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The groups considered in this paper will be abelian pri-
mary groups. Fer 1 a fixed but arbitrary countable limit
ordinal, C. K. Megibben studied that class C. consisting of
all p-groups G such that G/p*G is a direct sum of countable
groups for all a < A.

Fundamental to the development of Ci-theory was the
introduction of the concept of a A-basic subgroup, which
generalized the familiar concept of a basic subgroup, and
the following existence theorem: A primary group G contains
a 2-basic subgroup if and only if G is a Cx-group. This paper
extends, in a natural fashion, the concepts of “Ci-group” and
“J-basic subgroup” to an arbitrary limit ordinal 2, and con-
siders the analogous question of existence. This is used to
examine the structure of p*-pure subgroups of Ci-groups for
limit ordinals A such that 1+ 8+ o for any ordinal 5. For
an ordinal 1 of this type, if H is a p*-pure subgroup of the
Ca-group G then both H and G/H are Ci-groups.

The classical theory of torsion abelian groups corresponds to
Megibben’s C,-theory, in that the class of all p-groups coincides with
C,.

1. Preliminaries. In this section we assemble the basic con-
cepts which are crucial in the following development. For pertinent
results related to these concepts, we refer the reader to [2].

A subgroup H of the p-group G is said to be a p*pure subgroup
if H>»— G —— G/H represents an element of p*Ext (G/H, H). This
notion is due to Nunke and shall assume the same role in our theory
as that played by ordinary purity (i.e. p“-purity for p-groups) in
the classical theory.

The subgroup H is said to be a p*high subgroup of G if H is
maximal among the subgroups of G that intersect p*G trivially.
From [5] or [7], if H is a p*pure subgroup of G then HN p*G =
pPH for all g < a and p*G/H)[p] = (»*G)[p] + H/H for all g < a.
Moreover, if G/H is divisible, where H is a p*pure subgroup of G
and a is a limit ordinal, then H + p*G/p*G = G/p*G for all B < a.
If H is a p*high subgroup of G, then H is a p*‘'-pure subgroup of
G and H + »*G/p*G is p*pure in G/p*G (see [3]).
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A subgroup H of the p-group G is neat if pGN H = pH. From
[3], if H is a neat subgroup of the p-group G and

G [p] = H [p] + p*G [p]

for each B < a, then H is p*pure in G. Moreover, if A is a neat
subgroup of p*G and if B2 A is maximal in G with respect to
BN p*G = A, then B is p*™-pure in G.

A subgroup H of the p-group G is nice in G if each coset g+ H
contains an element g + & that has maximal height in G. If ¢ has
maximal height in the coset g + H, we say ¢ is proper with respect
to H.

Totally projective groups as introduced by Nunke provide a
generalization of the concept of a direct sum of countable reduced
groups. A p-group G is p*projective if p*Ext (G,C) =0 for all
groups C. A reduced p-group G is totally projective if Gp*G is p*-
projective for every ordinal a. The following characterization of
totally projective groups, given and utilized by Hill [4] to show that
the Ulm invariants suffice to classify totally projective p-groups, is
used extensively.

THEOREM A. A reduced p-group G is totally projective if and
only if G has a collection &, of wmice subgroups satisfying the follow-
g conditions:

(0) 0 is a member of .

(1) &, s closed with respect to group-theoretic union.

@) If Aew, and H is a subgroup of G such that (H + A)/A
is countable, there exists Be &, such that B2 H+ A and B/A 1is
countable.

In the sequel, we shall refer to these conditions as the third axiom of
countability and to condition (2) as the countable extension property.

An ordinal A is said to be confinal with @ if \ is the limit of a
countable ascending sequence of ordinals. From [7], if « is confinal
with @ then every p*pure subgroup of a p*-projective group is p*-
projective.

To extend the concepts of C,-group and X-basic subgroup to an
arbitrary limit ordinal, we introduce the following definitions. For
a fixed but arbitrary limit ordinal A, C,; shall designate that class of
all p-groups G such that G/p*G is totally projective for all a < .
Groups in the class C,; will be referred to as C,-groups. B is said to



C:;-GROUPS AND 2-BASIC SUBGROUPS 801

be a \-basic subgroup of G if

(1) B is totally projective of length at most A,

(2) B is a p’-pure subgroup of G, and

(8) G/B is divisible.

For B a \-basic subgroup of G and @ < \, a routine argument
yields that the a-th Ulm invariant of B coincides with the a-th Ulm
invariant of G. Hence, by Hill’s version of Ulm’s Theorem, we ob-
tain the following analogue to a well-known property of ordinary
basic subgroups

PRrOPOSITION 1.1. If B and B are \-basic subgroups of G then
B = B.

We shall require for technical convenience the notion of a A-high
confinal tower. Let A be an ordinal confinal with w, and G an
abelian p-group. A M\-high confinal tower of G is an ascending
sequence {G,} of subgroups of G such that:

(1) For each positive integer n, G, is a p*™-high subgroup of G;

(2) X = sup {a(n)}, a(n)<a(n + 1);

8) If »=p+ » for some limit ordinal B, then a(n) =B+ m
for some positive integer m;

4) If x+# B+ @ for any ordinal B, then a(n) = g(n) + @ for
some limit ordinal B(n).

2. The existence theorem. In this section we determine, for
an arbitrary but fixed limit ordinal X, that class of all abelian p-
groups G such that G contains a M\-basic subgroup (see Theorem 2.7).

LEMMA 2.1. Suppose G/p*G 1is totally projective and B is a basic
subgroup of p*G. If H is a subgroup of G such that
G/B = H/B® »*G/B
then H s totally projective.
Proof. If H is a subgroup of G such that G/B = H/B® p*G/B,
then G = H+ p°G and H is maximal in G with respect to
HnN p*G = B. Thus H is pf*-pure in G. Consequently p*H =

p*GN H for all « < B+ 1, and in particular p*H = »*GN H = B.
We now observe that H/p’H is totally projective since

H/p*H = H/p*G N H = (H + p*G)/p*G = G/p*G ,

and p’H = B is a direct sum of cyclic groups.



802 KYLE D. WALLACE

LeMMA 2.2. Let : be a limit ordinal confinal with @ such that
N #= B+ o for any ordinal 8. Suppose G = UG, with {G,} a r-high
confinal tower of G. If A Z G satisfies the conditions:

1) A s the wunion of an ascending sequence of subgroups
A S A, < -+ such that A, is nice in G, for each n,

2 AS pG+ A, for all a < a(n);
then A s mice in G.

Proof. We show that each coset # + A contains an element z + «a
that is proper with respect to A.
Let e G — A, and choose # such that x¢ G,. Let

B = he(x) < a(n) .

For k = m, there exists a,c A, such that h x + a,) = hs (@ + a)) =
he(x + a') = ho(x + a') for any o’ € A,. It suffices to show that the
sequence A (x + a,) < hg(x + a,.,) < --- cannot be strictly increasing.

Suppose for some m =mn that hy(x + a,) > B8 = he(x). Then
he(@pi;) = hg(x) for ¢ =1,2,--.. Let 7= hyx + a,) and observe
v < a(m) since % + a, € G,. Moreover v + 1 < a(m) since a(m) is a
limit ordinal. We shall show that = + a,, is proper with respect to A.
Suppose « + a, is not proper with respect to A. Then for some £,
he@+ i) > ho(e+ a,) = vand £+ a,., € PG, Since ASp "G+ A4,
we have a,., = ¢, + a,,; with ¢g,€»™G and a, € 4,. Hence

T+ Quyp =2+ gp + AQur €PVG
and © + a,,<€p™G. This however is absurd since
ho(@ + @) S ho(x + @) = 7 &

Consequently & + a,, is proper with respect to A and A is nice in G.

With » and G as in Lemma 2.2, we shall now restrict our atten-
tion to the case where G, is totally projective for each n. Let &,
denote a collection of nice subgroups of G, satisfying the third axiom
of countability. Let & be the collection of all subgroups A of G
such that

1) A=UA4, with A, c A, < --- and A,€ &, for each n,

2) AZ p*G + A, for all a < a(n).
The members of & are nice by Lemma 2.2.

LEMMA 2.8. & has the countable extension property.

Proof. For each n, we have a(n) = B(n) + @ with B(n) a limit
ordinal. Thus \ = sup {a(n)} = sup {B(n)}. We observe that to show
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B < p*G + B, for each ordinal a < a(n), it suffices to show

B < p#*+*G + B, for each k< w .

Let Ae % and H a subgroup of G such that H/A is countable.
Let S = {%;};ic, be such that H=<A,S) and let S,=SnNG,. By
induction, we shall construct, for each positive integer n, subgroups
B™ < B™ < «.. < B™ such that

0) A, < B™ for ¢« <,

(1) B* < B™ for k < n,

(2) B"e<z,

(8) BY < p#tG + B for k < w,

4) B"™ 28,

(5) B{™/A; is countable for ¢ < n.

We now show that the existence of subgroups B/™ satisfying the
above conditions (0) — (5) will suffice to establish the lemma. For
each i1 < w, let B, = U, B™ and observe that B;€ &; and B; Z B;,,.
Moreover B, = Uz B & U%%i+l(pp(i)+kG + B") = PP+ G + B; for
k < w, and by induction B;,, S p*?*G + B; for all m < w, k < w.
Let B = Ui, Bi- Clearly B2 H and B/A is countable. Moreover
Be & since B <& pf**G + B; for each % and k.

Suppose we have constructed B, 1 < ¢ < n, satisfying (0) — (5)
above. We shall now construct B{"* for 1 <7< n + 1.

For 1<i<mn, let B;,=A; and B;, = B™. Set B,.,,= A4,,,
and let B,.,, be a member of Z,,, such that

Bn+1,1 2 <B1£n) + A'/H-l; Sn+1.>

and B,,../A,., is countable. By induction, we shall construct a
family of subgroups B;;, with 1 <7 <% + 1 and j < w, satisfying
the conditions

(i) B;; & B, for j <k,

(ii) Bij€ &

(iii) B;;.1/B;,; is countable,

(iv) By & pPP+*G + B;,; for all 1 < ¢ < n and J, k < w;

(V) Byt & Biyyoyey for all1 €7 =<n and j < o.

We define B{"™ = ;<. B;,; and observe that
U Bz = B"™" = U B -

ji<w i<w

By (iv), we see that
Bt = U Bise € U (079G + By) = pO G + B

I<w I<w

for all k<w, 1 = 7 =n. BY (V)7 !Bi(nﬂ) = Uj<cu Bi,2j+1 S Uj<cu Bi+1,2i+1 =
B for all 1<7<n. It is now easy to see that conditions
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(0) — (4) are satisfied by the subgroups B/, 1<+<j <% + 1. Since
B, ;../B;,; is countable for each

Jj< w, B"V[A; = B"*[B;, = U B;,j1./Bi,
j<w
is countable for all 1 £ 7 < n + 1 and condition (5) is satisfied.

Suppose we have constructed B;; satisfying (i) — (v), for all
1<71=<n-+4+1 and all j <2m + 1. We shall now construct B;,..,
for 1 <7< n+ 1. Define B,, mi> = Boi1,smiir Assuming, for some
positive integer ! < n, that B;,... has been constructed for each
l+1<1=n+1, we let {2;}ico & Biiiomee be such that By, .ny =
{Bii1,m, {%i}ticup. Since G < p!P**G 4+ G, we obtain decompositions
;= gip + % with g;,ep?P*G and z;,€G,, for each j,k < w.
Let Tiomis = {Zi1)inco & Giw  Let Bi,... be a member of &, such
that Bionie 2 {Bionst, Tiomrey a0Ad By owio/Biomr, 18 countable. Observe,
for each &k < @, Bii1miz & PPV G + B, ynse since

1 U+k
By, om & D TEG + B, & p* TG+ B i & PPYEG + By omes
and

{xj}j<w g pﬁ(lH—kG + <T'n,2m+2> g pﬁ(l)+kG + Bl,2m+2 M

To conclude the proof, it suffices to construct B;,,.., for
1<¢=<n+1, having been given a collection B,; satisfying
i) —(v), forall 1 <¢<n + 1 and all j <2m + 2. Define B 41z =
B, ;... and assume, for some positive integer ! < n, that B;,.,; has
been constructed for each 1 <4 £ [. Since B, ,,.s/B;.m+: is countable
and By sni1 & Biivont & Biriome (Biamss + Biiiomss)/Biyizmse is countable.
Thus there exists Bii,sm+s € G741 sSuch that By, smis 2 Biiysmss + Bissamte
and By, smis/Bii1ome: 18 countable. The collection of subgroups B ;,

for 1<¢<n-+1 and 0=<j<2m + 3, clearly satisfies conditions

@ — ().

LEmMA 2.4. If a is confinal with @ and G/p*G s totally pro-
jective, them every p®-high subgroup of G is totally projective.

Proof. Let a be an ordinal confinal with @, and H a p*high
subgroup of G. Since H = (H + p*G)/p*G and (H + p*G)/p*G is p*-
pure in the p*projective group G/p*G, H is p*-projective. Since «
is a limit ordinal, H/p’H = G/p*G is pf-projective for all g < a.
Consequently H is totally projective.

PROPOSITION 2.5. Let )\ be a limit ordinal confinal with w, and
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{G.} a r-high confinal tower of G. If G is a Cr-group then U G, s
totally projective of lemgth at most \.

Proof. Clearly U G, is an isotype subgroup of G and hence has
length at most n. The proof that | G, is totally projective shall
consist of two cases.

Case 1. M= B+ .

Consider the subgroup (U G.) N p°G of p#C, and observe that
G,Np**G =0

for each n. Consequently p*((U G.) N p*G) =U(G,. N p*™*G) = 0 and thus
(U G.)Np*G is a p-group without elements of infinite height. Since

(U G) N p*G = U (G. N p°G) = U pG.

is the union of an asecending sequence of bounded subgroups, it follows,
by the Kulikov criterion, that (U G,) N p*G is a direct sum of cyclic
groups. It is easy to see that (U G.) N p?G is a pure subgroup of
G and that U G, + G = G. Consequently (U G.) N p*G is a basic
subgroup of p*G. Since G is a C,-group, G/p*G is totally projective
and, by Lemma 2.1, it follows that {J G, is totally projective.

Case 2. N # B + o for any ordinal g.

By Lemma 2.4, it follows that in this case G, is totally projective
for each n. To show that |J G, contains a collection of nice sub-
groups satisfying the third axiom of countability, let & denote the
collection of nice subgroups of |J G, as defined preceding Lemma 2.3.
Clearly 0 e &= By Lemma 2.3, & has the countable extension pro-
perty. Thus it suffices to show that & is closed with respect to
group-theoretic union. Suppose {A,};.; & & with A, = Un<o 4u.;
where

1) A,,cA4,, for n <k,

2 A,,c &, for each n.

(8) For each n and a < a(n), 4, = p*G + A,,,.

Then ZTeI Ar = ZTSI(Un<w An,r) = Un(ZTeI An,r) with

DA, S A, for n <k,
vel rel

and >,.; A4,,€ &, Moreover, for each n and a < a(n), we have

S A S (0G+ 4,) = PG+ (5 4n) -

rerl
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Consequently >,.; 4, ¢ &

LEMMA 2.6. Let {G,} be a N-high confinal tower of G. If H =
UG, then H is p*-pure in G.

Proof. Let o <\, and recall that H is an isotype, and hence a
neat, subgroup of G. There exists a positive integer » such that
a < a(n), and Gip] = G.[p] + (p*Gp] = Hlp] + (p*G)[pl-

THEOREM 2.7. (a) If G is a Cprgroup with ©\ confinal with w
then G contains a \-basic subgroup.

(b) If G is a reduced p-group which contains a proper A-basic
subgroup then G is a Crgroup and )\ is confinal with w.

Proof. Part (a) follows from Proposition 2.5 and Lemma 2.6.

Conversely, suppose H is a proper \-basic subgroup of the reduced
p-group G. For a < A,

G/p*G = (H + p*G)/p*G = H/(HN p*G) = H/p"H

is totally projective. Thus G is a C;-group. That \ must be confinal
with @ is immediate from (3.7) of [1] and (3.10) of [7].

3. C;-Groups for A= 8 + w. The purpose of this section is to
examine the structure of p’-pure subgroups of C,-groups. We shall
restrict our attention to ordinals that cannot be expressed in the
form @ + w for any ordinal 3. The techniques utilized are essential-
ly those of Megibben in [6] and rely upon the existence of \-basic
subgroups as established in § 2.

The proofs given for Lemma 3 in [6] can, with the aid of § 2, be
reproduced to yield the following lemmas.

LEMMA 3.1. Let A be an ordinal confinal with w. Suppose H
is a pt-pure subgroup of G and that {H,} is a \-high confinal tower
of H. Then there exists a A-high confinal tower {G,} of G such that,
for each n, H, = G, and H, = HN G,.

LEMMA 3.2. Let )N be an ordinal confinal with @ such that
A#E B+ @ for any B. Suppose G is totally projective and that G =
U G, where {G,} is a \-high confinal tower. If H is a p*-pure sub-
group of G such that, for each n, HN G, is a p*™-high subgroup of
H, then H ts a direct summand of G.
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THEOREM 38.3. Let A be any limit ordinal such that »# 8 + w
for any B, and let G be a Cr-group. If H is a p’-pure subgroup of
G then H is a Crgroup.

Proof. It suffices to establish the proposition for ordinals A\ such
that A is confinal with @ and X\ g + @ for and ordinal 5. For
such an ordinal A, let {H,} be a \-high confinal tower of H. By
Lemma 8.1, there exists a A-high confinal tower {G,} of G such that
H,=HnNG, for each n. Since G is a C,-group, U G, is totally
projective, by Proposition 2.5. By Lemma 8.2, it follows that U H,
is a A-basic subgroup of H and consequently, by Theorem 2.7, H is
a C,-group.

LEMMA 3.4. Let )\ be confinal with @, x % 8+ @ for any pS.
Let A be a totally projective group of lemgth at most N and suppose
A s a p-pure subgroup of the Ci-group G. Then there exists a
subgroup C of G such that AP C is a N-basic subgroup of G.

Proof. Since A is a totally projective group of length at most
n, it follows from Proposition 1.1 that A is the union of a \-high
confinal tower {A,} of itself. By Lemma 3.1, there exists a \-high
confinal tower {G,} of G such that A4, = AN G, for each n. Let
B=G,. By the proof of Theorem 2.7, B is a \-basic subgroup
of G. But {G,} is also a )\-high confinal tower of B and, by Lemma
3.2, we have the desired decomposition B = A& C.

THEOREM 3.5. Let N be a limit ordinal such that == 8 + w
Sor any ordinal B, and let G be a Cr-group. If H is a p*-pure sub-
group of G then G/H is a C;-group.

Proof. It suffices to establish the result for an arbitrary but
fixed ordinal A\ satisfying the conditions that \ is confinal with w
and M #= 8 + w for any ordinal g. Let X\ be such an ordinal and H
a p*-pure subgroup of the C,-group G. By Theorem 8.3, H is a C,-
group and thus, by Theorem 2.7, contains a M-basic subgroup. Let
A be a \-basic subgroup of H and choose C, by Lemma 3.4, such
that A@ C is a r-basic subgroup of G. If e (HN C)[p], we can
write, for each @ <\, x = a, + 2, where a, € A[p] and z, € p*H. Thus
—a, +2ep*(APC) = pA P p*C and ze ) p*C = pC = 0. We then
have a direct decomposition HP C. If pge HP C, then

pg =a+ ph+c
where ae A, he H and c¢cC. Since pGN(APC)=pAPC), we
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conclude that pGN(HPC) = p(HPC) and HPC is neat in G.
Moreover, G[p] (AP C)[p] + p*G = (HPD C)[p] + »*G for all a<
and therefore H@ C is a p’-pure subgroup of G. Consequently,
(HPC)/H is p*pure in G/H. Also (HP C)/H = C is totally pro-
jective of length at most \, and

(G/H)/(HD C/H) = (G/AD C)/(HD C/ADC)

is divisible. We have constructed a A-basic subgroup of G/H and we
conclude that G/H is indeed a C,;-group.

As easy consequences of Theorem 3.5, we have the following
analogues of familiar properties of pure subgroups.

COROLLARY 3.6. Suppose N is a limit ordinal such that
AFE L+ O

for any ordinal B. A subgroup H of a Cr-group G is a p*-pure
subgroup if and only if (H + p*G)/p*G is a direct summand of G/p*G
Jor all a < \.

COROLLARY 3.7. Suppose ) s a limit ordinal such that
A#EB+w

for any ordinal B. If H is a p*-pure subgroup of the Cr-group G
and if p*H = 0 for some o < \, then H 1is a direct summand of G.

4, Remark. As noted above, we have not dealt with the prob-
lems of p’-pure subgroups of C;-groups where ) is a limit ordinal
which may be expressed in the form » = g8+ w. It would not be
surprising, however, if the results of §3 fail to hold for certain of
such ordinals.
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