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Let M be a closed subspace of a Banach space E such
that its annihilator A/ is the range of a projection P. Given
a closed convex subset S containing 0, the first problem of
this paper is to find a condition for z(S) to be closed where
7 is the canonical map from F to E/M. Closure is guaranteed
if S is splittable in the sense that the polar S° coincides with
the norm-closed convex hull of P(S°) U @Q(S%), where Q@ =1 —
P. The second problem is to give a condition for existence
of a linear map ¢, called a linear lifting, from E/M to FE
such that zop = 1 and ¢oz(S) £ S. A linear lifting exists if
and only if M is the kernel of a projection making S invariant.
Of special interest is the case where S is a ball or a cone.
When the unit ball is splittable, existence of a linear lifting of
norm one is guaranteed under suitable conditions on E/M,
which are satisfied by separable L, and C(X) on compact
metrizable X. If further E is an ordered Banach space, and
if both P and Q are positive, M is shown to be the kernel
of a positive projection of norm one.

Though the closed range theorem (Theorem 1) yields immediately
an abstract version of the Rudin-Carleson-Bishop theorem on norm-
preserving extensions of funections defined on a peak set, in §2 further
modification (Theorem 2) is shown to include Gamelin’s extension [5]
of the Rudin-Carleson-Bishop theorem in abstract form. Recently a
different approach to generalization of the Gamelin theorem was made
by Alfsen and Hirsberg [1]. In §3 it is indicated how the closed
range theorem is applied to give unified proofs for results of Davies
[4] and Perdrizet [9] on closedness of a cone in a quotient space and
on order-preserving extensions. In §4 an idea of Pelczynski-Michael
[8] is further developed for the closed range theorem to produce
existence of linear liftings under suitable conditions. The Pelezynski-
Michael theorems are generalized in abstract form (Theorems 5 and 6).

1. Preliminary. Let E be a real or complex Banach space with
unit ball U. E* and E** are its dual and second dual respectively,
and F is always imbedded canonically into E**. g, 4y, z, «++ are vectors
in E or E** while f,g,h, --- are functionals in E*. For xe E**
and fe E* f(x) is used instead of #(f). The weak topology o(E*, E)
on E* is called the weak* topology while o(E**, E*) on E** is the
weak** topology. For a subset S of E its norm-closure and its weak**
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closure (in E**) are denoted by S and S~ respectively.

The polar S° is defined as the set of all f such that Re f(zx) <1
or f(x) <1 on S according as the scalar field is complex or real.
When S is a subspace its polar coincides with its annihilator S*
consisting of all f vanishing on it. The following basic facts are used
frequently in this paper. Proofs are found, for instance, in [10].
Let S, and S, be closed convex subsets of F containing 0. (S, N S)°
coincides with the weak* closure of conv (S! U S?) where conv (+) denotes
the convex hull. The weak** closure S; coincides with the polar of
S in duality <E**, E*> and S, = EN S;. Thus coincidence (S;NS,)~ =
ST N S; oceurs if and only if the weak* and the norm closure of
conv (S? U 8)) coincide. In some ease conv (S? U S;) becomes itself weak*
closed. Here the Krein-Smulian theorem is quite useful: conv (S? U SJ)
is weak* closed if (and only if) YU’ N conv (S!U S)) is weak* closed
for every 0 < v < oo. If S, contains 0 in its interior then S is weak*
compact and the norm closure of conv (S!U S} is weak* closed. If
S, is a subspace or a cone, the weak* closure of conv (S! U S)) is just
that of S; + Si. In case both S, and S, are subspaces, S; + Sy is
weak* closed if and only if S, + S, is norm-closed.

Suppose now that E is a real Banach space provided with a closed
proper cone E,. E. gives rise to natural ordering in E under which
it becomes the set of all positive vectors: x <y means y —xc E,.
In this respect E.. is called the positive cone. The dual positive cone
E* is defined as the set of f nonnegative on E., or equivalently E*=
—E%°. E is called an ordered Banach space if E = E, — E. and if
there is v < o with (U — E,) N (U + E,) S ~vU. The latter condition
is equivalent to that every subset of the form {x; v, < z < ¥,} is norm-
bounded. For notational convenience the relation z <y + ¢ in an
ordered Banach space means that there is z = 0 such that ||z|| <
¢ and ©* <y + 2. An ordered Banach space or its norm is called
regular if ||z|| = inf{lyll; —y <o <y} for every x. A regular
norm is monotone on the positive cone in the sense that 0 <z <y
implies ||z|| £ |l¥]l. An ordered Banach space admits an equivalent

regular norm. In fact, the functional ||z{l, = inf{|¥|; —y <2z < ¥}
gives a regular norm.

It is known (cf. [2] and [4]) that F is regular if and only if E*
is regular. An ordered Banach space is said to have the Riesz inter-
polation property if for y, = x; (i,7 =1, 2, --+, n) there is z such that
z,<2=yt=1,2 ---,n). A regular ordered Banach space is called
a Banach lattice if it is lattice under the ordering. A Banach lattice
has the Riesz interpolation property. It is known (cf. [2] and [4])
that E has the Riesz interpolation property if and only if E* is a
lattice. A continuous linear operator between ordered Banach spaces
is called positive if it transforms a positive cone into another.
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2. Closed range theorems. FE is a real or complex Banach space
with unit ball U and M is a closed subspace. The canonical map
from FE to the quotient space E/M is denoted by <.

- Throughout this section it is assumed:

There is a continuous projection P from E* to M*, and Q stands
for 1 — P.

Remark that the adjoint Q* projects E** onto M~ but M is not
necessarily range of any projection. S, S, and S, will denote closed
convex subsets of E containing 0. S is said to be splittable, or more
precisely, P-splittable if its polar S° coincides with the norm-closure
of conv (P(S° U Q(S")).

LEMMA 1. The following conditions are equivalent.
(a) S is splittadle.
(b)) S ={xeE**; P*xeS” and Q*xe S~}
(¢) 6(f) = 6(Pf) + 0(Qf) (f € E¥)
where 0(f) is defined by 6(f) = sup {Re f(x); x € S}.

Proof. Since the polar of P(S°)(resp. of @Q(S°) in E** coincides
with the set {x € E**; P*x(resp. Q*x) € S~} equivalence of (a) and (b)
is clear (cf. §1).

(b) = (¢). Obviously 6(f) can be defined by

6(f) = sup {Re f(®); xS~} .
Take « and ¥ in S. Then by (b) P*x + Q*y belongs to S~ so that
Re Pf(x) + Re Qf(y) = Re f(P*z + Q*y) < 6(f),

leading to (Pf) + 60(Qf) < 6(f). The reverse inequality is obvious.

(¢) = (b). Since the functional # is nonnegative because of S>30,
(c) implies P(S°) U Q(S°) & S°. Therefore S~ is contained in the set {x
E**; P*x e S~ and Q*x € S~}. Take x with P*z, Q*2 € S~. Then by (c)

Re f(@) = Re Pf(P*x) + Re Qf (@*x) = 6(Pf) + 0(Qf) = 0(f) .

Thus ¢ belongs to the polar of S° in E**.

COROLLARY 1. The unit ball U s splittable if and only if
A =1PFI + QI (feEY) .

COROLLARY 2. If both S, and S, are splittable. and (S, N Sy)~ =
SN Sy, then S, N S, is splittadble.
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COROLLARY 3. A closed subspace (resp. cone) is splittable if and
only if its polar is invariant under P (resp. under P and Q).

Proof. Let N be a closed cone. P(N° = N° and Q(N°) & N°
implies N° = P(N°) + Q(N°) = conv (P(N°) U Q(N%). If N is further
a subspace, Q(N°) & N° follows already from P(N°) = N°.

LemmaA 2. If S, and S, are splittable, for any ¢ > 0 and 0> 0
the following inclusion relation holds:

SinNS,+cU) +pUINS. + MH)NS, + M)
csSnS,+asl) +apUnM

where a = ||Q]].

Proof. Take any z in the set on the left hand side. Then it
follows by splittability that

Q*re ST NSy + acU" N M) + apU~ N M~ .
There is ye apU~ N M~ such that
Q@ —y) =Qc—yeS NSy +aclU N M)

and

P —y) = Prec PSS, + M)NPS,+ M)=STNnS;.

Then by Lemma 1 & — y€ Sy and there is zeacU~ N M~ such that
x—y— 28y, Finally in view of arguments of §1 = belongs to

En{S;n @Sy + acU) + apU~n M~}
S EN{S NS, + acl) + apUN M}~
=8NS+ aclU) + apUN M.
By definition of the quotient topology <©(x) belongs to the

closure 7(S) if and only if 2 is contained in S+ M. In particular,
7(S) is closed if and only if S + M is closed.

LEMMA 3. Suppose that S, and S, are splittable. If t(x) belongs
to 7(S) N (S) and ||z — S, N S.|| < v there is y€ S, such that t(x) =
7(y) and ||z — yl| < 7||Qll. In case ||Q|| =1 for any ¢ > 0 y can be
chosen in S, N (S, + eU).

Proof. Let a = ||@|| and take & with 0 < & < e. By hypothesis
% is contained in

SN (S + Uy +7UlN (S, + M)yn (S, + M)
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for some v >+ > 0. Choose ¢, > 0 such that 37 ¢, <v— . By
Lemma 2 there is x,€ M such that ||z,|| £ @y’ and ||z + &, — S, N
(S; + ac’U) || < €. Then

e+ weS,+ M+M=S,+M
and
T+ 2,€S NS, +ac’lU) +¢e,U.

Now inductive procedure based on Lemma 2 makes it possible to find
a sequence {x,} in M such that ||z,|| < as, and ||z + Di5te; — Sin
(S: + arc’'U) || < &,. Since Dip,l|a,]] < 0,y =2 + Do, is well
defined. Obviously v belongs to S,, and in case a =1, to S, N (S, +
dU) =8, N(S, + elU). Finally () = z(») and ||z — y|| S a >, ¢, +
ay < ay.

Now the main result of this paper is near at hand.

THEOREM 1. Suppose that the annihilator of a closed subspace
M is the range of a projection P and that S, S, and S, are closed
convex subsets containg 0. Then (a) the image of S under the canonical
map T from E to E/M is closed whenever S is splittable. (b) If both
S, and S, are splittable and (S, N S,)~ = ST NS5 then ©(S) N7(S,) =
(S, N Sy). (¢) If both S, and S, are splittadble and |1 — P|| < 1, then
the inclusion ©(S;) N 7(S,) < (S, N (S, + eU)) holds for any ¢ > 0.

Proof. (a) follows from Lemma 8 with S, =S, =S. Also(c)isa
direct consequence of Lemma 3. (b) S, N S; is splittable by Corollary
2 and S,N S, + M is closed by (a). Now since by hypothesis

P*{(S, + M) N (S, + M)} < P*(S) N P*(S,) & ST N Sy
- (Sl N Sz>~ ’

it follows that
(SL—}—M)ﬂ(SZ+M)_EEH(S1QSZ+M>~:SlﬂS2+M,

showing 7(S) N 7(S,) & 7(S, N S;). The reverse inclusion is obvious.
This completes the proof.

It follows immediately from Theorem 1 that if the unit ball U
is splittable and if N is a closed splittable subspace then (NN U)
is closed and coincides with z(N) N 7(U). Let us show that the same
conclusion holds for a non-splittable subspace under suitable conditions.

Since by Corollary 3 splittability of N is characterized by P(N') &
NN M, it follows by Corollary 1 that under the splittability of U,
N is splittable if and only if
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lQfIl=1lf — M nN*|| (feN).

On the other hand, Corollary 1 implies ||Qf || = ||f — M*||. Thus if
the unit ball is splittable, splittability of N is characterized by

If—M NN =|f— M| (FeNY).
LEMMA 4. Let N, and N, be closed subspace. Then for p > 0
the following assertions are equivalent.
@ |l — N.NN| =pllz— N[ @eN,)
(®d) lf = NN Nyl =pllf— Nl (feN?)
Proof. (a) means that

which implies by polar formation

(Nt + NHYNU S Ny + NtnpU°.
The last relation can be converted to

N,.N (N + U) & N NNy + pU°

which is nothing but (b). The reverse process can be pursued because
(b) implies that (N7 + N,;*) N U° is weak* compact, hence by the
Krein-Smulian theorem that N} + N;j is weak* closed.

COROLLARY 4. Suppose that the unit ball is splittable. Then the
following assertions for a closed subspace N are equivalent.

(a) N 1is splittabdle.

M) lle—NNM| =|z— N| (xeM)

© |If=N-NnM|=s|f— M| (feNH).

THEOREM 2. Let M and N be closed subspaces, and suppose that
the annihilator M* is the range of a projection P such that

(1) WA= 1P+ |If — PFIl (feE").
If for some 1 < p <2
(2) le — NNM| spllx— N|| @eM),

then the images of the unit ball U, N and N N U under the canonical
map T from E to E/M are closed and

tNNU) =z(N)N<z(U).

Proof. Closedness of 7(U) follows from (1) by Corollary 1 and
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Theorem 1. Let Q =1 — P. Then in view of (1) relation (2) is
converted by Lemma 4 to

(3) |Pf — M-NN-|| =7]|QFI (feN*)
where v = p — 1 < 1. Then for any fe N* and ge M- .
llg — M* N N-|| = ||Pf— M0 N+ |lg — Prll
=7RAI+llg— Pril=llg— fll»

showing

llg — M*N N[ <|lg— N*|| (geM'),
which is converted by Lemma 4 to
(4) le — MO N| < lle— M| @eN).

This last relation means that the canonical map from the Banach
space N/M N N onto 7(N) has bounded inverse. Therefore 7(N) is
closed. Further (4) implies

NnU+M<cU+NNM.
Let us prove that really
NNnU+M)ycU+NNM
holds, which is equivalent to the required relation:
t(N)Nz(U) (NN ).

Suppose for contradiction that there exists ¢ in NN (U + M) with
(U—-—2)NNNM=g. Since NN M is a subspace, it follows that

conv (U —a2) U{Oh) N NN M = {0} .

Since conv ((U — ) U {0}) is closed, the last relation implies by polar
formation that (U — 2)° + N* + M* is weak* dense in E*. Weak*
closedness of (U — x)° + N* + M*, if proved, leads to

conv (U~ —2) U{0) N N~ N M~ = {0}
hence to a contradiction:
xe EN(U+NNM)=U+NNM.

Now let us prove the above weak* closedness. To this end, in
view of the Krein-Smulian theorem, it suffices to prove that for any
n>0

((U—=2)°+ N+ MInnU<oU N (U—x) + U N N* + M-
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where 0 is a constant depending on n. Remark that (U — x)° consists
of all f with || f|| £ Re f(x) + 1. Since v € U + M implies || P*zx|| <
1, it follows from (1) that

1 + Re f(x) — || ]l
=1+ ReQf) — [|QfIl

— {IPfIl ||P*x|| — | Pf(P*)|}
<1+ ReQf@) — ||QfII .

This indicates that @ makes (U — x)° invariant. Now take fe¢ (U —
z)’, g€ N* and heM* with ||f + g+ k|| =n. Then by (1) [[Qf +
Qgll| < n. Since xe NN (U + M) and ge N+,

Re Qf (@) = n[|z]| — Re Qy(@) = n||z| + Re Py(®)
s nllz|l + ||[Pg — N* N M*|| ||= — M||
< nllell + |[Pg — N*n M| .

Since Qf belongs to (U — 2)° as f, it follows that

lQgll =n + [|QfIl=n + ReQf@) + 1
s n(l|z]] +2) + ||Pg — N* N M*]| .

Then (3) applied to g yields

|Pg — N* 0 M| < Y|zl + 2) =,
- 1—7

and consequently
HQf +g-N-"NM'||=n+0,=0.
Since x € N,ge N* and Qf € (U — x)°,
1QfI S Re Qf(@) + L = bl +1 =10,
and
lg— N-NM|| <0, +d8=9.
This implies that

f+9+h=Qf +g9g+ (Pf+h
coU'Nn(U—2)°+oU NN+ M.

This completes the proof.

Consider the sup-norm Banach space C(X) of continuous functions
on a compact Hausdorff space X. By the Riesz theorem its dual is
realized by the space of regular Borel measures on X with total-
variation norm. Given a closed subset Y of X, let M be the subspace
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of functions in C(X) vanishing on Y. Then M* is the set of measures
with support in ¥ and becomes the range of a projection P: Pm =
xm for each measure m where x is the characteristic function of Y.
Obviously (1) is satisfied. Now let N be a closed subspace of C(X).
As shown in [5] (3) is equivalent to the property that for any e N
with |2(t)| < 1{te Y) and any closed subset ZCc X with YNZ=©
there is ¥ € N such that z(t) = y(t) (te Y), ly(s)|<v (s€ Z) and ||y]] <
max (1, 7). Remark that |[x — M|| coincides with the norm of the
restriction # | Y of © to Y and that x(t) =y(t)(t € Y) is equivalent to x~y €
M. Thus Theorem 2 shows that if (3) with v < 1, or equivalently
(2) with p < 2, is satisfled then for any x € N there is y € N such that
2|Y =y|Y and |ly|| = ||#|Y||. The case ¥ = 0 is the generalized Carle-
son-Rudin theorem (cf. [6] Chap. II). As Gamelin [5] shows, Theorem
2 can further yield the following: suppose that (3) with v <1, or
equivalently (2) with p < 2, is satisfied and that pe C(X) satisfies
pt) =1 (teY) and p(s) > v (s¢X). Then if x e N satisfies |2(f)| =
p(t) (teY) there is ye N such that () = y(f) (teY) and [y(s)| <
p(s) (s€ X). The case v = 0 is the Bishop theorem (cf. [6] Chap. II).
Generalization of the Gamelin theorem to other direction is treated
by Alfsen and Hirsberg [1].

3. Ordered Banach spaces. Let E be an ordered Banach space
with positive cone E,. A closed subspace M is called an ideal if (M —
E)N((M~+ E,) S M. An ideal M is hypostrict if its annihilator M+
is the range of a projection P such that f = Pf = 0 for every f =0
The requirement means that both P and @ =1 — P are positive.
Perdrizet [9] shows that a closed subspace M is a hypostrict ideal if
and only if the following two conditions are satisfied: (1) Given «x,,
z, €M and ye E with , 2, <y, for any ¢ > 0 there is ze M such
that 2,2, <2<y + ¢, and (2) given e M and ¥, ¥.€ E, with z <
Y, + Y, there are z, x,€ M such that =, + 2, and 2, <y, + ¢ 1=
1,2. Under the Riesz interpolation property an ideal M is hypostrict
if and only if it is positively generated in the sense: M = M N E.
Mn E..

When M is an ideal, the Banach space E/M is preordered by the
cone 7(H,) where 7 is the canonical map from E to E/M. The following
theorem was first proved by Davies [4] under the Riesz interpolation
property and then by Perdrizet [9] in general case. Let us give a
proof based on Theorem 1.

THEOREM 3. Let E be an ordered Banach space with positive cone
E.. If M 1s a hypostrict ideal then E/M s an ordered Banach space
with ©(KE,) as its positive cone. If E is regular in addition, so is
E/M.
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Proof. Since hypostrictness means that E* = — E°% is invariant
under both P and @, E. is splittable by Corollary 8. Then t(&,) is
closed by Theorem 1. M* is isometric to the dual of E/M, and the
dual positive cone is identified with M* N E*. Suppose that FE is
regular. Then E* is regular. Since P is positive and is of norm
one in this case, M* is a regular ordered Banach space with M* N E*
as its positive cone. Therefore E/M is regular as stated in §1. This
completes the proof because every ordered Banach space admits an
equivalent regular norm.

COROLLARY 5. Suppose that the positive cone E. has monempty
interior and that M is a hypostrict ideal. If a closed subspace N is
splittable and if it contains an interior point of K, then t(NN E,)
is closed and t(NN E,) = o(N) N o(L,).

Proof. Since E. is splittable, in view of Corollary 2 and Theorem
1 it suffices to prove that (NN E.)°" = N* + E% Remark that f
belongs to (NN E,)° if and only if the restriction of — f to N is
positive. However it is known (cf. [10] Chap. V §5) that when N
contains an interior point of E, every continuous positive linear
functional on N admits a continuous positive linear extension to E,
in other words, — (NN E,.)* = — (N* + E°%).

Since E/M is ordered by the cone z(E,), for any ¥, z with t(z) <
7(y) there is %" such that z < ¢ and ©(y) = ©(%¥'). The next task is
to treat the case 7(z) < 7(y) < 7(x) and z < 2 and to find a condition

of existence y” such that z < ¢” <« and 7(y) = 7(%").

LEMMA 5. Let S, and S, be closed conver subsets containing 0.
If for any 0<A<1, fe8! and ge 85 there are f' €S and g’ € S{ such
that

MAL=Ng=N"+@1-Ng
and
MIFNL @ =M =M+ 3 — Mgl
then (S. N S.)~ cotncides with S; NSy where (+)~ denotes the weak™*

closure.

Proof. In view of the Krein-Smulian theorem it suffices to prove
that for any v > 0 the weak* closure of conv (S?U S) N~YU°® is con-
tained in the norm closure of conv (S U S). Suppose that 0 <\, <
1, fae8 g.€8% and || Mfa + (1 — N)go|| <7 and that the net {\.f. +
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(1 — N.)g.} weak* converges to h and the net {\,} converges to A.
By hypothesis {\.f.} and {(1 — \,)g.} can be assumed to be bounded,
hence to weak* converge to f’ and ¢’ respectively. If 0 <X <1, {f.}
and {g.} can be assumed to weak* converge to f”’eS? and ¢”" €S}
respectively. Then & = Af"” + (1 — N)g” belongs to conv (S? U S;). In
case A =0,k = f'+ ¢” and nf’ belongs to S? for any n > 0. There-
fore h, as the norm limit of 1/n(nf’) + (1 — 1/n)g”, belongs to the norm
closure of conv (S?US;). The case A = 1 is treated similarly.

COROLLARY 6. (N, (; — E))~ = Nx., (x; — E,)~ whenever x; =
0:1=1,2, .-+, m.

Proof. E, hence E*, can be assumed to be regular. (x; — E.)°
consists of all 0 < f with f(x;) < 1. Suppose that )\, =0, 37, \;, =
1 and f;e(®; — E,)°. Since the norm is monotone on the dual posi-
tive cone by regularity, it follows that N;||f;ll || 2 Mfilld =
1,2, ---, n. Now inductive application of Lemma 5 yields the assertion.

The following theorem was proved by Perdrizet [9]. Let us give
a proof based on Theorem 1.

THEOREM 4. Let E be an ordered Banach space with positive
cone E.. Suppose that M is a hypostrict ideal and E/M 1is ordered
by the cone t(E.) where T is the canonical map from E to E/M. If
z=20=x, and t(z) S t(y) =t(w;) ©=1,2, -+, m, then for any €¢>0
there is y' such that 2, <y <x;+¢41=1,2, -+, and (y) = (¥).
Further € can be made 0 if every x; ts an interior point of K. or if
E has the Riesz interpolation property.

Proof. FE is assumed to be regular, hence @ is of norm one.
z; + E. is a closed convex set containing 0. It is splittable because
both P* and Q* are positive and z; is negative. Similary «;, — E. is
splittable. Let S, = Nx, (z; + E,) and S, = N, (x; — E.). Then by
Corollaries 2, 6, and Theorem 1 both S, and S, are splittable and

TR+ Ey) NNt — E)
=7(S) N 7(S,) S (SN (S; + €T))
which is just the first assertion.

If every z; is an interior point of E., S, contains 0 in its interior
and by Corollary 2 and Theorem 1

T(Sl) N T(SZ) = T(Sl n Sz) .
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Suppose finally that E has the Riesz interpolation property. Since
E** becomes a lattice as stated in §1, S; consists of all we E** with
Vi, 2z, < w, where YV, #; denotes the supremum of z, +--, 2z, in E**,
Then S? consists of all 0 = f with f(V.z) < 1. Similarly S consists
of all 0 < g with g(A%.#;) <1 where A7,#; denotes the infimum
of ©, -+, in E**, Take 0 <A <1, fe8S and geS) and let 2 =
Af + (1 — N)g. Since E* is a Banach lattice as stated in §1, and
since both — f and g are positive, it follows that 0 = A A 0 = )\ f
and 0<AVOZ(1—Ng. Let f/=1/N*RA0) and ¢’ = Q)/A — MNh V
0. Then it follows from the above characterization of S} that f’e
S, g'eSland h = Af' + (1 — N\)g'. Now since ||k A O]}, ||k V 0] < ||k]],
Lemma 5 yields (S, N S,)~ = S7 NS; and the assertion follows from
Theorem 1.

4. Linear lifting. Let E be a Banach space with unit ball U
and M a closed subspace. The canonical map from E to E/M is
denoted by z. A continuous linear map @ from E/M to E is called
a linear lifting if 7o = 1. If @ is a linear lifting, ®o7 is a projec-
tion with M as its kernel. Conversely, a linear lifting exists if M is the
kernel of a continuous projection.

In this section it is assumed:

There is a projection P from E* to M* such that

WAl =IPrII+IIf = Pl (feE)
and Q stands for 1 — P,

Let F be a finite dimensional Banach space with unit ball V.
Consider the dual system {F'* ® E, FF Q) E*) of tensor products. When
F* & E is provided with the Minkowski functional of (V& U°° as
norm, it is called the inductive tensor product of F* and E and is
denoted by F* ® E. When F® E* is provided with the Minkowski
functional of conv (V' Q U as norm, it is called the projective tensor
product of F and E* and is denoted by F& E*. Let B = B(F, E)
denote the Banach space of all continuous linear maps from F to E,
provided with operator-norm. Since F is finite dimensional, B is
isometric to the inductive tensor product F™* ® E under the canonical
correspondence. The following lemma, whose proof is found in [10]
Chap. IV §9, is basic in the subsequent development.

LEMMA 6. Zhe dual of B(F, E) is isometric to the projective
tensor product F' K E* while the second dual is isometric to the inductive
tensor product F* K E**, hence to B(F, E**).

In view of Lemma 6 B** is always identified with B(F, E**).
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In this case the imbedding of B to B** is just the natural imbedding
of B(F, E) to B(F, E**). In accordance with the terminology in §1
the weak** closure of a subset G of B is formed in B(F, E**) and is
denoted by G~. When K and S are a subset of F and a closed convex
subset of E containing 0 respectively, G(X, S) and & (K, S~) denote the
set of all pe B with ®(K) < S and the set of all e B** with
J(K) & S~. Obviously G(K, S) is a closed convex subset of B con-
taining 0 and its weak** closure is contained in (K, S™).

COROLLARY 6. (a) G(V, U)~ = Z(V, U™. (b) {G(H, 0N G(F,
Ny =<2H, 0N EF,N) if H and N are closed subspaces of F
and E respectively. (¢) G(K, S)~ = £ (K, S™) if K is a cone generated
by a linearly independent basis {x,, -+, %,} of F and S s a cone.

Proof. (a)is an immediate consequence of Lemma 6. (b) G(F, N)~=
Z (F, N~) follows from Lemma 6 applied to N instead of E. Since F'is
finite dimensional, H is the kernel of a projection ¢. Then

Z(H, 0N Z(F,N) = Z(F, N)oo = GF, Ny~
S {G(F, N)oo}~ = {G(H, 0) N G(F, N)}~,

while the reverse inclusion is obvious. (c) Take any ¢ in Z (K, S)
and let ¥, =@@;) 1 =1,2, ---,n. Since each y; belongs to S, there
are nets {y;.} in S, weak** converging toy; ¢ =1,2, ---, n. Consider
a net {®,} in B defined by ®.(%,) = ¥;.% = 1,2, -+, n. By hypothesis
it is contained in G(K, S) and weak** converges to . Thus < (K, SV)
is contained in G(K, S)~ with the reverse inclusion is obvious.

Since B* is identified with the projective tensor product F@ E*
by Lemma 6, the operators 1 @ P and 1 ® @ are considered to define
projections in B*. The adjoints of 1® P and 1 Q @ are realized in
B(F, E**) according to the following formula:

(5) A1®P)*¢=Pop and (1R Q)*P = Q%P (€ B(F, E*)) .
LEMMA 7. The annihilator G(F, M)* is the range of 1 & P.
Proof. Since Q* is a projection onto M~, by (5b) (1 & @)* projects

B** onto & (F, M~), which coincides with G(F, M)~ by Corollary 6.

Then 1 & P is obviously a projection from B* to G(F, M)*.

On the basis of Lemma 7, a sentence “G(K, S) is splittable” will
always mean that G(K, S) is 1 Q P-splittable.

COROLLARY 7. If S is splittable and G(K, S)~ = £ (K, S™) then
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G(K, S) is splittable.
Proof. This follows from (5) by Lemma 1.

The following lemma can be considered a development of a basic
device in Michael and Pelczynski [8], treating linear lifting in a special
case. The crucial requirement for P plays a decisive role in the proof.

LeMMA 8. Suppose that S is splittable and G(K, S)~ = < (K, S™)
for a subset K of F. If + belongs to
Gr(K),SyNG=(V), U)NGKK, S+ M)nG(V, U+ M)

where T s a projection of F to a subspace H, then for any € > 0
there i1s  in G(K, S) N G(V, U) such that

To@ = Toy and ||(P — ¥)|H| <e.

Proof. Remark first of all that the requirement for P means by
Corollary 1 that the unit ball U is splittable.

Let o = +p — Q*oapo(1 — 7). Since
Q%o (K) € Q% oyom(K) & Q%(S) & 8~
and
P*oqp(K) & P*oip(K) S PSS+ M) & S~

by splittability of S, +, belongs to £ (K, S~} by Lemma 1, hence to
G(K, S)~ by hypothesis. Since U is splittable and G(V, U)~ = £ (V,
U~) by Corollary 6, the same argument shows that «~ belongs also
to G(V, U)~. Moreover it belongs to {G(K, S) N G(V, U)}~ because
G(V, U) is the unit ball of B. On the other hand, Q*o4ro(l — 7)
belongs to Z(H, 0 N & (F, M™), hence to {G(H, 0) N G(F, M)}~ by
Corollary 6. Thus + belongs to

{GK,S)n G(V, U) + GH, 0) N G(F, M)}~ .
It follows that « must be contained in the norm closure of
GK,S)N GV, U) + GH, 0) N G(F, M) .
Therefore there is € B such that 4 — v, € G(H, 0) N G(F, M) and
v, — GK,S)N GV, U)]| <e¢.

Since G(K, S) N G(V, U) is splittable by hypothesis and Corollary 7,
Lemma 3 guarantees that there is ® € G(K, S) N G(V, U) such that
P — 4, € GF, M) and [|P — || < &. Now 4, — € G(H, 0) N G(F, M)
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implies that 7o® = 7o+ and
P = WIH| =@ =) HI| S|P — 4l <e.

Let S be a closed splittable subset of E and L a subset of 7(S).
Suppose that there is a sequence of projections {r,} in E/M such that
(1) the range F, of «, is of finite dimension, (2) ||7,.|| =1, ) 7, 7, =
w, for n <m, 4) n,(L)E L and (5) w, converges strongly to the
identity as 7 — oo .

Let &, denote the set of all ¢e B(F,, E) with @ox, (L) S S
while G, is the set of all 4 € B(F',, E**) with o7, (L) & S~. As before,
the second dual of B(F,, E) is identified with B(F,, E**).

LEMMA 9. If the weak** closure of G, coincides with &<,,n =1,
2, « -+, then there is a linear lifting @ from E/M to E such that ¢(L) =
S and [Pl < 1.

Proof. Let m,=0 and @, = 0. Assume that linear maps @, ¢
B(F;,,E) 3 =0,1, -+, n have been found in such a way that rop; =
1 on Fj |lo;ll =1, pemi(L) & S and (i — @) | Fil| <1/27 5 =
0,1, -+, n. Since F,,, is finite dimensional by hypothesis, there is
€ B(F,.,, E) such that 7oy =1 on F,,,. Consider the map ' =
@0, + Yo(l — w,) from F,., to E. Then by assumption

YT (T i(L)) = Puoma(L) & S
and in view of ||z, || =1
"!J\’Onn(Vn+1) = g’n(v'n) g U

where V,; denotes the unit ball of F;,. Since V,., & 7(U) by Theorem
1 and 7,..(L) & 7(S),

W V) EU+ M and ' (7, (L) S S+ M.

Since the weak** closure of @G, coincides with &, by hypothesis,
Lemma 8, applied to F,., 7, (L) and =, instead of F, K and =,
yields that there is ®,.,€G,., such that ||@,.l|| <1, 7e@,,, =1 on
F,., and ||[(@Pupr — Pu) | Fa]l <1/2", completing induction. Now the
sequence {®,ox,} is uniformly bounded and

Fn

E‘_n (P — P)

< fj, 1/2F < oo
Jj=n

guaranteeing convergence of ®,(x) for every z € F, as k— . Then
{p.om,} converges strongly to some map @ from E/M to E. Obviously
® is a required linear lifting.

It is better to introduce some terminology before stating the main
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result on linear lifting. A Banach space E is called a w-space
if there is a sequence {F,} of finite dimensional subspaces such that
F,cF,c .- with Uy, F, = E and each F, is the range of a pro-
jection of norm one. Here projections z, can be assumed to have the
property that =,z, = w, for n < m and that =, converges strongly to
the identity as # — . An ordered Banach space is called a I7T-space
if, in addition, projections can be chosen positive and if each F, has
the positive cone generated by a linearly independent basis.

THEOREM 5. Suppose that the annihilator of a closed subspace
M 1is the range of a projection P such that

WA = UPFIl+11f — P (feEY).

If the quotient space E/M becomes a m-space then there is a limear
lifting of morm one, or equivalently, M 1is the kernel of a projection of
norm one.

Proof. Since the unit ball U is splittable by Corollary 1, all
requirements in Lemma 9 are fulfilled with S = U and L = z(U) by
Corollary 7.

COROLLARY 8. Let N and M be closed subspaces and suppose that
M* is the range of a projection P such that P(N') & N* and

WAl =NPfIL+1If = PrIl (feBE).

If the quotient space N/ NN M is a w-space, there is a linear lifting
of morm one from N/ NN M to N.

Proof. In view of Theorem 5 it suffices to prove that the annihilator
of NN M in N* is the range of a projection & such that

Holl = 1Fgll + llg — Fgll (geN*).

When N* is identified with E*/N*, the annihilator of N N M becomes
the image of (NN M)* under the canonical map from E* to E*/N*‘.
Since hypothesis implies splittability of N by Corollary 8, N + M is
closed by Theorem 1 so that N* + M*' is weak* closed and coincides
with (NN M)*. Therefore the annihilator of NN M in N* becomes
the image of M* in E*/N*‘. Since N*' is invariant under P, there
arises a natural projection <2 from N* to the annihilator N N M.
Since by hypothesis

If = Nl z||Pf — N*|| + |If — Pf — N*||,

P is easily seen to have the required property.
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When E is the space of continuous functions on a compact set
and M consists of functions vanishing on a fixed closed subset, Corollary
8 was proved by Michael and Pelczynski [8].

THEOREM 6. Let M be a closed subspace of an ordered Banach
space E. Suppose that M is the range of a projection P such that
f2Pfz0 (fz0) and

WA =HPAIl+1IFf— PFIl (feE™).

If E/M is a II-space under the canonical ordering, there is a positive
linear lifting of morm ome, or equivalently, M s the kernel of a
positive projection of morm ome.

Proof. Since the positive cone E. is splittable by Corollary 3, all
requirements in Lemma 9 are fulfilled with S = E, and L = 7(E,) by
definition of a Il-space and Corollary 6.

To be a m-space or a I/-space is not so severe restriction. Let
us prove:

Separable complex (resp. real) L,(1 < p < ) and complex (resp.
real) C(X) on compact metrizable X are m-spaces (resp. II-spaces).

In fact, it suffices for the first part to treat a L, space on a finite
measure space (<7, (). Since the Borel field is separable with respect
to y, there is an increasing sequence {<Z,} of finite Borel subfields
such that Uy, L,(<Z,) is dense in L, where L,(<Z,) is the subspace
of &Z,-measurable functions. Each L,(<#,) is finite dimensional and
the conditional expection relative to <#, becomes a (positive) projection
of norm one from L, to L,(<Z,)(cf. [3]). The assertion for C(X) is
proved in [7] by using peaked partition.
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