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Let (X, 3) be a measurable space and H be a Hilbert space.
Let ¢ be a measure on S with values in H such that p(A)
is orthogonal to u(B) if A, B are disjoint sets in . Such
measures are called orthogonally scattered measures and have
been extensively studied during the past two decades by
several authors. In this paper, the concept of lattice orthog-
onally scattered measures is introduced, this being a natural
analogue of orthogonally scattered measures, when the meas-
ure ¢ takes values in a topological vector lattice. The main
purpose of this paper is to study (1) Hahn extension, (2)
Representation and (3) Radon-Nikodym theorem of lattice
orthogonally scattered measures.

1. Introduction. In spite of many questions yet to be answered
the theory of vector measures (i.e. measures taking values in a Banach
space) seems to be a well-developed discipline today, Dinculeanu [1].
In particular when the range of the measure is a Hilbert space and
the measure is orthogonally scattered (i.e. has orthogonal values on
disjoint sets) the theory is especially deep and elegant and its origins
go as far back as the early Wiener paper [13]. As highlights of this
theory we mention the description of the space of real functions that
are integrable with respect to such a measure and the applications
of harmonic analysis of such measures to stationary Stochastic pro-
cesses in the Wiener-Kolmogorov prediction theory.

Unlike his predecessors, recently Masani [6] (cf. also [7]) wrote
an expository paper on the subject without using any probabilistic
terminology. Generalizations of this theory were pursued in several
directions by a number of authors. All of them, to the best of our
knowledge, were trying to replace the Hilbert space in the range of
the measure by a more general space (not necessarily even locally
convex) while retaining the property of “independent” scatteredness
of values of measure on disjoint sets. For example, the “independent”
scatteredness may mean orthogonality of ranges of operators when
the values of the measure are hermitian operators in a Hilbert space,
and it means stochastic independence in the case of general random
measures considered in Urbanik [12]. When the range space is a
topological vector lattice, we have a natural concept of orthogonality
namely the lattice theoretic one. In the present paper, we are making
an attempt to study vector-valued measures taking values in certain
topological vector lattices interpreting “independent’ scatteredness in
terms of lattice theoretic orthogonality (l-orthogonally scattered mea-
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sures). The elegance of the Wiener-Kolmogorov theory stems from
the fact that the positive measure associated with the Hilbert-space
valued orthogonally scattered measure is not only mutually absolutely
continuous with respect to the vector measure in question but it is
also algebraically closely connected with it, [5]. In the case under
consideration, we have a similar advantage.

It might be mentioned that there are several orthogonality con-
cepts available in arbitrary Banach spaces. For an extensive discus-
sion of such concepts we refer to James [4]. As pointed out in [4]
the most interesting of these concepts is the following. (D) Let B
be a Banach space. If z,ye B,x is said to be orthogonal to y if
| + Myl = ||2]|| for all real numbers A. It has been shown recently
in Sundaresan [11] that if dim B = 2 and if F' is a continuous function
on B— R such that F(x + y) = F(x) + F(y) whenever « 1 y then F
is of the form c||z|* + l(x)(l(x)) where e B* if B is a Hilbert space
(if B is not isometric with a Hilbert space). It is for this reason that
we have not considered measures orthogonally scattered where orthog-
onality is interpreted following the definition in (D).

In this paper we discuss the following three problems concerning
l-orthogonally scattered measures:

(1) Hahn extension of these measures (§3).

(2) Representation theorem for such measures (§4).

(3) Radon-Nikodym theorem for these measures (§5).

Finally, we indicate some applications to random measures in the
concluding §6. The problem in §6 is the essential motivation for the
results discussed in §§3-5.

The theory of o.s. measures, [6] and the theory of l.0.s. measures
have some similarities. When the range space is a Hilbert space L,(),
the theory of l.o.s. measure is a special case of o.s. measure. How-
ever, the l.o.s. measure need not take values in a Hilbert space. The
theories are independent of each other in general.

2. In this section, we state the notation, a few definitions, and
elementary facts which are required in the subsequent sections.

If (%, A, V) is a vector lattice and x, y€X then x is said to be
orthogonal to y in the lattice theoretic sense, in short x Ly, if [x|A
|y = 0. For basic definitions and properties of a vector lattice, see
§§2 and 3 in Chapter XII, Yosida [14]. In what follows, ¥ is a vector
lattice of equivalence classes of measurable real-valued functions on
a measure space (2, Y, 1), where 2 is a set, 2 is a o-algebra of sub-
sets of 2, and p is a o-finite extended real-valued positive measure.
We adopt here the measure theoretic terminology in Halmos [2]. A
functional (nonlinear in general) F:X — R is said to be additive if
F(x +y) = F(x) + F(y) if x Ly. If ¥ is a topological vector lattice,
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we require F' to be continuous. An additive functional o on a vector
lattice is said to be a modular if (1) 2 =0=p®) =0, 2) |z| = |y| =
o) = o(y), 3) 0 ==, supp@,) < < ==1rec¥, and o) = sup O(z,)-
A vector lattice equipped with a modular is called a modular space.
For a discussion of modular spaces, we refer to Matuszewska and
Orlicz [8]. Condition (8) implies the axiom C of completeness in [8].

A function [|-|| on a vector space into nonnegative real numbers
is called an F-norm if (a) ||#]|=0<=x =0, (b) ||—2]| = ||#]|, and
() llz + yll = ll=z|] + ||y]| for all vectors # and y. An F-space is a
vector space, E, equipped with a F-norm ||-]|| such that the metric
space (E,d), where d(z,y) = ||& — y||, is complete.

If (%, p) is a modular space then the function

def

|, = inf {a{p(%) <aa> 0}

is an F-norm on X rendering ¥ an F-space. The F-norm |[|-||,, induced
by the modular o, is said to be absolutely continuous if o(x,) — 0=
|2.]lo — 0. In what follows, we always assume that the F-norm in-
duced by the modular under consideration is absolutely continuous.
For a discussion of the absolute continuity of ||-||,, we refer to [8].

%, stands for a pre-ring of subsets of a set T i.e. (1) A, Be <&, =
AN Be, (2) A, Be &, AC B there is a finite increasing sub-family
C, ++-,C,eFZsuchthat A=C,, B=C,and C;~C;_,€ &, 1=1, «++, n.
We denote the o-ring generated by <, by <.

DEFINITION. (a) A mapping &: 8,— ¥ is said to be a l-orthogonally
scattered (l.o.s.) measure if £(A U B) = &(4) + &B), and &(A) L&(B)
whenever ANB= @, A, Be &, and AU B¢ Z,.

(b) If X is a topological vector lattice then é&: <7, — X% is said to
be a countably additive l-orthogonally scattered (c.a.l.o.s.) measure if
& is a l.o.s. measure and in addition &UJ:, 4;) = >, &(4;) whenever
{4;} is a pairwise disjoint sequence from <&, such that Uz, 4; € .

ExAMpPLE. (Indicator c.a.l.o.s. measure.) Let T = 2, & = ¥ and
f €X where X is normal (i.e. if g€¥%, ¢’ is a nonnegative measurable
function such that 0 < ¢’ < g then ¢’eX). Then & defined by the
formula ¢/(4) = f-%, is a c.a.l.o.s. measure on ¥ into X.

If £ is a c.a.l.o.s. measure on <& with values in a topological
vector lattice X and F' is an additive functional on X then, &, = Fo&
is a countably additive real measure on <. We collect here few
elementary facts concerning & and £,. Since the results are immediate
consequences of the definitions, the proofs are not supplied.
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(1) If A, Be %, B~ Ac % and A ~ Be 4, then
F(§(A) — &(B)) = F(§(A ~ B)) + F(—&(B ~ A)) .
(2) If A, Be Z, BC A, A~ Be 7, then
F((A) — &B) = F(E(A)) — F(&(B)) -
(3) If A, Be.= and A~ Be <7, then
A~ B) =¢&A) — AN B).
(4) If A, Be F, A~ Be Z, B~ Aec Z, then
£(A4B) = £(A) + &(B) — 25(AN B) if AdBe 7, .

Further, we have the following elementary lemma.

LeMMA 1. Suppose & %, — X is a c.a.l.0.5. measure and F:X— R
is an additive functional. Then the following two statements are

equivalent.
(a) For all A, Be <%, such that B A

F(E(4) — &B) = v(4) — v(B)

where v. B, — R 1s a c.a. measure.
(b) &, =v.

3. Here we proceed to discuss the Hahn extension of c.a.l.o.s.
measure defined on a pre-ring .2Z,. In this connection we recall the
classical Hahn extension theorem on p. 54 in Halmos [2]. For con-
venience if v is any real countable additive measure on .2%, then its
Hahn extension to <% is denoted by V.

THEOREM 1. Let & <5, — X be a c.a.l.0o.s. measure where (%X, 0)
is o modular space and &, is the Hahn extension of &, to <&. Let
 ={AlAe Z#,:,(A) < =} Then there exists a unique extension
E of & to 7 such that (), = &,

Proof. Let <# be the ring generated by <%. Let & be an ex-
tension of & to &#. The existence of such an extension is verified
as follows. If Ae.cZ, choose an arbitrary family of pairwise disjoint
sets A, +++, A, €. such that 4 = Ui, 4; and let £(4) = D1, &(A4).
It is verified that & is a c.a.l.o.s. measure on <% into ¥ and an ex-
tension of &, By Theorem D, p.56 of [2], it follows that if Ae &,
e > 0, there exists Be.&# such that £,(A4B) < e. Thus there exists
a sequence {B,} C < such that £,(A4B,) —0 as n— . Further it
is verified that £,(B,4B,) — 0 as 1 — co. Since
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it follows that
0(E(Bn~ B,)) 0 and (B, ~ B,)—0.
Hence, from (1) in §2
P(E(Byn) — &(B,) — 0.

Since p is absolutely continuous
[[6(Bn) — &(B,)||—0.

Since X is complete, there exists an xe€ ¥ such that &B,) — . If not
{C,} © & is another sequence such that £,(44C,) — 0 then &(C,) —y
for some ycZX. Since &,(B,4C,) — 0, p(&(B,) — &C,)) —0. Hence
[|6(B,) — &(C,)||—0. Thus z=1y. Let & . —ZX be the function
defined by &(4) = lim&(4,), if {4,}C < is a sequence such that
£,(A4A,) — 0. Indeed &, thus defined, is a c.a.l.o.s. measure on & .
For let A,Be #,ANB=g. Let {A4,},{B,} be sequences in &2
such that &,(44A4,) — 0, and &,(B4B,) — 0. Arguing as in Theorem
A, page 168, Halmos [2], it is verified that &,((4, ~ B,)44) — 0, and
£,((B, ~ A,)4B) — 0. Hence £(A, ~ B,) —&(4), and &(B, ~ 4,) —&(B).
Arguing as in the proof of Lemma 1 in [8], it follows that there
exists a subsequence {n;} of integers such that §(A,,i ~ B,) —£(4)
and &(B,, ~ A,)—&(B), ¢t a.e. Since £(4,,~ B,) LE&®B,, ~ 4A,) it
follows that £(4) L&(B). Further 4 U B) = lim &((4, ~ B,) U (B, ~
A,)) = E(A) + E(B). From the definition of &, it is verified that £ is
£ ,-absolutely continuous. Thus from the preceding it follows that &
is a c.a.l.o.s. measure, since £, is countably additive. An easy ap-
plication of Lemma 1 yields (£,) = &,| & .

We proceed to exhibit a counterexample to show that in general
a c.a.l.0.s. measure does not admit a Hahn extension with respect to
arbitrary additive functionals on %.

ExAMPLE. Let <2 be the ring of all finite unions of disjoint
bounded left-closed right-open intervals in the real line B. Let X =
L,(¢) where p is the Lebesgue measure.

X is a vector lattice under the natural partial ordering z < y
whenever x(f) < y(t) for ¢ almost all e BR. Let ¢: R— R be a con-
tinuous function such that ¢ has support in [1/2, 1], # not identically
0, and range ® C [0, 1]. Let F be the additive functional defined by

Flo) = Skgv(x(t))d;z(t) ,  zeX.
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F is well defined since @oz is a bounded measurable function
with bounded support. Let &: .2 — L,(¢) be a c.a.l.o.s. measure de-
fined by

fA) = S L0
n

where I, = [n, n + 1).

It is verified that if &, is the extension of &, to 0(<2), then
E(R) < oo, indeed &,(R) = lim &,[0, n) = &,[0,2). If & has an exten-
sion & to .7 = {A|AC R, E,(A) < =}, then since £,(R*) < <, &(R")
is defined. However, since & is c.a.l.0.s. measure

ERY) = REL) = S,
which is not in L,(z), a contradiction.

4, In the present section we deal with certain structure theorems
for c.a.l.o.s. measures. We recall briefly the necessary terminology.
(@2, 2, 1) is a measure space where ¥ is a o-algebra of subsets of 2
and g is an extended real-valued nonnegative measure. If <7, are
two o-rings of sets then a mapping ¢:.%% — <%, is said to be a o-
homomorphism if A;e.<Z,7=1 implies (U 4;) = UT(4;,) and
T(A, ~ A) = T(4) ~ T(4y.

PROPOSITION 1. Let X be an F-space of equivalence classes of
measurable real-valued functions on a measure space (2,23, t), (1t not
necessarily o-finite and let &: & —X be a c.a.l.0.s. measure on a oO-
ring B(C2"). Then there exists a function feX and a o-homomor-
phism h': & — 34 such that

E(A):thdmy AeZ# .

Proof. We note that if .o~ < &# such that A, A,€.%” implies
A NA = and Ac.o7 implies £(4) # 0 then card .o~ < W,. For if
card .7 > W, consider {||£(4)]|| A e .o7}. There exists .o .o card
7 = N, and a positive number « such that 4 .97 implies [[£(4) || > a.
In such a case, since & is an l.o.s. measure it is at once verified that
(3= £(A) | As € %}, 1s not a Cauchy sequence. Hence it does not
converge to £(U 4;), a contradiction.

Now applying Zorn’s lemma it follows that there exists a maximal
family .o4 C <& such that .94 is pairwise disjoint and A4 €.% implies
£(A) = 0. Let T, = Uuc-, 4 and &(T) = feX. Let b1 & — 34 be
the mapping defined by A‘(4) = sup &(4), Ae <. The mapping A’
is a o-homomorphism on &Z into 3/4. Indeed
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W(AU B) =sup (§(A~ B) + £&(AN B) + &B ~ A))
(1) = sup (§(A ~ B) + §(AN B)) Usup(§(ANB) + (B~ 4))
= h‘(A) U h*(B)

and
if Ac B then
(2) h'(B ~ A) = h'(B) ~ h'(4)

since h‘(B) = h*(B ~ A) U h*(A) and h‘(A) and h*(B ~ A) are disjoint.
The fact that A is a o-homomorphism is implied by the c-additivity
and l-orthogonal scatteredness of &. Now if Ac T, (the case A¢ T,
may be reduced to the latter because £(4 ~ T,) = 0) then T, = AU
(T, ~ A) and

f=8T) =§(4) +&(T,~ 4) .
Hence

I = s + Fhnsggar +

Since £(A) L &(T, ~ A) and support fxs = his(A) = support £(4) we
obtain &(A) = fYs4), completing the proof of the proposition.

A o-algebra of sets is said to be o-perfect if every o-filter is
determined by a point. We recall that a sub-family & of a g-algebra
Y of subsets of a set 2 is said to be a o-filter if (a) Ae &, BD A,
Be Y implies Be . #, and (b) A;e 5,1 =1 implies N4;e . A
filter & of sets in Y is said to be determined by a point ¢ if & =
{A|Ae X, xe A}. Further we note that every o-algebra of sets is
isomorphic to a o-perfect o-algebra of sets, Sikorski [10]. We proceed
to show that Proposition 1 concerning the structure of & could be
improved in certain special cases. We adopt the following notation:
.2, 2, p) is the space of all bounded measurable functions f on
(2,2, ) and L.(2, 2, pr) is the space of all equivalence classes of
(2,2, ). In the next proposition we choose for X = L.(2, 2, )
with <2, 3 f — (f)*e L.. as the canonical mapping.

ProrosITION 2. If pis o-finite, &: &B — L,(2, 2, p) s an c.a.l.o.s.
measure on a o-perfect o-algebra <Z of subsets of T then the homo-
morphism h* of the preceding proposition is tnduced by a pointwise
mapping, t.e. there exists a mapping 7: 2 — T and there exists an
feZ(2, 2, 1) such that

(*) §(4) = (fNZz-l(m)A y Ae &Z .

Proof. From the hypothesis on y (causing its strict localizability)
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there exists a lifting on L. i.e. a multiplicative linear mapping
N: L, — 2, such that (@) (W) = f, ) M1) =1, (¢) f=0=1(f) = 0.
(Chapter 4, Ionescu-Tulcea [3].) It follows that \ is continuous and
it is a vector lattice homomorphism. Hence No&: Z — &2, is a
c.a.l.o.s. measure. Now we proceed as in the proof of the previous
proposition. Let us define h: <& — ¥ by setting h(A) = support M(E(A))
and as before it is verified that % is a ¢-homomorphism of <& into
Y. Since <& is o-perfect, every o-homomorphism of <Z into any o-
algebra of sets is induced by some point-wise mapping [10]. Hence
there is 7: 2 — T such that h(4) = t7'(4), Ac &£. As in Proposition
1, it is verified that M(E(A)) = fi.—14, A€ <, f being by definition
equal to M(E&(T)) from which (*) follows.

Since for 1 < p < oo there exists no positive linear lifting on L,,
the proof of Proposition 2 cannot be carried over for L,-spaces. Hence,
in general, we cannot claim that every c.a.l.o.s. measure is a com-
position of indicator c.a.l.o.s. measure and some rearrangement (7) of
the underlying set. However, if we restrict the class of o-algebras
& on which & is defined, we can prove the similar result. For com-
pleteness sake, let us recall that the o-algebra <Z is said to be an
absolute Borel o-algebra if it is a o-algebra of Borel subsets of a
topological space homeomorphic to a Borel subset of a Hilbert cube.
For instance, every o-algebra of Borel subsets of a separable complete
metric space is absolutely Borel. See page 138 in [10].

PRrOPOSITION 3. Let X be an F-space of equivalence classes of real-
valued measurable functions on a measurable space (2, 3, p), ¢ not
necessarily o-finite, and let &: <& —X be a c.a.l.0.s. measure on the
o-algebra B of subsets of T where it is assumed that <& is absolutely
Borel. Then the o-homomorphism h* of Proposition 1 is induced by
a potnt-wise mapping i.e. there exists a function f€¥ and a mapping
T: 2 — T such that

E(A):f'xﬁ‘l(zl)’ Ae <z .

The proof of this proposition is very similar in details to the
preceding one after noting Theorem 3.2.5, p. 139 [10]. Therefore, the
details are omitted.

5. The real measure £, as defined in §2 is absolutely continuous
with respect to the c.a.l.o.s. measure &, and in this section we discuss
the existence of Radon-Nikodym derivative of & with respect to &;.

THEOREM 2. Let &1 F — L, (2,2, 1), 1 < p < o, be an c..al.0.s.
measure. Let F be a fized nonnegative additive functional on L,(2, 2, p).
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If there ewxists Aec B such that (1) 0 < §,(4) < =, (2) (4, F, |&)
18 a mom-atomic measure space, where |&| is the total variation of &
and 2, is the trace of <& on A them & does mot admit a Radon-
Nikodym derivative with respect to &y.

Proof. We can assume that & is absolutely continuous with respect
to &5 for otherwise & does not admit a Radon-Nikodym derivative.
Further, let f be the function in L,(@2, 5, zt) determined by & so that
&(A) = f *Xnsa, B* being the map defined in Proposition 1, §4. For
the sake of simplicity and without loss of generality, we assume that
f = 0. Because of the representation of & and since & << &, it is
verified that [£| << &7. Indeed, if Be <# and &(B) = 0 and |£|(B) =
6 > 0, there exists B, e &# such that [|£(B)]|| > 0. Hence £(B,) # 0.
Since F' is additive, &§(B) % 0. Since &(B) =0 and f =0, fYuzy =
&(B) = 0. Further we note the following: (a) there exist « > 0, and
A,e Z,A CA such that §(A) # 0 and )iy = Ay, (b) the
measure &5|3, << ph'|X,. For if (a) were to be false then for each
a > 0 and for every set BC A, Be && such that £(B) # 0 there exists
a set B, Be &, B CB with fus) < a Pick A, C A such that
£(4) # 0 and fYuuy < @ Then either (A ~ A,) = 0 or else repeat-
ing the above procedure we obtain £(4,) = 0 and [,y < @ Thus
we obtain a finite family of pairwise disjoint <Z-measurable sets
{A,, A,, -+, A,} such that §(4A ~ Ui, A) = 0 and fuswap < @ or else
there exists an infinite sequence of pairwise disjoint <#-measurable
sets {A}izy, §(4) # 0 such that fyuusy <a. In the first case,
FAnsy < @ We shall show in the second case also the same holds.
Let

I'={{A}|l AiNAj = @,1%# 7, Aie Z, A,C A and [y < a}.

Partially order I" by inclusion. If " is a chainin I"and if A, Be U¥
then AN B = @. Since Ae U & implies £(4) = 0, U & is countable.
Further Ae U & implies fyus4 < @ Thus U <& is a member of I
Hence by Zorn’s lemma, there exists a maximal sequence .7 =
{Aix.}el’. Now if £(A ~ Uiz 4;) # 0, it is verified that the maxi-
mality of .o is contradicted. Thus

§(A) = EUA) = Flascay < -

ie. fows < a Thus if (a) is false for every a >0, fylua < @.
Since f = 0 this implies that £(4) = fYusw = 0, contradicting &,(4) >0.
This completes the proof of (a) and there exists A, e F, A, C A,
§(A)) # 0 such that fsu, = a)ss, for some positive number a.

(b) follows directly from the representation of & stated in Pro-
position 1.



794 K. SUNDARESAN AND W. A. WOYCZYNSKI

Since
1) P = §fﬂxh4mdy < o

for all Ce &#,CC A, it is verified that poh’| Y, is a finite measure.
Since 7|2, is a finite positive measure, we can chose a 8 > 0 such
that &,(4) — Buoh'(A) > 0. If for every BC A, Be &, &,(B) —
Bttoh'(B) = 0 then £;(B) = 0 implies 2o h*(B) = 0i.e. (*) poh’| 3, <<
Er12,4. Thus either (**) there exists a set 4, A, such that 0 %= v =
EplZ4y, — Bk 2, =0 and v(4;) < 0 or else (*) holds. Next sup-
pose (*) holds. Since &(A,) == 0 from the representation of & it is
verified that poh?(4,) = 0. Hence from (*) it follows that £,(4,) =+ 0.
Thus there is a real number 8 > 0 such that (Bu-r’|2,, — &5)(4) > 0.
Hence from Jordan decomposition theorem it follows that there is a
& -measurable set A, C A, satisfying the property (**). Thus from
the preceding remarks we can choose the set A itself to have the
properties

(1) there exists a > 0 such that fy,s > Afnsa»

(2) there exists a v > 0 such that for all Be <#, BC A, £,(B) <
Yo B (B).
Now choose a pairwise disjoint sequence of <Z-measurable sets {4,};z.,
A;C A, E(A) # 0. Since & << &y, Ex(4;) > 0. We complete now the
proof of non-existence of Radon-Nikodym derivative of & with respect
to &, by discussing the two cases 1 < p < o, p = o« separately. If
1< p< o with the sequence {4;};~; as chosen above consider the
inequality, for 7 = j, (¢, j, sufficiently large),

l T ‘ Er(A) S Anaap — Er(A) S Anacay ||P

> S [P lwsiso VOE - a4,
T &) Topeki(4)

SAnacap _ SAnaa
E(4) T G

o’
7

Thus the sequence {f))s,/Er(A)}iz, does not admit a convergent sub-
sequence. Hence it follows from Theorem 1, Rieffel [9] that &, does
not admit a Radon-Nikodym derivative with respect to & If p =

it is verified that
l FAnacay _ Sty >' S Anacay I «
E.(A) T EHA) 1T @) [T @

for 4, j sufficiently large. Once again applying Rieffel’s theorem, the
proof of the theorem is completed for the case p = co.

REMARK 1. We note from the preceding theorem and Theorem
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1 in [9] that & admits a Radon-Nikodym derivative with respect to
&y iff

(1) §<<ép

(2) |£&|, the variation of &, is a finite measure and

(8) (T, &, |&]) is purely atomic.

REMARK 2. In §4, Masani [6] obtained sufficient conditions for
the non-existence of Radon-Nikodym derivative of a c.a.l.o.s. measure
& taking values in a Hilbert space ¥ with respect to the measure
Ex(+) =|E()]]? and F(x) = ||«|*. The following analogue of Masani’s
theorem for c.a.l.o.s. measures £ is an immediate consequence of the
preceding theorem.

COROLLARY. Let & &F — 57 be a c.a.l.o.s. measure, where 57
18 the Hilbert space L,(2, X, tt). Let F: 57 — R be the additive func-
tional defined by F(x) = ||z|’. Then & admits a Radon-Nikodym
derivative w.r.t. & iff (1) |&] is a finite measure and (2) (T, &, |&))
18 purely atomic.

6. In this section we apply the results obtained in the preceding
sections to a probabilistic problem concerning independently scattered
random measures.

Let M(z, &, P) be a complete metric linear space (topology de-
termined by convergence in probability) of all random variables on a
probability space (w, &7, P). An independently scattered random
measure on the Borel subsets £ on the unit interval T is a mapping
M: &% — M enjoying the following properties.

(+) for every sequence {E;} of pairwise disjoint Borel sets

M(J E:) = 3, M(E)

where the series converges with probability 1.

(**) for every sequence E,, ---, E, of disjoint Borel sets the
random variables M(E,), ---, M(E,) are independent. For the theory
of such measures, the reader is referred to [12] and references given
therein. The measure M is said to be non-atomic if M({a}) = 0 P.a.e.
for every one point set {a}. Let [M] denote the closed subspace
spanned in I by range of M. The definition and the properties of
the integral of real functions on T with respect to M may be found
in [12]. L,(M) denotes the space of M-integrable real-valued func-
tions on T.

THEOREM 3. Let M be a non-atomic and non-Gaussian tndepend-
ently scattered IM-valued random measure. If N: <& — [M] is an
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tndependently scattered random measure, them there exists a Borel
measurable mapping t: T — T and a function f e L,(M) such that the
measure N has the following representation

N(4) = S:—l( o OM@),  Acz .

Proof. For every Borel set A, N(A) e [M]. Hence from the re-
presentation theorem in §2 of [12], there exists an f,e L,(}) such
that

Ny = | fuoma@y -

Since the mapping N(A) — f, is a continuous linear mapping, the set
function &% 3 A — f, is a measure with values in the complete metric
space L, (M). If A and B are disjoint Borel sets then N(4) and N(B)
independent and from Theorem 2.1 in [12] f, and f, are orthogonal
in the sense of §1. Thus the iet function &# 3 A — f, is a c.a.l.o.s.
L, (M) valued measure. It follows from Proposition 3 in §4 that

fA = er“l(A)

for some fe L, (M) and a Borel measurable mapping c: 7— 7. This
completes the proof of the theorem.

REMARK. Under the hypothesis of the preceding theorem, it fol-
lows from the theorem that M << Noz, where 7: T— T is a Borel
measurable mapping.

In conclusion, it might be mentioned that we are not aware of
any immediate applications of Theorem 3 in Stochastic processes, but
the theorem itself seems to us to be surprising and of intrinsic interest.
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