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THE CONVEX CONE OF #-MONOTONE FUNCTIONS

R. M. RAKESTRAW

A reformulation of the Krein-Milman Theorem is used to
obtain an integral representation of each function in a
certain class of real monotonic functions defined on [0, 1].

Let {1, %z, %5, ---} denote a fixed sequence all of whose
terms are either 0 or 1, and let M; be the set of real non-
negative functions f on [0, 1] such that

(=14, f(2) = (=D [fe+h)— f@)] =0,
h>0, for [z, x + h[ < [0, 1]. Let M,, n>1, be the set of
functions belonging to M,_; such that

(=163 f(x) = (=10 [t f(w + h) — 457 f(0)] =2 0
for [z, x + nh] < [0, 1]. If fe M,, then f is said to be an n-
monotone function. Since the sum of two n-monotone funec-
tions is in M, and since a nonnegative real multiple of an
n~monotone function is an xn-monotone function, the set M,
is a convex cone. It is the purpose of this paper to give
the extremal elements (i.e., the generators of extreme rays)
of this cone, and to show that for the n-monotone functions
an integral representation in terms of extremal elements is
possible.

A portion of this work appears in the author’s Ph. D. dissertation
written at Oklahoma State University under the direction of Profes-
sor E. K. McLachlan at which time the author was an NDEA Graduate
Fellow. The proof of Proposition 3 was suggested by the referee.
The author gratefully acknowledges the guidance given by Professor
McLachlan and the assistance of the referee’s comments.

1. Extremal elements of M,. Let f be a function in M, which
assumes exactly one positive value in [0,1]. If f = f, + f,, where
fi and f,e M, then f, and f, are zero where f is zero and f, and f,
are constant where f is constant. Therefore, f, and f, are propor-
tional to f and f is an extremal element of M,. On the other hand,
if f assumes at least two positive values in [0, 1], then a nonpropor-
tional decomposition can be given by taking

fi(@) = min {f(x), 1/2) [F(0) + S}

and f, = f — f;.. Therefore, the extremal elements of M, are precisely
the functions in M, which assume exactly one positive value in [0, 1].

Let feM,, n>1, and let @, =0 if 4,=0 and a, =1 if 4, = 1.
If f(a;) > 0 and f is not constant, then take f,= f(a) and f,=f—f..
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736 R. M. RAKESTRAW

In so doing, f, and f,e M, and f, and f, are not proportional to f.
Therefore, the only extremal elements f of M, with f(a,) > 0 are the
positive constant functions.

Let feM, n>1, and define ¢ =1 — qa, if 7, =0 and a; = a, if
i, = 1, where a, is defined above. It can be shown that if fe M,,
then f must be continuous on [0, 1] except at a;[9, p. 148]. It follows
that the only extremal elements of M, that are in M, are those
which are continuous on [0, 1] except, possibly, at a/, and these functions
are again extremal elements of M,,.

If4,=0,feM, n>1, f is not constant on (0,1) and f is dis-
continuous at a; =1 — a, then take fi(x) = 0 for x€[0, 1] and 2 == a/,

fila)) = f(a) — limit f(x) >0
wsa}

and f, =f — fi.. In so doing, f, and f,e M, and f, and f, are not
proportional to f. Hence, whenever 4, = 0, the only extremal elements
of M, that are discontinuous at a, =1 — a, are the functions which
are positive at aj and zero elsewhere on [0, 1].

On the other hand, if 4, =1, feM,, n >1, f is not constant
on (0,1) and f is discontinuous at a, = a, then let

fi(x) = limi/t f) >0,
waf
x€[0,1] and x # a), fi(ay) = 0 and f, = f — fi.. Then f, and f, are in
M, and f, and f, are not proportional to f. Therefore, whenever
1, = 1, the only extremal elements of M, that are discontinuous at
a; = a, are the functions which are zero at af and equal to a positive
constant elsewhere on [0, 1].

Consequently, the extremal elements of M,, » > 1, which are not
extremal elements of M, must be zero at a, and continuous on [0, 1].
It will be shown that these extremal elements of M, are indefinite
integrals of the extremal elements of a cone which is similar to M,.
This cone is given in Definitions 1 and 2.

DerFINITION 1. If ¢ is a real function monotonic on (0,1) and
n > 1, then define the (possibly extended real-valued) function I (g,
n — 1; ) by the equation

I, n—1;0) = S S“ S'”"S S'”‘Z o(t) dt di,_, - - - dt, dt,

ay Jag Ap—3 JEn—2
for z € (0,1), where a, = (1/2) [1 — (—1)"’] and
a; = 1/2)[1 — (=1, 1 <j=n— 2.
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DEFINITION 2. Let K,, m >1, denote the convex cone of real
functions ¢ on (0, 1) such that

(a) ¢ is right-continuous;

() (=1)¢rg(x) = 0, for z € (0, 1);

() (=Ddgx) =0, for0<ae<az+ h<l;

(d I(g,n—1; x) is finite, for z e (0, 1); and

(e) limit I(g, » — 1; x) exists and is finite.

z—1—a

Note. If geK,, n >1, then I(g,n — 1;-) will denote the
function which is the continuous extension to [0, 1] of the funection
given in Definition 1.

DEFINITION 3. Let o and b be two distinet numbers in the in-
terval [0, 1] and define the function ¥, on (0,1) by

Y@ =1, if & is between @ and b or 0 < & = min {a, b};
Ziwn(®) = 0, otherwise.

DEFINITION 4. If m 1is a nonzero real number, £¢[0,1] and
n > 1, then define the function e(m, &, » — 1; - ) by the equation

e(m, &, n—1; ) = mIl (Ym0, p,m — 1; @)

for 0 <2 <1, where a,_, = (1/2) [1 — (—1)C—tin],

The principal theorem of this section can now be stated and the
remainder of the section will be devoted to its proof. The key results
are Lemma 3 and Proposition 2.

THEOREM 1. The extremal elements of M, are the fumnctions in
M, which assume exactly ome positive value in [0,1]. The postitive
constant functions and the extremal elements of M, which are dis-
continuous at a, = (1/2) [L + (—=1)*?] are extremal elements of M,,
n >1. The functions e(m, &, n — 1; +), where (—1)%— m >0 and
£e(0,1) or £ =a,, are extremal elements of M,, n > 1. There are
no other extremal elements of M,. The only other extremal elements
of M,,n>2, are those functions e(m, a, k; - ), where (—1)¢ m >0
and 1 <k<n— 2.

In the same manner that the extremal elements of M, were found,
it can be shown that the extremal elements of K, are precisely those
functions in K, which assume exactly one nonzero value in (0, 1).
Before determining the extremal elements of M,, it is shown in the
following three lemmas how the m-monotone functions are related to
the functions in K,, where n > 1.
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LEmMMA 1. If feM,, then f{" Ve K,, where n > 1.

Proof. Since (—1)%4y f(x) =0 for 0 e <z + nh <1, then
S™? exists and is continuous on (0,1) and (—1)“f™2 is convex
[1]. Therefore (—1)“%f™=» has a right-continuous, nondecreasing
right-hand derivative [4, p. 10]. It follows that (—1)“ 4} f{* () = 0
for 0<xz+h<1. If feM, then (—1)%—24;"f(x)=0 for
0z<2+ (n— 1)k <1, which implies that

(=)t A5 45,40« 45 f®) =0

for 0<ae<2x+06,+06,+ -+ +0,, <1 [1]. It then follows that
(=12 fin=0(p) = 0 for 0 < 2 < 1, since f{"" exists on (0,1). It
remains to show that

limit I (£, n — 1; %)

z—1—ag

exists and is finite and this proof will be by induction on #.
If fe M, then

ﬂw=fﬁma+nmwwn
ao x—vao
which implies that
limit I(f%,1; ) = limit f(z) — limit f(2)

z—1—ag r—1—ag z—a

and this latter limit exists and is finite since f is monotonic on [0, 1]
[4, Theorem 1.1]. Now assume that fe M, implies that

limit I (f&, n — 1; )

r—1—ag

exists and is finite and let feM,,,. Then fe M, and it follows from
the first part of the proof that (—1)¢—2f® is nonnegative and
monotonic on (0, 1) and

(=12 f=(a, ) = limit (= 1) ()

= inf {(—1)6r—0 FOI(@): 0 < 3 < 1} .

Therefore,

limit I (f, n; %)

T—-1—ag

= limit I (f* — fo(a,_), n — 1; )
z—-1—ag

=limit I (f" ™, n — 1; &) — f"(a) I 1, n — 1; %)
z-1—ag

exists and is finite by the induction hypothesis.
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LEmMMA 2. If ge K,, then I(g,n — 1; - )€ M,, where n > 1.
Proof. The proof will be by induction on n. If ge K,, then
16,19 = | o at
for x € [0, 1], and since (—1)"g(t) = 0, t€ (0, 1), and
a = (1/2) [1 = (=],
then I(g9,1;2)=0. If 0<x<x+ h =<1, then

(—)@4 I (g, 1; ) = g“”(—l)wg(t) dit=0.

Since (—1)“’g is nondecreasing, then I ((—1)“?g, 1;.) is convex [4,
p-13]. It follows that (—1)4;I(g9,1;2) =0 for 0 <o <x+2rR <1,
and hence, I(g,1; -)e M, Assume that I(g,n —1;-)eM, for ge K,
and n>1. If ge K,,,, then let

f@ =\ owat,

Cp—1
for z€(0,1). Since (—1)“”g is nonnegative and
Gues = (1/2) [L — (—L)6nrtin] |

it is easily seen that fe K, and it follows from the induction hy-
pothesis that I(g,n; ) = I(f,n —1; -)eM,. By a repeated applica-
tion of the mean value theorem for a Riemann integral, it can be
shown that

4 I (g, ms @) = h*f(€)

for0se<é<ae+ (n—1)h < 1. Since (—1)“+’g is nondecreasing,
then (—1)“%+’f is convex on (0,1) [4, p.13]. It follows that

(=D i I(g, m; @) = (=10 5,47 I (g, m; @)
= (=145 f(€) = 0

for 0 <z< 2+ (n+ 1)h <1, and this inequality, together with the
fact that I (g, n; -) e M, implies that I(g, n; - ) e M,...

In the proofs that follow, f%*(a,) should be interpreted as
F®(a;) = limit f®(x) ,
z—ap

where feM, n>2,and 1 <k <n— 2. Since f* e K,,,, this limit
will always exist and be finite. It is a consequence of Lemmas 1 and
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2 that f=I(f"", n —1; -) whenever feM,, n>1, and f%(a,) =0
for 0 =<k <n — 2. It is shown in the following lemma that extremal
elements of M, can be obtained directly from the extremal elements
of K,.

LEmMmA 3. Ifge K, and f=1(g,n — 1;-), then f is an extremal
element of M, if, and only if, g is an extremal element of K,, where
n > 1.

Proof. Suppose that f is an extremal element of M,. If g, and
g.€ K, such that ¢ = g, + ¢,, then

f=I(g,m—1;+)=1(g,+ g, n —1; +)
=I(g,n—1; )+ I(g;, o —1; ).

If f;=1I(g;,n—1;+),5=1,2, then f, and f,e M, and [ = f, + f.
Since f is an extremal element of M,, there are numbers \; = 0 such
that f; = N f, 7 = 1, 2, which implies that g; = M /"™ =Ng,7 =1, 2,
and ¢ is therefore an extremal element of K,.

Conversely, if g is an extremal element of K, and f, and f,e M,
such that f=f, + f, then g, and ¢, K, and ¢, + g, = f&* " =g,
where ¢; is the (n — 1)th right derivative of f;, 7 =1,2. This
implies there are constants A; = 0,7 =1, 2, such that g, = ;9. It is
evident from the definition of f that f*(a,) = 0, where 0 <k < n—2.
This, together with the fact that f* € K, for 1 < k < n—2, implies
that f/¥(a;,) =0, j=1,2and 0 <k <n — 2.

Hence,

fi=I(g,n—1 ) =1I0Ng,mn—1; ) =NI(g,n —1; ) =N\ f

for 7 = 1,2, and f is therefore an extremal element of I,.

PrOPOSITION 1. The function e(m,& n —1; +) s an extremal
element of M,, n >1, where (—1)%—2m >0 and £€(0,1) or & = a,_,.

Proof. Since mY,_., , is an extremal element of K, whenever
(—=1)t»—V 9 >0 and £€(0,1) or &€ =a,_,, and

e(m, 57 n — 1; ') = I(mX(é,L—a,,,__l), n — 1; ') ’

the result follows immediately from Lemma 3.

PROPOSITION 2. The function e(m, a;, k; - ) is an extremal element
of M,,n > 2, where (—1)* m >0 and 1 =k =n — 2.

Proof. Since M, is a subcone of M,., and e(m, a; k; -) is an
extremal element of M,.,, it is sufficient to show that
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e(m) Ay k; * ) € Mn .
If f=e(m,a,k; ), then f=TI(f* k;.), where
S¥(x) = m%(ak,l—ak)(x) = MYo,n@) = m

for 0 <z < 1. Since f* is constant on (0,1), it follows from a
repeated application of the mean value theorem for a Riemann integral
that

A4 f (@) = 4idif (@) = BEAFP(E) = 0

for 0sae<z+(k+1DAR<1, where x< &< ax+ kkh and thus,

'fx)=0for 0<x<a2+ ph<1and p =k + 1. Hence, fe M, for
every m, which implies that f is an extremal element of M,, for
p=k+ 1.

It will follow, as a consequence of the next three lemmas, that
no other functions in M, are extremal elements of M,, n > 2.

LEMMA 4. Let fe M,, n > 2, such that f(a,) = 0, f is continuous
on [0,1] and f + e(m, a,, k; ) for (—=1)%"m >0and L<k<n— 2.
If there is an integer k such that 1 <k<n—2 and f*®(a,) # 0,
then f is mot an extremal element of M,.

Proof. Let k denote the smallest integer such that f%®(a,) == 0.
Then fe M,c M,., implies that f%™e K,,,, and it follows from
Lemma 2 that I(f¢™, k+1; -)e M,,,. Since f(a,) = 0 and f®(a,)=0
for 1 < p < k, then

IFE, k+ 15 ) =I(F%, ks +) = fP(a) I, ks ) =f — e(m, ar, &5 +)
where m = f*(a;). Since
die(m, a, k; ) = 0
for0zs<z+ph<land k+1=Zp<nand fe M, it follows that
(=DPBIFED k+ 15 0) = (=1)%4] f(z) = 0
for0<z<ax+ph<land k+1=<p=<n Hence,
f—e(m,a,k; )eM,,

where m = f*(a,), and a nonproportional decomposition of f can be
given by taking f, = e(m, a,, k; ) and f, = f — f,. Thus f is not an
extremal element.

LEMMA 5. Let fe M, n > 2, such that f+#0, fla) =0, f is
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continwous on [0,1] and f+# e(m,an k; -) for (=) m >0 and
1<ksn—2. If f2 =0 on (0,1), then f is mot an extremal
element of M,.

Proof. If f{»V = 0, then there is a positive integer ¥ < n — 2 such
that f* = 0 and f is constant on (0,1). Thus, f®(a,) # 0 and it
follows from Lemma 4 that f is not an extremal element.

It follows from Lemmas 4 and 5 that if f is an extremal element
of M,, n > 2 such that f(a,) = 0, f is continuous on [0, 1] and either
fi» =0 or f®a,)+#0 for some k, 1<k=<mn-—2 then f=
e(m, a,, k; +), where (—1)%m >0and 1<k <mn — 2.

LEMMA 6. Let fe M,, n=2, such that f is continuous on [0, 1],
i £ 0 and fPa) =0 for 0Sk=<n—2. If f is an extremal
element of M,, then f = e(m, &, n— 1; ), where (—1)"—m > 0 and
§e(0,1) or £ = au

Proof. Since f*(a;) =0 for 0 <k <n — 2, then
f=I(fe,m—1; )

and it follows from Lemma 3 that f{* % is an extremal element of
K,. Thus, f{*" = MY, p for (=1)%—m >0and £€(0,1) or & =

®,_, which implies that f=I(f"",n—1; :)=e(m,&n—1;.).
This completes the proof of Theorem 1.

2. Integral representations. The set of functions M, — M,,
n =1, forms the smallest linear space containing the convex cone
M,. With the topology of simple convergence, M, — M, is a Haus-
dorff locally convex space such that for each x€][0,1], the linear
functional L, defined by L.(f) = f(®) is continuous.

PROPOSITION 3. The set M, is closed in M, — M, for n = 1.

Proof. The linear functional F' defined on M, — M, by F(f) =
A4y f(x), for [x, © + nh] C [0, 1], is continuous in the topology of simple
covergence. By definition, M, is the intersection of a collection of
closed half-spaces corresponding to such functionals.

Since M, is closed and every n-monotone function f is nonnegative
and bounded by f(1 — @), Tychonoff’s theorem implies that the nor-
malized n-monotone functions, namely

Co={feM: 1l —a)=1},
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form a compact base for M,, n» = 1. Thus, every nonzero n-monotone
function can be uniquely expressed as a positive multiple of some f
in C, and f is an extreme point of the convex set C, if, and only
if, f is an extremal element of M, which lies in C,.

DEFINITION 5. For m =2, let m, denote the number which
satisfies the equation e(m, & n —1;1 — a;) =1, where £€(0,1) or
E=a,,. For n>2, let m, denote the constant which satisfies the
equation e(my, a,, k; 1 — a,) =1, where 1 <k <n — 2. Let ext C,
denote the set of extreme points of C,, n = 1, and let e(m,, a,, 0; +)
denote the unique function in ext C,, » = 2, which is discontinuous
at ay = (1/2) [1 + (—1)%+2]; that is, e(m,, a,, 0; x) = (1/2)[1 — (—1)%]
for 0 <z < 1, e(my, ay, 0; a) = 0 and e(m,, a, 0; 1 — a,) = 1.

The principal theorem of this section can now be stated and the
remainder of the section will be devoted to its proof.

THEOREM 2. To each feC,, n =2, there correspond unique non-
negative regular Borel measures v and pt on [0,1] and
fe(my, ar, k3 <) 0k <nmn— 2},
respectively, such that
n—2
([0, 1]) + f(a) + X ple(ms, ay, k5 )] = 1
Kooty
and

F@) = | elm, & n = 1 9) D) + f(@) + 3 aselm, as, &; o)

ksl
for each x€]0,1], where a;, = ptle(my, a, k; +)] for each k and
e(My_a,_y 1 — Guyy o — 15 +) = e(my, ay, ke +)

denotes the function which is the pointwise limit of the functions
e(me, &, m — 1; «) as & approaches 1 — a,_,. Thus, each m-monotone
function s a scalar multiple of such a representation.

Theorem 2 will be proved by using an integral reformulation of
the Krein-Milman theorem. In order to apply this result, it must
first be demonstrated that ext C, is closed.

PROPOSITION 4. The set of extreme points of C, is closed in C,,
n = 2.
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Proof. Since C, with the relative topology is a subspace of a
first countable space, it will suffice to show that if {f;} is a sequence
of functions in ext C, which converges pointwise to the function f,
then feext C, [3, p. 164]. Since all except a finite number of the
functions in extC, are of the form e(m,, &, n — 1; -), where £€ (0, 1)
or £ =a,_,, it can be assumed without loss of generality that f; =
e(m,, &, n — 1; +) for each 1.

Ifay=a,=-.- =a,, then the function in C, are convex and

_ x— & v
0 = (555 ) L@
for e (0,1). If the sequence {&;} of real numbers converges to 1—aq,,
then it is easily seen that
limit fi(x) = 0

for £€(0,1) or x = a,. Since the topology of simple convergence is
a Hausdorff topology, it follows that f(1 —a) =1 and f(x) =0,
otherwise, which implies that f = e(m,, a,, 0; -) and feextC,. On
the other hand, if {£;} does not converge to 1 — a,, then there is a
real number & = 1 — a, and a subsequence {£;} of {&;} such that {&;}
converges to £. Hence,

limit f(@) = limit (25 )" g 00(@)

gme e a — &;
r— n—1
= (T:a_io—fﬁ Liegri—ag ()

= e(meo, EO) n— 1; .’I?)

for each xe(0,1). Therefore, since the topology is a Hausdorff
topology, f = e(m., &, n — 1; -) and it follows that feextC,.

If ,=a,=+-+ =a,_, and @, # a,_,, then the functions in C,
are concave and

x — & n—1
740 =1~ (£=5)" st @
for xe (0,1). If the sequence {&;} converges to a, then

limit fi(x) =1
for x€(0,1) or x =1 — a, and f = e(m,, @, 0; -). On the other hand,
if there is a subsequence {&;} of {&} which converges to &, # a,
then
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r — 8;,‘ n—1
hmlt fi(x) = limit |1 — Lejra0 ()
jme a — &;

=1- <x — < >n_ Liepap (@) = e(me, &, n — 1; )

a, — &

for each x ¢ (0,1) and f = e(m,, &, n—1;+). In either case, it follows
that feextC,.
If there are exactly p > 0 integers k,, ---, k, such that

1sk<k< <k, =<n-2

and a,; # a,_, 1 =j = p, and a, = a,_,, then

filx) = me, [(x—&)”“_ Xegri—ag) ()

(n — 1)!
o BTN — @y — £) k(L — 2a0)"1r""J1(90 — Q)"
+ ; ( 1) irz—:'r sz‘:l (n k “‘1) (k J,._l) (kfz_kﬂl)’(kh)‘ ]

for x€ (0, 1), where
d—a — &)
(n —1)!
2 1—a,— )” Eremt (1 — 2a,)%,

R e e T T

-1
mg! =

If there is a subsequence {&;} of {&;} which converges to & # 1 — a,,
then it is easily seen that

Flo) = limit £() = e(me, &, 1 — 1; )

for each e (0,1). On the other hand, if {&} converges to 1 — a,,
then

tmit i) = m, [ 55
, izl 1 — 2ay)*r ki (x — ay)*
+ Z( 2 ,TZ_‘T P (Fop—Fe; ) (b, — ki, _)! - -(ka—kjl)!(kjl)!]

= e(mkp; akp, kp’ x)
for 2 € (0, 1), where

(1 — 2a,)*»

)"

p—1 p—1 Jg1 1 — 2a )(k,,)
_1 r (
A B T T e~y ) - (o) ()

-1
mkp

In either case, it follows that feextC,.
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Finally if there are exactly » > 0 integers k, ---, %k, such that
1=k <hk<-e-<k,=n-2anda,;+#a,,1 =<J=pand q+#a,_,
then

S NCTk Vi -
B meil: (n — ]_)! (77/ _ 1)' X(Eiyao)(x)
+ Zp“ (=1 zp: “es S (@ — &))" 9,7 (2a, — 1)%,

2 R T D),y )L -+ Gy )1 y)!

-y 1) N e = (a,—E)" "9, (2a,— 1)*, (=1 +a,)" ]
rg: (-1 ng- j§1 (n—kj,—l)! (kjr_kj'r-—l)! cee (ka__kjl)! (kh)’

for e (0, 1), where
—1
m;;

_ (@, = &)

 (n—1)!
S —1)r S 551 (@, — &) % (20, — 1)*4, .
+ Z‘l( ) jyz=:r ﬁgx (m—rk;, — D) (s, — ;) o (hos,—Tes ) (K;)!

If there is a subsequence {£;} of {&} which converges to &, # a,, then
it is evident that

flzx) = liglit fi) = e(m;, &, n — 1; )

for each z ¢ (0,1). On the other hand, if {¢;} converges to a, then

limit f3(x)
_ 20,1 (@ — 1 + a)
= | (,)! )]

p—1 . p—1 Ja—1 2a0_1)kp~kjl [(2(10——1)"1'1—(33—1—%(10)"11]
UYL
PR S e S T e

= e(mkpa akp’ kp; CU)
for x e (0,1), where
mi,

_ (a,— 1)

(Fe,)!
p—1 p—1 Jgl 2a, — 1)*»
~1) S .. 0 .
T e T Ty, )1 <+ U= o) ()]

In either case it follows that feextC, and this completes the
proof.
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DEFINITION 6. Let ¢, denote the function in extC, which is
identically one and let e(m,,, ,,1 — a@,, » —1; -) be the function
defined by

e(My—q, , 1 — @y, n — 1; 2) = limit e(m, &, n — 1; 2)

Eol—ay, 1

for 0 <z <1 and » >1. Finally, let
e(mkoa Ay ko; ') = e(ml——an_p 1- Apyy W — 1; ')

and notice that 4, =0 if o, =a,= -+ =a,_, or k, is the largest
positive integer such that a,, # a,._..

If the mapping 4: [0, 1] —extC,, n = 2, is defined by
¢(§):e(més$yn_1;') fOI'OéEél,

then it follows from the proof of Proposition 4 that ¢ is continuous.
If E = ¢4([0, 1]), then ¢ is a homeomorphism from [0, 1] onto E, since
[0, 1] is a compact space and E is a Hausdorff space. By the Krein-
Milman representation theorem, to each f in C, there corresponds a
regular Borel probability measure g on ext C, such that

L) =\ . Lap
for each continuous linear functional L on M, — M,, since both C,
and ext C, are compact subsets of M, — M,, n=2. For 0 <2 <1,
the evaluation functional L, defined by L.(f) = f(x) is continuous
on M, — M,, so that

fa =\, L

(1) h nez
= | Ldp + pte) + S, em, au, 15 D)pletms, a, & )]
kg

for each x¢[0,1]. Define v on each Borel subset B of [0, 1] by
v(B) = plé(B)]; i.e., v = pg .
Since L.[¢(5)] = e(m;, &, n — 1; x), then

[ Zodp = | Lpdus) = | etme, &, n—1; ) (@)

P
for 0 <2 <1. Finally, by observing that pu(e) = f(a,), since ¢, is
the only function in ext C, which is positive at a,, Equation (1) can
be written as
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@) = | etme, 8,0 — 1 ) (@)

n—2
+ f(a/()) + kz_zi) e(ml»'y ak, k; f(/') ;‘ [e(mk, a’lcy k; ° )] .
kekg
It remains to prove that g is unique. Since g is supported by
ext C,, then x is a maximal measure in Choquet’s ordering [6, pp. 24,
70]. Thus, by the Choquet-Meyer uniqueness theorem, it suffices to
prove that C, is a simplex [6, p. 66].

LEMMA 7. Suppose fe M, — M, and n=2. Then there ts a
function ge K, such that g — f" Ve K, and if h s any function
wm K, such that h — fi»Y e K,, then it must follow that h — ge K,.

Proof. First assume that 4,_, =1, = 0. Since f* Ve K, — K,,
then f{* is of bounded variation on every interval [0, x], where
0 < 2 < 1. Define g(x) = f*"(0) + P¢(f""), where Py(f{"*") denotes
the positive variation of f{» ¥ over [0,2], 0 < x < 1 [8, p.85]. Then
both ¢ and ¢ — f{* ¥ are nonnegative, nondecreasing and right-con-
tinuous on [0,1). If he K, such that 2 — f{" Ve K,, then it follows
that 2 — ¢ is nonnegative, nondecreasing and right-continuous on
[0, 1). Therefore,

0<limitI(h —g,n—1; %) glirlnitl(k,n~ 1L 2),
z—1—ag z—o1—a,
which implies that both ¢ and 2 — g are in K,.
If 7,_, and 4, are not both zero, then define

y = (1/2) [1 — (=1)"(1 — 20)]
and
F(z) = (=1)"=f(y) for0=ae<1.

Let G(x) = F(0) + P/ (F) for 0 <2 <1 and define g(z) = (—1)%—G(y).
Then g and g — f" Ve K, and it follows from the first part of the
proof that if # and h — f"" e K,, then h — gec K,.

DeErFINITION 7. If % is a function in M, — M,, n = 2, then define
the functions u;,, 0 <k <n — 2, by

uo() = u{a,) and
u (@) = IT{uw®(a), k; ©) forl1<k<n—2

where € [0, 1].

LEMMA 8. Suppose fe M, — M, and n =2. Then there is a
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Sfuntion ge M, such that g — fe M, and if h is any n-monotone
function such that h — fe M,, then it must follow that h — ge M,.

Proof. First assume that f*(a,) =0 for 0 <k <% — 2 and let
g denote the function in K, guaranteed by Lemma 7. Define g =
I(gr, m—1; -); then ge M, and

9—f=I(¢? —fr7,n—-1 )eM,.

If » is an m-monotone function such that A — fe M,, then A»" and
hY — fi»Y e K, and it follows that Al — g0 Ve K,. If h%(a,) =0
for 0 <k <n— 2, then

h—g=Ihr" —gri n—1;-)eM,.

If there is some integer p such that 0 < p <n — 2 and h®(a,) # 0,
then let

|
o

n

}—L:h— h/ky

=
Il
°

where h, = h(a,) and h, = I(A"*(a,), k; -) for 1<k <nmn— 2. Then
h%(a,) =0 for 0<k<mn—2 and h and h — fe M,, since h and
h — fe M, (cf. proof of Lemma 4). It follows that » — ge M, which
implies that

h—g:ﬁ—g+§heM;

since A, is an n-monotone function for 0 <k < n — 2.
On the other hand, if there is a nonnegative integer p < n — 2
such that f*(a,) # 0, then let

n—2

f_zf'“kgza)fk

where f, is given by Definition 7. Since fe M,— M, and f*(a,) = 0
for 0 <k <mn— 2, it follows from the first part of the proof that
there is an n-monotone function g such that § — fe M, and if & is
an n-monotone function such that » — fe M,, then h — ge M,. Let
k;, 0 <j <p<mn-—1, denote those integers for which

(= 1) f*(ay;) >0
and define
g = g + jgafkj .

Then g e M, since
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fkj = I(f(kj)(akj)’ ka; ') = e(f(kj)(akj), akjy kJ; ')e Mn

for 0 <75 < p, and
g—f=§+2fkj—f=§—f—k%fkeMn
J=0 j

since —f,e M, if k + k;. Suppose that h is an n-monotone function
such that o — fe M,. Then

h—f—3(h—fhel,
which implies that

h=f =3 h=f=h—f=Sh=Ft+ 3 0= ye M,
since (h — f)i; € M,(cf. proof of Lemma 4). Since h, is an n-monotone
funection for 0 <k <n — 2, then
h—f+>2fi=h—f=2> (e —fi) + 2> h:
k#kj k#kj k#kj
=h—-f-3 (h—f)k+2 hpe M, .
=vy bk ;

Therefore,

h=3fi,~F=h—=F+3 ficl,
and h — 2% fi; € M, since h — 3%, by, € M, and

h= 3 fi = h = S+ 3 Oy = fe) = h = S, + 3 (b F), -

It follows that & — 37, fi, — § € M,, which implies that r — g e M,.

If the function g of Lemma 8 is denoted by f VY 0, then the least
upper bound of two functions f, and f,e M, — M, can be given by
fi+ (f;—f)V 0 and therefore M, — M, is a vector lattice. Thus,
C, is a simplex and the proof of Theorem 2 is complete.

3. REMARKS. If 4, = 0, then C, is the set of functions f which
are monotonic and convex on [0, 1] such that max {f(z): 02 <1}=1.
If 4, = 0, then the C, functions are nondecreasing and e(m,, &, 1; z) = 0,
xe|0,¢&] and (x — &)/(L — &) for xe[&, 1], where 0 < £ < 1. Thus, to
each feC, there corresponds a unique nonnegative regular Borel
measure v on [0, 1] such that

7@ = 10 + [ S=L o)
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for 0 < 2 < 1. On the other hand, if 4, = 1, then these functions are
nonincreasing and e(m,, &, 1;2) =1 — (w/§),xe[0,£] and O for
xe[é, 1], where 0 < ¢ < 1. It follows from Theorem 2 that to each
f in C, there corresponds a unique nonnegative regular Borel measure
v on [0, 1] such that

f@ =5 + | 1= @) e

for 0 <2 < 1.
If 9, =0 for every k <mn, then e(m, & n —1;2) =0, z€]0, ]
and [(x — &)/A — &)]** for xze[&, 1], where 0 < & < 1, and

e(my, 0, k; ) = «*

for « [0,1], where 1 <k <n — 2. Thus, for each function f in C,,
there exist unique nonnegative real numbers «,, ---, a,_, and a unique
nonnegative regular Borel measure v on [0, 1] such that

_ n—2 " Sz x — S n—1
F@) =50 + Fast+| ($=5)7 e
for 0 < x < 1. In this case, the intersection of the M, cones is the
class of absolutely monotonic functions on [0, 1]. It is well known that
if fe(C, for every =, then

f@) = 370 (@"/nl)

n=0

for 0 <+ < 1. For a discussion of these cones see [5].
Lastly, if 4, = (1/2)[1 + (—1)*] for 1 < k < m, then

e(m, &, m—1; ) =1 — [1 — (x/8)]*,
xe[0,&] and 1 for ze[€, 1], where 0 < & <1, and
e(my, 1, k;2) =1 — (1 — x)*

for x€[0,1], where 1 <k <n — 2. It follows from Theorem 2 that
for each function f in C,, there exist unique nonnegative real num-
bers «,, «++, a,_, and a unique nonnegative regular Borel measure v
on [0, 1] such that

F@=1-Sa-o - | [L - @I e

for 0 < # < 1. In this case, the C, functions were called alternating
of order » by Choquet [2,p.170]. It can be shown that if feC,
for every m, then

o

f@) =3 Q) [(@ — 1*/nl]

n=0
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for 0 < ¢ < 1. For a proof of this fact together with a discussion
of these cones see [7].

REFERENCES

1. R. P. Boas, Jr. and D. V. Widder, Functions with positive differences, Duke Math.
J. 7 (1940), 496-503.

2. G. Choquet, Theory of capacities, Annales de 'Institut Fourier, 5 (1953 and 1954),
131-296.

3. J. L. Kelley, General Topology, D. Van Nostrand, Princeton, New Jersey, 1955.

4, M. A. Krasnosel’skii and Ya. B. Rutickii, Convex Functions and Orlicz Spaces
(Translation, AEC-tr-4311), State Publishing House of Physico-Mathematical Literature,
Moscow, 1958.

5. E. K. McLachlan, Extremal elements of the convex cone Bn of functions, Pacific J.
Math. 14 (1964), 987-993.

6. R. R. Phelps, Lectures on Choquet’s Theorem, Van Nostrand Mathematical Studies
7 (1966).

7. R. M. Rakestraw, Extremal elements of the convex come An of functions, Pacific J.
Math., 34 (1970), 489-498.

8. H. L. Royden, Real Analysis, Macmillan, New York, N. Y., 1963.

9. D. V. Widder, The Laplace Transform, Princeton Mathematical Series 6 (1946).

Received March 15, 1971.

UNIVERSITY OF MISSOURI



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

H. SAMELSON J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94305 University of Southern California

Los Angeles, California 90007
C.R. HoBBY RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E.F. BECKENBACH B.H. NEUMANN F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO

MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH

UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON

OREGON STATE UNIVERSITY * * *

UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two
must be capable of being used separately as a synopsis of the entire paper. The editorial
“we” must not be used in the synopsis, and items of the bibliography should not be cited
there unless absolutely necessary, in which case they must be identified by author and Journal,
rather than by item number. Manuseripts, in duplicate if possible, may be sent to any one of
the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All
other communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the
price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to
individual faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 270,
3-chome Totsuka-cho, Shinjuku-ku, Tokyo 160, Japan.



Pacific Journal of Mathematics

Vol. 43, No. 3 May, 1972

Max K. Agoston, An obstruction to finding a fixed point free map on a manifold . ... 543
Nadim A. Assad and William A. Kirk, Fixed point theorems for set-valued mappings

Of CONITACHIVE TYPE . . ..ot 553
John Winston Bunce, Characterizations of amenable and strongly amenable

CH-algebras. . ... ... 563
Erik Maurice Ellentuck and Alfred Berry Manaster, The decidability of a class of

AE sentence in the isols .. ... e e 573
U. Haussmann, The inversion theorem and Plancherel’s theorem in a Banach

SPUACE .« o v e e et e e e e e e 585
Peter Lawrence Falb and U. Haussmann, Bochner’s theorem in infinite

AIMEISIONS . . o ettt et e e e ettt et e 601
Peter Fletcher and William Lindgren, Quasi-uniformities with a transitive base . . . . . 619
Dennis Garbanati and Robert Charles Thompson, Classes of unimodular abelian

GTOUP MAITICES « o v oot e et e e et e e e e e e e e et e e 633
Kenneth Hardy and R. Grant Woods, On c-realcompact spaces and locally bounded

NOTMAL JURCHIONS . . . oo ettt ettt e 647
Manfred Knebusch, Alex 1. Rosenberg and Roger P. Ware, Grothendieck and Witt

rings of hermitian forms over Dedekind rings............................... 657
George M. Lewis, Cut loci of points at infinity............c.couuiiiieiiiiiieennnn. 675
Jerome Irving Malitz and William Nelson Reinhardt, A complete countable L 31

theory with maximal models of many cardinalities ....................... ... 691
Wilfred Dennis Pepe and William P. Ziemer, Slices, multiplicity,

Keith Pierce, Amalgamating abelian ordered groups . . ........
Stephen James Pride, Residual properties of free groups. . . .. ..
Roy Martin Rakestraw, The convex cone of n-monotone functio
T. Schwartzbauer, Entropy and approximation of measure prese
ranSformations ............ouuueeuiie il
Peter F. Stebe, Invariant functions of an iterative process for m
polynomial........ ... . ... .
Kondagunta Sundaresan and Wojbor Woyczynski, L-orthogona
PREASUTES . . . v sttt ettt
Kyle David Wallace, C;-groups and \-basic subgroups . .......
Barnet Mordecai Weinstock, Approximation by holomorphic fu
product sets in C™ ... .. ..
Donald Steven Passman, Corrections to: “Isomorphic groups a
Don David Porter, Correction to: “Symplectic bordism, Stiefel-
and a Novikov resolution” .............................
John Ben Butler, Jr., Correction to: “Almost smooth perturbati
OPEYALOTS” ..
Constantine G. Lascarides, Correction to: “A study of certain s
Maddox and a generalization of a theorem of Iyer” ... ...
George A. Elliott, Correction to: “An extension of some results
reduction theory of von neumann algebras” .............
James Daniel Halpern, Correction to: “On a question of Tarski
theorem of Kurepa” . .......... . ...




	
	
	

