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Classically, the Riemann mapping theorem states that any
open, simply connected and proper subset of U of the complex
plane is analytically equivalent to the open unit disk S(0, 1).
However this theorem is not constructively valid without some
additional restriction on U. Two separate geometric condi-
tions, mappability and maximal extensibility, on U are then
proposed. The two conditions are shown to be mathematically
equivalent. Finally the mappability condition is shown to be
both necessary and sufficient for an analytic equivalence to
exist constructively between U and S(0,1). The mappability
condition is due Errett Bishop. The sufficiency proof is based
on methods contained in [1].

This paper is written from the constructive viewpoint that all
mathematical statements should have a computational meaning. This
viewpoint is developed in {1], and the background material in con-
structive analysis needed to read this paper can be found in the first
five chapters of [1].

The intent here is to constructivize the Riemann mapping theorem,
which is concerned with the question of when a set in the complex
plane & has the same analytic structure as the open unit disk. Hence
the following notion is basic to our study.

DEFINITION 1.1. Two open subsets U, and U, of & are analytic-
ally equivalent if there exist differentiable functions fi: U, — U, and
fo: U, — U, such that f,of,: U, — U, and f,of,: U,— U, are the identity
maps. [

For the constructive definition of a differentiable function on an
open set, see [1; p. 115]. The function f, is said to be the inverse
to fi. When there is no explicit need to mention f,: U,— U, we
simply say f,: U,— U, is an equivalence of U, onto U,. (The symbol
[] is used at the end of a definition or a proof, or at the end of the
statement of a theorem or a corollary whose proof is not given.)

Under Definition 1.1, the classical Riemann mapping theorem states
that any open, simply connected and proper subset U of & is equiv-
alent to S(0, 1). (The notation S(z, ) = {": |2’ — 2| < r} and Se(z, r) =
{z": 2 — z| < r} will be used.) This is not valid constructively without
additional restrictions on U. The counter-example we have in mind
is of a type introduced by Brouwer and later modified by Bishop in
their critique of classical mathematics. Bishop defined the limited
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principle of ommiscience to mean that given any sequence {n,} of the
integers {0, 1}, either =, = 0 for all £ or n, =1 for some k. Since
there is no hope that a constructive proof of the limited principle of
omniscience can ever be obtained, any hypothesis that implies the
principle must be also nonconstructive. Here is our counter-example,
based on a note in [1; p. 152]: If every open, simply connected and
proper subset of & is equivalent to S(0, 1), then the limited principle
of omniscience holds. For a proof, let {n,};_, be a sequence of the
integers {0, 1}. Define

_(S(0,1) if m,=0

U =
FT1800,2) if m =1
and
UEG Uk,
k-1

then U is clearly open, simply connected and a proper subset of & .

Suppose there exists an equivalence f:S(0,1) — U. Without loss in

generality, assume f(0) = 0. Then either | f’(0)] > 1 or | f/(0)] < 3/2.
If | f'(0)| > 1, then we choose ¢ and » in (0, 1) so that

(1) A+ er™ <|fO0)] .

Now we have
7O = || r@adz] < s

where K = {z: [z] = r}. It follows from (1) that 1 + ¢ < || f||z. There-
fore there exists we U with |w| > 1. This means that we U, for
some k. Hence n, = 1.

If | £(0)| < 8/2, then for a given k, suppose 7, = 1. Then U =
S(0, 2) and the mapping function has the property |f’(0)| = 2, which
contradicts the assumption | f’(0)]| < 3/2. Hence n, = 0. (The reader
will observe here that we have used the principle of the excluded
middle in one of its finite forms: if n, = 1 implies 0 = 1, then =, = 0.
This is acceptable to the constructivist.) Therefore =, = 0 for all k.

By assuming that U is equivalent to S(0, 1), we proved the limited
principle of omniscience.

Therefore, a search for some additional restrictions on an open,
simply connected and proper subset of & to assure its equivalence
to S(0,1) is imperative if we wish to have a constructive Riemann
mapping theorem.

Before we can state any additional restriction, some topological
matters have to be discussed. It is well-known that both bounded
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and unbounded sets can be equivalent to S(0,1). However, it is
awkward constructively to separate the two cases. Therefore we will
often use, instead of the ordinary metric o(z, 2’) = |2z — 2’|, the bounded
metric d defined by

dz,2) = 2|z — 2'|(L + [2[)7A + [2'[)7"

for all 2,2 e &. See [2; p. 43] for a proof that d is indeed a metric.
This metric will also be used in a more general context. Let F be
the family of all totally bounded subsets of & relative to d. Then

d(z, B) = inf {d(z, 2'): 2’ € B}
exists for each ze¢ & and each Be F. Also
d*(A, B) = inf {d(z, B): z€ A}

is properly defined on F' x F. In contrast to the metric complement
defined in [1; p. 83], we define the complement ~ A of an arbitrary
set A c & relative to d to be the set

~A = {#z:d(z,2") > 0 whenever 2’ € A4} .

We are now ready to introduce a very important notion.

DEFINITION 1.2. A nonvoid, open and simply connected subset
U of & is mappable if there exists a distinguished point z, in U
such that for each ¢ > 0 there exists a subfinite set B = {z,, *++, 2.}
in ~ U such that any path v, with left endpoint z, and d*(v, B) = ¢,
lies in U. B is called an e-border of U relative to 2z, []

The above definition is due to Errett Bishop. It is intended to
replace his earlier definition [1; p. 145] of a mappable set U, which
turned out to be only a sufficient condition for the existence of an
equivalence of U with S(0,1). For an example to show that the
earlier definition is not a necessary condition, construct the sequence
{ay: & = 1} of integers such that a, = 0 if 2k + 2 is the sum of two
positive primes less than 2k + 2 and a, = 1 if it is not. Define

_(=lzl<1}ifa,=0

.A:
T lzlz—-2<14+ 0} ifa =1

and
UEQA,,.

The set U cannot be shown to satisfy the earlier definition of map-
pability, although it is equivalent to S(0,1). In fact the set U, with
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0 as its distinguished point, is mappable according to Definition 1.2
and we will show that an open set is equivalent to S(0,1) if and only
if it is mappable. Hence this definition supercedes the earlier one.

Sometimes when we want to emphasize the distinguished point
2, we will write (U, z,) for the mappable set U. Note that an e-border
acts only as an approximate boundary and does not directly require
U to have a nonvoid boundary. However, we can define in a sense
a distance from any point z in a mappable set U to its complement
~ U. It is convenient at this point to have a notation for a neigh-
borhood about a point ze€ & relative to the metric d. Let

Dz, r) = {': d(z, 2') < 7}
and
De(z,r) = {#":d(z,2') £ 7} .
Also define
A~ B= AN (~B)
for all subsets A, B of & .

DEFINITION 1.3. A nonvoid, open and simply connected subset
U of ¥ is said to have the maximal extent property if for each ze U
there exists a real number g > 0 such that D(z, ¢#) < U and for each
¢’ > e there exists 2’e D(z, ') ~ U. p is called the mawximal ewtent
of U about z. [ ]

Note that we obtained the counter-example to the classical Riemann
mapping theorem by exhibiting a set U for which we don’t know the
maximal extent of U about any point ze U. In fact, Definition 1.3
contains precisely the type of additional restriction on U that we
need, because the following statements are mathematically equivalent:

(1) U is analytically equivalent to S(0, 1),

(2) U is mappable,

(8) U has the maximal extent property.

In §1II, we prove that conditions (2) and (3) are equivalent. In §III,
we prove that conditions (1) and (2) are equivalent. Classically any
open, simply connected and proper subset of & trivially has the
maximal extent property and hence is mappable. Thus the equiv-
alence of (1) and (2) may be regarded as a constructive substitute
for the classical Riemann mapping theorem and its converse.

II. Mappable sets. Note that mappability is a global condition
on a set U, whereas maximal extensibility is a local condition on U.
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Nonetheless, these conditions are equivalent, as we will now demon-
strate in two steps. Only Proposition 2.1 will be used later.

ProrosiTioN 2.1. Any mappable set has the maximal extent pro-
verty.

Proof. Let (U, z) be a mappable set. First we show that U has
a maximal extent about its distinguished point 2. For each ¢ > 0,
define 6(e) = d(z,, B(e)), where B(e) is any e-border of U relative to z,.
Although ¢ is only an operation on (0, ) we do have the following
essential inequality:

(1) |6(e) — 6(6)| < max {e, 8}

for all ¢,0€(0, ). Because of symmetry, we prove (1) when we
prove the inequality

(2) 0(9) < 0(e) + max {s, 6} .

Suppose 0(0) > 0(¢) + max {¢, 6}. Then there exists z e B(¢) such that
0(0) > d(z, ) + 6. Hence there exists a path v with left endpoint z,
and right endpoint z such that v < D(z,, 6(6) — 6). By the definition
of 6(9), y< U and hence ze U. But ze B(e) c ~ U. This contradiction
implies (2).

Using the inequality (1), one can easily show that the limit ¢ =
lim,_, 6(c) exists and is unique. Moreover

(3) <06

.for each ¢ >0 and each e-border B(e). It follows from (3) that
D(z, 1) c U. Now for each y¢' > p, we can choose 2’ € BC™'(¢' — 1))
so that 2’ € D(z,, /') ~ U. Hence p is the maximal extent of U about z,.

To show that U has a maximal extent about any other point
ze U, connect the distinguished point 2, to z by a path v in U such
that v’ has left endpoint z, and right endpoint z. Then

(4) Yo ={2:d(2,Y) S 2} U

for some » > 0. We will use (4) to show that z can also serve as
the distinguished point of U. Let ¢ > 0. Define 6 = min {¢, r}. Let
B be a d-border of U relative to 2,, Let v be any path with left
endpoint z and

(5) d*(v, By = ¢ .

Then d*(v" + v, B) = d because of conditions (4) and (5). Since ¥ + v
is a path with left endpoint z,, we conclude v + vycc U or vy U.
Therefore B can serve as an e-border of U relative to z.
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Since U has a maximal extent about its distinguished point, it
has a maximal extent about every point in U. []

Intuitively, one feels that in knowing the distance of any point
z in a set U to the complement ~ U, one also knows approximately
both the shape and size of U. This idea is formulated as the con-
verse of Proposition 2.1.

PROPOSITION 2.2. Any set with the maximal extent property is
mappabdle.

Proof. Let U be a set with the maximal extent property. Since
U is nonvoid, choose any point 2,€ U and let it be the distinguished
point in U. We intend to find an e-border of U relative to 2z, for
each ¢ > 0.

For a given 6 > 0, observe that there is an integer n =1 such
that for any disk D(z,r) with » > 0 there exist points 2, «-+, 2, in
D(z, r) such that d(z, {z,, -+, 2,})) = r — 0 and such that any path v in
&, with left endpoint z and d(v, {z, -+, 2.}) =0, lies in D(z,r). We
say {2, +*+,2,} is a 0-net of D(z,7r). Each point z, of the d-net is
said to be generated from z and this relationship is denoted by z < z,.
The reason for introducing the concept of d-nets is simple. The only
way we have of getting an e-border, which consists of points in the
complement ~ U, is to find points in U such that the maximal extents
of U about these points are small.

Fix € > 0. For each point in U, let f¢(2) be the maximal extent
of U about z. Now we construct recursively a set P of points in U.
First, place the distinguished point z, in P. Second, if z¢ P, then
place one and only one 27%-net of D(z, ¢#(2)) into P. In general P
is a countable set. We extract a subfinite set Q from P as follows.
Let z,€ Q. For each finite sequence z, <z, < +-+ < 2, of points in
P, z, generated from z,_,, 2, the distinguished point in U and

{zo, ct zn-—l}CQ ’
define
(1) a=min{d(z;,z):1=175=n,1+7}.

Either a« > 27% or a < 27%. If a > 2%, then place 2z, in Q. If
a < 27%, then discard z,. Since the metric space & relative to d is
totally bounded, we see that @ is subfinite. For each ze @, choose
a point

(2) C(2) e D(z, p(z) + 27%) ~ U .
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This is always possible because U has the maximal extent property.
Then the set

(3) B = {{(2): z¢ Q}

is an e-border of U relative to z,. To prove this, let ¥ be any path
with left endpoint z, and

(4) d*(v, By = ¢.
We will show that
(5) (z:d(z,7) < 2%} U

and hence 7 lies in U. The method is to divide v into a finite parti-
tion of subarcs, each of which is contained in a disk that is shown
to be well contained in U. Let [0, 1] be the parameter interval of
7. Since v is piecewise differentiable, then there exists an integer
m =1 and points 0 = ¢, < .-+ < t, =1 such that

(6) V([Es, tisa]) © De(wy, 2d(wi, wirs))

where v(t,) = w; (0 <7 < m), and

(7) 2d(w;, w;,) < 27% 0sitsm—-1).

Now define

(8) D; = Dc(w;, 2d(w;, w;y,) + 27%) 0igsm—-1).

By induction on the integer %, we will prove that there exists z;€@Q
for each 7¢{0, ---, m — 1} such that

(9) D,c D(z;, pz))c U.

Without loss in generality, assume p(z,) > 27%. Otherwise p(z,) < 27%
and an c-border of U consists of a single point in D(2,, 27(24(20) +
27%)) ~ U. Assuming p(z) > 27%, we have

D, = Dc(z,, 2d(2,, w,) + 27%) C De(2,, 27%) C D(2,, £(20))

by conditions (7) and (8). Now suppose (9) is verified for all ¢ <k,
with z,, +--, 2, € Q. Either

(10) AWy, 21) < p2(2e) — 27%€
or
(11) d(wk+1, zk) > ﬂ(zk) - 3 M 2—45 .

If (10) holds, then
Dk+1 c Dc(wk+h 2_38) c Dc(zln 27% + d(wk-f-l’ zk)) c D(zk’ #(zk)) ¢
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In this case, we just choose 2,., = 2z,. If (11) holds, then there exists
z¢ P such that z is contained in a 27%-net of 2, and

(12) Az, wr) =< 27% .
By definition of the set @, there exists 2’ € @ such that
(13) d(z, 2') < 27%.

By conditions (2), (3), and (4) there exists {(2') e D(z', p(z") + 27%) ~ U
such that

(14) (Wi, €2) = d*(7, B) Zz ¢ .
In view of (12), (138), and (14), we compute

) = dC(7), 2) — 27%
2 @), W) — d(wirs, 2) — 27%

(15) = (2, Wii1) — AWy, 2) — A2, 2') — 27
Ze— 2%~ 2% —27%
> 27%.

However

d@, 2) + d(z, Wiy1) + 2d(Wei1, Wess) + 27%
(16) 2% 4+ 2% + 27% 4+ 27%
< 27%.

The inequalities (15) and (16) together imply
Dy D, p1(2)) -

Hence we choose z,,, = z’. This completes the induction to construet
{2: 0 < ¢ < m — 1} that satisfy (9).

In view of (6), condition (9) implies (5). Hence vc U. The
upshot is that B is an e-border of U relative to z,, Hence U is a
mappable set with distinguished point z,. []

III. The Riemann mapping theorem and its converse. Although
the ordinary metric p and the bounded metric d on & are not equiv-
alent metrics, they do share some important topological properties.
A subset U of & is open relative to o if and only if it is open rela-
tive to d. A subset K of an open set U is compact and well contained
in U relative to p if and only if it is compact and well contained in
U relative to d. Therefore two open subsets of & are (analytically)
equivalent if they are equivalent relative to either metric. We will
continue to use both metrics on & because many results that we
will use are stated in terms of the metric p, whereas mappable sets
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are best described in terms of the metric d. However, if we stipulate
that a mappable set U is bounded relative to o, then the concepts
of e-borders and maximal extents of U, defined originally in terms
of d, can be and will be accepted as defined in terms of p. Also the
results of §II, expressed in terms of d, will continue to hold under
the metric p.

It is our intention here to prove a constructive version of the
Riemann mapping theorem, that is, every mappable set U is equivalent
to S(0, 1). The method of constructing the mapping function from
U to (0,1) was invented by Koebe and later modified by Ostrowski
[3]. Our proof will follow closely the development given by Bishop
[1] to the ideas of Koebe and Ostrowski.

DEFINITION 3.1. A mappable set U is sequestered if Uc S(0, 1)
and for each ¢ > 0 there exists an e¢-border K of U such that
K< S§0,1). ]

LEMMA 3.2. Let U be a sequestered set with distinguished point
z and suppose 0 S(0, 1) ~ U. Let s be any branch of the square root
function on U: s() = exp (27 log (). Then U, = s(U) is a sequestered
set with distinguished point s(z) and s: U— U, is an equivalence.

Proof. The map s, defined by s,(w) = w* of U, onto U is inverse
to s. Therefore U is equivalent to U,.

To show that U, is mappable, fix ¢ > 0 and choose an &*-border
K of U such that K< S{(0,1). Let K, = {w: w*e K}. Then K, ~ U,.
Let we K, and w' e U, We want to show that w % w’. Since U,
is open, let S(w',»)c U, for some r > 0. Suppose |w — w'| < r.
Then w € U, and there exists z ¢ U such that z = w*. But w*e Kc~U.
This contradiction implies |w — w'| = . Hence K, ~ U,. Also, for
any totally bounded set L, S{0,1) ~ K,

(1) 10" (Lo, K))I* = 0%(so{Lo), K) -

The above inequality is proved in [1; p. 146]. Since K is an &>-border
of U, (1) implies K, is an ¢-border of U, relative to z, = s(z). Thus
(U,, 2,) is a mappable set. Since U,c S(0,1) and ¢ is an arbitrary
positive number, it follows that U, is sequestered. [ ]

DEFINITION 3.3. Let (U, 0) be a sequestered set and let p be the
maximal extent of U about 0. Choose aeS(0,1) ~ U and a with
|| = 1 such that

(1) plalg21+ ) and ae < 0.
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For each ge % with |8]| < 1 define the function A, S(0,1) — S(0, 1)
by

(2) he(z) = (z — B){1 — p*&)™",
where g* is the conjugate of 5. Then the the function
(3) ¢y = a*hyosoah,

defined on U with b = |a]'?, is called the canownical map of U. []

LEMMA 3.4. Let (U, 0) be a sequestered set and let pt be the maax-
imal extent of U about 0. Then the canonical map ¢, is an equiv-
alence of (U, 0) onto a sequestered set (U*, 0) such that

(i) ¢U(O) =0,

(ii) g4(0) > 1+ =(1 — iy

32
and

(i) p= g5,
where p* is the maximal extent of U* about 0.

Proof. By (2) of Definition 3.3, we see that ah, is an equivalence
of U with a set U, such that 0eS(0, 1) ~ U,. By Lemma 3.2, we see
that s is an equivalence of U, with s(U,). Using (2) of Definition 3.3
again, we show that a*h, is an equivalence of s(U,) with a sequestered
set U*. Hence ¢, is an equivalence of U with U* such that ¢,(0) = 0.
By the chain rule for differentiation,

(1) ¢p(0) = 27 a |71 + [a]) .
By condition (1) of Definition 3.8,
27a 71 + Jal) = 1 4+ 27 a1 — [a]F)?
>1+ 271 — |al'®?
=z1+271 - @A+ m))”

(2) z1+27(1- (% + %)”))

1 2
=1+ ﬁ(l 0.
Combining (1) and (2), we have conclusion (ii).

To show that ¢ < p*, we observe that the inverse : U*— U
of ¢, is the composition of the map z — h_,(az), the map z— 2% and
the map z — h_,(a*). Each of these maps is a function from S(0, 1)
into itself. Hence |[+(2)| < |2] whenever |z| <1, by the Schwarz
lemma. Moreover, we have
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= = aat)e = 2)|
[hld) = W@ | = Tt e

1-—'(1[2 ) 1+,a| —
émlz zl§<——1——|a|>lz 2,

for all 2,2 e€S(0,1). Now let B be a d-border of U relative to 0,
where

= oy

Let C = ah,(B), C* = {w: w*c C} and B* = a*h,(C*). Then B* is an
¢-border of U* by Lemma 3.2, equation (3) of Definition 3.3, (8) and
(4). Since ¥(B*) = B and [4(?)| < |2| whenever |z| < 1, we conclude
that '

(5) ©0(0, B) = (0, BY) .
Letting ¢ — 0, it follows from (5) that ¢ < p*. This proves (iii). []

(3)

LEMMA 8.5. Let (U, 0) be a sequestered set and ¢, be the canonical
map of (U, 0) onto (U, 0) = (UF, 0). Continuing in this way, we
define a sequence {(U,, 0)}=, of sequestered sets and a sequence of ca-
nonical maps {$,: (U,, 0) — (U, 0)}5=. Let p, be the maximal extent
of U, about 0. Then

(i) #n é #n+1 (n Z O)
and

(@) 1+ =)<l (wzl).

Proof. By (iii) of Lemma 3.4, we have y, < ¢, whenever n = 0.
For each n = 1, write

¢(§L+1 = ¢n° e °¢0: (UO, O)——_) (Un+l’ 0) .

Also write Df = f’ for any differentiable function f. By Corollary
3 of Theorem 5 of Chapter 5 of [1], [(Dg¢s*)(0)| < r™*, whenever r < .
Therefore

(1) [(Dgs™)(0) | = i
On the other hand,
[(Dgz)(0)| = [¢,,(0) -+ 35(0) ]
1 A 1 e
2(14 S pp) e (14 20— ),

by (ii) of Lemma 3.4. Hence
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n+1

n+1 1 _ 2
(2) |(Ds) O] 2 (1 + (1 — m)Y)

Inequalities (1) and (2) together imply (ii). []

Note that (ii) of Lemma 3.5 implies p¢,—1 as n— . We can
now prove the Riemann mapping theorem for sequestered sets.

LeEMMA 3.6. For each sequestered set (U,, 0) the maps

¢€)’L = ¢n—1° e °¢0: (U;)y 0) — (Un) O)

converge umniformly on compact subsets well contained in U, to an
equivalence ¢ of (U, 0) with S(0, 1).

Proof. For each m < n define

¢:Ln = ¢n—1° b °¢m: Um_——_) U'n, .

Let Lc c U, be a compact set. By the Corollary to Proposition 7 of
Chapter 5 of [1], there exists ¢ < 1 such that [¢;(z)| < ¢ for all n =1
and ze L. Let ¢ > 0 be arbitrarily chosen. Then we find Re(0,1)
such that

(1) R*—c¢c>(1— Ry
and
(2) 31—R)y*<e.

Because of (ii) of Lemma 3.5, there exists N =1 so that ¢, = R
whenever #n = N. Therefore S(0, R)c U, for all » = N. For each
m < n, let 7 U,— U, be the inverse to ¢. If m,n = N, then
S0,R)c U, NU, and U, U U,cS(0,1). By the Corollary to Propo-
sition 8 of Chapter 5 of [1],

lpn@) — LI = 3(R* — n)7'(1 — R)'”
whenever r = |{| < R®. Therefore, for n > m = N,

165(2) — 65°(2) | = |6m(97'(2)) — #7'(2) |
=e¢

whenever z € L, in view of conditions (1) and (2). Since ¢ is arbitrarily
chosen, it follows that {¢7} converges uniformly on L, to a continuous
function from L to Se(0, ¢). Since L is an arbitrary compact set with
Lc c U, the sequence {¢r} converges on U, to a differentiable func-
tion ¢: U, — S(0, 1).

To construct the inverse +: S(0, 1) — U, of ¢, consider a compact
set J<© < S(0,1). For each m < m, recall that m: U,— U, is the
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inverse to ¢%. Since p#,—1 as n— o, the functions % are defined
on J for all sufficiently large n. Moreover, there exists a compact
set K< c U and an integer N =1 such that ¢7(K) O J whenever n > N.
Using the Corollary to Proposition 8 of Chapter 5 of [1] again, we
see that ¢ converges uniformly on K to the identity function z—=z
as m, n— o. It follows that for each ¢ > 0, there exists ¢ > 0 such
that |¢2(2) — ¢2(2')| > 0 whenever n = N,ze K,z c¢ Kand |z — 2’| > ¢.
Therefore |45 (0) — 4% ({") | < ¢ whenever n = N, (e J,{' e J and [{-{'|<0.
Hence the sequence {3} converges on J to a differentiable map +: J— U,.
Since J is an arbitrary compact set with J < < S(0, 1), the function
may be extended to a differentiable function +: S(0,1) — U, on the
entire unit disk S(0, 1).

To show that ¢: U,— S(0, 1) is an equivalence, it remains to show
that +o¢: Uy— U, and goqr: S(0,1) — S(0, 1) are the identity maps.
For each z e U, the points {¢7(z)} lie in some compact set J = S(0, 1).
Now %, is defined on J for k sufficiently large. Therefore, for ¢ > 0,

l9i(80(2) — ¥(gr(@) | = e

whenever k is sufficiently large. Taking n = %k, we have

|z — ¥(et(2) | < €.

Now let n— . Then [z — 4 (6(2))| < &. Since ¢ is arbitrary, +ro¢
is the identity map on U,. Similarly, we show that 4o+ is the identity
map on S(0,1). []

THEOREM 3.7. Ewvery mappable set is equivalent to S(0, 1).

Proof. Let U be a mappable set with distinguished point a.
Because of Lemma 3.6, it suffices to show that (U, @) is equivalent
to a sequestered set (V, 0). Since an e-border of U is a nonvoid set,
there exists { € ~ U. Without loss in generality, assume { = 0. Since
U is simply connected, there exists a branch of the square root func-
tion s defined by s(z) = exp (27 log 2) that is an equivalence of U with
some subset U, of ¥°. The map s, defined by s(w) = w* from U,
onto U is inverse to s. We claim that U, is mappable. Let a, = s(a)
be the distinguished point in U,. Let K be a 2 %¢*border of U rela-
tive to a. Let

K, = {w: we K} .

Consider any totally bounded set L,c ~ K,. Then

d*(s,(Ly), K) = inf{ 2|2 — w] :ze L, weK}
' Y R PIEV g prre
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. 2|2° — w?|
= inf rze L,
i {1/1+|z!*1/1—|—|wl4ze weK°}

s 2|z — w|
=2 f
== {1/1+|z121/1+;w12
. 2|z + w|
V14 2FV1I+ jwp
. 2z — w| i :
=2 0 0
[mf{l/l_}_ VI T zeL,weK}]
= 2~1[d’*(Lo, Ke)]2 .

(1)

:zeLo,weKo}

Now suppose v, is a path such that v,(0) = a, and d*(v, K,) = e.
Then (1) implies d*(s,(vy), K) = 27%¢% Since s5,(7,(0)) = @ and K is a
27'%¢%border of U, we see that s,(v))c c U. Hence v, < U, There-
fore K, is an e-border of U, relative to «,. Therefore U, is mappable.

Note that U, = s(U) is a nonvoid open set. Therefore U, contains
an open sphere S(a, ») with

(2) 0<r<lal.
Then we claim that
(3) S(—a,2ryCc ~ U,.

To prove (3), choose an arbitrary point w € S(—a, 27'») and an arbitrary
point w’ e U,. Suppose |w — w'| < 27'. Then w' e S(—a,r). Since
S(a, r) < U,, there exists w” ¢ U, such that w”" = —w’. Then S,(w”) =
(w")? = (W) = sy(w') implies w” = sos(w’) = sos,(w') = w'. However
w" = w' according to (2). This contradiction gives |w — w'| = 277
Hence we conclude (3).

Then the function defined by

tz) = rl(s(@) + &)™ — (s(@) + )7

is an equivalence of U with some sequestered set (V, 0). [

So we have exhibited a family of sets (the mappable sets) that
are equivalent to S(0, 1). But is this family exhaustive in the sense
that every open set equivalent to S(0,1) is mappable? To answer
this question in the affirmative, we need several lemmas. The first
one is the famous Koebe covering theorem, which has a classical proof
that is essentially constructive, as given for instance in [4; p. 276].
The second lemma has a simple proof, which will also be omitted.

An equivalence f:S(0,1) — U is mormalized if f(0) =0 and
f'0) =1.

LemmA 8.8. (Koebe covering theorem.) If f:5(0,1)— U is a nor-
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malized equivalence, then {w:|w| < 47} C £(S(0, 1)). ]

LEMMA 3.9. Let f:8(0,1) — U be an equivalence of S(0,1) onto
an open set U and ¢ > 0. Suppose for some r € (0, 1), d(f(0), F(['(r)) =¢
with I'(r) = {z:|z|=7r}. If v is path with left endpoint f(0) and
a*(y, f(I'(r))) = e, then v < (SO, 1)). ]

The next lemma gives us an internal characterization of proximity
of points to the boundary of a set equivalent to S(0, 1).

LemMmA 38.10. Let f:S(0,1) — U be a mnormalized equivalence.
Then for each € > 0, there exists Re (0,1) such that for each z, with
[2,]| = R and each rc (R, 1),

d(f(z), {f@):]z]=1) =e.
Proof. Let €€ (0,1) be fixed. We use the notation
r'r)y={zz|=r}
for each r e (0,1). Since f is normalized, it is easy to show that
(1) P, f(I'(r) = inf{|f@)|:ze M} =1

for each r¢ (0,1). According to the constructive theory of metric
spaces, there exists a number

(2) B € (e, 8™

such that the sets

(3) Aj=feel'r): lf@I=8 G=1
are compact for a sequence {r;:j = 1} (0, 1) with
(4) rin > 271 + 1)) .

Since A; is compact, the supremum
(5) M; = sup{|f'(2)|: z€ A;}

exists for each j = 1. Now there exists a positive integer N (the
size of N depends on (1)) such that if there exist points {z;eI'(r,):
1 <5< N} with disks {S(f(z;),2%):1 <7 < N} that are mutually
disjoint, then |f(z;)| > 8¢* for some je{l, ---, N}. (The existence
of N is a consequence of the fact that the disk S(0, 8% cannot con-
tain an infinite number of mutually disjoint disks of the same radius
27%.)
Suppose
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(6) M;>27%1—-7)" (@QA=j=N).

Then for each je{i, ---, N}, (5) implies

(7) [f'(z;)| > 27%(1 — 7)™

for some z;€ 4;. Then observe that the function 4 defined by

_ Sz + (i — )W) — f(2)
A} = @) — 1y

is an equivalence on S(0, 1) because f is an equivalence on

(8)

S(zj, Tipn — 75) «

Moreover h(0) = 0 and %'(0) = 1. By Lemma 3.8,

(9) {w: [w| < 47} < k(S(0, 1)) .
By the definition (8) of %, we get from (9)
1 L= fz) . o
{C. TR i 7D <4 }Cf(S(zy, Tigr = 15) -
Therefore
(10) {C |C - Col < 4_1|f,(zj) ] (7'1'+1 - 7':‘)}

Cf(SR), Tin — 73) TSSO, 7541) -
In view of condition (4), we obtain from (10),
(11) {G 18 = flz) | <47 f'(2) 271 — r)} S F(S(O, 734) -

By the maximum principle, (11) implies

12) o(f (=), f((r;)) Z 47 () 1271 — 7y)
In view of condition (7), (12) implies
(13) o(f(25), F(I(rs11)) = 27% .

Thus S(f(z;), 27%) < (S0, 1)) for each je{l, .-+, N}. Because f is
an equivalence, the sets {S(f(z;),27%):1 < j < N} are multually dis-
joint, in view of condition (13). By the definition of the integer N,
there exists some ke {l, ---, N} such that

(14) | f(ze)| > 87,

But z, was so chosen that z,¢€ A,. According to (2) and (3), we have
(15) If@) | < B < 87"

This contradiction of (15) against (14) implies that condition (6) is
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impossible. Hence
16) M, <21 —7r)™

for some Je{l, .-+, N}. With this integer J, let R=r, and 2z, be
any point on I'(R). We intend to show that d(f(z,), f(I'(r))) < ¢ for all
re (R, 1). Now either

(17 |f(z) | > 4™

or

(18) |f@) <8 -

If (17) holds, then

(19) 20 + [f) )T = 2[f(2) [T <27

Since f is a normalized equivalence (F(0) = 0), || fllrm > |f(2)|. Hence
we can choose a point ze I'(r) such that

20) F@) > 1f@)] > 467
Inequality (20) allows us to compute

d(f(z0), f(2) = 2[f(2) — fR) L+ [f@@) )L+ [FRT"
@1 =2//@1A+ [F@PDTP2A + [f) )7

£2:. 2% =¢.
The last inequality in (21) is obtained from (19). Clearly (21) implies
d(f(z0), [(I'())) = Inf{d(f (), f(2)): z€ '(r)}

=e¢.
If (18) holds, then z,€ A,. Therefore, according to (16),
(22) (@) <27%1 - R)™.
Now suppose
(23) o(f o), (L (r)) > 27% .
Then
S(f(z), 27%)c U

because of Lemma 3.9. Let ¢g: U— S(0,1) be the inverse to f and
let ¢, = f(z,). Then the function ¢ defined by

24 = g (2—28'") + Co) —9g (Co)
@ o @R
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is an equivalence on S(0,1) because g is an equivalence on S(, 27%).
A simple computation shows that ¢ is normalized: $(0) =0 and 4'(0) =1.
By Lemma 3.8,

(25) {w: |w| <47} co(S0, 1)) .

Interpreting (25) with respect to (24), we get

26)  f{z ]z — 2l <27%[g(C) I} < 9(SE, 27%)) C g(U) = 5(0, 1) .

Since ¢'({) f'(z) = 1, (26) implies

27 {2: |2 — 2| < 27%|f'(z) |7} = S0, 1) .

Since |z,| = R, (27) stipulates that 1 — R > 27%| f'(z)|™* or

(28) | f'(z)| > 27%(1l — R)™.

But (28) contradicts (22). Hence (23) is impossible. This means that
(29) P(f (), fU(1))) = 27% .

Since d(z, 2’) < 2p(z, 2') for all z, 2’ € &, we have from (29) the con-

clusion d(f(z), f(I'(r) = e. [J

THEOREM 3.11. If f:S(0,1) — U is an equivalence of S(0, 1) onto
an open set U, then U is mappable.

Proof. Without loss in generality we can assume that f is nor-
malized, that is, f(0) = 0 and f'(0) = 1. U is simply connected because
S(0, 1) is simply connected. It remains to show that U has an e-border
for each ¢ > 0. To this end, choose 0 to be the distinguished point
of U. For a fixed ¢ >0 that is sufficiently small, there exists a
sequence {r;; j = 1} in (0, 1) such that

(1) 0<r;<rm<l (=1,
(2) r;—1 as j— oo,

(3) df@, ) =277 (=1
for each zeI'(r;) and each re(r;, 1), and

(4) a0, f(I"(ry))) > 27% .

The construction of {r;} is carried out by repeated application of
Lemma 3.10. Let w, ---, w, be a 27* approximation to f(I"(r,) rela-
tive to the metric d, for some integer » = 1. For each ke{l, ---, n},
let 2, = g(w,), where g is the inverse to f. By condition (3), we see
that there exists a sequence {z{: 0 < j < oo} in S(0, 1) such that



A CONSTRUCTIVE RIEMANN MAPPING THEOREM* 453
(5) zel(r)

and d(f(21), f(z]{*")) <27 9*9¢ for each ke {1, .-, n}. Hence each sequence
{f(#]):0 < j < o} is Cauchy in & relative to d. Since f is a nor-
malized equivalence, o0, f(I"(r))) < 1 for all »e (0, 1), and we see that
at least one sequence {f(z{): 0 < j < oo} has a limit, say {, ¢ €. From
this fact, we can then assume that for each ke {1, ---, n}, there exists
£, €% such that

(6) a(f @), &) < 27%

and each {, is the limit of at least one of the sequences {z]: 0 < j <oo}.
(Note that & relative to d is not a complete metric space and so we
could not conclude directly that the Cauchy sequences

(i 0= < oohl1=Zk < n

converge.)

We claim that {,e~ U for each ke{l, ---, n}. Suppose {¢c U.
Then we have to show that { = {,. Since U is open, let D{, ) U
for some r > 0. Suppose |{ — {,| <. Then there exists ze¢ S0, 1)
with f(2) = {,. Since f(z}) —{, as j— «, for some me{l, ---, n},
we conclude that 2, — z as j — . But conditions (5) and (2) together
imply |24|—1as j— . Therefore |2| = 1. This contradiction forces
| — €| = r. Since { is an arbitrary point in U, we see that {,e ~U
for each ke {l, .-+, n}.

Finally, we claim that {{, ---, {,} form an e-border for U with
distinguished point 0. Now let v be a path with left endpoint 0 and

(7) d*(')’, {CI’ Tty Cn}) =e€.

We have the triangle inequality:

inf {d(z, w): z€7} + d(w,, Cp)
= inf {d(z, w,) + d(w,, {):z2€ 7}
= inf{d(z, {,): z€7}

=d*(, &) .

Il

Therefore

ax(, wi) = d*(, &) — d(wy, &)
=e—2%> 2%,

in view of (7) and (6). Since {w,, ---, w,} is a 27%¢ approximation to
JF(ry)), we conclude that d*(v, f(I"(ry)) = 27%. We use condition (4)
to show that yc c U, by Lemma 3.9. Hence U is mappable.
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