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There are a number of results that yield information
about the structure of a finite group G, based on information
about its local subgroups; that is, the normalizers of its p-
subgroups. Alperin and Gorenstein defined a notion of control
of transfer, fusion, or strong fusion in a group G by a con-
jugacy functor W, or rather by N(W(P)), where P is a Sylow
p-subgroup of G, and proved that if W controls transfer, fusion
or strong fusion in every local subgroup of G, then W con-
trols, respectively, transfer, fusion or strong fusion in the
entire group G.

This paper gives a definition of control by two functors,
W and V, or rather N(W(P)) and C(V(P)), and proves that
when W contains the center, and when V is contained in the
center and satisfies another condition, control in certain local
subgroups implies control in the entire group G. In particular,
the result on transfer says that P n G’, the focal subgroup
of G, can be factorized whenever their focal subgroups can be
properly factorized. From theorems of Glauberman, Gold-
schmidt, and Thompson which give conditions under which a
group can be factorized, it is possible to obtain results which
say that the focal subgroup of G can be factorized whenever
certain local subgroups are p-solvable and satisfy the hypotheses
of the factorization theorems.

1. Introduction. We use throughout the notation of [5]. In
particular, H is a subgroup of G is denoted by H< G, with H< G
reserved for proper subgroups. We fix G a finite group, p a prime
dividing the order of G, and P a Sylow p-subgroup of G.

DEFINITION 1.1. ([2], p. 242) Let 57 be the set of all non-identity
p-subgroups of G. A conjugacy functor W on 5% is a mapping from
&7 to 57 satisfying, for each He 57

(a) W(H) £ H, and

by W(H*® = W(H)” for all zeG.

DEFINITION 1.2. A central functor V on 57 is a conjugacy functor
satisfying, for any H, Ke 57

() V(H) = Z(H)

by if Z(H) £ Z(K), then V(H) < V(K).

REMARK 1.3. Examples of conjugacy functors include the identity
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map W(H) = H, and the Thompson subgroup, J(H), which is the

subgroup of H generated by all Abelian subgroups of H for which

the minimal number of generators is maximal. Examples of central

funetors include the center Z(H) and the functor V(H) = 0"(Z(H)),

the subgroup of H generated by all p"th powers of elements of Z(H).
We now define a special notion of fusion.

DErFINITION 1.4. Let A and B be subsets of G, and K, and K
subsets of G with K, S K, and ge<{A4, B) such that K S K. We say
g takes K, to Kf in K via A and B if we can write ¢ = g.9, -+ ¢,
with g;€¢ 4 or B, and K%< K for all 4 =1,2, ---, n. That is, we
require that K, be conjugate to K¢ by a series of conjugations so
that each intermediate step lies in K.

ReEMARK 1.5. (a) If ¢ takes K, to K/ in K via A and B, and if
K& L; A<C,BE D and if K,= K, then g takes K, to K/ in L via
C and D.

(by If g, takes K, to K, in K via A and B, and g, takes K, to
K, in K via A and B then the product g¢,9. takes K, to K, in K via
A and B.

Using this notion of fusion, we can now define local control, and
state our main theorem.

DEFINITION 1.6. Let W be a conjugacy functor on 2%, and V a
central functor on 5%, and L a subgroup of G with order divisible by
p. We say, respectively, that W with V controls

(1) transfer in L

@) fusion in L

(8) strong fusion in L
provided there exists a Sylow p-subgroup @ of L such that

(1) @NL = (@NNW(@))-(QN C(V(Q)))

(2) Whenever X and Y are subsets of @ conjugate in L, then
they are conjugate by an element of (N, (W(Q)), C.(V(Q))> which takes
X to Y in Q.

(3) Whenever X and Y are subsets of @, with Y = X*° for some
ac L, then a =c¢b, with ce Cyl(X), be{NAW(Q)), C.(V(Q)>, and b
takes X to Y in Q.

DEFINITION 1.7. A local subgroup of G is a subgroup of the form
L = N(H), for some He 5#°. Define & as the set of those local
subgroups satisfying L = N(H), with Z(P) < H< P.

We now state our main theorem, relating local and global control
by two functors, Wand V. Note that we require Z(H) < W(H) and
V(H) £ Z(H).
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THEOREM 1.8. Let W be a conjugacy functor on S# salisfying
Z(H) < W(H) for all He 57, and let V be a central functor on 57 .
Assume that W with V controls

(1) transfer,

(2) fusion, or

(8) strong fusion
wn all local subgroups L€ . Then W with V controls, respectively,
transfer, fusiom, or strong fusion in G.

We use Theorem 1.8 (1), on control of transfer, to obtain fac-
torizations of the focal subgroup, PN G', when the local subgroups
in & are all p-solvable and satisfy certain other conditions. This is
discussed in §6.

2. Assumed results. We need a number of concepts and results
from Alperin [1] and Alperin and Gorenstein [2]. Throughout, as in
the previous chapter, G is a finite group, and P is a Sylow p-subgroup
of G. Also, W is a conjugacy functor on 572, as in Definition 1.1,
and in addition, satisfies W(H) = Z(H) for all He 57.

DEFINITION 2.1. ([1], p. 236) A family is a collection of pairs
(H, T) where H is a subgroup of P and T is a subset of N(H).

DErFINITION 2.2. ([1], p. 237) A family F is called a conjugation
family provided that whenever A and B are subsets of Pand B = A¢
for some g € G, then there exist elements (H,, T\), (H,, T3), ++-, (H,, T,)
of F, and elements x,, @, +++, %,, and y of G satisfying

(@) g=® a9y

(b) x;€T;, for i=1,2,+--,n, and y € N(P)

©) A<H, A=< H,, for i=1,---,n+ L

We now define a particular conjugation family which we use for
the remainder of the paper..

DerFINITION 2.3. ([1], p. 225) If Q and R are Sylow p-subgroups
of G, then we say Q N R is a tame intersection provided that Ny(Q N R)
and N,(Q N R) are Sylow p-subgroups of N(Q N R).

DEFINITION 2.4. ([2], p. 245) If H is a subgroup of P, we set
W.(H) = H, M\(H) = Np(H), and N,(H) = N(H), and define recursively
Win(H) = W(M(H)), M;,(H)= N W;.,(H)), and N;,,(H)=N(W,..(H)).

REMARK 2.5. As noted in [2], page 245, the sequence M (H) is
strictly increasing until it stabilizes at P. Also, if M;(H) = P, then
W...(H) = W(P), so that the sequence W;(H), though not necessarily
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increasing, stabilizes at W(P).

DErFINITION 2.6. ([2], p. 245) If H is a subgroup of P, we say
that H is well-placed in P with respect to W if M(H) is a Sylow
p-subgroup N,;(H), for all 4.

ProrosiTiON 2.7. ([2], p. 252) If H is a subgroup of P, then some
conjugate of H is well-placed in P.

DEFINITION 2.8. ([2], p. 246) We define the family F' to consist
of all pairs (H, T) such that there exists a Sylow p-subgroup S of
G so that H= PN S is a well-placed tame intersection, and

(@ T=CH)If Co(PNS)ZLPNS

(o) T=NH)Iif C,(PNS)ysPnA~.

REMARK 2.9. Note that (P, N(P)) e F. This fact eliminates the
need for special mention of y € N(P) in Definition 2.2.

ProrosiTiON 2.10. F is a comjugation family.

Proof. Section 2 of [2] is devoted to a proof of this fact.
In the next section, we use the following result, which applies
to all conjugation families.

ProprosITION 2.11. ([1], p. 238) If P* is a subgroup of P, and
if [P, N(P)] < P* < PN G, then there is an element (H, T) of F such
that [H, T] £ P*. ‘

3. Control of transfer. We now turn to the proof of Theorem
1.8 (1), on local control of transfer.

LEMMA 3.1. Let P* be a subgroup of G satisfying PN (N(W(P))) =
P* < PNG'. Then there exists a non-tdentity subgroup K of P such
that

(@ Z(P)sK

by PN L is a Sylow p-subgroup of L = N(K)

(¢) PNL £ P* and

d PNM < P* where M = N(W(PnN L)).

Proof. By the definition of conjugacy functor, if e N(P), then
W(P) = W(P®) = W(P)", so that N(P) < N(W(P)). Thus, PN N(P) £
PN N(W(P)), and the hypotheses of this lemma imply that P N N(P)' <
P*., Thus all the hypotheses of Proposition 2.11 are fulfilled, and
we conclude that there exists (H, T') € F' such that [H, T] £ P*.
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Now, if C.(H) £ H, then by the definition of F, Definition 2.8,
we have T = C(H), so [H, T] < P*, contrary to our choice of (H, T).
Thus, we must have Cp(H) < H and T = N(H).

Thus, Z(P) < H, so (a) is satisfied for K = H. Furthermore, as
[H, N(H)] = N(H)', and [H, N(H)] < P, we have [H, N(H)| < PN N(H)'.
Thus, [H, N(H)] £ P* implies PN N(H) £ P*, as required in (c).
Also, H is, by choice, a tame intersection in P, so Np(H) = PN N(H)
is a Sylow p-subgroup of N(H), as required in (b). Thus, (a), (b),
and (¢) hold for K = H.

Define W, = W (H), so that W, = H. We shall find an m so that
W, satisfies (d) as well as (a), (b), and (c).

First, we show that Z(P) < W, for all <. For i = 1, we have
seen that Z(P) < W, = H. For i > 1, as W, , < P, we have Z(P) <
N(W._) NP, so Z(P) < Z(N(W;) N P). By our choice of W, we have
Z(L) £ W(L) for all Le 27, so

Z(P) = ZINW;,_) N P) = WIN(W._) N P) = W,.

Thus, Z(P) £ W, for all 7, so each W, satisfies (a).

As H is well-placed, each M;(H) is a Sylow p-subgroup of N;(H).
That is, No(W(H))=P N (N(W (H)) is a Sylow p-subgroup of N(W,(H)).
Thus, (b) is also satisfied for each W..

Now, as noted in Remark 2.5, W, = W(P) for all ¢ sufficiently
large, and, as we have PN N(W(P))' < P*, (c) does not hold for W,
with ¢ sufficiently large. However, (c¢) does hold for ¢ = 1. Thus,
we can choose m so that (c¢) holds W,, but not for W,.,. But W,., =
WP N NW,), so PN NW,.,) = P* as (c) fails for W,.,, and so
Pn N(W(PN N(W,)) < P*. But this last inequality states that
contition (d) holds for W,.

Thus, setting K = W, completes the proof of the lemma.

We now complete the proof of the theorem on control of transfer.

Proof of Theorem 1.8 (1). Assume that the conclusion of the
theorem is false. Then we have

PN N(W(P) -PNnC(V(P) < PN & .

Call the group on the left P*. Then, as P* < PN G’, we may apply
Lemma 3.1, and find subgroups K, L, and M as defined in the lemma.

As L is a local subgroup, the hypotheses of our theorem imply
that W with V controls transfer in L, so there exists @, a Sylow
p-subgroup of L, satisfying

QNL =[N CAVQ)]-[Q N NW(@Q)].

By conjugacy, this statement holds for all Sylow p-subgroups of
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L, so we may take @ = PN L, which is a Sylow p-subgroup of L by
(b) of the lemma. Thus, using the fact that M = N(W(P N L)), the
above equation becomes

PNnL)NL =[(PNLNCV(PNLY]-[(PnLyn(Mn L)]
Whi(;h yields

(3.2) PANL =[PNC(V(PNL)YNIPN(MNL)T.

From (d) of the lemma, PN M’ < P*, so certainly PN (M N L) <
P*, Also, from (a) of the lemma Z(P) £ K, and K< L, so Z(P) £
PN L £ P, which implies that Z(P) =< Z(PNn L), and so C(V(PN L)) <
C(V(P)). Thus, PN C(V(PN L)Y £ PnC(V(P)) < P* by the defini-
tion of P*. Hence, from (3.2), we have

PNL =[PNnCAV(PNL)]-IPN(MNL)] = P*,

contrary to (¢) of the lemma.

This contradiction completes the proof of Theorem 1.8 (1).

4. Control of fusion. Before proving Theorem 1.8 (2), we need
first the following lemma. Recall that, if ge<A4, B) takes X to Y
in P, then Definition 1.4 requires that the intermediate steps lie in P.

LEMMA 4.1. Assume the hypotheses of Theorem 1.8 (2). Assume
Surther that we have Q, a Sylow p-subgroup of G, so that PN Q 1is
a well-placed, tame intersection and Co(PN Q) < PN Q, and that we
have X and Y subsets of PN Q, satisfying X*=Y for some g N(PN Q).
Then X and Y are conjugate by an element of (N(W(P)), C(V(P))>
which takes X to Y in P.

Proof. Let W; = Wi(PNQ), M;=M(PNQ), and N; = N (PN Q),
as defined in Definition 2.4, and let C; = {N,, C(V(P))>. We show by
induction on ¢ that there exists ¢; € C; satisfying Y = X% and ¢; takes
X to Y in M; via N; and C(V(P)). Since, by Remark 2.5, N; =
N(W(P)) and M; = P for ¢ sufficiently large, this will suffice.

For ¢ =1, we have N, = N(PNQ), and N, £ C,. Thus, geC,
and X?= Y and g takes X to Y in M, via N, and C(V(P)), as g € N,
and X, Y<PNQRL M. Thus, ¢, =g.

Assume, by induction, that X% = Y for some c; € C;, and ¢; takes
X to Y in M,. That is, we have ¢; = a,a, -+ a,, With a,€ N; or
a, € C(V(P)), for k=1,2,+++,n, and, if we call X, = X% %, then
we have X=X, Y=X,, and X, s M, for k=1, -+, n.
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It suffices to show that, for each k=1, ---, n, we have X,_, and!}
X, conjugate by an element b, € C;,, which takes X;_, to X, in M,
via N;,, and C(V(P)). If we show this, then the product b, --- b,
takes X to Y in M,,,, as required.

If a, e C(V(P)), then X, , and X, are conjugate by an element
of C,,,, namely aq, itself, and, as M; < M,,,, we see that a, takes
X, to X, in M;,, as required. In this case, let b, = a,.

So we may assume a,€ N;. We now claim that W with V con-
trols fusion in N;. To establish this, we need only prove that Z(P) <
W, since N; = N(W,) and we are assuming that W with V controls
fusion in every local subgroup of the form L = N(H) with Z(P) <
H<P

Since Cp(PN Q) < PN Q, by hypothesis of the lemma, we have
Z(P) S PN Q= W,. Assume now, by induction, that Z(P) < W,.
Then Z(M;) £ W(M;) = W;.,, by hypothesis on W. But Z(P) < W; <
M; <P, so Z(P) < Z(M;) and Z(P) £ W;,,. Thus, for all ¢, Z(P) <
W, and W with V controls fusion in N, as claimed.

Thus, as we have X,_, and X, subsets of M, conjugate by a, € N;
and M, is a Sylow p-subgroup of N;, as H is well-placed, we conclude
that X,_, and X, are conjugate by some element

b € (N(W (M), C(V(M))

which takes X, ; to X, in M;. Also, Z(P) < PN N; = M,;, so Z(P) <
Z(M;) and V(P) < V(M;). Thus C(V(M,;)) < C(V(P)), and

be € AN(W(M), C(V(P))) = Cisa

and since M; £ M,,,, it follows that b, takes X,_, to X, in M., as
required. This completes the induction on ¢ and the proof of the
lemma.

We now complete the proof of Theorem 1.8 (2).

Proof of Theorem 1.8 (2). Let X and Y be subsets of P conjugate
in G. We wish to show that X and Y are conjugate by an element
of KN(W(P)), C(V(P))> which takes X to Y in P via N(W(P)) and
C(V(P)).

Using the conjugation family F of Definition 2.8, we know there
exist X,, X, ---, X, subsets of P, and (H;, T;) € F such that X = X,
X,=1Y, and X, , and X, are contained in H; and conjugate by an
element of T;.

To prove our theorem, it suffices to prove that for each ¢ =
1,.--,7n,X; ,and X are conjugate by an element g, € <N(W(P)), C(V(P))>
taking X; , to X; in P, for then their product g,9, -+ 9. € KN(W(P)),
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C(V(P))) takes X to Y in P via N(W(P)) and C(V(P)).

If Co(H;) £ H;, then T; = C(H;), by definition of F, so X,_, = X,
and the assertion holds. In this case, set g; = 1.

If, on the other hand, C.(H;) £ H;, we may use Lemma 4.1, for
H; is a well-placed, tame intersection of P with some other Sylow
p-subgroup of G. Thus, we can apply Lemma 4.1 to X;_, and X,
and conclude that X; , and X, are conjugate by an element

9: € (N(W(P)), C(V(P)))

taking X, , to X, in P.
Thus, ¢,9, -+ g, takes X to Y in P as required, and the proof
of Theorem 1.8 (2) is complete.

5. Control of strong fusion. To prove Theorem 1.8 (3), on
control of strong fusion, we need first the following theorem.

THEOREM 5.1. Assume the hypotheses of Theorem 1.8 (3). Let
X be a subgroup of P, and ge N(X). Then we can write g = ab,
where a e C(X), be (N(W(P)), C(V(P))) and b takes X to X in P.

REMARK 5.2. Proving Theorem 5.1 will suffice to prove Theorem
1.8 (8). For if X and Y are subsets of P, with X? = Y for some
g € G, then, by Theorem 1.8 (2), there exists ke {N(W(P)), C(V(P))>
such that X* = Y and & takes X to Y in P. Thus, gh™'e N(X).
We may apply the theorem above to the subgroup <X, and as gh™'¢
N(KX)), we have gh™ = ab for some acC(KX)) = C(X) and be
(N(W(P)), C(V(P))> and b takes X to Y in P. Then g = abh, where
a € C(X), bh e {N(W(P)), C(V(P))) and bh takes X to Y in P, as required
to prove the theorem on control of strong fusion.

To prove Theorem 5.1, we need the following lemmas. For the
remainder of this section assume the hypotheses of Theorem 1.8 (3),
namely that W with V controls strong fusion in all local subgroups
of the form L = N(H) with Z(P) £ H< P.

LEMmMmA 5.3. If H is well-placed in P, and Z{P) £ H, and if
g€ N(H), then ge{N(W(P)), C(V(P))>, and g takes H to H in P.
Proof. Let W, = WH), M; = M;, N; = N,(H), and
C; = (N;, C(V(P))) »
as before. For ge N(H), we shall show by induction on ¢ that g e C;

and that g takes H to H in M,, via N, and C(V(P)). As before, this

will suffice to prove the lemma.
For 7 =1, we have ge N(H) = N,(H), so that ge C,. Further-
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more, H £ N,(H) = M,(H), so that g takes H to H in M, as required.

Assume now, by induction, that ge C; and that ¢ takes H to H
in M;, Thus,g="0,+--b,, b, €N, or b, C(V(P)), and Hb* % < M, for
k=12 ---,n. Define H,= H, and H, = H""%, for k=1, .-, n,
so that H, = H.

We now show, by induction on k, that b, takes H,_, to H, in
M., via N,,, and C(V(P)). This will imply that ¢ = b, --- b, takes
H=H, to H= H, in M;,, via N;, and C(V(P)), which will complete
the induction on 7 and the proof of the lemma.

Assume k= 1. If b€ C(V(P)), then b eC,. As M; =< M., we
have b, taking H, to H, in M,,, via N; and C(V(P)) as required.

Thus, we may assume that b, € N,.

We now show that W with V controls strong fusion in N;. By
the hypotheses of the lemma, we need only show that Z(P) < W,, as
N, = N(W,). By hypothesis, Z(P) < H = W,. Assume now, by induc-
tion, that Z(P) < W;. Since Z(M;) = W(M;) by hypothesis on W, and
Wi = W(M;), we have Z(M;) < W, As Z(P) < M; < P, we have
Z(P) £ Z(M;), so Z(P) < W;.,, completing the induction on j. Thus,
W with V controls strong fusion in N, for all 4.

Now H{ = H,, where H, and H, are subsets of M;, a Sylow p-
subgroup of N;, and so by control of strong fusion, we conclude that
b, = c,d,, where ¢, € C(H), d, e <N(W(M,)), C(V(M,))>, and d, takes H,
to H, in M;. Now since V(P) £ Z(P) £ H by hypothesis, C(H) <
C(Z(P)) < C(V(P)), so ¢, € C(V(P)). Also, as we have seen, Z(P) <
M; £ P, so Z(P) £ Z(M;), and C(V(M,)) = C(V(P)), which implies that
d, e {N(W(M)), C(V(P))y = C;y,. Furthermore, we have M, < M,,,,
and so b, = ¢.d, € C;,,, and takes H, to H, in M,,, via N,,, and C(V(P)),
as required, completing the case k = 1.

We now consider the case k > 1. We assume, by induction, that
for all » < k&, the result is true for b5,; that is that b, takes H,_, to
H, in M;,, via N,;,, and C(V(P)).

If 5,e C(V(P)), we are done, as in the case k = 1, for then b, ¢
C;,. immediately.

So we may assume that b, € N;. As we have seen above, W with
V controls strong fusion in N,, and so b, = ¢,d, with ¢, e C(H,_),
d.€C;.,, and d, takes H,_, to H, in M,,, via N, and C(V(P)). Now
¢, € C(H,_,), and C(H,_,) = C(H" % %) = C(H)"* -1, Thus, we have,
for some ce C(H)

(5.4) C, = b;il e b;lcbl e bk-—-l .

By our induction hypothesis on k, each b, for r=1, ---, k-1
takes H,_, to H, in M,,,. Thus, each b;' takes H, to H,_, in M,,,
via N;;, and C(V(P)). Furthermore, as V(P) < Z(P) < H, we have
C(H) = C(V(P)), so ce C(H) also takes H to H in M,,, via N,,, and
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C(V(P)).

We can now calculate the effect of ¢, on H,_, by examining the
series of elements on the right-hand side of equation 5.4, and we find
that ¢, takes H,_, to H,_, in M;,, via N;,, and C(V(P)).

Thus, b, = ¢,d, takes H,_, to H, in M;,, via N;;,, and C(V(P)),
completing the induction on % and the proof of the lemma.

LEMMA 5.5. Let PN Q be a well-placed, tame intersection, with
Cr(PNQ =PNAQ, for Q some Sylow p-subgroup of G. Let H be a
subgroup of PN Q, let x € N(P N Q), and suppose that for any g € N(H),
we can write g = ab, where a€ C(H), be (N(W(P)), C(V(P))>, and b
takes H to H in P. Then for any he N(H®), we can write h = cd,
with ¢ce C(H®) and de {(N(W(P)), C(V(P))> and d takes H* to H® in P.

REMARK 5.6. This lemma shows that if Theorem 5.1 holds for
such a subgroup H, then it holds for any conjugate of H by an ele-
ment of N(PN Q).

Proof of lemma. Let he N(H?). Then h*™ e N(H), and so h*™" =
ab, where a € C(H), b e (N(W(P)), C(V(P))> and b takes H to Hin P.

Since Cx(PN Q) < PN @, we have Z(P) < PN Q. Thus, the hypo-
theses of Lemma 5.3 are satisfied, with PN @ in the place of H, and
80, as . € N(P N @), we have x € {N(W(P)), C(V(P))) and x takes PN Q
to PN Q in P. Since H and H® are subsets of PN Q, the subset
property noted in Remark 1.5 shows that x takes H to H® in P.
Similarly, 2™ takes H® to H in P.

Now h*™" = ab, so h = (a*)(b%). As ae C(H), a*C(H?), as required.
Furthermore, b* e {(N(W(P)), C(V(P))), and as we have seen that z™*
takes H® to H in P, that b takes H to H in P, and that x takes H
to H® in P, we can see that b® takes H” to H® in P, by the transi-
tivity property of Remark 1.5.

Thus, & = (a®)(b%) is the required factorization of k, and the proof
is complete.

LEMMA 5.7. Let Y be a well-placed subgroup of P with Z(P) £ Y,
and assume that Theorem 5.1 holds for every subgroup V of P such
that Y < V. Then Theorem 5.1 holds for Y.

Proof. Since Z(P) £ Y, it follows that C(Y) £ Y. Hence, Y <
Y-Cp(Y). Call Y*=Y-Cp(Y), and note that, by hypothesis, the
theorem holds for Y*.

Now Y is well-placed in P, so N,(Y) is a Sylow p-subgroup of
N(Y). Also, Y-C(Y) is normal in N(Y), so N(Y)NY-C(Y) is a
Sylow p-subgroup of Y-C(Y). But N(Y)NY-C(Y)=NY)NnPn
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Y.-C(Y)=PNY-CY), as Y-C(Y) = N(Y). Furthermore, PN
Y-C(Y) =Y -Cp(Y) = Y* by the Dedekind identity. Thus, Y* is
a Sylow p-subgroup of Y .C(Y), which is a normal subgroup of N(Y).
So we may apply the Frattini argument, and conclude N(Y) <
Y- C(Y) - N(Y™).

But, as Y < Y*, certainly Y < N(Y*), so the above relation may
be rewritten as N(Y) < C(Y) - N(Y'*).

Thus, if ge N(Y), we can write g = ¢c-n, for some ceC(Y),
ne N(Y*). Now Theorem 5.1 holds for Y*, so n = ab, for some
ae€ C(Y*), be{N(W(P)), C(V(P))), and b takes Y* to Y* in P.

Now Z(P) < Y*, since Co(Y) < Y*, so C(Y*) < C(Z(P)) = C(V(P)),
and so ae{(N(W(P)), C(V(P))>, and takes Y* to Y* in P. But
n € N(Y), and thus the subset property of Remark 1.5 shows that n
actually takes Y to Y in P.

Thus, g = ¢-n, with ¢e C(Y), and n e (N(W(P)), C(V(P))), with
n taking Y to Y in P. Thus, the theorem holds for Y, and the
lemma is proved.

Proof of Theorem 5.1. We complete the proof of this theorem
by induction on |P: X|. If X = P, then N(X) = N(W(P)), by the
definition of conjugacy functor, and so Theorem 5.1 is true immediately.

Thus, we may assume that X < P, and, by induction, that the
theorem is true for all subgroups Y of P such that |P: Y| < |P: X|.

We show first that there is some conjugate Y of X, where Y is
a subgroup of P, such that the theorem holds for Y. By Proposition
2.7, some conjugate Y of X is well-placed in P. If Z(P) < Y, then
Lemma 5.3 shows that the theorem holds for Y. If Z(P) £ Y, then
our induction hypothesis and Lemma 5.7 show that the theorem holds
in Y. In any case, there is a conjugate Y of X such that the theorem
holds in Y.

Since the family F, described in Definition 2.8 is a conjugation
family, and since (P, N(P)) € F', we have the following, using Defini-
tion 2.2:

There exist subgroups X, -+-, X, of P, with Y = X, and X = X,,
and Sylow p-subgroups @, -+, Q, of G, satisfying

(@) PN Q,; is a well-placed, tame intersection

(b) X, and X,., are contained in PN Q,,

(¢) if Co(PNQ)ZPNQ,;, then X; and X,,, are conjugate in
C(PNQ;), and

(d) if Co(PNQ)<PNQ, then X; and X,,, are conjugate in
N(P N Q).

We show by induction on j that the theorem holds for all X.
As X = X,, this suffices to prove the theorem.

For j =1, we have X, = Y, and we have chosen Y so that the
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theorem holds in Y. Now suppose that the theorem holds in X;. If
(¢) is true for the index j, then X; and X;., are conjugate in C(PN @,),
and, as they lie in PN @,, they are equal, and the theorem holds for
Xi+1-

If, on the other hand, (d) holds for the index j, then Lemma 5.5
shows that the theorem holds for X; ., as a conjugate of X, by an
element of N(PN Q,).

This induction completes the proof of Theorem 5.1, and so, of our
result on control of strong fusion.

6. Factorizations of the focal subgroup. We first need the
following result, which says that a factorization of a p-solvable group
yields a factorization of its focal subgroup.

LEMMA 6.1. Let G be a p-solvable group, P a Sylow p-subgroup
of G, and suppose G = {H, K, L), where P< H, and P< K, and L
15 a normal p'-subgroup of G. Then PNG = (PN H)-(PN K.

Before we turn to the proof of Lemma 6.1, we prove a preliminary
lemma.

LemMMmA 6.2. If P is a Sylow p-subgroup of the group G, and M
18 a subgroup of G with P< M, and N ts a normal p’-subgroup of
G, then PNN M'N = (PN M')N.

Proof. Call E= PNNM'N. Then E < PN, and N £ E, so, by
the Dedekind identity, E= (PN E)N. Also, PN E=PNPNN M N=
PN M'N, so E=(PNM'N)N. Since PN M’'N is a p-group, and N
is a p’-group, this factorization of E shows that PN M’'N is a Sylow
p-subgroup of E. Also, since M’ is a normal subgroup of M and
P < M, we have that PN M’ is a Sylow p-subgroup of M’, and hence
also of M'N. Since PN M' < E, and < M'N, we have PN M’ a
Sylow p-subgroup of E as well. But PN M’ < PN M'N, and each
of these is a Sylow p-subgroup of E. Hence, PN M’ = PN M’N, and
so B = (PN M')N, as required.

Proof of Lemma. 6.1. We proceed by induction on the order of
G. Thus, we assume that the lemma is true of any group whose
order is less than |G]|.

Let N be a minimal normal subgroup of G. Define G = G/N,
P = PN/N,H= HN/N,K = KN/N and L = LN/N. We claim that
these homomorphic images satisfy the hypotheses of the lemma. By
elementary properties of homomorphic images, G is a p-solvable group,
G = (H, K, L), and all the hypotheses of our lemma are satisfied. As
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|G| < |G|, our induction hypothesis shows that the conclusion of the
lemma holds for G; that is, that PN G’ = (Pn H") - (PN K").

If we consider the corresponding equation for the pre-images in
G of these subgroups of G, using the fact that G’ = (G/N) = G'N/N,
we get

(6.3) PNNG'N=(PNNHN)-(PNNK'N).

Define F = PN N G'N. Now N is a minimal normal subgroup of
the p-solvable group G, so N is either a p-group or a p’-group. We
consider each of these cases separately.

Case 1. N is a p'-group. Using, in turn, G, then H, and then
K for M in Lemma 6.2, we have PNN G'N = (PN G)N, and PNN
H'N = (Pn H')N, and PNN K'N = (PN K')N. Using these equations
to rewrite (6.3), we get

F=(PNG)N and F= (PN H")-(PnK)N.

The first of these equations shows that PN G’ is a Sylow p-sub-
group of F, and the second that (PN H")-(PN K') is a Sylow p-sub-
group of F. But as (PN H)-(PNK') =< PNG, we must have PN
G' = (PN H')- (PN K') as required.

Case 2. N is a p-group. As N is a normal p-subgroup of G, we
have N < P, so PN = P. Thus, (6.3) becomes

F=PnGN=(PnHN)-(PNnK'N).

Now, we have PN G'NZG'N and NS PNGN, so by the
Dedekind identity, PN G'N=(PNGNNG)N. But PNG'NNG =
PNG,s0 PNG'N= (PN G)N. Similarly, PN HN = (PN H)N and
PN K'N)=(PN K')N. Thus, the equation abhove becomes

F=(PNGN=(PnH)-(PNnK)N.

Now N is either an eccentric or a central factor of G; that is
either [N, G] > 1 or [N, G] = 1.

If [N, G] > 1 then, as N is a normal subgroup of G, [N, G] is a
normal subgroup of G, and [N, G] < N, and so, by the minimality
of N, we have [N,G]=N. We claim that in this case N =<
(PN HY- (PN K.

Let neN. Then, as N = [N, G], there exist me N and g G
satisfying n = [m, g]. As G = {H, K, L), we may write g = ¢,¢: ** * Ju,
with each g;e H, K, or L.

We show by induction that any such commutator [m, g, «++ g;] €
(PN H)YPN K’), where each g;€ H, K, or L. This will suffice to
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establish the claim above.

For © =1, we have [m, g,]. If g,€ H or K, then [m, g,] € N, since
N is normal, and [m, gJe H', or K’ since me NS P< HNK, so
[m,g]e NN K'<PNK'. If geL, then [m, g]e NN L, as each of
these subgroups in normal; but they are of relatively prime order, so
[m, g]e NN L =1. Thus in any case [m, g,]e (PN H)(PN K').

For ©+ = k, assume the result holds fori=%—1. Callh=g¢, «-- g,_,.
Then [m, g, -+ - gi] = [m, hgi] = [m, gillm, R][[m, h], g,]. As in the case
above [m, g,]e (PN H')(P N K’), and, since [m, h] € N, we have

[[m, ], g:] € (PN H'Y(PN K')
for the same reasons. From our induction hypothesis,
[m, ke (PN H'(PN K'), so [m, g, -++, a:] € (PN H)PNK').

This completes the induction, and shows that when [N, G] > 1, we
have N< (PN H)PN K'). Since N< PN G as well, (6.8) becomes
PNG =(Pn H)PN K'), as required.

The remaining case is [N, G] = 1; that is, N < Z(G). From (6.3),
we can calculate

PNG' NN

. |F
PnG| =
| N|

and

(PnE)-(Pn K| = LLED H’{)J;T(IPH K)NN|

Now, to show that PN G’ = (PN H')- (PN K’), it suffices to show
that their orders are equal, and for this, it is clear from the equa-
tions above, it suffices to show that, PNG NN=(PNH")-(PNK')NN.
Certainly, (PN H)- (PN K)YNN=ZPNGNN.

A transfer theorem ([5], page 416) states that PN G' N Z(G) < P'.
But N Z(G),so PN G NNZ P',and P< H; wehave P" < PN H'.
Thus, PNGZNN=ZPNnH,andso PNGNN=PNH)NWPNK’)NN,
as required. This completes the proof of Lemma 6.1.

We can immediately apply this result to obtain a factorization of
the focal subgroup from Theorem 1.8.

THEOREM 6.4. Let G be a group, P a Sylow p-subgroup of G,
and W a conjugacy functor satisfying Z(H) £ W(H) for all He 57,
and V a central functor. Assume that for every local subgroup L € &,
L is p-solvable, and there is a Sylow p-subgroup @ of L such that
L = (N(W(Q)), C(V(Q), O,(L)>. Then
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PN G = (PNNW@)YNPNCV(Q)) .

Proof. The theorem follows directly from Lemma 6.1 and Theorem
1.8 (1), our result on local control of transfer.

We now quote several theorems which give conditions under which
a group factorizes.

DEFINITION 6.5. A group H is involved in a group G if there
are subgroups K and L of G, with K a normal subgroup of L, such
that H is isomorphic to L/K; that is, if H is a homomorphic image
of some subgroup of G.

THEOREM 6.6. (Thompson [6]). Let G be a p-solvable group, and
P a Sylow p-subgroup of G, and suppose one of the following holds:
@ »p=z5
() » =38 and SL(2, 3) is not involved in G.
(¢) p=2 and SL(2, 2) is not involved in G.
Then G = Ny (J(P)) - Co(Z(P)) - 0,.(G).

THEOREM 6.7. (Glauberman [3], p. 19). Let T be a Sylow 2-
subgroup of G, and C(0.Q)) S 0GR, and either

(a) |N(H)/C(H)| < 6 for every four-group H in Z(0.G)), or

(b) the symmetric group on four letters is mot imvolved in G.
Then G = (N(J(T)), C(Z(T))>.

THEOREM 6.8. (Goldschmidt [4]). Suppose P is a Sylow p-sub-
group of G, and (U*'Z(P)) S 0,(G). Then G = N(J(P)) - C(U0'(Z(P))).

We can now combine any of these three results with Theorem
6.4, and obtain conditions on the local subgroups which imply that
the focal subgroup factorizes.

THEOREM 6.9. Assume that every local subgroup L€ & 1is p-
solvable, and satisfies the hypotheses of

(a) Theorem 6.6.

(b) Theorem 6.7, for p = 2.

(¢) Theorem 6.8.
Then, respectively,

(@) and (b) PN G = (PN NUJP)) PN CZP))), or

() PN G = (PN NJP))P N CO(ZP))).

Proof. Apply Theorem 6.4, with W(H) = J(H), and, in the first
two cases, V(H) = Z(H), and V(H) = 0'(Z(H)) in the third case.
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