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It is shown that the complemented subspaces of L?(u)-
spaces are isomorphically and isometrically characterized by
the behavior of the integral operators defined on such spaces.
If the integral operators from E to any F are exactlyvthose
operators naturally inducing continuous maps from [¢ E to
LRF (where p='+ ¢ '=1), then E is a & ,-space or a
“-space. Further, if the integral norm always coincides
with the operator norm of the induced mapping, then E is
isometric to an L?(x)-space.

Several recent papers ([9], [10], [5], [6]) have been concerned with
the isomorphic and isometric characterization of the familiar Banach
spaces by means of the behavior of the integral and absolutely summing
operators defined on the spaces. Attention has mainly been focused
on the .&.-spaces, although most results have dual statements for
& -spaces. Here we consider a class of operators (first introduced by
J. S. Cohen in [1], and called here the cp-operators) which can be
used to provide both an isometric and isomorphic characterization of
the complemented subspaces of L?(1),1 < p < oo.

Since this result was proven the author has become aware of the
elegant paper of Kwapien [4], in which it is shown that the ¢p-oper-
ators (called there the v, *-operators) are exactly those maps of form
Ba, where a is p-summing and B’ is g-summing. Thus the isomorphic
version of the theorem given here can be proven from [4]. However,
the proofs have little in common, and we feel that the technique
used below may be of use in other factorization problems.

1. All Banach spaces E, F, G, and H are over the real field.
Operator (or map) means continuous linear operator, and by subspace
we mean a closed linear subset. A map w from E onto F is called
quotient map if the induced map from E/x~*(0) onto F is an isometry.
The identity map on a space is written 1, and the restriction of a
map « to a subspace H is written « | H.

For 1 < p < oo, I denotes the product of n copies of the scalar
field under the norm [|(a) | = Clica|@:|?)"? for 1 < p < «, and under
Il (@;) || = max;<,|a;| for p = . The Banach-Mazur distance between
isomorphic Banach spaces E and F is d(E, F) = inf||u]| ||u™"]],
where the infimum is taken over all isomorphisms from FE onto F.
For1<p=<o and 1<\, a space £ is a &% ;-space if it has the
following property: given G C E finite dimensional, there is an n-
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dimensional H with GC HC E and d(H,!?) = \. The space F is a
-space if it is a <&~ ,-space for some A\ = 1.

The notation and terminology about topological tensor products is
that of [3]. The least and greatest tensor norms are written | |,
and | |, respectively, and E Q. F is the completion of the algebraic
tensor product under the tensor norm a. For u: F— F and v: G —
H,u®v denotes the map from EX G to F @ H which satisfies
@)@y = u®) Q v(y). An operator u: £ — F is integral if the
bilinear form taking (z, %) to {u(x), ¥’> naturally induces an element
A of (E®F’)’, and the integral norm of w (written [|wl[,) is ||A].
The space of integral operators from E to F is written L (E, F).

For 1 < p < o, a map u: E— F is a ¢p-operator if 1 Q) u extends
to a continuous linear operator from l”® E into l?’® F, and the cp-
norm of u (written ||u||.,) is the operator norm of 1 X . As mentioned
above, this class of operators was introduced by J. S. Cohen in [1].
We need the results of [1] that C, (&, F'), the space of cp-operators
from E to F, is a Banach space under || ||, and is a normed two
sided ideal in the generalized sense. Cohen has also shown that ||« || <
llwll., for each cp-operator u, and that ||u||, < MM, if the domain
of wis &,

2. Throughout the remainder of this paper 1 < p < = and ¢ =
p/(p — 1).

THEOREM. For we L(E,F) and b =1, the following are equi-
valent:

(1) For every Banach space G and ve C/(F, G), vu 1is integral
and [[vu]|, < b]|vlep

(2) There s a measure [t and operators ae L(E, L*(1)), Be
L(L*(e), F"") such that |||l [|B]| = b and Ba = ju, where j 1is the
canonical embedding of F into F".

Proof. The implication (2) = (1) follows directly from the result
of Cohen cited above.

In proving that (1) implies (2), it is possible to reduce to the
case in which E is finite dimensional by making the following two
observations.

(a) If u satisfies (1) and HcC E is a finite dimensional subspace,
then u | H satisfies (1).

(b) Conclusion (2) holds if, whenever HC E is finite dimensional
and ¢ > 0, w | H = Ba, for some a € L(H, 1), g€ L(l*, F') with ||«|| || ]| =
@ + ¢&)b.

In fact, (a) follows easily from the ideal structure of the cg-
operators, and (b) from an inspection of the proofs of Proposition 7.1
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and Theorem 7.1 of [7].

It is therefore possible to assume in the remainder of the proof
that E is finite dimensional, and it is necessary to establish only that
the statement in (b) holds.

For aeE’C;)l” and Bel"@F, the contraction of (a, B) is the
element of E’ F defined by Ctr (a, B) = 1 & B)(a), where g is con-
sidered as an operator from I” to F. It is easily seen that contraction
is a bilinear mapping from (£’ ® 1?) x (I* @F) onto B'® F of norm
at most one, and that the operator from E to F' defined by Ctr («, B)
is the composition of the operators defined by a and B. By the
universal mapping property for the projective tensor product, contraction
extends to a norm one linear operator from (&’ @ 7 ® (A ® F) onto
E' @F Define a norm | | on E' @ F by setting

|w| = inf {|®|,: w = Ctr (P)} .

Then | | is a crossnorm on E’ Q) F under which this space is complete,
and further contraction is now a quotient map onto E’@ F (we will
write B’ @ F for E' ® F under | |).

For Ae(E'Q F) let v be the map from F to E defined by
(y), ©y = <&’ ® vy, Ay. It follows that ve C,(F, E) and that ||v]|,,=
I|A]l; in fact, the adjoint of the contraction map is an isometric
embedding of (B’ Q F)’ into the dual of (B’ ® 1) & (I’ R F), which
by [2] may be naturally identified as

(BQQ@URF) =BEQIQF)
= LUQF, EQLY)
=LU'QRF,I'RE).

Tracing through all the identifications involved shows that (Ctr)'(4) =
1 ® v, and so the claim is established.

The next claim is that the operator 1 ® » from B’ ® E into B’ ®
F has norm at most b, where b is the constant occurring in the
statement (1) of the the theorem. To this end consider the adjoint
of 1 ®u. By preceding paragraph (E'® F)'CC,(F, E) isometrically,
and (E'® E) = L"(E, E) isometrically by [2]. Further, after mrking
these two identifications, (1 ® u)’ is the restriction of the map from
C,F, E) to L&, E) taking v to vu, which has norm < b by (1).

By the preceding paragraph the tensor w = (1 ® %) (1) has norm
at most b in ' ®F, and clearly u is the operator from E to F
defined by w._ To complete the proof is sufficient to produce a pair
(@, B) in (B'Q®1") x (I*Q F) so that w = Ctr (e, B) and |al, | 8], <
(1 + ¢)b. To do the former, we need only produce a pair (@, 8) so
that v is the operator defined by Ctr (@, 8) (since | |, and | | are
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equivalent norms on E' ® F' = L(E, F), the inclusion of E'® F into
E (v>§ F' is one-to-one).

Since |w| < b and Ctr is a quotient map, there is a ¢ in (£’ ® 1?) ®
(Z"@F) such that w = Ctr () and |®|, < 1 + ¢)b. By [2] ® has a
representation

P = Dz M0 Q) B

where (\;) is a positive sequence in [', @; ¢ £’ ® l*, B;el? @5 F |la;f] <
LB =<1and [|M)]] < @ + €)b.

Let (I'));s, be a partition of the natural numbers with each I°;
countably infinite, U; be the natural embedding of I?(I";) into 17, V;
the natural projection of I? onto I7(I";), S;: 1> — I?(I";) any onto isometry
and T; = (S)~'. We claim that the series

Sz M1 ® UsS) ()

is unconditionally Cauchy in E’® 1?, and that its sum, «, has norm
at most (32 \)Y?. To see this, let I be any finite set of indices,
and consider the unordered sum over I as an operator from £ to . For
any x € FE, the terms of the unordered sum evaluated at x are dis-
jointly supported in I* and so

I 25 M"A Q UsSH (@)@ I” = 20 [[(1 QUS)H (@) (@) [1”

< llallF S -

Taking the supremum over the closed unit ball of E shows that the
norm of the unordered sum over I is at most (C;.N\)"?, which es-
tablishes the claim. Similarly, the series

2z MU(ViT: Q@ 1)(8:)

converges unconditionally in 17 @F to an element @ of norm at most
Cin)Me. Clearly |af, |8y = (1 + ¢)b. For 7 a tensor, write op(z)
for the operator defined by z. Then, for each ¢ and £,

op[Ctr (1 QU:S))(a:), (ViT, @ 1)(B:)]
= 0p[(ViT. @ 1)(B)] op[(1 ®U.S;)(@;)]
= op(B)(ViT:)'(U;S;)op(a;)
= op(B)(T. V. U;S;)op(ex;)
= 0p(B:)(0s:1iw)op(a;)
= 0;,0p(Br)op(a;)
= 0;,0p[Ctr (a;, B)]

and so, by the continuity of the maps Ctr and op,
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op[Ctr (@, B)] = 3,k M'"AY0;,0p[Ctr (a;, B4)]
= 2% Mop[Ctr (a;, B)]
= op[Ctr (X M @ Bi)]

= U.

This completes the proof.
As corollaries to the proof we have the following.

COROLLARY 1. If every cg-operator on E is integral, then E 1is
a Z5-space or F-space.

COROLLARY 2. If every cg-operator on E is integral with equality
of the integral norm and cg-norm, then E is isometric to some space

L (z).

Proof. Both corollaries follow by applying the theorem to the
identity operator on E. The existence of a constant b satisfying
condition (1) of the theorem in the situation of Corollary 1 can easily
be shown by contradiction. In either case, the injection of E into E”
factors

E- Loy 2 By

with ||a]| || 8]l =< b, so that E is reflexive and isomorphic to a comple-
mented subspace of L?(¢). In general the result of Lindenstrauss and
Rosenthal ([8]) shows that E is a <%,-space or a <5-space. If b =1,
the theorem of Tzafriti [11] shows that E is isometric to some space

L ().

COROLLARY 3. If every c2-operator on E 1is integral, themn E 1is
isomorphic to a Hilbert space.

Proof. It is well-known that a complemented subspace of a Hilbert
space is itself a Hilbert space.

COROLLARY 4. If1<s,t< o and s,t and 2 are distinct, then
there are cs-operators which are not ct-operators.

Proof. By [8] it is impossible that [* be isomorphic to a comple-
mented subspace of L*(x), where s’ and ¢’ are the conjugates of s
and ¢, so by the theorem, C,(l*, F) ¢ L"(l*, F') for some F. By Cohen’s
result quoted at the beginning of the paper, L*(l*, F) = C,(I*, F).



456 D. R. LEWIS

REFERENCES

1. J. S. Cohen, Absolutely p-summsing, p-nuclear operators and their conjugates, Ph. D.
dissertation, University of Maryland, 1969.

2. A. Grothendieck, Produits temsoriels topologiques et espaces nucleaires, Memoirs
Amer. Math. Soc., 16 (1955).

3. , Résumé de la théorie métrique des produits temsoriels topologiques, Bol. Soc.
Matem. Sao Paulo, 8 (1956), 1-79.

4. S. Kwapien, On operators factorizable through Lp-spaces, preprint.

5. D. R. Lewis, Spaces on which each absolutely summing map is nuclear, Proc. Amer.
Math. Soc., 31 (1972), 195-198.

6. D. R. Lewis and C. P. Stegall, Banach spaces whose duals are isomorphic to U(I),
J. Functional Analysis, 12 (1973), 177-187.

7. J. Lindenstrauss and A. Pelezynski, Absolutely summing operators in 5 spaces
and their applications, Studia Math., 29 (1968), 275-326.

8. J. Lindenstrauss and H. P. Rosenthal, The & spaces, Israel J. Math., 7 (1969),
325-349.

9. J. R. Retherford and C. P. Stegall, Fully nuclear and completely nuclear operators
with applications to A and FZ spaces, Trans. Amer. Math. Soc., 163 (1972), 457-
492,

10. C. P. Stegall, Characterizations of Banach spaces whose duals are Li spaces, Israel
J. Math., 11 (1972), 299-308.

11. L. Tzafriti, Remarks on contractive projections in Lp-spaces, Israel J. Math., 7
(1969), 9-15.

Received April 25, 1972. This note contains the substance of a talk given at the
LSU conference on _&~-spaces and nuclear spaces, April, 1972.

VIRGINIA POLYTECHNIC INSTITUTE AND STATE UNIVERSITY

Current address: University of Florida



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
D. GILBARG AND J. MILGRAM J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94305 University of Southern California
Los Angeles, California 90007
R. A. BEAUMONT RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E.F. BECKENBACH B.H. NEUMANN F. WoLFr K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO

MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH

UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON

OREGON STATE UNIVERSITY * * *

UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two
must be capable of being used separately as a synopsis of the entire paper. The editorial
“we” must not be used in the synopsis, and items of the bibliography should not be cited
there unless absolutely necessary, in which case they must be identified by author and Journal,
rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of
the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All
other communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $48.00 a year (6 Vols., 12 issues). Special rate: $24.00 a year to individual
members of supporting institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 270,
3-chome Totsuka-cho, Shinjuku-ku, Tokyo 160, Japan.



Pacific Journal of Mathematics
Vol. 46, No. 2 December, 1973

Christopher Allday, Rational Whitehead products and a spectral sequence of

QUILLENL . . . .. 313
James Edward Arnold, Jr., Attaching Hurewicz fibrations with fiber
PFESCIVING MUADS . .« oot e et e e et e ettt et e 325

Catherine Bandle and Moshe Marcus, Radial averaging transformations with
VAFIOUS MEITICS . . oo oot ettt e e et e et eee e 337
David Wilmot Barnette, A proof of the lower bound conjecture for convex

POIVIOPES . . .« oo 349
Louis Harvey Blake, Simple extensions of measures and the preservation of

regularity of conditional probabilities . .............................. 355
James W. Cannon, New proofs of Bing’s approximation theorems for

SUTTACES . . oo o e et e e e e e 361
C. D. Feustel and Robert John Gregorac, On realizing HNN groups in

3-manifolds .. ... 381
Theodore William Gamelin, Iversen’s theorem and fiber algebras . . ......... 389
Daniel H. Gottlieb, The total space of universal fibrations . ................. 415
Yoshimitsu Hasegawa, Integrability theorems for power series expansions of

twovariables .. ... ... 419
Dean Robert Hickerson, Length of period simple continued,

expansion of \Jd ... i
Herbert Meyer Kamowitz, The spectra of endomorphisms

algebra....... ... .
Dong S. Kim, Boundedly holomorphic convex domains . ..
Daniel Ralph Lewis, Integral operators on & ,-spaces . . ..
John Eldon Mack, Fields of topological spaces. . .........
V. B. Moscatelli, On a problem of completion in bornology
Ellen Elizabeth Reed, Proximity convergence structures. . .
Ronald C. Rosier, Dual spaces of certain vector sequence
Robert A. Rubin, Absolutely torsion-free rings ...........
Leo Sario and Cecilia Wang, Radial quasiharmonic functio
James Henry Schmerl, Peano models with many generic cl
H. J. Schmidt, The %-depth of an F-projector............
Edward Silverman, Strong quasi-convexity...............
Barry Simon, Uniform crossnorms......................
Surjeet Singh, (K E)-domains ..........................
Ted Joe Suffridge, Starlike and convex maps in Banach spa
Milton Don Ulmer, C-embedded X -spaces ..............
Wolmer Vasconcelos, Conductor, projectivity and injectivi
Hidenobu Yoshida, On some generalizations of Meier’s the



	
	
	

