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The main theorem asserts that S.(D)=S(D) 0 .#Z (D),
where D is a polydomain in C~, S(D) is the Shilov boundary
of H=(D),{ is an essential distinguished boundary point of
D, # (D) is the fiber over { of the maximal ideal space of
H=(D), and S;(D) is the Shilov boundary of the fiber algebra.
The main theorem includes Iversen’s theorem for polydomains.

Introduction. This paper represents a continuation of the work
in [5] and [7], dealing with the study of bounded analytic functions
and cluster value theory from the “uniform algebra” point of view.
The central theme will be Iversen’s theorem, stating roughly that
“the boundary cluster set contains the boundary of the cluster set”.
There is an elementary Banach algebra theorem asserting that “the
image of the Shilov boundary contains the boundary of the image”.
When applied to certain fiber algebras, the latter assertion is closely
related to Iversen’s theorem, as had already been noted by Kakutani
[9]. It is our purpose here to study the connection between Iversen’s
theorem and its abstract analogues. To describe more accurately
what this amounts to, we introduce some notation and definitions.

Let D be a bounded open set in C*, let H*(D) denote the algebra
of bounded analytic functions on D, and let .2 (D) denote the maximal
ideal space of H=(D). The natural inclusion D =—— _# (D) embeds D
homeomorphically as a subspace of _# (D). [Problem: Is D open in
A4 (D)?.] The functions in H=(D) will be regarded as continuous
functions on _#(D). In particular, the coordinate functions z,, «+-, 2,
extend to (D) and determine a projection

Z: (D) ——C" Z = (2, ~+,2,)

If {eC", then Z7'({{}) = _#:(D) is called the fiber over {, and the
restriction of H=(D) to _# (D) is called the fiber algebra. The Shilov
boundary of the fiber algebra is denoted by S.(D), and the Shilov
boundary of H=(D) is denoted by S(D). In §1, we show that always

SA(D)2S(D) N _#(D) .

Although trivial examples show that equality does not generally hold,
it turns out that in some cases equality does hold, and that the

reverse inclusion is in some sense an abstract form of Iversen’s
theorem.

From the work in [7] it follows that in the case Dc C (i.e.,
n = 1), we have S.(D) = S(D)N _#.(D) whenever { is an essential
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boundary point for D. In §§2 and 3 this result is used to give a
proof of a strong form of the one-variable version of Iversen’s theorem.
This theorem is interpreted in §§4 and 5 as a theorem about represent-
ing measures. In §6, the representing measures are patched together
to obtain a continuous family of representing measures for points of
D satisfying a certain subsidiary condition which reflects Iversen’s
theorem.

The remaining sections are directed towards polydomain algebras.
Section 7 contains background material on algebras on products D =
U, x -+« x U, of open planar sets. It includes a cluster value theorem
and other results which can be obtained by a straight-forward iterated
application of the techniques employed to obtain the corresponding
results in the one-variable case. In §8, continuous families of repre-
senting measures are obtained for polydomain algebras, by simply
taking the products of the representing measures of §6. The sub-
sidiary condition on these families of representing measures is rein-
terpreted in § 9, to obtain a version of Iversen’s theorem for polydomains.
In §10, the results of §7 are combined with the multivariable form
of Iversen’s theorem to prove that S,(D) = S(D) N _#Z:(D) whenever
{=(,---,L,), where each {; is an essential boundary point of U;.
This latter theorem includes both Iversen’s theorem and the most
important special case of the cluster value theorem.

The author would like to acknowledge with gratitude several
beneficial conversations with 0. Bekken and with L. Zaleman.

Notation and Conventions. All norms will be supremum norms,
unless otherwise indicated. The supremum norm over a set E is
denoted by

1 Fllz = sup{lf(@)[:we B} .

All measures are finite regular Borel measures. The closed support
of a measure p is denoted by supp ##. The restriction of a measure
v to a set E is denoted by v,. If vy is a measure on X, and 7 is a
continuous map from X to Y, then z*v is the measure defined on
Borel subsets E of Y by (z*v)(E) = v(z'(£)). Then

|ra@) = (f omav

for bounded Borel functions f on Y.

If v is a measure, then Y(v) will denote the maximal ideal space
of L=(v). The Gelfand transform is an isometric isomorphism of L=(v)
and C(X(v)). If E is a Borel set, the characteristic function of ¥ in
L=(y) corresponds in C(Z(v)) to the characteristic function of a clopen
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subset of X(v), which is denoted by £. The measure v has a canonical
lift to 2(v), which will be denoted by ¥, or simply by v when no con-
fusion can arise. Elementary topological properties of X(v), on the
level of 1.9 of [4], will be used freely.

By 4(; ) will denoted the open disc in the complex plane with
center { and radius », or the open polydisec in C* with center { and
multiradius 7, depending on the context. If E is a subset of the
complex plane, then

|E| =sup{|{|: e E}.

A reference for background material on uniform algebra theory
is [4].

1. The Inclusion S.(D)=2S(D)N _+(D). The main result of
this section serves to clarify the state of affairs, but it will not be
used in an essential way in anything that follows.

If {A,}7., is a sequence of uniform algebras, then [~({4,}) will
denote the algebra of sequences {f,};_,, where f, € A;, and sup ||/, || <ceo.
The following theorem is a variation of the “independence of fibers”
theorem of J.-P. Rosay [11]. Generalized peak sets, or intersections
of peak sets, are defined and discussed in [4].

THEOREM 1.1. Regard H>(D) as a uniform algebra on the closure
D of D in _#Z(D). Let {E):., be a sequence of closed subsets of D,
and let E be the closure of UE, in D. Suppose that for each k, E,
18 a generalized peak set which does not meet the closure of UjzFi’.
Then E is a generalized peak set. Moreover, the restriction algebra
H=>(D) |y is isometrically isomorphic to I>({H=(D)|z})-

The proof depends on the following lemma.

LEMMA 1.2. Let N be a neighborhood of E im D, let ¢ > 0, and
let g,€ H*(D)|s, satisfy |g.| <1. Then there is Ge H>(D) such that
Gll=1+¢ |G|<eoff N, and |G — g,| <¢ on E,.

Proof. Shrinking N, if necessary, we can assume D\N is adherent
to D\N. Take ¢, > 0 such that 3¢, =¢, and choose open neighborhoods
M, of E, such that M,c N and M, N M; = @ for j k. Since E,
is a generalized peak set, there are f, e H=(D) such that f, = g, on
E,If]l £1, and |f.]| < &, off M,. The series G = 3f, then converges
uniformly on compact subsets of D, uniformly on D\(U M,) D D\N,
and uniformly on each M, N D. Evidently G e H*(D) satisfies ||G|| <
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1+¢ |G <¢ on D\N, and |G — g,|<¢ on DN M, Since D\N is
adherent to D\N, and E, is adherent to DN M,, G has the desired
properties.

Proof of Theorem 1.1. Suppose 7 is a measure on D orthogonal
to H=(D). Let {N,}, be a shrinking sequence of open neighborhoods
of Ein D such that [7|{(N)\E) — 0. By the lemma, there is G; € H~(D)
such that ||G;]| £2,|G;, — 1| £ 1/joff E, and |G;| = 1/j off N;. Then
G;n L H*(D), and G;n converges weak-star to the restriction 7, of
7 to E. Consequently v, L H=(D), this for all » L H=(D). By
Glicksberg’s theorem, E is a generalized peak set. In particular,
H>(D)|; is a closed subalgebra of C(E). The lemma shows that the
restriction algebra is dense in I({H=(D)|z}), so that it must coincide
with the latter algebra.

LEMMA 1.8. For each £eC", the generalized peak points in
S(D) N #(D) are dense in S(D) N _#.(D).

Proof. Suppose @€ S(D)yN _#.(D). Let N be an open neighbor-
hood of . It suffices to produce a generalized peak point in N N _# (D).
Since ® cannot be isolated in S(D), and since the generalized peak
points are dense in S(D) we can find a generalized peak point @, and
an open neighborhood N, of @, such that

N,cN,p¢N,, and |Z(®)—C|<1.

Continuing in this fashion, we can construct a sequence {®;}3=, of
generalized peak points, and open neighborhoods N; of ®;, such that
the N; are disjoint, N; c N, and |Z(®;) — | <1/j. Then Theorem 1.1
applies to the singletons E; = {®;}. That theorem shows that the
closure of {®;} is a generalized peak interpolation set. In particular,
any cluster point of the sequence {®,} is a generalized peak point,
which lies in NN _#/(D).

THEOREM 1.4. If D is a bounded open subset of C*, and {ec C*,
then

SA(D)28(D) n #(D) .

Proof. Generalized peak points in S(D) N _#;(D) are also gener-
alized peak points for H=(D)| .., and hence belong to S,(D). Taking
closures and applying 1.3, we obtain the desired inclusion.

Now we specialize to the case of a bounded open set U in the
complex plane C. A point {edU is an essential boundary point for
U if not all the functions in H=(U) extend analytically across C.
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The set of essential boundary points E of U is a closed subset of
oU, and H=(U) is isometrically isomorphic to H=(U\E). The pro-
jection Z(S(U)) of the Shilov boundary S(U) of H=(U) coincides with
E. If {e U\E, then _#(U) consists of only one point, the homo-
morphism “evaluation at {”, so that _Z(U) = S, (U) = {{}. On the
other hand, if {e E, then _#(U) is quite large.

By Theorem 2.7 of [5], the restriction algebra H=(U)| ;. is a
closed subalgebra of C(_#(U)), whose maximal ideal space is _#(U).
Theorem 6.8 of [7] asserts that if { is an essential boundary point,
then every generalized peak point in S, (U) for the fiber algebra is a
generalized peak point for H=(D), and hence lies in S(U). Since such
points are dense in S,(U), we obtain S, (U)<= S(U) N _#(U) whenever
{ is an essential boundary point. Combining this with 1.4, we obtain
the following theorem.

THEOREM 1.5. If U is a bounded open subset of C, and if C is
an essential boundary point for U, then

S(U) = S(U) n .#(U) .

2. Harmonic measure on .#Z(U). For §§2 through 6, we let
U be a fixed bounded domain in the complex plane. In this section
we derive some elementary properties of the “harmonic measure” A,
on #Z(U) for ze U.

Let 4 be the open unit disc, and let d@ be the arc length measure
on 04. The correspondence between a function in H>(4) and its radial
boundary values is an isometric isomorphism of H>(4) and a weak-
star closed subalgebra H>=(df) of L=(df). The functions in H=(d6)
can consequently be regarded as continuous functions on the maximal
ideal space 3(d6) of the algebra L=(df). Since H>(df) separates the
points of X(d6), X(df) can be regarded as a subset of _#Z(d). It turns
out that 3(df) is the Shilov boundary of H>(4). If we 4, then the
Poisson measure m, on 04 has a canonical lift to X(d6f), which will

also be denoted by m,. Then f(w) = g fdm,, for all fe H>(4) and all

we 4.

Next we mention some facts which are developed in more detail
in §6 of [8]. Let = be the universal covering map of 4 over U.
Then 7 extends to a continuous map

. A4 — _#Z(U) .
For each ze U, choose we 4 such that 7(w) = 2, and define

N, = T*¥(Mm,,) ,
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so that )\, is the projection onto .Z(U) of m,. Then A, does not
depend on the choice of w. We call )\, the harmonic measure on

#(U) for ze U. It satisfies
@ = fn,  feHU),2eU.

Since the measures m, are mutually boundedly absolutely continuous,
so are the \,. When we are concerned only with the absolute con-
tinuity class of »,, we will abbreviate A\, to . The inclusion map
H=(U) — L=(\) maps H=(U) isometrically and isomorphically onto a
weak-star closed subalgebra of L~(\), consisting of precisely those
ge L=(\) such that Sgdxz depends analytically on ze U.

For 0 = 6 < 27, the image under 7 of the interval {re”: 0 < » < 1}
is called a conformal ray and denoted by v,. A property is said to
hold for almost all conformal rays if it holds except for those conformal
rays corresponding to a set of #’s with zero length. For almost all
0, the limit lim,_, 7w(re?’) exists and will be denoted by #(e?). For
such 0, the conformal rays v, is said to terminate at #(e’’). Each
terminal point belongs to dU.

For each ze U, we define a measure g, on the terminal points of
the conformal rays as follows: select w e 4 such that 7w(w) = 2z, and set

t(E) = m,({e’: T(e”) e E}) .

In other words, p, = #*(m,). Then g, does not depend on the choice
of w. For an indication of the proof of the following simple lemma,
see [5].

LEMMA 2.1. The measure p, is the harmonic measure on oU for
ze U.

Let 0: 3(df) — 04 be the natural projection, and let df be the
lift of d& to 3(d6). If f is a Borel function on 04, then fop is a
Borel function on 3(d6), which coincides a.e. df with the Gelfand
transform of fin C(3(df)). In the case f = 7%, the Gelfand transform
is the restriction of Zorm to 3(df), so that Zorw = Fop a.e. df. It
follows that

ZH(w* () = T*(0* () 5 wed.

Since the left hand side is Z*(\,), 2 = n(w), and the right hand side
is #*(m,) = p., we obtain the following.

LEMMA 2.2. For ze U, the projection Z*(\,) of N, onto D coincides
with the harmonic measure p, on 0D for z.
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Now let fe H*(U), and let @ be a subset of dU. We define
Cl. (f, Q) to be the essential cluster set of f along conformal rays
terminating in ¢. In other words, a complex number b belongs to
Cl; (f, @) if and only if for each ¢ > 0, there is a set of conformal rays
of positive measure, each of which terminates in @, and along each
of which f has a limit within ¢ of 6. The A-essential range of f on
Z"YQ) is the essential range of f with respect to the restriction
measure of A to Z7(Q).

THEOREM 2.3. Let @ be a Borel subset of oU, and let fe H*(U).
Then Cl. (f, Q) coincides with the \-essential range of f on Z ' (Q).

Proof. Let e L~(d) be the nontangential boundary value func-
tion of ¢ = fomwe H=(4). By definition, Cl. (f, @) coincides with the
df-essential range of § on #(Q), and this coincides with the dé-
essential range of ¢ = form on P '(Q)) & 3(df). Since Z*(x*(#,)) =
F*(0*(m,)), o HF Q) differs from 7~'(Z~(Q)) by a di-null set, so that
Cl; (f, Q) coincides with the df-essential range of fox on 77Y(Z Q).
Since 7*(7,) = \,, this coincides with the \-essential range of f on

Z7(Q).

3. Iversen’s theorem. The cluster set of fe H*(U) at {eoU
is denoted by Cl (f, £). It consists of all complex numbers b for which
there is a sequence z,¢ U satisfying z, —{ and f(z,) — b. Evidently
Cl(f,C) coincides with the range of f on the adherence of U in
#(U), so that in particular

Cl(f,O=f(#U), (eolU, feH™(U).

It is shown in [5] that equality always holds here, but we do not
need this fact for now. The following version of Iversen’s theorem
is already a consequence of our discussion so far. We denote by p
the harmonic measure on dU for some suppressed point z of U.

THEOREM 3.1. Let @ be a relatively open subset of supp ¢ and
let fe H>(U). If |CL.(f, Q)| =1, then |CL(f,0)| =1 for all {cQ.

Proof. The hypothesis and Theorem 2.3 show that the \-essential
range of f on Z7XQ) is bounded in modulus by 1. Since f is continu-
ous on _#Z(U), we have |f| <1 on Z7(Q) N supp \, a relatively open
subset of supp). Now the closed support of )\ contains the Shilov
boundary for H>(U), so that | /| < 1 on S(U) N _#(U) for all essential
boundary points {e@. By Theorem 1.5, S(U) N #Z(U) = S.(U), so
that we obtain in turn |f(S{(U) |1, |f(#Z(U))| <1, and |Cl1(f,{)|<1
for essential boundary points {€ Q. Since each fe H=(U) is analytic
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on the subset of U of nonessential boundary points of U, and since
the terminal points of conformal rays are appropriately dense in supp g,
it is clear that the desired result holds also for those { e @ which are
not essential boundary points of U.

We will need a stronger version of Iversen’s theorem. Note that
Theorem 3.1 emerges from the following theorem as a — 1.

THEOREM 3.2. Let @ be a relatively open subset of supp p, and
fizr 1<a < M. Then there exists an open subset V of U such that
Q does not meet the closure of U\V, and such that V has the follow-
ing property: If fe H(U) satisfies ||f|I|< M and |CL. (f, Q)| <1,
then |f|l|<a on V.

Proof. We will argue by contradiction. Suppose the theorem is
not true. Then there exist f,e H=(U) and z,€ U such that z, con-
verges to a point (e @, [fu(z.)| > a, [Ifull = M, and [f,| =1 ae. dr
on Z7%(Q). We can assume that f, converges weak-star to f in L=(\),
so that fe H*(U), | fIl < M, and |f]| £1 a.e. drn on Z7Y(Q).

Suppose first that { is a regular boundary point of U. Then g,
converges weak-star to the point mass at £, so that

N (Z7H(@) = 1, (@) — 1

The estimate

Ifaz) | = Hf%dkzn%} = M, (CUNZ7HQ) + N (Z7HQ))
then shows that lim sup |f.(z.,)| = 1, a contradiction.

Suppose next that { is an irregular boundary point of U. Then
{{} is a component of 6U. For each ¢ > 0, we can find a simple closed
Jordan curve J. in U which surrounds { and which is contained in
the e¢-disc centered at {. Let U. be the part of U inside J.. We
assume ¢ is so small that U, N supp £ < @. By Theorem 3.1, we have
[f2] < a near points of QNJU,.. If n is large, then z,€ U. Since
|72z | > a, the maximum modulus principle implies that there is some
point @, ¢ J. such that [f.(®.)| > a. Let {.eJ. be a cluster point of
the sequence {x,}. By Schwarz’s lemma, we will have [f({)|= a.
Now {.—Cas ¢ — 0, so that [Cl1(f, )| = a. This contradicts Theorem
3.1, and the theorem is established.

4. Representing measures. In this section, we give two abstract
lemmas, which will be used to convert Iversen’s theorem to informa-
tion on representing measures.
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Let X be a compact space, let A be a closed subalgebra of C(X)
containing the constants, and let @ be a nonzero complex-valued
homomorphism of A. A representing measure for @ is a positive

measure ¢ on X satisfying @(f) = S fdr for all fe A.

LEMMA 4.1. Let T be closed subset of X, and let 1 <a < M.
Suppose that |P(f)| < a whenever fe A satisfies || fII=E M and [f|Z1
on T. Then there is a representing measure T for @ such that ©(T) =
1 — (log a)/log M.

Proof. According to II.2.1 of [4], it suffices to show that ¢(u) =
1 — (log a)/log M whenever v < Re A satisfies v = 0, and v =1 on 7.
So suppose g€ A satisfies Reg = 0, and Reg =1 on T. Set

f= Mexp(—glog M) .
Then ||f|]| < M, and |f| <1 on T, so that
a = |P(f)| = Mexp (—Re ¢(g) log M) .
This yields Re #(g) = 1 — (log a)/log M, as required.

LeMMA 4.2, Let 0 be a positive measure on X, and let B be a
weak-star closed subalgebra of L~(0) containing the constants. Let
P be a nonzero complex-valued homomorphism of B which is continu-
ous in the weak-star topology of L=(c). Let F be a Borel subset of
X, and let 1 < a < M. Suppose that |o(f)| < a whenever f € B satisfies
NS M, and |f| <1 a.e. on F. Then there is he L'(o) such that
ho is a representing measure for @, and

S hdo =1 — 2(log a)/log M .
F

Proof. B can be regarded as a closed subalgebra of C(2(0)) con-
taining the constants. According to Lemma 4.1, there is a representing
measure ¢ for @ on X(¢) such that z(F) =1 — (loga)/log M. The
proof of the Hoffman-Rossi theorem (ef.IV.2 of [4]) shows that there
is a net of representing measures for @ of the form h.do, h.< L'(0),
which converges to ¢ in the weak-star topology of measures on X (o).

In particular, S hdo = (ho)F) —(F), so we can take h = h, for
F
an appropriate index «.

5. Existence of representing measures for H*(U). Let C be
a Borel subset of _#Z(U). There is then a Borel subset F of 04 such
that E differs from 7~'(C) by a set of m,-measure zero. Then C
differs from 7(E) by a set of A-measure zero, so that
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Ne = Ny = T¥(dbg) .

Let G be the group of covering transformations of 4 over U, so
that H=(U)on consists of precisely the functions in H=(4) which are
invariant under G. Evidently F is invariant under G, and E is
“almost” invariant under G, that is, for each Te G, T(E) differs from
E by a set of zero length.

LEMMA 5.1. The following are equivalent.

(i) The evaluation functionals at points of U are continuous
in the weak-star topology of L~(\¢).

(ii) The closed support of N\, imcludes the Shilov boundary of
H=(U).

(ii) E is a boundary for H=(U)ox.

iv) | flls = 1 fllz for all fe H=(4) which are invariant under G.

Moreover, if these conditions are satisfied, then the natural in-
clusion embeds H=(U) isometrically as a weak-star closed suwbalgebra
of L~™(\¢), the matural inclusion embeds H=(U)omw as a weak-star
closed subalgebra of L=(d6;), and the evaluation functionals at points
of 4 are continuous on H=(U)ow in the weak-star topology of L=(d6y).

Proof. If (i) is true, then each ze U has a representing measure
absolutely continuous with respect to \,. Each ze U then belongs
to the H=(U) — convex hull of the closed support of \;, so that the
closed support of A, is a boundary for H=(U), and (ii) is true.

That (ii) implies (iii) follows immediately from the relation )\, =
=3y Evidently (iii) and (iv) are equivalent.

Suppose next that (iii) and (iv) are valid. Then the inclusion
H>(U)orw G L=(df;) is an isometry. We claim that H*(U)o 7 is weak-
star closed in L>(df;). Indeed, suppose {f,} is a bounded sequence in
H>(U)-n which converges a.e. df; to some function fe L=(df;). Let
F be a weak-star adherent point of the sequence {f,} in H=(d§). If
TeG,thenf,oT = f,,s0that Fo T = F, and Fe H*(U)-n. Evidently
F = f a.e. dfg, so that F lies in the image of H*(U)oxm in L~(d0).
By the Krein-Schmulian theorem (cf. IV. 2.1 of [4]), H=(U) o 7 is weak-
star closed in L=(df;). The same proof shows that if z,€ U, then
the ideal of functions foze H=(U) o x satisfying f(z,) = 0 is weak-star
closed in L>(df;), so the point evaluation functionals are continuous
on H*(U)o7m in the weak-star topology of L>(dfz). It follows that
H=(U) is weak-star closed in L*(\.), and also that (i) is valid.

The assertion that H=(U) G L~(\) is an isometry follows immedi-
ately from (ii). That eompletes the proof.

Now we fix a Borel subset E of 34 such that £ is invariant under
G, and such that the conditions of Lemma 5.1 are met. We say that
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he L'(d0z) represents ' (z) if hdf; is a representing measure for some
point (and hence for all points) of #7'(z) on the algebra H=(U)-x.
This occurs if and only if 2 = 0, and 7*(hdf;) represents z on H=(U).

THEOREM 5.2. Assume every boundary point of U 1is essential.
Let @ be a relatively open subset of U and let € > 0. Then there
exists an open subset V of U such that @ does not meet the closure
of U\V, and such that for each z€ V, there is a function h,c L'(df;)
representing nw'(z) which satisfies

g hdfy, >1—¢.
z=1(z=1(Q))

Proof. Choose 1 < a < M so that 2 (log a)/log M < ¢, and let V
be the open subset of U given in Theorem 3.2. Fix z,€¢ V. We apply
Lemma 4.2 to ¢ = dfz, B= H>(U)o-m, and the homomorphism

P(fonm) = f(2), fe H*(U) .

The Borel set 7~%(Z~%Q)) N 3(dfz)) differs from a clopen set F' by a
set of df-measure zero. Here F is a Borel subset of E, and we take
this to be the F' of Lemma 4.2.

Suppose g = forwe H>(U)ox satisfies ||g|| < M, and |g| <1 a.e.
on F. Then |f|<1 a.e. w*df; on Z7'(Q). Since m*df; = \;, and
since the closed support of )\, includes S(U), we have |f| <1 on
S(U)N Z7(Q). By Theorem 1.5, |f| <1 on _#(U), for all {eQ.
Hence |Cl (f, @) | < 1. By Iversen’s Theorem 3.2, we have |[9(g)] =
[ f(z)| < a. Consequently the hypotheses of Lemma 4.2 are satisfied.
The existence of the A’s then follows from 4.2.

6. Continuous selection of representing measures. In this
section we show how Theorem 5.2 can be used to obtain integral
representation formulae for fuctions in H>(U), where the kernel func-
tions are to satisfy an accessory condition [Theorem 6.6 (iii)] which
embodies Iversen’s theorem. The definitions and notation from the
preceding section will be preserved. In order to carry the results
over later to polydomain algebras, we must continue working with
measures hdf; on o4 representing fibers 7~'(z).

LeEMMA 6.1. Suppose z,€ U, and suppose he L' (d0z) represents
™ (2,). Then for each compact subset J of U, there exists a constant
¢ such that

s = el femlliinao, » all fe H>(U).
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Proof. Define an analytic function 4 on U by

_((Zom) — 2
w@) = Smhdﬁm teU.

Since wu(z,) = 1, the zeros of u are isolated. By enlarging J, we can
assume that # does not vanish on dJ. For fixed {ed.J, the function
[f — Oz — z)/(z — &) belongs to H*(U) and vanishes at z,, so

(fom) —fQ) . _ = =
SW(Z T —2)hdf, =0, feH=U).

Solving for f({), we obtain

(ZoT) = % pap  re H2(U), (ed .

1 [
Q) = o | oD

u(f)

This representation yields an estimate of the desired form for (e dJ,
and by the maximum modulus principle the estimate persists on all
of J.

LEMMA 6.2. There are functions h,e L'(d0z), z€ U, such that h,
represents w7 (z), and h, moves continuously in L*(df;) with z.

Proof. Suppose ke L'(df;) represents 7'(z,) for some fixed z,€ U.
By 6.1, evaluation functionals on H®(U).n at points of 4 are con-
tinuous in the norm of L'(hdf;z), and in particular they extend con-
tinuously to the closure H*(hdfz) of H>(U)ow in L*(hdfz). For ze U,
let H2(hdfz) denote the closed subspace of functions in H*(hdf;) which
vanish on 77'(z). Using 6.1 and Schwarz’s lemma, one sees that the
evaluation functionals on H*(hdf;) move continuously in the dual space
of H*hdfz). Consequently the orthogonal projection F, of 1 onto
H*(hd0z)0HX(hd0:) moves continuously in H*(hd0;). Now F,H:(hd0sz)
is orthogonal to F, in L*hdfy), so that

[#1F.1ha0, =0, fe mEas,) .

Then 2, = [F,I%/S{F,lzhdﬁE represents 77'(z). Using 6.1 and an ele-

mentary estimate, one sees that |F,|* moves continuously in L'(hd0z),
so that k, moves continuously in L'(d¢;).

LEMMA 6.3. For each z,¢€ U, there is a neighborhood W of z, and
functions k,e L(dfg), ze W, such that k, represents mw~'(z), and the
Sunctions k,/k, are bounded and move continuously in L>(d0g).
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Proof. Let J be an open disc centered at z, whose closure is
contained in U, and let v, be the harmonic measure on ¢J for zeJ.
Let %, be as in 6.2, and define k, e L'(df;) by

k, = Swhcdv,(C) )

Fix z,eJ and ¢ > 0. Then there exists ¢ > 0 such that if |z — z,| < J,
we have 1/(1 + ¢) < dv,/dv,, <1 + ¢. For such z we obtain

A + o)k, — k, = gwh;d[(l +ew, —v]=0,

so that k, < (1 + ¢)k,. Since the situation is symmetric, we obtain
1/1 + &) £ k./k., =1 + ¢ whenever [z — 2,| < J, and this leads easily
to the continuity assertions of the lemma.

LEMMA 6.4. Let z,€ U, and suppose p, € L'(d0z) represents w'(z,).
Then there is a neighborhood W of z, a positive function p € L' (dfz),
and functions q,< L>(dfz), ze W, such that q,p represents w'(z), the
q. move continuously im L=(d0;) with z, and q,p = D

Proof. Let W and k, be as in 6.3. Shrinking W, if necessary,
we can find a continuous function ¢(z) on W such that 0 < ¢(z) < £./k.,
and ¢(z,) = 1. Thenk, + c(2)[p, — k] represents 77'(2). If p = p, + k.,
and ¢, is defined so that k, + c(2)[p, — k.| = ¢.p, then p and the ¢,
have the desired properties.

The result we have been aiming at is the following.

LeMMA 6.5. Assume every boundary point of U is essential.
There ewists a positive function Pe LYd0), and functions K, € L=(d0z)
for ze U, such that

(i) K.P represents n~'(2), that is, K, = 0, and

@ = \(FemK.PI;,  zeU,feHU);

(ii) the K, move continuously in L=(d6z) with z€ U; and

(i) 4f ze U approaches CecdU, then Z*m*(K,Pdfz) converges
weak-star to the point mass at C, that is, the mass of w*(K,Pdfy)
accumulates at the fiber _#,(U).

Proof. For n=1, let 4,,,4,,++- be a finite cover of dU by
open discs of radius 1/n, and let 4,, be the open disc with the same
center as 4,, and radius 2/n. By 5.2, we can find open subsets V,;
of U such that 4,, N oU does not meet the closure of U\V,, and
such that each 77'(z), z€ V,,, has a representing function in L*dfy)
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with mass greater than 1 — 1/n on 7~Y(Z7'(4,.)). We can arrange
that V,..& 4,,.

For n=1, let V, = Ui Vaur» and set Vo, = U. Then V, lies inside
a 2/n-neighborhood of 0U, and U\V, is at a positive distance from
oU. By shrinking the V,,, if necessary, we can arrange that V,, N
U< V,, so the V, shrink towards oU.

For fixed £e U, let n be the largest integer such that eV,
say €€ V,.. Thenég¢ V,.,. Suppose p. e L'(df;) represents =~'(¢) and
has mass greater than 1 — 1/n on z~Y(Z~%(4,.)). Let W(£) be an open
disc centered at & of radius less than 1/n, such that W(&) S V,\ V..o
and such that the representing functions of 6.4 exist for ze W(¢) and
all have mass larger then 1 — 1/n on 7~ (Z~'(4,.)).

We can select a sequence {z,} in U such that the open discs { W(z;)}
form a locally finite cover of U. Let p;e L'(df;) and gq.;€ L=(dfy),
z € W(z;), be the functions whose existence is asserted by 6.4, so that
q.;p; represents 77'(z) for z€ Wi(z;), and the g,; move continuously in
L=(dfs) with ze¢ W(z;). Let {g;} be a continuous partition of unity
subordinate to the cover {W(z;)}, satisfying 0 < g; <1, and define

h, = _z‘igj(z)q“'pj .
=

Evidently h,e L'(dfy) represents 7~'(z). If we define P = 3, p;/2?, and
if we define K, so that h, = K,P, then evidently (i) and (ii) are valid.

Let ze U, and let m = m(z) satisfy z¢€ V,1\Vnie Fix z; such
that ze W(z;). Suppose z;€ V,\V,,,, and let V,, be the set entering
in the choice of the representing function g¢,;p;, so that the mass of
q.;0; on TN Z"(d4,,)) is larger that 1 — 1/%. Since |z — z;| < 1/n, and
since z; € 4,,,, we have 4(z; 5/n) 2 4,,. Hence

(¢:i2:d0 ) (™ (Z7(4(2; 5/n)))) > 1 — 1/n .

Now by construction, W(z;) is disjoint from V,,, so that z¢ V,.,,
and hence m = n. Consequently the above estimate remains valid if
we replace n by m. Multiplying by g; and summing over j, we obtain

(h.d0:) (@ (Z(4(z; 5/m)))) > 1 — 1/m, 2 € Vours\Vinss «

If now z tends to {€dU, the index m = m(z) approaches - oo, S0
that the mass of 7*(h,df;) concentrates at the fiber over {. That
concludes the proof of the lemma.

If we define K} = n*(K,) and P* = 7*(P), we obtain immediately
the following theorem.

THEOREM 6.6. Let U be a bounded domain in C such that every
point of U is essential, and let \ be the harmonic measure on _#(U).
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Let C be a Borel subset of _#(U) such that the closed support of A
wncludes S(U). Then there are real-valued mnonnegative fumnctions
P*e L'(\y,) and K} e L=(\;), ze U, which satisfy

(i) £&) = |fK:P*dre, 2 U, f € HY(U);

(ii) KJF moves continuously in L=(\;) with z€ U; and

(iii) as z€ U approaches CeoU, the mass of K}P*\, accumulates
at the fiber _#.(U).

In many cases it is possible to find a subset C of _#Z(U) such
that S(U) is homeomorphic to X¥(\;). This occurs for instance when
U is finitely connected, or when U is one of the domains “of type L”
treated by Zalecman [14]. In this case the functions K can be re-
garded as continuous functions on S(U), and the K will move con-
tinuously in C(S(U)) with ze U.

7. Fiber algebras for polydomains. In this section we treat
bounded open sets D in C" of the form

D=Ux.--x U,,

where each U, is a bounded open subset of C. We begin with some
elementary observations concerning the fibers _(D).

In the case at hand, the coordinate projection Z maps _Z (D)
onto D= U, X «++ x U,. If {eD, then _# (D) consists of only the
homomorphism “evaluation at {’. Indeed, if fe H>=(D), there are
i, oo, fa€ H*(D) such that

@) = FQ) + 35 s = L) -

Applying @ e _#(D) to this identity, we obtain @(f) = f({) for all
fe H*(D), so that ® is the evaluation homomorphism at .

Suppose next that { € 0D, and suppose that the indices are arranged
so that {;eoU; for 1 <j <k, while {;eU; for k +1=<j<mn. Let
D =1U, x «++ X U, There are natural maps

H>(D") —— H>(D) _*_, H*(D') ,
defined by
59(21’ "'yzn) =g(zu "'szk) ’ geH“(D,) ’
(Of(zu M) zk) = f(zls *t zk’ Clc+19 ttty C'IL) ’ feHoe(D) M

These maps induce adjoint maps

AD) L _#D) 2 D).
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Since po¢ is the identity, ¢*o 0* is also the identity, and o* must be
a homeomorphism of _#Z (D) and a compact subset of _#(D). We
claim that

0* 2 D) ={pe ZD):Z@) = k+1<j<n}.

Indeed, if pe_#Z(I’) and § >k, then Z;(0*p) = ®(0z;) = {;, so we
have the inclusion “<”. On the other hand, suppose ®e_# (D)
satisfies Z;(p) = (;,k+1<j<n. If fe H*(D), we can find

fn’ ‘* 'yfk+l eHm(D)
such that

F@) = Fay ey 2y Corny oo G) + 3 (25 — C)3(2)

J=k+1

= @NE + 3 @ = W5 .
If « = ¢*@, then f(p*v) = (of)(®) = f(P), so that ¢ = p*y, and the
reverse inclusion “ 2" also obtains.

Set "=, --,L)edlU, x +-- xdU,. We have shown that
(D' is homeomorphic in a natural way to ._.Z(D). Note that the
expression for f above also shows that the cluster set of f from D at
{ e dD coincides with the cluster set of f from I’ at {'edD’. Con-
sequently both the study of fibers and cluster sets at {€dD can be
reduced to the case in which { belongs to the “distinguished boundary”
of D, that is, in which £edU, x -+- x 0U,.

Now we turn to the analogues for polydomains for some results
contained in [5] and [7]. The proofs will often amount to writing
down the integral formulae in [5] and [7] in one variable at a time,
regarding the other variables as analytic parameters, and checking
that the same estimates obtain as in the one variable case. For this
reason, only sketches are given at certain points in the proofs. The
iteration procedure was first employed by Bekken [1], who dealt with
rational approximation on product sets. The fact that the iterative
methods yield 7.1-7.4 and the cluster value Theorem 7.5 has been
observed by several people.

LEMMA 7.1. Let e U, let 6 >0, and let D, = [U, N 4&; 6)] x
Uy X oo X U, If fe H*(D,), then there exists F'e H*(D) and f, ¢ H*(D,)
such that

F=f+(@& —C), on D,
Fllp =331, -
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Proof. Let g be a smooth function of one complex variable such
that ¢ is supported on 4((;0), 9 =1 on 4(; 6/2), and |dg/ow | < 4/6.
Define

Fi(@) = 9@ f@ + —|[[ ettt 90 guqy
T Z—w 0w

where w = u + 4v. Then F, — f= G is analytic and bounded on
4(¢;;0/2) x U, x «++ X U,, so that the function

Silzsy <00y 20) =[Gy, 25y 222, 24) — GG, 2y 0, 20)]/(20 — )
is bounded, and
f@) + (2. — Q) fi(&) = Fi(2) + G, 23 22+, 24)
This is the desired decomposition. For the analyticity and estimates,

see [7].

LEMMA 7.2. Let {eD, let 6 >0, and let D, be the intersection
of D with the polydisc 4(C; 0). If f e H*(D,), then there exists F' € H™(D)
and f,, +++, fn€ H*(D,) such that

F=f+3@—0f on D,
IF 1> =< (83)"11f I, -

Proof. For the first step, we apply Lemma 7.1, with U; replaced
by U; N 4(;;6) for 2 < j < m. This yields

F,e H*(U, x 13- [U; N 4(&;; 0)])

and f, € H*(D,) such that F, = f + (2, — {,)f, on D,, and || F, || =33 || f|].
Now we apply 7.1 again, interchanging the variables appropriately,
and replacing the U,’s of 7.1 by the appropriate sets. After n ap-
plications of 7.1, we arrive at 7.2.

LEMMA 7.3. Let {eD. If fe H™(D) satisfies
lim f(z) =0,

D3z~¢

them f = 0 on _#Z(D).

Proof. Let € > 0. Choose 6 > 0 so small that |f|<e on DN
4(¢; ), and choose F' as in 7.2. The functions fi, ---, f, constructed
there actually belong to H>(D), because f does. For ¢ e (D), we
then have ¢(f) = ®(F'), so that |o(f)| < ||F|] < (33)". Letting ¢ — 0,
we have the result.
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THEOREM 7.4. Let {eD. Let V, +--,V, be open subsets of C
such that V;c U;, U;\V; is at a positive distance from ;. Then the
restriction map H=(D) — H*(V, X +++ X V,) induces a homeomorphism

AV, % oee x Vi) = (D).

Proof. The proof is exactly the same as that of the correspond-
ing result in [5].

Recall that Cl(f;{) is the cluster set of fe H*(D) at {. The
following cluster value theorem, which includes Lemma 7.3, follows
easily from 7.4.

THEOREM 7.5. If fe H*(D), and { e D, then
f(#(D)) = CL(f;0) .

Proof. The proof is the same as that of the corresponding result
of [5].

Recall that the fiber algebra associated with { e D is the restric-
tion of H*(D) to _(D). From 7.2 and 7.5, it follows that each
function f in the fiber algebra has an extension F'e H™(D) satisfying
1Fl, <[(83)" + 1}|| fllssy» It follows that the fiber algebra is a closed
subalgebra of C(_#;(D)). In order to study the Shilov boundary S.(D)
of the fiber algebra, we need sharper information on the extension of
functions in the fiber algebra. If _Z(D) is a peak set, then abstract
results yield sharp extension theorems, and the equality S(D) =
S(D) N _#(D). In order to treat the case in which _Z(D) is not a
peak set, we must introduce a certain ideal I, which plays the role
of the kernel of the distinguished homomorphism from the one-variable
case, and we must prove the analogue of the extension Theorem 6.2
of [7] for I..

Suppose that { e U, is such that #,(U) is not a peak set for
H=(U,). Let ® be the distinguished homomorphism in _# (U,). For
fixed &;e U;,2 < j < m, we have an identification

AU) ~Z7({z; = 6,255 =n)),

and we denote by (@, &, +--, £&,) the image of the distinguished homo-
morphism under this identification. There is a sequence {2’} in U,
which converges to {, in the topology of U,, and which converges to
® in the norm of the dual space of H=(U). If fe H*(D), then
f@P, 2, +++, 2,) converges uniformly in (z,, +++,2,)€ U, X +++ X U, to
(@, 25y +++, 2,). In particular, f(®, z,, -+, 2,) depends analytically on
the z;’s, = 2. [Actually, this latter assertion is true for any ¢ ¢ _#(U,),
distinguished or not.]
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Now suppose { € D, and suppose for convenience that the variables
are ordered so that #,(U;) is a peak set for H=(U,) if and only if
k<j=mn. Let ®; be the distinguished homeomorphism in _# (U;)
for 1 <j < k. We define I, to be the ideal of functions fe H>=(D)
such that f(z,, ««-, 2;_1, Pj, Bjss, *++, 2,) = 0 for 1 <7 <k and z;e U..

THEOREM 7.6. Let {c D, and let fe I.. Suppose p is a strictly
posttive continuous function on _# (D) such that |f| < p on _#(D).
There exists F' e I, such that F = f on _#.(D), and |F| < p on _# (D).

Proof. According to abstract principles (c¢f. Lemma 6.1 of [7]),
it suffices to find a sequence {H,} in I, such that the H,, are uniformly
bounded, H,, coincides with f on _#(D), and H, converges uniformly
to zero on compact subsets of _Z(D)\_#(D). By 7.5, this latter
requirement will be met whenever H, converges uniformly to zero on
subsets of D at a positive distance from C.

So fix ¢ >0 and ¢ > 0. It suffices to find He H*(D) such that
H=7f on _zZ(D),||H|| = @3 fll, and [H| = (83)*¢ off DN 4({; o).
To produce the function H, we apply k times the procedure in Lemma
7.1, and then we handle the remaining # — & variables with a peaking
function. Each time we apply 7.1, we proceed as in the proof of
Theorem 6.2 of [7], the crucial point being the uniform estimate there
for L,(f), defined in Lemma 2.1 of [7] and estimated in Corollary 3.7
of [7].

To simplify matters, let us assume that % = 2. Consider the
decomposition F =f + (3, — {)f, = F, + G, 2, +++, 2,) obtained in
the proof of 7.1. For each fixed (z,, ---,2,) in U, X +++ X U,, 2, —
F(z, «--, 2,) is analytic off 4(;; §) and vanishes at z, = . By Schwarz’s
lemma, we can make F(z) uniformly small whenever |z, — (| > ¢,
by taking 6 > 0 sufficiently small. Since f(®, 2, *+-, 2, = 0, the
estimate of Corollary 3.7 of [7] shows that the term G({, 2, *++, 2.)
is uniformly small if 6 > 0 is sufficiently small. Hence for 6 > 0
small we have |[F|<e off [U N4E;e)] x Uy X +++ X U,. Always
NF|| £388||fll, and F = f on _#Z(D). Since ®,(z, — ) = 0, we have
F(p, 2, ---,2,) = 0. By inspecting the definition of F, and G, we
see that F(z, Py, %, +++, 2,) = 0, so that Fel,.

Now we apply the same procedure on the second variable to F,
obtaining F’e I, such that F’' = f on _#Z(D), ||F'|| < (33)}]|f|l, and
|[F"| < e off U x [U,N4Cs¢)] x Uy X «++ x U,. The formula for F”
shows that if z, € U\4({;; ¢), then |F’| < 33 ¢. Consequently |F’| < 33 ¢
off [U,N4C; 0] x [UnNdEse)] X Uy X +oe X U,

We are assuming that k = 2, so that for 3 < j < n, there is a
function h; € H=(U;) which peaks on _7 (U;), thatis, h; =1on _# (U,),
and |h;| <1 on _Z(U)\#,(U;). Then h = hy+-+ h,c H*(D) peaks
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on the set of @ € _#Z(U) satisfying Z;(®) = {;, 3 < j < n. In particular,
h=1on _Z(D). If m is a large integer, then k™ is small off

U x U, x [U N A 0] X «o0 x [U, N 4EC050)]

Consequently for m sufficiently large, the function H = h™F"’ ¢ I, has
the desired properties.

8. Representation formulae for polydomains. In this section,
we will extend Theorem 6.6 to polydomains.

Let d? = d6, --- d6, denote the volume measure on the distin-
guished boundary (04)" of the open unit polydise 4" in C*. If fe H=(4"),
then lim,_, f(re'®, «- - re'=) exists for almost all ® = (4, ---, 6,), defin-
ing a boundary value function almost everywhere on (04)". Again
the correspondence between a function and its radial boundary values
is an isometric isomorphism of H=(4") and a weak-star closed sub-
algebra H>(d9) of L=(d9), so that the functions in H=(4") can be
regarded as continuous functions on X(d#). It is known (cf. [10])
that H=(4") does nct separate the points of X(d9). However, once
appropriate point identifications are made, one can regard X(d9) as a
subset of _#(4%) which contains the Shilov boundary S(4"). The
natural lift of the measure d9 to X (d?) will also be denoted by d&,
and the projection of d9 onto .7 (4" will be denoted also by d9.

Fix bounded domains U, ---, U, of C such that each boundary
point of each U; is essential, and let D= U, x --- X U,. Let m, be
the universal covering map of 4 over U,, and let = = (x, -+, w,) be
the universal covering map of 4" over D. Then = extends to a con-
tinuous map

T A4 — 7 (D) .

Indeed, the map f— fox of H*(D) into H=(4") has an adjoint whose
restriction to _#(4"), regarded as a subset of H=(4")*, yields the
desired extension of =.

Let G; be the group of covering transformations of 4 over U,
gso that m;o T = w; for all TeG,;, and let G =G, X -+« X G, be the
group of covering transformations of 4 over D. Then H=(D) is
isomorphic to the algebra of functions in H=(4") which are invariant
under G.

LemMmA 8.1. Suppose fe H*(4"). For almost all 0,, the function
(eml, ey, ewn—1> ___>f(ewl’ see, eww-—l, ewn)

is defined almost everywhere do, --- df,_., and is the boundary value
function of a function F(w, «+-, W,_, %) in H=(4"™"). For each
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fized (w,, <+, w,_,) € 4", the function €»— F(w,, «++, W,_,, €'7) is the
boundary value function of the function w, — f(w, *++, Wo_y, W,) N
H=(4). If f is invariant under G, then for almost all 6.,

F(wls Sty wn—ly ew”)

1s tnvariant under G, X <+« X Gu_.

Proof. The first two assertions are true if f is an analytic
polynomial. In the general case, take a sequence of analytic poly-
nomials {f.}7-, such that the f, are uniformly bounded, and f,—f
a.e. df, -+ df, on (34)". Fix 6, so that f,(e’s, ---, €'’) converges a.e.
dg, ++- df,_,. For that fixed 64,, the functions f,(w,, +--, w,_,, €?7) con-
verge for all (w,, «++, w,_,) € 4%, to some function F(w,, ««+, w,_,, n)
in H=(4""), whose boundary value function with respect to the first
% — 1 variables coincides with f(e*, - - -, e»—1, ¢i%), In particular, for
each (w,, -+, w,_,) € 4", the functions f,(w, --+, w,_;, €"’7) converge
to F(w, -+, w,_, ) a.e. df,. Since f, converges pointwise to f on
47, the function F(w,, +++, w,_, ¢’») must be the boundary value
function of f(w,, <+, W,_i, W,).

If f is invariant under @, then in particular f is invariant under
G, X *++ X G,_;, so taking boundary values in the last variable, we
see that F has the asserted invariance property.

Now for each U;, we select a Borel subset E; of 04 as in §5, so
that E; is invariant under G;, and E; enjoys the equivalent properties
of Lemma 5.1. Choose P; € L'(dfr;) and functions K/ € L*(d0z), z; € Uj,
which have the properties of Lemma 6.5, and define kernel functions

P(e1, v+, ') = Py(e) «~+ P,(¢"n)
Kz(e’wl’ cen, ewn) = Kzlx(e'wl) cee Kz";(ewn)’ zeD ,

on the subset
E = _E"1 X eee X En
of (04)".

LemmA 8.2. If fe H*(D), then

1) = | (f M) K (") Ple*)a9, ze D .

Proof. Here e* = (¢, +.., ¢"»), and (fom)(e*) is interpreted as
the boundary values of the function fom on 4”. The lemma is true
for n =1, and we can suppose that the lemma is true with n replaced
by » — 1. Let F be the function on 4" x 94 related to fome H=(4")
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by Lemma 8.1. For almost all 4,, F'is automorphic under G, X «++ X G,_,,
so by the induction hypothesis, F(w,, -+, w,_,, €?») is given by the
integral

|, oo | FomEary @) - K9P -

v En—1

X Pn—1(ew”-1)d‘91 e dan—l ’
where 7;(w;) = 2;,e U;, 1 £ 5 <n — 1. Now the function
F(wly ey, Wyyy e‘wn)

is automorphic under G,, so when we multiply by K (¢*»)P,(¢*»)db,
and integrate over E,, we obtain the desired result.

The point identification mapping 3(d®) — _#(4"), carrying dO to
a measure by the same name on _#(4"), preserves absolute continuity
and bounded absolute continuity. Hence the functions P and K,
determine (a.e. d9;) functions on _#(4"), which will be denoted
ambiguously by the same symbols. For these, we have the following
extension of Lemma 6.5, which leads also immediately to an exten-
sion of Theorem 6.6.

THEOREM 8.8. Let D= U, x -+« x U, be a bounded polydomain
wn C" such that each boundary point of each U; is essential.

Let PeLNdPy) and K.e L=(d9:) be the positive functions con-
structed above, for ze€ D. Then

(1) f@ =  (femK.Pi; feH"(D),zeD.

A (4T)

(ii) K, moves continuously in L=(d9z) with z€ D; and

(i) #f LedlU, x «-+» x 0U,, then the mass of w*(K,Pd9z) accumu-
lates at the fiber _#,(D) as z <€ D approaches C, that is, (Zo w)*(K,Pd9 )
converges weak-star to the point mass at { as z€ D approaches L.

Proof. Property (i) follows from Lemma 7.2, while property (ii)
follows from the corresponding property of Lemma 6.5 for the factors
of K..

Let 7; be the natural map of _#Z (D) onto _#(U,), obtained by
restricting + € _# (D) to the functions in H=(D) which depend only
on the jth variable. These yield a map

Ty oo, U)=V0: #Z(D)—> #Z(U) X +++ X #Z(U,) .
Similarly we have natural maps @: #(4") — _# (4)" and
() — Z(df,) x +-+ x 3(dF,) ,
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and one verifies that the following diagram is commutative:

z(d/el) X eee X z(do,,)—}.//z(A)n”—‘iLiﬁ‘ AU X oo x AU
o "

/ / / lZl X X Zn

3d6) — 24— 2 (D) —Z2—, Tx oo x T, .

If we start with the measure K,Pd®d, on X(d9) and take the low
road, we obtain the measure (Zo7)*(K,Pd9;) of the theorem. On
the other hand, if we take the high road around we obtain a measure
on U, X +++ x U, which is a product of the projections of the kernel
measures dealt with in Lemma 6.5. Applying Lemma 6.5 (iii) to each
factor, we obtain assertion (iii). That concludes the proof of Theorem
8.3.

As in §2, we could define a harmonic measure A on _# (D), by
defining \, = 7*(m,), when m, is the Poisson kernel for we 4", and
2z = w(w). The commutative diagram above serves to compensate for
the fact that m, and \, are not product measures on _~#(4") and
A (D) respectively. The commutative diagram and results from §2
show for instance that Z*(\,) is the product of harmonic measures
oy X voe X, 0n 0U, X <=+ X 0U,.

9. Iversen’s theorem in polydomains. We retain the notation
of the preceding section. Preceding in analogy with §2, the conformal
ray Ye in D is defined to be the image under 7 of the interval
{re®®: 0 < r < 1}. Almost all (d9) conformal ray terminate at a point
of 0U, X +++ x 0U,, and every fe H=(D) has limits along almost all
conformal ray. Let I'(E) denote the family of conformal ray e, where
6 belongs to the set £ = E, X .-+ X E, of the preceding section. If
Q is a subset of 0U, x +-+ X 0U,, and fe H>(D), we define Cl;(f, Q)
to be the essential cluster set of f along conformal ray in I'(E) which
terminate in Q. In other words, b€ Cl,(f, Q) if and only if for each
€ > 0, there is a set of conformal ray in I'(E) corresponding to a sub-
set of E of positive d9-measure, each of which terminates in Q, and
along each of which f has a limit within ¢ of b.

LEMMA 9.1. Let Q be a Borel subset of 0U, X +++ X 0U,, and
let fe H*(D). The w*(d®z)-essential range of f on Z(Q) coincides
with Clrg(f, Q).

Proof. The proof is essentially the same as that of Theorem 2.3.
Let T be the set of ¢®® ¢ E such that the conformal ray v, terminates
in Q. By definition, Cl,(f, Q) coincides with the d@-essential range
of the boundary value function of fom on V, and this is the range
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of foron T. As in 2.3, T differs from £ N n(Z7(Q)) by a set of
dO-measure zero. Consequently Cl,(f, Q) coincides with the dO,-
essential range of fom on 77(Z7(Q)), and this is the 7*(dO)-essential
range of f on Z7(Q).

As before, we denote by Cl(f, Q) the cluster set from D of a
function fe H=(D) at the set Q.

THEOREM 9.2. Let U; be the bounded domain in the complex plane
such that each point of dU; is essential, 1l <j<n. Let D=U, X +++ X U,,
and let Q be a relatively open subset of U, X -+« X 0U,. If fe H*(D)
satisfies |Cly ) (f, Q)| = 1, then |C1(f, Q)| = 1.

Proof. Fix {eQ, and represent f by the integral formula of §8.
f) = S( fom)K.PdO, = S faM(K.Pd6,), zeD .

According to the hypothesis and Lemma 9.1, we have |f| <1 a.e.
7*(dO;) on the relative neighborhood Z—%(Q) of _#(D) in the closed
support of #*(d®;). By Theorem 8.3, the mass of 7*(K,Pd®y) con-
centrates at { as ze D tends to {, so that

limsup [f(z)| < 1.
D3z-{
That establishes the theorem.

10. The Shilov boundary of the fiber algebra. Now we are
in a position to prove a multivariable version of Theorem 1.5.

THEOREM 10.1. Let D = U, X .-+ X U, be a bounded polydomain
in C". Let { =, +++,L,), where each {; is an essential boundary
point of U;. Then

S(D) = S(D) N .#(D) .

We can assume that each point of oU; is essential, 1 < j < n.
The proof will be broken into several lemmas. We fix { as above.

LemMmA 10.2. Suppose E = E, X «+- X K, is chosen as in §8.
Then the closed support of w*(dOz) contains S.(D).

Proof. Suppose fe H=(D) is such that || <1 on the intersection
of _#,(D) and the closed support of 7*(d®;). Then there is ¢ > 0
such that |f| <1 a.e. 7*(dO;) on Z%(4(;¢)). By Lemma 9.1 and
Theorem 9.2, or by the proof of Theorem 9.2, we have [Cl(f,{)| = 1.
By Theorem 7.5, | f| <1 on _#(D). This shows that the intersection
of _#Z,(D) with the closed support of 7*(dO®;) is a boundary for the
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fiber algebra, so that it includes S.(D).
Now we will work with the distinguished ideal I, introduced in

§7.

LEMMA 10.8. There exists F e I, such that || F'|| = 1, while |F| =1
on S.(D).

Proof. Assume that the indices are arranged so that there is a
distinguished homomorphism ¢; in _# (U;) for 1<j <k, while
A4 (U;) is a peak set for H*(U;) whenk +1<j=n Fixl=zj=k
According to a theorem of Fisher (cf. [2],[6]), there is a function
F;e H=(U,) such that |F;| <1 on U;, while |F;| =1 on S(U;). Then
|F;| <1 on the Gleason part of U;, so that |F;®;)| <1l. By com-
posing F; with an analytic automorphism of the unit dise, we can
assume that F;(®;) =0. Then F=F, ... F, belongs to I, and satisfies
F|l = 1.

Let € > 0 be small. The subset of _2(U;) on which [F;|>1 — ¢
is a neighborhood of S(U;). By taking this to be the set C of Lemma
5.1, we see that we can choose the set E; so that |F,om;| =1 —¢
a.e. df;,1 <j=<k. Then [Fom|= (1 — ¢)* a.e. dO;, so that [F|=
1 — &) a.e. 7*(dOy. According to Lemma 10.2, we must have
|F| = @ — ¢)* on S,(D). Letting ¢— 0, we obtain [F| =1 on S,/(D).

Proof of Theorem 10.1. Let @€ S.(D) be a generalized peak point
for the fiber algebra. Let » be a continuous function on _#(D) such
that 0 < » <1, and p(®) = 1. Then there is ge H<(D) such that
g(®) =1, and |g| < p on _#(D). Multiplying ¢g by a unitary multiple
of the function F' of Lemma 10.2, we can assume furthermore that
ge I.. By Theorem 7.6, there is G ¢ H*(D) such that G(») = 1, and
|G| < pon _Z(D). It follows that @ is a generalized peak point for
H=(D), so that e S(D). Such ®’s are dense in S.(D), so that
S.(D)<= S(D) N _#:(D). The reverse inclusion follows from Theorem
1.4. That completes the proof.

Several remarks are in order, concerning 10.1. The first observa-
tion is that the multivariable version 9.2 of Iversen’s theorem follows
from Theorem 10.1, just as the single-variable version 3.1 followed from
Theorem 1.5. However, Theorem 10.1 is somewhat stronger that 9.2.
It implies immediately a weak form of the cluster value theorem,
that [AZ(D)| = [CL(f, .

Secondly, in order to prove Theorem 10.1 one can bypass the
work in §6, basing the proof on Theorem 5.2.

Finally Theorem 10.1 remains valid whenever D = U, X .-+ x U,
where each U; is an open (not necessarily connected) subset of C on
which there exists a nonconstant bounded analytic function. To see
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this in the case in which the U; are bounded, one proceeds as follows.
Let U be a bounded open subset of C, and let V,, V,, --- be the
components of U. Then each _#Z(V;) can be regarded as a clopen
subset of _Z(U). Let \; be harmonic measure on _#Z(V;), and define
harmonic measure on _#Z(U) to be A = I\;/2. Working with the
measure )\, and working with a covering space over U consisting of
a disjoint union of dises, one for each V;, one can carry through the
analogues of the results in §§ 2 through 6. The results in §§8 through
10 then can also be modified to cover the disconnected case.
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