =
identity, M contains a one-dimensional subspace W= Le with @(e, )=
0 [3, Lemma 1, p. 90] so that M = Lel W*. Now let o in (M) be
the automorphism which is the identity on W+ and multiplies ¢ by
¢7'¢. Setting 7, = 0,07 we obtain

E; = TppE‘v
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and detc, = (det ¢,)(cc™), which is a unit of C, for all p. By hy-
pothesis every E! has a subspace C,e, with D(e,, e,) in A¥. So by an
argument as above we can find a g, in W) with det p, = (det 7).
The equations

E; = #vzptoEA‘n

show that (E’) lies in the SU-genus of E.

We now sketch a proof of a weak version of Kneser’s strong
approximation theorem for the special unitary group [15]. Let (M, @)
be any space over (L,J) of dimension = 2. Then W(M) is generated
by the symmetries

o@,l):z——z2 — O, )

where (v, 1) runs through all pairs of M x L* such that 14 I =
D(x, x) = 0 [8, p. 41]. We first indicate a proof for the following well-
known fact [2, §8] since we feel that the argument in [2] is not
quite clear.

LEMMA 4.8. Given maximal ideals P, ---, b, of A and pairs
(x;, 1) in Mpi X li;j, 1<i<r with I, + I, = @@, ;) %= 0, there exists
gor every € > 0 a pair (1) in M x L* with | + 1 = ®(x, x) + 0 such
that ||o — a:|l,, <e& |l — L], <e for L<i=<r. Here ||, denotes a
valuation belonging to b and || ||, an associated norm on M,,.

Proof. Since J = identity there is some m in L with m + m =
1. We can find a vector # in M which is near x; at p;, and an !’ in
L which is near [; at p;, for 1 <7 < r. Then

=04+ m@@, o) — U — 1)

satisfies I + | = ®(x, ») and the pair (v, ) has the desired properties
if the approximation of the x; by the x and the I; by I’ is good enough.

According [2, §3] this lemma implies that the weak approxima-
tion theorem holds for U(M), i.e., the diagonal map from W(M) to

II (M,
pin S
has dense image for any finite subset S of Max A.

Assume now that [M: L] = 3 and that M is ¢sotropic, i.e., M con-
taing some & # 0 with @(x, ) = 0. Then SU(M) is the commutator
subgroup of U(M) [8, Chap. II, §4, §5]. Thus it can be verified that
the weak approximation theorem also holds for SI(M). Again pick
some m in L with m + m = 1. As is shown in [1] (cf. [8, p. 61] for
the orthogonal case), SU(M) is generated by automorphisms
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E(@, y):z—— 2z + O, x)y — Dz, y)or — md(z, x)D(y, y)x

where (x,y) runs through all elements of M x M with &(x, x) =
@(x,y) = 0. Now the simple argument in [12, Proof of Satz 11.2.8,
p. 137] shows that we have strong approximation in SU(M). (It also
seems possible to adopt the proof of [2, Satz 18]):

THEOREM 4.9. Let M be an isotropic space over (L,J) with?
[M: L) =38 and let EC M be a (C, J)-lattice of full rank. Prescribe
lattices E;, of full rank in M and elements o; in Sll(M ) for finitely
many ideals P, ce, b, of MaXA Then there evists an element o of
SU(M) such that (o0 — 0,)E,iCEv'i for 1 <1< r and GE,, Eq for q
wn Max A distinct from p,, ««+b,.

From this theorem a standard argument [15], [2, p. 99] establishes

COROLLARY 4.10. If E s an isotropic (C, J)-space of rank = 3,
the SU-genus 2 (H) contains only the class (E).

Finally, Corollary 4.10 and Lemma 4.7 yield the desired

THEOREM 4.11. The kernel of the surjection f: Pic(C) — A(C, J),
where f(a) = [H(@)] — [H], s the subgroup H(Div C)¢/9H.

Proof. For any a in (Div C)¢ we consider the spaces E = H1 (1)
and E’ = H(a) L (1). According to (4.5) and Example 4.6, we have
P(E, E') = 1. Now, since (H(4)), and H, represent all of A*, Lemma
4.7 shows that E’ is in the SU-genus of E and Corollary 4.10 forces
E = E'. Hence f(a) = [E'] — [E] = 0.

Let (a) be in Kerf. Then there exists a (C, J)-space V such that
HI1V=H@LlV. Again, (4.5) yields ¢(H, H(a))=1 and so by Example
4.6, the class of a is in H(Div C)¢/9.
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