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The class of pseudo-complete spaces defined by Oxtoby
is one of the largest known classes & with the property
that any member of & is a Baire space and Z is closed
under arbitrary products. Furthermore, all of the classical
examples of Baire spaces belong to Z°. In this paper it is proved
that if Xc & and if Y is any (quasi-regular) Baire space, then
X x Y is a Baire space. The proof is based on the notion
of A-embedding which makes it possible to recognize whether
a dense subspace of a Baire space is a Baire space in its
relative topology. Finally, examples are presented which relate
pseudo-completeness to several other types of completeness.

1. Introduction. A space X is a Baire space if every nonempty
open subset is of second category [2] or, equivalently, if the intersection
of countably many dense open subsets of X is dense in X. Locally
compact Hausdorff spaces and completely metrizable spaces are the
classical examples of Baire spaces.

In [10] Oxtoby introduced the notion of a pseudo-complete space
(see §2 for precise definitions). Pseudo-complete spaces are Baire
spaces and the classical examples of Baire spaces are pseudo-complete.
Also, Cech-complete spaces (i.e., Gs-subsets of compact Hausdorff spaces
[3]) as well as subcompact spaces [6] belong to the class of pseudo-
complete spaces.

Pseudo-completeness has nice invariance properties. In particular,
the topological product of any family of pseudo-complete spaces is
pseudo-complete. Thus such a product is a Baire space.

In dealing with pseudo-completeness, assumptions about the usual
separation axioms are irrelevant. However, it is often convenient to
consider spaces which are quasi-regular, i.e., every nonempty open set
contains the closure of some nonempty open set (cf. [10]).

Oxtoby [10] has also given an example of a completely regular
Baire space whose square is not a Baire space, thus showing that a
product theorem for Baire spaces cannot be obtained without some
additional condition on (at least one of) the factors.

The main result of our paper is that the product of a quasi-regular
Baire space and a pseudo-complete space is a Baire space. The techni-
ques employed here, especially those in §4, are quite different from
the usual category type techniques.

This paper is organized as follows. In §2 we discuss some new
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results on pseudo-completeness and its relation to some other comple-
teness concepts. In §3 the notion of an A-embedded subset is intro-
duced. It is shown that the property of being an A-embedded subset
of a Baire space Z is in a sense complementary to that of being a
subset (of Z) which is a Baire space. Finally, in §4 the product
theorem is proved.

We adopt the following notational convention: given a sequence
Si, Sz, +++ of subsets of a set X we write () {S,} instead of N {S,|n =
1,238, ..},

2. Pseudo-complete spaces. In this section all spaces are assumed
to be quasi-regular (see §1).

2.1. We begin with a brief review of results about pseudo-
completeness from [10].

DEFINITIONS. A pseudo-base for X is a collection &7 of nonempty
open sets such that each nonempty open UC X contains some member
of . A space X is pseudo-complete if X has a sequence {FP(n)} of
pseudo-bases such that if P,e Z(n) and cl P,,, C P, for each n, then

N {P.} # ¢.

THEOREM. (a) Any dense G,-subset of a countably compact space
18 pseudo-complete.

(b) Any product of pseudo-complete spaces is pseudo-complete.

(¢) Any pseudo-complete space is a Baire space.

In view of (a) the classical examples of Baire spaces as well as
vCech—complete spaces are pseudo-complete. The pseudo-completeness
of a subcompact space easily follows from the definitions (if X is
subcompact relative to the base %, let & (n) = Z[6])).

2.2. We now mention without proofs some simple facts about
pseudo-completeness which are not in [10].

PROPOSITION. (a) Let X be a dense subspace of Y. If X is pseudo-
complete, then so is Y.

(b) Any topological sum (i.e., disjoint union) of pseudo-complete
spaces is pseudo-complete.

() Any open subspace of a pseudo-complete space is pseudo-
complete.

It is easily seen that closed subspaces of pseudo-complete spaces
need not be pseudo-complete. For example, Michael’s line—the set
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of real numbers topologized by taking sets of the form UUV to be
open, where U is open in the usual topology of the reals and V is any
set of irrationals—is pseudo-complete (in view of (a)) and yet contains
the usual space of rational numbers as a closed subspace.

Observe that the proposition above remains valid if “pseudo-complete
space” is replaced by “Baire space”. The following corollaries hold
for any property of topological spaces for which the corresponding
propositions (a), (b), and (c) hold.

COROLLARY 1. If a space X has an open almost-cover (i.e., a
collection of open sets whose union is dense in X, ¢f. [4]) by pseudo-
complete spaces, then X is pseudo-complete.

COROLLARY 2. A space is locally pseudo-complete (i.e., each point
has a meighborhood which is pseudo-complete) if and only if it is
pseudo-complete.

2.3. The following result is related to a theorem of McCoy about
Baire space extensions [9].

THEOREM. Any (quasi-regular) space X is a dense subspace of a
pseudo-complete space X.

Proof. The proof uses standard techniques; we present only an
outline. The main difference between our construction and the standard
ones is that we do not identify points of X with (open) ultrafilters
(since this would require separation axioms of X). Let .~ denote
the topology of X. Let 4 denote the collection of all subfamilies of
.7~ which have the finite intersection property and are maximal with
respect to this property. Let 2 = {£|éed and N {cl; F|Feé} = ¢},
the free elements of 4. Let X = XU 2 (observe that the union is
disjoint). For each Ue 9 let U= UU{£|éecQ and Ueg}. X is
endowed with the topology for which {U|Ue 77} = 7 serves as a
base. It is easily verified that any collection of open sets of X having
the finite intersection property has nonempty adherence in X. From
cly(0) = U U el Uit follows that X is quasi-regular (since X is assumed
to be quasi-regular).

By letting P(n) =.7 for n =1, X is shown to be pseudo-com-
plete. In case X is Hausdorff, X is a Hausdorff-closed extension of
X (ef. [7]).

2.4. As is well-known, the open continuous image of a Baire
space is a Baire space. It is an open problem whether such mappings
also preserve pseudo-completeness. However, if the range space is
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assumed to be metrizable, there is the following result.

THEOREM. Suppose X is pseudo-complete and f: X—Y 1is con-
tinuous, onto and open. If Y is metrizable, then Y contains a dense,
completely metrizable, zero-dimensional subspace. In particular, Y is
pseudo-complete.

Proof. Let {<?(n)} be a sequence of pseudo-bases for X with
respect to which X is pseudo-complete. Inductively choose collections
F'(n) < P (n) such that for each n:

(a) If P and Q are distinct members of Z#'(n), then f(P) = f(Q);

(b) The collection & (n) = {f(P)|Pec &' (n)} is a disjoint open
collection in Y which is an almost cover' of Y with mesh < 1/#n;

() F'(n + 1) refines F'(n);

@ If P,,esZ#(n+1),P,ecF(n and f(P,,)C f(P,), then
ely P,,,CP,.

Suppose G, € Z(n) for n = 1 and G, D G,,,. Because the collection
Z(n) is disjoint, it follows from (a) and (c¢) that there are unique
members P, and P,., of &'(n) and Z’(n + 1) respectively having
f(P,) = G,and f(P,.) = G,.,. According to (d) we have P, Dcly P,.,.
Therefore, N {P,} = ¢. For any xec N {P.}, f(x) e N{G.}. In view of
(b) {f(@)} = N{G,}. Foreachnlet W, = £(n), and let Z = N{W,}.
From the preceding observation it follows that Z is a dense subset
of Y. By virtue of (b), the collection <& = {GNZ|GeZz(n),n =1,
2,-++} is a base for Z consisting of relatively closed and open sets.
The completeness of Z is easily proved (cf. [1], [4], [6]).

COROLLARY. A metrizable space Y is pseudo-complete if and only
if Y contains a dense completely metrizable subspace (which may be
taken to be zero-dimensional).

Proof. The “only if” part follows from the preceding theorem
by taking X = Y. The “if” part follows from 2.1 Theorem (a) and
2.2 Proposition (a).

REMARK. F. G. Slaughter, Jr. pointed out to the authors that in
the proofs of the theorem and corollary above it suffices to assume
that Y is quasi-regular and developable (instead of metrizable). Thus
we have: a pseudo-complete Moore space contains a dense completely
metrizable subspace.

The corollary above may be applied to show that pseudo-complete-
ness and the property of being a Baire space are not equivalent, even

1 Cf. 2.2 Corollary 1.
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for metrizable spaces.

ExXAMPLE. A space is said to be totally imperfect if it containg
no uncountable compact subsets. According to a theorem of Bernstein,
any separable, metrizable, complete and dense-in-itself space X can
be decomposed into two mutually disjoint totally imperfect subsets
Y and Z. Both Y and Z are known to be Baire spaces, but neither
Y nor Z contains a dense completely metrizable subspace. See 2.6,
3.3 Example, and [8] for more details.

2.5. PROBLEM. It is an open problem whether dense G,-subsets
of pseudo-complete spaces are pseudo-complete. Observe that if dense
Gs-subsets of pseudo-complete spaces and open continuous images of
pseudo-complete spaces (see 2.4) are pseudo-complete, a less complicated
proof of the Product Theorem 4.2 can be given.

2.6. A part of the theory we are going to present in §§3 and 4
can be developed using other notions of “completeness” instead of
pseudo-completeness. For example, we can define a completely regular
space X to be almost Cech- complete if X contains a dense Cech-complete
subspace (cf. [5]). The results of §2.2 also hold for almost Cech-
complete spaces and in view of 2.1 Theorem (a) such spaces are
pseudo-complete, whence Baire spaces.

We next present an example which shows that the notion of
pseudo-completeness is much more general than that of being almost
Cech-complete.

ExaMPLE. There is a completely regular, pseudo-complete space
X such that each Cech-complete subspace C of X is nowhere dense
(i.e., intycly C = ¢).

Let Z = R° = II{R,|Y € '}, the continuous product of real lines.
Any nonempty G;-subset of Z has exp ¢ points® and there are exp ¢
nonempty G;-subsets of Z. We shall show that there is a subset X
of Z such that neither X nor Z\X contains any nonempty G,-subset
of Z and that X has the above mentioned properties.

The construction of the set X is very similar to that of a totally
imperfect subset of a separable, metrizable, and dense-in-itself space
as given in [8]. Well-order the collection of all nonempty G;-subsets
of Z as {H,|la <7} where 7 is the first ordinal having cardinality
exp ¢. Using transfinite induction pick two distinet points ., and
Y. from each H,, taking care that at each step only points are picked

2 We write exp ¢ for 2¢.
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which have not been selected before. X is the set of all points w, so
obtained.

Now let &# denote the collection of the basic open sets M {z7:(U;)|v e
I'} where I'yC I' is finite and each U, is a bounded open interval in R,.
Let &(n) = {BN X|Be <} for each n = 1. Observe that for each
BeZ, el (BN X) = XNecl, B, because X is dense in Z.

In order to prove that X is pseudo-complete, suppose P, € & (so
P,NXeFPn)) and cly (PN X)C P, NX. Then

N{X NP} =N{l(XNP) =XN(N{clP}) .

Now, ) {cl; P,} is nonempty because of the boundedness condition
imposed on the basic open sets. Moreover, this intersection is a G-
subset of Z. Hence its intersection with X is nonempty. Thus X
is pseudo-complete.

If Dis a éech-complete space which is dense in some open set
U of X, then D is also dense in some open set V of Z. Then DN
V is a G;-subset of Z, so (DNV)N(Z\X) # ¢. Hence D is not con-
tained in X.

3. A-embedded subsets. We shall now define the concept of
an A-embedded subset, which plays a vital role in the proof of the
Product Theorem.

3.1. DEFINITION. Let X be a subset of a space Z. Then X is said
to be A-embedded in Z if each G,-subset H of Z which is contained
in X is nowhere dense in X (i.e., inty cly H = ¢).

ExAMPLE 1. The set @ of the rational numbers is A-embedded
in the real line R.

To prove this we first observe that in a countable T}-space which
is a Baire space, each open set has isolated points (since the comple-
ment of a non-isolated point is a dense open set). Now, let H be a
G;-subset of R. If HC @, then H is countable, so that H cannot be
dense in any interval. It follows that H is nowhere dense in Q.

ExAMPLE 2. Let the subspace S of R be defined by S = {0} U
{1/n|n =1,2,---}. The set {0} is not A-embedded in S.

Using the concept of A-embedded subsets, we are able to re-
cognize subsets of Baire spaces which, in their relative topology, are
Baire spaces.

3.2. THEOREM. Let X be a dense subspace of a Baire space Z.
(@) If Z\X is A-embedded in Z, then X is a Baire space.
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(b) If Z\X s dense in Z, then X is a Baire space if and only
if Z\X is A-embedded in Z.

Proof. To prove (a), observe that if X is not a Baire space, then
there is a sequence HOG, DG, D --+ of open subsets of X such that
each G, is dense in H and yet () {G.} = ¢. Then there is a sequence
UoV,oV,D.-- of open subsets of Z such that H= UN X and
G,.=V,NX. Bach V, is dense in U and U is a Baire space. Hence
D =N {V,}is dense in U and therefore in U N (Z\X). Since Dc Z\X,
Z\X is not A-embedded in Z.

To prove the “only if” part of (b), we assume that Z\X is not
A-embedded in Z. Let H be a G,-subset of Z which is contained in
Z\X and which is dense in some relatively open set U of Z\X. Let
V be an open subset of Z with V' N (Z\X) = U.

Then FF= VN H is a Gs;-subset of Z which is dense in V and
which is contained in U. Let F = () {F,} where each F, is open in
Z and F,CV. The sets F, N X are open and dense subsets of VN X
and yet N {F, N X} = ¢. It follows that V' N X is not a Baire space.
Consequently, X is not a Baire space.

REMARK. As is clear from 3.1 Example 2, the hypothesis that
Z\X is dense in Z cannot be omitted from part (b) above.

3.3. In connection with Theorem 3.2 we have the following pro-
positions which will be used in the next section.

LEMMA 1. In every quasi-regular space X there are open subspaces
X, and X, such that

(a) X, and X, are disjoint and X, U X, ts dense in X;

() X, is pseudo-complete;

(¢) any pseudo-complete subspace of X, is mowhere dense in X,.

Proof. Let X, be the union of all open subsets of X which are
pseudo-complete in their relative topology.

Let X, = X\cl;X;. The lemma follows from 2.2 Proposition and
2.2 Corollary 1. (Observe that X, and X, may be empty.)

LEMMA 2. Let X, Xp and X, be as in Lemma 1. Then X is a
Baire space if and only if X, is a Baire space.

Proof. Obvious.

PROPOSITION. Let X be a quasi-regular space such that any pseudo-
complete subspace of X is nowhere dense in X. The following properties



8 J. M. AARTS AND D. J. LUTZER

are equivalent:

(a) X is a Baire space;

(b) For every pseudo-complete space Y such that X 1is dense in
Y, the subset Y\X is A-embedded in Y;

(¢) For some pseudo-complete space Y such that X is dense in Y,
the set Y\X is A-embedded in Y.

Proof. For any pseudo-complete space Y such that X is dense in
Y, the set Y\X is dense in Y, because X contains no pseudo-complete
open subspaces. That (a) implies (b) now follows from 3.2 Theorem
(b). Obviously (c) follows from (b). Finally, 3.2 Theorem (a) shows
that (a) follows from (c).

ExAMPLE. According to the above proposition, the totally imper-
fect subspaces Y and Z of a separable, complete, dense-in-itself
metric space X in 2.4 Example are Baire spaces. The proposition can
also be applied to spaces which are not totally imperfect. In the
special case where X is the Euclidean plane, construct Y and Z as in
2.4 Example and let Y' = YU L where L is a straight line in X.
Then Y’ and X\Y’ are each A-embedded subspaces of X (so that each
is a Baire space) even though Y’ is not totally imperfect.

REMARK. It follows directly from Lemma 2 above that a o-locally
compact space X is a Baire space if and only if X is pseudo-complete:
one shows that the o-locally compact Baire space X, must be empty.

4. The product theorem,

4.1. PROJECTION LEMMA. Suppose X is a Baire space and Y 1is
pseudo-complete. If D is a dense Gs;-subset of X XY, then 7y(D)
contains a dense Gy-subset of X (where 7y denotes the natural projection
of X X Y onto X).

Proof. Write D = ) {G,} where G,DG,D --- are open subsets
of X x Y. Let {<Z(n)} be a sequence of pseudo-bases for Y with respect
to which Y is pseudo-complete.

Let Z7(1) = {U|¢ #= U is open in X and U X PC G, for some Pe
(1)}, Let 7°(1) be a maximal disjoint subcollection of Z/(1). Since
D is dense in X X Y, the set W, = |J7°(1) is dense in X. For each
Ve7 (1) choose P(V,1)e (1) such that V x P(V,1) CG..

Inductively define collections 7°(n) such that

(a) each 7°(n) is a disjoint collection of nonempty open subsets
of X and W, = U 7 (n) is dense in X;

(b) 7°(n + 1) refines 7" (n);
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(¢) for each Ve 7 (n) there is a member P(V, n) € & (n) having
V x P(V,n)C G,;

(d) if V,,e7(n+ 1) and if V, is the unique member of 7 (n)
containing V,.,, then cl, (P(V,y, n + 1)) C P(V,, n).

Let E =N {W,}. Since X is a Baire space, £ is dense in X. To
show that EC 7my(D), let xe E. Then there is a (unique) sequence
{V.} such that V,e7 (n) and e V,. Necessarily V,.,cV, so that
cly (P(Vy, » + 1)) € P(V,, n). Therefore, N {P(V,, n)} # ¢ and for any
yeN{P(V,,n)}, (z,y) € G, for each n so that (x,y)eD. Hence xz¢
(D).

4.2. THE PropucT THEOREM. If X 1s a quasi-reqular Baire
space and Y is pseudo-complete, then X X Y is a Baire space.

Proof. As in 3.3 Lemma 1, choose open subsets X, and X, of
X. Then (X, xY)U (X, XY) is a dense subspace of X X Y. Since
Y, xY and X, X Y are open subsets of X XY and since X, x Y is a
Baire space in view of 2.1 Theorem (b) and (¢), it is enough to show
that X, x Y is a Baire space. By 8.3 Lemma 2, X, is a (quasi-regular)
Baire space. Thus we need only consider the special case where X =
X,.

In view of 2.3 Theorem, there is a pseudo-complete quasi-regular
space X which contains X as a dense subspace. Let X' = X\X.
Then X’ is A-embedded in X by virtue of 3.3 Proposition. Since X x
Y is a dense subset of the pseudo-complete space Xx Y, it will be
sufficient to show that X’ x Y = (X x Y)\(X X Y) is an A-embedded
subset of X x Y (by virtue of 3.2 Theorem).

To this end, suppose Dc X’ X Y is a G,-subset of X x Y which
is dense in some relatively open subset of X’ x Y. Then there is a
relatively open subset G of X’ and an open subset V of Y such that
DN(G xV) is dense in G x V. The set G may be written as G =
UN X’ where U is open in X. Then D N (U x V) is a dense G;-subset
of U x V, the product of the Baire space U with the pseudo-complete
space V. According to the projection lemma, 7 (D N (U X V)) contains
a G,-subset E of U which is dense in U. Then E is a G;-subset of
X. Furthermore, EcC ny(D)c X’ which is impossible because X’ is
known to be A-embedded in X.

It follows that X’ x Y is A-embedded in X x Y so that X x Y is
a Baire space.

COROLLARY. If X is a quasi-regular Baire space and if the space
Y is (locally) compact Hausdorf or (locally) Cech-complete or (locally)
subcompact, then X XY is a Baire space.
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REMARK. In the Product Theorem the pseudo-completeness of Y
is by no means a necessary condition for X X Y to be a Baire space.
Oxtoby [10] has proved that if Y is any Baire space having a (locally)
countable pseudo-base, then X X Y is a Baire space for any Baire space
X. This result of Oxtoby and our product theorem overlap, but neither
includes the other: (Cf. the examples in 2.4 and 2.6 of which the
latter has no (locally) countable pseudo-base. Indeed there are compact
Hausdorff spaces having no locally countable pseudo-base.) Further-
more, as has already been mentioned in the Introduction, the techniques
employed in the proofs are totally different.
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