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Let f(z, ) = 33 .- Om.»®™y" in the triangle ¢ 4+ y =1,
%, y =0, or in the quarter-disk 2>+ y> <1, z, ¥y = 0. This
paper show some relations between L-integrability of f(z, ),
with certain multipliers, and the coefficients an,».

1. DEFINITION. A real-valued function f(x,y) is said to be
harmonic in a domain D in R® if it is 2-times continuously differ-
entiable in D and satisfies Laplace’s equation

df = ZJ:—%— f for any (»,y)e D .

Throughout the paper, the letter C, with or without a suffix,
denotes a positive constant, not necessarily the same at each ap-
pearance.

Heywood [3] proved a result as follows:

Suppose that f(x) = Srv,a,2" for 0 <2 <1, that v <1, and
that there are positive numbers ¢, C such that a, = —Cn~"7*® for
all sufficiently large ». Then (1 — 2)77f(x)e L(0,1) if and only if
S, n'a, converges absolutely.

We shall show two analogues of his result for power series ex-

pansions of two variables.
Kiselman [4] proved the following theorem.

THEOREM A. If f(x,y) is harmomic in the disk & + y* < 1}
(ro > 0), but nmot im any open disk of larger radius centred on the
origin, them the power series expansion

(1) f@ ) = 3 Gnea™y"

converges absolutely in the square K: |x| + |y | < 70 uniformly on
every compact subset of K. It diverges at all poimts exterior to K
Jor which » + 0, and y + 0.

Further, the following theorem is known (see [2, p. 189 and 200]
and [4]).

THEOREM B. Suppose that f(x,y) is harmonic in the disk
at + Y <75,
419
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and that f(x,y) has the power series expamnsion (1) in the square K,
where K 1is defined as in Theorem A. Let Py(x,y) be defined by

Py, y) = X Qp2"y" (N=0,1,2,--.).

m+n=N

Then the polynomial expansion

F@,9) = 3 Py, v)

of f(x,y) converges uniformly and absolutely in &* + y* < r* for any
0 < r < 7y where Py(x,y) are harmonic.

We give the following four theorems.

THEOREM 1. Suppose that a double power series (1) comverges
absolutely in the triangle
(2) T: x+y<1, z, y=0,
that v < 1, and that there are positive numbers ¢, C such that
(8)  pu=—C(m+ n+ 1)mtretl(m 4 1)~ "2 (p 4 1)~vH2

for all sufficiently large m + n. Then (L — x — y)77f(x, y) is Lebesgue-
integradle on T if and only if

(4) i (m +n+ 1)—m—n+7—5/2(m + 1)m+1/2(n + 1)n+1/2am,n

myn=0

converges absolutely.

THEOREM 2. Suppose that f(x, y) s harmonic in the quarter-disk
(5) Qae+y<l, »y=0,

and that f(x,y) has the power series expamsion (1) im the triangle
T, where T is defined by (2). Then, under the assumption (3), the
Sfunction (1 — & — y)7f(x,y), v <1, @s Lebesgue-integrable on T if
and only if the series (4) comverges absolutely.

Theorem 2 is an obvious consequence of Theorem A (r, = 1) and
Theorem 1, and so we omit the proof.

THEOREM 3. Suppose that a double power series (1) converges
absolutely im the quarter-disk @, where Q s defined by (5), that
v < 1, and that there are positive numbers ¢, C such that
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_C(m 4+ n + 1)(m+n+1)l2—r~'€(m + 1)—(‘m+1)/2

X (n 4 1)~(n+ore (even m, n)
—C(m + n + L)m+miE=r=¢(y 4 1)~m?

X (n + 1)~"+2  (odd m and even m)

(6)  Gnnz —C(m + m + 1)memiz=r=e(yy, 4 1)~ (m+di
X (n + 1)~ (even m and odd n)
—C(m + n + 1)m+n=niE=r=¢(py 4 1)~"?
X (n 4 1)~* (odd m, n)

for all sufficiently large m + n. Then the function
{1— @+ )" 7 f(2,y)

18 Lebesgue-integrable on Q if and only if the series

o

(7) S, (m o+ m o )T 4 1)+ 1),

m,n=0

converges absolutely.

REMARK 1. In Theorem 8, it is easily seen that (6) may be re-
placed by a stronger condition

Upn = —C(m + m + D) 4 )2 4 1)~
(m,n = 0’ 1!27 ...)

for all sufficiently large m + n.

THEOREM 4. Suppose that f(x, y) is harmonic in the quarter-disk
Q, where Q 1s defined by (5), and that f(x,y) has the power series
expansion (1) in the triangle T, where T is defined by (2). Then,
under the assumption (6), the function {1 — (x* + A} 7f(x, v), v <1,
1s Lebesgue-integrable on Q if and only if the series (7) comverges
absolutely.

Theorem 4 is a consequence of Theorem B (r, = 1) and Theorem 3.
In § 2, we shall prove Theorem 1 and give an example for Theorem 2.
Further, in § 3, we shall prove Theorems 3 and 4.

2. Proof of Theorem 1. First, suppose that 1 — o — y) 77 f(z, ¥)
is Lebesgue-integrable on T. Without loss of generality, we suppose
that v + ¢ is a noninteger value < 1. For, we get

. > —C(m Lo+ 1)m+n—,v——s'+1/2(m + 1)—(m+l/2)(n + 1)——(n+1/2)

for 0 < ¢’ <e. We have, for any (x,y) e T,
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I'(N+1—v—%¢)

1 . — rte—l — e~ N
d-2-1 ETN+Ia—7-9" Y
_ 1 S T(N+1—7—%¢)
I'd—n~—eg)i= (N + 1)
m + n
(8) XE( " )”
_ 1 & I'(m+n—v—e+1) oy
Ir'd—~—¢gyme=ol'(m+ 1)I'(n+ 1)
1 oo

—_—— = bmnmn,
T = 7 = g)minte ™Y

say, where I'(u) is the Gamma function. By Stirling’s formula (see
e.g. [1, p. 24))

I(u) = V' 21 wegvtnlie for any u >0,
where 7 is a number independent of % between 0 and 1, we obtain
(9) Cu* e < IM'u) < Cou g™ for any u = u,
if u, is a fixed positive number. Hence we get easily
(10) Chpyn = by < C i for all m,n =0,
where

Npmn = (M + M 4 1)mrrm77et B (g 4 1)~ (g 4 1)~/
(notice #, = min (1 — v — ¢,1)). Let
9z, y) =Cl AL —7v—ed —x— y)+t, Cs = C/C; .

Then, it is clear that (1 — # — %) 7g(%, ¥) is Lebesgue-integrable on
T. Thus, by assumption,

A-—2z—y{fey +9@n=0L—-z—1y)7
X i_o (@n,n + Csbm,n)™y"
is Lebesgue-integrable on 7. By (3) and (10), we heve
am,n + C5bm.'n 2 am,'n + C>"m,’n g O

for all sufficiently large m + n. Hence we get
1,0 =0 =07{ 5 @+ Chunamy} dady
T m,n=0

= 3 @+ Cbbm,n)sg 1 — & — y) ey dady ,
0 T

myn=

(11)
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where the right-side series converges absolutely. Using the change
of variable = (1 — y)u, we have, for all m, n = 0,

SST(l — & — y) 7"y dady
1 {1—y
= S dys 1—2—yTamy de
0 0

= [ a -y | @ - wumdu
_In+HI'm+2—v I'(m+HI'A ")
I'm+mn+3—7) I'm+2—")

SO & (/0 V) N
I'm+n+3—7)"

Hence, from (9), we get

Cs(m + n + 1)'_"”""n+)’_5/2(m + 1)m+1/2(,n + 1),,,,+1/2
T
< Ci(m + m + 1)1 (n 4 1)+ 4 1)

for all m, n = 0. Thus, by (11) and (12),
A3) S (m 4 n + D 4 1y 4 1) (a4 Ciba)
m,n=0

converges absolutely. Further, from (10)

i (m +n + 1)—-m-—-n+r—5]2(m + 1)m+1[2(,n+ 1)”+112bm,'n
(14) myn=0

I\

C, io(m+n+1)“2""’< oo

By (3) and (10), we get
lam,nl é am,n + 2C>"m,n é am,n + 2C5bm,'lb (05 ._2.. C/C3)

for all sufficiently large m + n. Hence, from (13) and (14), the series
(4) converges absolutely.

Conversely we suppose that the series (4) converges absolutely,
and will deduce that (1 — ¢ — y)™7f (%, y) is Lebesgue-integrable on T.
For this part of the argument we do not assume (8). We have in
fact
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I, = o 01760 )
X ST l-z—y~ {mi ] x’”y} dady

% . SST(I — & — g)Taryrdady

IIA

m

IA

C7 i (m + n + 1)—-m—~n+r—-5/2(m + 1)m+1/2(,n + 1)70+1/2Iam’%l < oc
m,n=0
by (12). Thus Theorem 1 is proved.

EXAMPLE FOR THEOREM 2. Let

_ o (=2 =y _ R T h
f@,y) =R1A -2 o T T (z=a+1iy,i=1—-1).

Then f(,y) is harmonic in the disk #* + »* < 1. Since

w o 2
e =REN+1DY = SN+ 3 (—1>”(er "

m+2n=N 2’}’L

)xmyZn

in the disk #* + * < 1, we get

Few= s Y e

in the square |x|+ |y| <1, by Theorem A. When a,, denote the
(m, n)th coefficients of this power series expansion, we have, from (9),

Cl(m + 2% + 1)m+2n+3/2(m o+ 1)-—(m+1/2)(2n + 1)—(2n+1/2)
< [ | S Colm + 20+ D)™ #50 530+ 1)@y - 1)~

and @, = 0. First we put v < —1. Then the sequence {a,,.}
satisfies () for e = —(v + 1)/2. Now we have

“T(l — @ — )7 | f(v,v) | dedy

e E

by the change of variable y = (1 — ®)u. Further we get

oo

E (,m +n+ 1)—-m—n+7—5/2(m + 1)m+1/2 (n + 1)n+1/2 l amml
n=0

m,

=G, io(m+n+1)r'1<oo.

m,n=

Next we set v = —1. Then {a,,,} does not satisfy (3), but we notice
¢ = 0. It is clear that
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[, 0 —2—01re v ey = { ECLE W g < o

But we get
S (m+ n 4 D= 4 Dm s 4 1), , |
m,n=0

= C, io(m+2n+1)—2>% S mtntl)?=c.

m,n=0

Thus this example (v = —1) show that we cannot set ¢ = 0 in (3)
without destroying the validity of Theorem 2.

3. In order to prove Theorem 3, we need the following lemma.

LEMMA. Suppose that p < 1, and that Az, y) is defined by
A, y) =1+ 2+ y + ay) — & — )

in the quarter-disk Q, where Q is defined by (5). Then A(x,y) has
the power series expansion

15)  A@ Y = 3 duut™y, Cdps S duw < Cdnn  (C,y G > 0)

m Q, where

(m + n + 1)(7n+7b+1J/2—#(m + 1)—(m+1)/2

X (m + 1)~+urz (even m, n)
(,m + n + 1)(m+ﬂ>l2—/z(m -+ 1)—m12

X (m + 1)~ (odd m and even w)

Omn = (m + m + 1)mEmiEme(m 4 1)~
X (n+ )7 (even m and odd m)
(m + m + L)mEr=0le(p 4 1)~
X (n 4 1)~2 (odd m, n) .

Proof. We have, for any (x, y) € Q,

oyl N I'(N+1-—p) 2 2N
1 —a—v) zv§——:'ol’(N+1)F(1—p)(x+y)

ETN+IIA -1 i\ om )Y
- < 1 .l‘(m+fn,+1—/v¢)mzmyg,z

mao (L — ) I'(m + 1) (0 + 1)

— pm’anmyZn ,

m,n=0
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say. Then we get

(16) A(x’ y) — M%O pm’n(xZ'myZn + x2m+ly2n + wzmyzn-{-l + w2m+1y2n+1) .

We put
Pmiz,niz (even m, n)
Dim—1)/2,n]2 (odd m and even n)
dm n =
Punlzs(n—v)/2 (even m and odd n)
P m—1yi2,(n—1)/2 (odd m, m) .

Now, from (16) and (9), we get easily (15). Thus the Lemma is
proved.

Proof of Theorem 3. First, suppose that {1 — (&* + ¥»"*}7f(x, v)
is Lebesgue-integrable on Q. Without loss of generality, we may
suppose that v + ¢ is a noninteger < 1. Let

1 Wz, y) =1 +a+y+ oyl —a® — y)

in Q. Then, by the Lemma (¢ = 7 + ¢), we have

(18) R, y) = 3 kna™y™ s Cilnn = bnn = Cofln,n

m,n=0

in Q, where %, . and 6, are defined respectively like d,,, and 0,,,
in the Lemma with ¢# = v + e. Clearly, the function
{1 — @ + )"} 7h(z, v)
=l+e+y+ay{l+ @&+ PP @+ )P
is Lebesgue-integrable on Q. Hence, by assumption, the function
{1 — @+ )7 {f(x, y) + Chl, y)}

o

={1—- @+ "7 3 (s + Cn,n)x"y"

m,y,n=0

is Lebesgue-integrable on Q, where C, = C/C,. Further, by (6) and
(18), we have

(19) Upn + Ciimn Z Qpyn + COpn = 0

for all sufficiently large m + n. Thus we get

SSQ{l — @ + ¥ {mgio (A, + Cakm’n)xmyn}dmdy
(20) . =
= S (o G [[ L~ @+ i
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where the right-side series converges absolutely. By the change of
variables

x =17 cos v, y=rsinv (05r<1,0=v=7/2),

we get
1,0 = @+ vyayamydady

1 (2
= S 1 — r)y"rpmirtidy S sin™ v cos"v dv
0 0

_Im+n+2IA -7 1 I(m+1)2(n+1)/2)
I'(m+mn+3—7) 2 I(m+n)/2+1

Thus, from (9), we get

Cum + m + 1)y~ msnsol+r(n, 4 Tymiz(y, 1 1)
(21) <] 4 - @ + wrerdedy
< Cym + m + 1y~ (m 4 1)m(p 4 1)

for all m, » = 0. Hence, by (20),

(22) Sy (m A+ A+ DT 1) 1)@ + Cilin,)
m,n=0

converges absolutely. Further, by (18), we have

i (m + n + 1)—(m+n+3)/2+r(m + 1)m/2(n+ l)Mzkm,n
m,n=0

@3) <C 3 {m+ n+ )7+ )7 + 1)

m,n=0

4+ (m+ 4+ 1) 4+ D)7 4 (ot + 1)+ 1)
+ (m+ n+ 177} < oo

By (6) and (18), we get

Iam,n] é am,n + 2Cﬂm,'ﬂ é amm + 2Cskm,n (Cs 2 C/Cl)

for all sufficiently large m + n. Hence, from (22) and (23), the series
(7) converges absolutely.

Conversely we suppose that series (7) converges absolutely, and
will deduce that {1 — (2* + ¥*)'*}"7"f(x, y) is Lebesgue-integrable on
Q. For this part of the argument we do not assume (6). We have
in fact
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S Sq{l — (@ + 90" | f(=, v) | dady

oo

< (|, 0= @+ { 3 lan. oy} dudy

yn=0

o

- 3 |a,n,,,[SSQ{1 — @ + ¥)" ey dudy

m,n=0

< G 31 (m 4 A+ )T - 1)+ 1) (] < oo

m,n=

by (21). Thus Theorem 3 is proved.

REMARK 2. From (17), it is easily seen that
Ch(z,y) < {1 — (& + )™ = Gk (2, v)
in Q.

Proof of Theorem 4. By Theorem B (r, = 1), we get

fl,y) = >, m% , Gmn®™Y"

N=0

in Q. We define h(x, y) by (17). Then it is sufficient for us to notice
that

oo

F@, ) + Ch(, ) = 3 3 ™y + G S k™"

N=0 m+n=R m,n=
= 2 (On,n + Cilo, )™ y"
N=0 m+n=N

= i (@myn + Coltm,n)a™y"
in @, in view of (18) and (19), where the last right-side series con-
verges absolutely. Thus Theorem 4 is a consequence of Theorem 3.

The author wishes to thank the referee for several helpful sug-
gestions.
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