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PSEUDO-COMPLETENESS AND THE PRODUCT
OF BAIRE SPACES

J. M. AARTS AND D. J. LUTZER

The class of pseudo-complete spaces defined by Oxtoby
is one of the largest known classes ^ with the property
that any member of & is a Baire space and ^ is closed
under arbitrary products. Furthermore, all of the classical
examples of Baire spaces belong to & * In this paper it is proved
that if Xe & and if Y is any (quasi-regular) Baire space, then
J X 7 is a Baire space. The proof is based on the notion
of A-embedding which makes it possible to recognize whether
a dense subspace of a Baire space is a Baire space in its
relative topology. Finally, examples are presented which relate
pseudo-completeness to several other types of completeness.

1* Introduction* A space X is a Baire space if every nonempty

open subset is of second category [2] or, equivalently, if the intersection
of countably many dense open subsets of X is dense in X. Locally
compact Hausdorff spaces and completely metrizable spaces are the
classical examples of Baire spaces.

In [10] Oxtoby introduced the notion of a pseudo-complete space
(see §2 for precise definitions). Pseudo-complete spaces are Baire
spaces and the classical examples of Baire spaces are pseudo-complete.
Also, Cech-complete spaces (i.e , Gδ-subsets of compact Hausdorff spaces
[3]) as well as subcompact spaces [6] belong- to the class of pseudo-
complete spaces.

Pseudo-completeness has nice invariance properties. In particular,
the topological product of any family of pseudo-complete spaces is
pseudo-complete. Thus such a product is a Baire space.

In dealing with pseudo-completeness, assumptions about the usual
separation axioms are irrelevant. However, it is often convenient to
consider spaces which are quasi-regular, i.e., every nonempty open set
contains the closure of some nonempty open set (cf. [10]).

Oxtoby [10] has also given an example of a completely regular
Baire space whose square is not a Baire space, thus showing that a
product theorem for Baire spaces cannot be obtained without some
additional condition on (at least one of) the factors.

The main result of our paper is that the product of a quasi-regular
Baire space and a pseudo-complete space is a Baire space. The techni-
ques employed here, especially those in §4, are quite different from
the usual category type techniques.

This paper is organized as follows. In §2 we discuss some new
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results on pseudo-completeness and its relation to some other comple-
teness concepts. In §3 the notion of an A-embedded subset is intro-
duced. It is shown that the property of being an A-embedded subset
of a Baire space Z is in a sense complementary to that of being a
subset (of Z) which is a Baire space. Finally, in §4 the product
theorem is proved.

We adopt the following notational convention: given a sequence
Su S8, of subsets of a set X we write Π {#*} instead of Π {Sn \ n =
1,2,3,...}.

2* Pseudo-complete spaces* In this section all spaces are assumed
to be quasi-regular (see §1).

2.1. We begin with a brief review of results about pseudo-
completeness from [10].

DEFINITIONS. A pseudo-base for X is a collection & of nonempty
open sets such that each nonempty open Ua X contains some member
of &. A space X is pseudo-complete if X has a sequence {^(n)} of
pseudo-bases such that if Pn e &(n) and cl P n + 1 c Pn for each n, then
Π {P.} * Φ.

THEOREM, (a) Any dense Gδ-subset of a countably compact space
is pseudo-complete.

(b) Any product of pseudo-complete spaces is pseudo-complete*
(c) Any pseudo-complete space is a Baire space.

In view of (a) the classical examples of Baire spaces as well as
Cech-complete spaces are pseudo-complete. The pseudo-completeness
of a subcompact space easily follows from the definitions (if X is
subcompact relative to the base ^ , let

2.2. We now mention without proofs some simple facts about
pseudo-completeness which are not in [10].

PROPOSITION, (a) Let X be a dense subspace ofY. If X is pseudo-
complete, then so is Y.

(b) Any topological sum {i.e., disjoint union) of pseudo-complete
spaces is pseudo-complete.

(c) Any open subspace of a pseudo-complete space is pseudo-
complete.

It is easily seen that closed subspaces of pseudo-complete spaces
need not be pseudo-complete. For example, Michael's line—the set
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of real numbers topologized by taking sets of the form U (J V to be
open, where U is open in the usual topology of the reals and V is any
set of irrationals—is pseudo-complete (in view of (a)) and yet contains
the usual space of rational numbers as a closed subspaee.

Observe that the proposition above remains valid if "pseudo-complete
space" is replaced by "Baire space". The following corollaries hold
for any property of topological spaces for which the corresponding
propositions (a), (b), and (c) hold.

COROLLARY 1. If a space X has an open almost-cover (i.e., a
collection of open sets whose union is dense in X, cf. [4]) by pseudo-
complete spaces, then X is pseudo-complete.

COROLLARY 2. A space is locally pseudo-complete (i.e., each point
has a neighborhood which is pseudo-complete) if and only if it is
pseudo-complete.

2.3. The following result is related to a theorem of McCoy about
Baire space extensions [9].

THEOREM. Any (quasi-regular) space X is a dense subspace of a
pseudo-complete space X.

Proof. The proof uses standard techniques; we present only an
outline. The main difference between our construction and the standard
ones is that we do not identify points of X with (open) ultrafilters
(since this would require separation axioms of X). Let ^~ denote
the topology of X. Let Δ denote the collection of all subfamilies of
J7~ which have the finite intersection property and are maximal with
respect to this property. Let Ω = {ζ\ζ eΔ and f\ {dzF\Feξ} = Φ),
the free elements of Δ. Let X = X (J Ω (observe that the union is
disjoint). For each Ue^~ let ϋ= U\J{ζ\ξeΩ sniά^Ueξ}. X is

endowed with the topology for which {UlUe^} = ^ serves as a
base. It is easily verified that any collection of open sets of X having
the finite intersection property has nonempty adherence in X. From
ς\j(U) — U U clx Uit follows that X is quasi-regular (since X is assumed
to be quasi-regular).
By letting ^(n) = ^ for n ^ 1, X is shown to be pseudo-com-
plete. In case X is Hausdorff, X is a Hausdorff-closed extension of
X (cf. [7]).

2.4. As is well-known, the open continuous image of a Baire
space is a Baire space. It is an open problem whether such mappings
also preserve pseudo-completeness. However, if the range space is
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assumed to be metrizable, there is the following result.

THEOREM. Suppose X is pseudo-complete and f:X—>Y is con-
tinuous, onto and open. If Y is metrizable, then Y contains a dense,
completely metrizable, zero-dimensional subspace. In particular, Y is
pseudo-complete.

Proof. Let {^(n)} be a sequence of pseudo-bases for X with
respect to which X is pseudo-complete. Inductively choose collections
&"(n)c:&*(n) such that for each n:

(a) If P and Q are distinct members of &*'(n), then f(P) Φ f(Q);
(b) The collection &(n) = {/(P)| Pe^'{n)} is a disjoint open

collection in Y which is an almost cover1 of Y with mesh ^ 1/n;
(c) &*'(n + 1) refines &*'(n);
(d) If Pn+1e&»(n + l),Pne&»(n) and f(Pn+1) c f(Pn), then

C l χ -t Λ + i CI x % .

Suppose CrΛ G 2̂ (W) for % ̂  1 and Gn ZD Gn+ί. Because the collection
&(n) is disjoint, it follows from (a) and (c) that there are unique
members Pn and Pn+1 of &*'(n) and &'(n + 1) respectively having
f(Pn) = Gn and f(Pn+1) = Gn+1. According to (d) we have Pn z> cl* Pn+1.
Therefore, f\ {P*} Φ Φ- For any x e f| {P*}, /(») € Π {Gn} In view of
(b) {f(x)} = Π {G»}. For each n let T7W - \J gf (n), and let Z = Γl {W }
From the preceding observation it follows that Z is a dense subset
of Γ. By virtue of (b), the collection & = {GΠ Z\Ge&(ri),n = 1,
2, •••} is a base for Z consisting of relatively closed and open sets.
The completeness of Z is easily proved (cf. [1], [4], [6]).

COROLLARY. A metrizable space Y is pseudo-complete if and only
if Y contains a dense completely metrizable subspace (which may be
taken to be zero-dimensional).

Proof. The "only if" part follows from the preceding theorem
by taking X = Y. The "if" part follows from 2.1 Theorem (a) and
2.2 Proposition (a).

REMARK. F. G. Slaughter, Jr. pointed out to the authors that in
the proofs of the theorem and corollary above it suffices to assume
that Y is quasi-regular and developable (instead of metrizable). Thus
we have: a pseudo-complete Moore space contains a dense completely
metrizable subspace.

The corollary above may be applied to show that pseudo-complete-
ness and the property of being a Baire space are not equivalent, even

Cf. 2.2 Corollary 1.
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for metrizable spaces.

EXAMPLE. A space is said to be totally imperfect if it contains
no uncountable compact subsets. According to a theorem of Bernstein,
any separable, metrizable, complete and dense-in-itself space X can
be decomposed into two mutually disjoint totally imperfect subsets
Y and Z. Both Y and Z are known to be Baire spaces, but neither
Y nor Z contains a dense completely metrizable subspace. See 2.6,
3.3 Example, and [8] for more details.

2.5. PROBLEM. It is an open problem whether dense G5-subsets
of pseudo-complete spaces are pseudo-complete. Observe that if dense
(• -̂subsets of pseudo-complete spaces and open continuous images of
pseudo-complete spaces (see 2.4) are pseudo-complete, a less complicated
proof of the Product Theorem 4.2 can be given.

2.6. A part of the theory we are going to present in §§3 and 4
can be developed using other notions of "completeness" instead of
pseudo-completeness. For example, we can define a completely regular
space X to be almost Cech-complete if X contains a dense Cech-complete
subspace (cf. [5]). The results of §2.2 also hold for almost Cech-
complete spaces and in view of 2.1 Theorem (a) such spaces are
pseudo-complete, whence Baire spaces.

We next present an example which shows that the notion of
pseudo-completeness is much more general than that of being almost
Cech-complete.

EXAMPLE. There is a completely regular, pseudo-complete space
X such that each Cech-complete subspace C of X is nowhere dense
(i.e., intxdxC = φ).

Let Z — Rc = Π{Rγ\7eΓ}, the continuous product of real lines.
Any nonempty Gδ-subset of Z has exp c points2 and there are exp c
nonempty Ga-subsets of Z. We shall show that there is a subset X
of Z such that neither X nor Z\X contains any nonempty (?3-subset
of Z and that X has the above mentioned properties.

The construction of the set X is very similar to that of a totally
imperfect subset of a separable, metrizable, and dense-in-itself space
as given in [8]. Well-order the collection of all nonempty G0-subsets
of Z as {Ha I oc < η) where η is the first ordinal having cardinality
exp c. Using transfinite induction pick two distinct points xa and
ya from each Ha, taking care that at each step only points are picked

We write exp c for 2C.
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which have not been selected before* X is the set of all points xa so
obtained.

Now let άg denote the collection of the basic open sets Π farι{ Ur)\ye
Γo} where Γo c Γ is finite and each Ur is a bounded open interval in i?r.
Let &*(n) = {JBΠ X\Be^} for each w ί> 1. Observe that for each
B e ^ clx (B Π X) = I ( Ί clz 5, because X is dense in Z.

In order to prove that X is pseudo-complete, suppose Pn e . ^ (so
Pnf)Xe &*(n)) and clx (Pn+ι n l ) c P w n I Then

Π {Xn P J = n {ciχ (xn P.)} = z n ( Π {ciΛ}).

Now, Π {dz P J is nonempty because of the boundedness condition
imposed on the basic open sets. Moreover, this intersection is a Gr

subset of Z. Hence its intersection with X is nonempty. Thus X
is pseudo-complete.

If D is a Cech-complete space which is dense in some open set
U of X, then D is also dense in some open set V of Z. Then D Π
V is a (?δ-subset of ^, so (DΠV) f] (Z\X) Φ φ. Hence D is not con-
tained in X.

3* A-embedded subsets* We shall now define the concept of
an A-embedded subset, which plays a vital role in the proof of the
Product Theorem.

3.1. DEFINITION. Let X be a subset of a space Z. Then X is said
to be A-embedded in Z if each (?δ-subset H of Z which is contained
in X is nowhere dense in X (i.e., i n t x c l x i ϊ = φ).

EXAMPLE 1. The set Q of the rational numbers is A-embedded
in the real line R.

To prove this we first observe that in a countable TΊ-space which
is a Baire space, each open set has isolated points (since the comple-
ment of a non-isolated point is a dense open set). Now, let H be a
G<5-subset of R. If Ha Q, then H is countable, so that H cannot be
dense in any interval. It follows that H is nowhere dense in Q.

EXAMPLE 2. Let the subspace S of R be defined by S — {0} (j
{l/n\n = 1,2, •••}. The set {0} is not A-embedded in S.

Using the concept of A-embedded subsets, we are able to re-
cognize subsets of Baire spaces which, in their relative topology, are
Baire spaces.

3.2. THEOREM. Let X be a dense subspace of a Baire space Z.
(a) If Z\X is A-embedded in Z, then X is a Baire space.
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(b) If Z\X is dense in Z, then X is a Baire space if and only
if Z\X is A-embedded in Z.

Proof. To prove (a), observe that if X is not a Baire space, then
there is a sequence HD G1 ZD G2 H> of open subsets of X such that
each Gn is dense in H and yet Π {<?*} = Φ Then there is a sequence
Ui)V1Z)V2'D ••• of open subsets of Z such that H^UOX and
Gn = Vn ΓΊ X. Each yn is dense in Z7 and 27 is a Baire space. Hence
D = f) {Vn} is dense in £7 and therefore in Z7Π (£\X). Since D c Z\X,
i?\X is not A-embedded in Z.

To prove the "only i f part of (b), we assume that Z\X is not
A-embedded in Z. Let H be a Gδ-subset of Z which is contained in
Z\X and which is dense in some relatively open set U of Z\X. Let
V be an open subset of Z with V Π (Z\X) = C7.

Then JP = F Π ί ί is a Gδ-subset of Z which is dense in V and
which is contained in U. Let F = Π {^} where each JPW is open in
Z and J P Λ C F. The sets Fnΐ\ X are open and dense subsets of FΓlX
and yet Π {F» 0 X} = Φ- It follows that F Π X ί s not a Baire space.
Consequently, X is not a Baire space.

REMARK. AS is clear from 3.1 Example 2, the hypothesis that
Z\X is dense in Z cannot be omitted from part (b) above.

3.3. In connection with Theorem 3.2 we have the following pro-
positions which will be used in the next section.

LEMMA 1. In every quasi-regular space X there are open subspaces
XP and XA such that

(a) XP and XA are disjoint and XP U XA is dense in X;
(b) XP is pseudo-complete;
(c) any pseudo-complete subspace of XA is nowhere dense in XA.

Proof. Let XP be the union of all open subsets of X which are
pseudo-complete in their relative topology.

Let XA — X\c\xXp. The lemma follows from 2.2 Proposition and
2.2 Corollary 1. (Observe that XP and XA may be empty.)

LEMMA 2. Let X, XP and XA be as in Lemma 1. Then X is a
Baire space if and only if XA is a Baire space.

Proof. Obvious.

PROPOSITION. Let X be a quasi-regular space such that any pseudo-
complete subspace of X is nowhere dense in X. The following properties
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are equivalent:
(a) X is a Baire space;
(b) For every pseudo-complete space Y such that X is dense in

Y, the subset Y\X is A-embedded in Y;
(c) For some pseudo-complete space Y such that X is dense in Y,

the set Y\X is A-embedded in Y.

Proof. For any pseudo-complete space Y such that X is dense in
Y, the set Y\X is dense in Y, because X contains no pseudo-complete
open subspaces. That (a) implies (b) now follows from 3.2 Theorem
(b). Obviously (c) follows from (b) Finally, 3.2 Theorem (a) shows
that (a) follows from (c).

EXAMPLE. According to the above proposition, the totally imper-
fect subspaces Y and Z of a separable, complete, dense-in-itself
metric space X in 2.4 Example are Baire spaces. The proposition can
also be applied to spaces which are not totally imperfect. In the
special case where X is the Euclidean plane, construct Y and Z as in
2.4 Example and let Y' — Y U L where L is a straight line in X.
Then Y' and X\Y' are each A-embedded subspaces of X (so that each
is a Baire space) even though Yf is not totally imperfect.

REMARK. It follows directly from Lemma 2 above that a ^-locally
compact space X is a Baire space if and only if X is pseudo-complete:
one shows that the σ-locally compact Baire space XA must be empty.

4* The product theorem*

4.1. PROJECTION LEMMA. Suppose X is a Baire space and Y is
pseudo-complete. If D is a dense Gδ-subset of 1 x 7 , then πx(D)
contains a dense Gδ-subset of X (where πx denotes the natural projection
of X xY onto X).

Proof. Write D = Π {&*} where G1^Gi'D ••• are open subsets
of X x Y. Let {^(n)} be a sequence of pseudo-bases for Y with respect
to which Y is pseudo-complete.

Let ^(1) = {U\Φ Φ U is open in X and U x Pa G, for some Pe
^(1)}. Let 3 (̂1) be a maximal disjoint subcollection of %S(Ϊ). Since
D is dense in X x Y, the set Wx = (J 3 (̂1) is dense in X. For each
Ve T{1) choose P(F, 1) e ̂ ( 1 ) such that V x P(F, 1) c Gx.

Inductively define collections Y*(n) such that
(a) each 3Γ{n) is a disjoint collection of nonempty open subsets

of X and Wn = U Tirf) is dense in X;
(b) T(n + 1) refines T(n);
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(c) for each VeT*(n) there is a member P(V, n)e^(n) having
Vx P(V9n)aGn;

(d) if Vn+1 6 T(n + 1) and if Vn is the unique member of T(n)
containing Vn+1, then clF (P(Vn+1, n + 1)) c P(Vn, ri).

Let E = Π {W }̂ Since X is a Baire space, E is dense in X. To
show that E(zπx(D), let α;e£r. Then there is a (unique) sequence
{FJ such that VneT(n) and α?6 Fw Necessarily Vn+1aVn so that
clΓ(P(7w + 1, n + 1)) c P(F%, w). Therefore, fl {P( V , w)} Φ φ and for any
y e Π {-P(F%, %)}, (#, ?/) e G% for each n so that (#, y) 6 Zλ Hence α; e

4.2. THE PRODUCT THEOREM. If X is a quasi-regular Baire
space and Y is pseudo-complete, then X x Y is a Baire space.

Proof. As in 3.3 Lemma 1, choose open subsets XP and XA of
X. Then (XP x 7 ) U (XA x Γ) is a dense subspace of X x Y. Since
YP xY and XAxY are open subsets of X x Y and since XP x Y is a
Baire space in view of 2.1 Theorem (b) and (c), it is enough to show
that XA x Y is a Baire space. By 3.3 Lemma 2, XA is a (quasi-regular)
Baire space. Thus we need only consider the special case where X =

In view of 2.3 Theorem, there is a pseudo-complete quasi-regular
space X which contains X as a dense subspace. Let Xf — X\X.
Then X' is A-embedded in X by virtue of 3.3 Proposition. Since X x
Y is a dense subset of the pseudo-complete space 1 x 7 , it will be
sufficient to show that Γ x 7 = ( l x Y)\(X x Y) is an A-embedded
subset of 1 x 7 (by virtue of 3.2 Theorem).

To this end, suppose ΰ c Γ x 7 i s a Gδ-subset of 1 x 7 which
is dense in some relatively open subset of Xf x Y. Then there is a
relatively open subset G of Xf and an open subset V of Y such that
D f)(G xV) is dense in G x V. The set G may be written as G =
Uf)X' where U is open in X. Then D Π (U x V) is a dense Gδ-subset
of U x V, the product of the Baire space U with the pseudo-complete
space V. According to the projection lemma, π^D Π (U x V)) contains
a Gδ-subset E of U which is dense in U. Then E is a Gδ-subset of
X. Furthermore, E'c π%(D) c Xf which is impossible because X' is
known to be A-embedded in X.

It follows that X' x Y is A-embedded in 1 x 7 so that X x Y is
a Baire space.

COROLLARY. If X is a quasi-regular Baire space and if the space
Y is (locally) compact Hausdorff or (locally) Cech-complete or (locally)
subcompact, then X xY is a Baire space.
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REMARK, In the Product Theorem the pseudo-completeness of Y
is by no means a necessary condition for X x Y to be a Baire space.
Oxtoby [10] has proved that if Y is any Baire space having a (locally)
countable pseudo-base, then X x Γ i s a Baire space for any Baire space
X. This result of Oxtoby and our product theorem overlap, but neither
includes the other: (Cf. the examples in 2.4 and 2.6 of which the
latter has no (locally) countable pseudo-base. Indeed there are compact
Hausdorff spaces having no locally countable pseudo-base.) Further-
more, as has already been mentioned in the Introduction, the techniques
employed in the proofs are totally different.
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METRIC CHARACTERIZATIONS OF
EUCLIDEAN SPACES

G. BERG

In a metric space an arc which is isometric to a real
interval is called a segment. In this paper it is shown that,
for 1 ^ n ^ 3, %-dimensional Euclidean space (En) is topologi-
cally characterized, among locally compact, ^-dimensional
spaces, by admitting a metric with the following properties:
(1) every two points of the space are endpoints of a unique
segment, (2) if two segments have an endpoint and one other
point in common then one is contained in the other and (3)
every segment can be extended, at either end, to a larger
segment. This follows from the more general result that,
for 1 ^ n ^ 3, a locally compact, ^-dimensional space which
admits a metric with properties (1) and (2) is homeomorphic
to an ^-manifold lying between the closed n-ball and its
interior.

Property (1) suffices to characterize E*9 for n = 1 or 2,
among locally compact, locally homogeneous, ^-dimensional
spaces. For n > 3, properties (1), (2), and (3) characterize En

among locally compact, ^-dimensional spaces that contain a
homeomorph of an n-ball.

l Introduction* A metric space (X, d) is said to be convex
provided that every pair of points of X has a midpoint—m is a
midpoint of x and y if d(x, m) = d{y, m) = l/2d(x, y). (X, d) is strongly
convex if every pair of points has a unique midpoint and is without
ramifications provided that no midpoint of x and y is a midpoint of
z and y unless z = x. Convex subsets of Euclidean spaces with
their inherited metrics are examples of metric spaces with these pro-
perties. Lelek and Nitka [8] and Rolfsen [11] have (topologically)
characterized the 2-cell and 3-cell, respectively, among compact 2 and
3 dimensional metric spaces by the last two properties. White [12]
has shown that a 2-complex is collapsible if and only if it can be
given a metric which is strongly convex. Numerous other results
have been obtained for metric spaces with the above properties when
the underlying space is compact or when the metric is also complete.

In the present paper a number of these results are shown to hold
when the underlying space is locally compact. Principally, it is shown
that having a strongly convex metric without ramifications (topologi-
cally) characterizes ^-manifolds that lie between the ti-cell and its
interior among locally compact, ^-dimensional spaces for n ^ 3. This
reduces to Lelek and Nitka's or Rolfsen's result when the space is

11
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compact and yields a characterization of En under various homogeneity
conditions.

2* Existence of segments* In a metric space (X, d) a set S is
said to be a segment for the points x and y of X if a? and 2/ are
elements of S and S is isometric with the real interval [0, d(x, y)].
It is well known that in a convex, complete metric space every pair
of points has a segment between them. It is shown now that for
locally compact spaces the requirement of completeness can be relaxed.

THEOREM 2.1. Let (X, d) be a locally compact, convex metric space.
If, for each pair of points of X, the set of midpoints of the pair is
compact, then each pair of points is joined by a segment.

Proof. Let p, q be two points of X and let AQ = {p, q}. Order
Ao by distance from p. In general, if An has been defined and ordered
by distance from p, then for each x e (An — {q}) let mx be a midpoint
for x and the next point of An. Define An+ι = An U [m/- xe An — {q}}.
Let A = U~=o An, a = d(p, q) and / = d(p, —)\A. Clearly / maps A
isometrically onto the set of real numbers of the form r a where r
is a dyadic rational in [0,1], and so / maps A isometrically into the
interval [0, α]. To show that A is a segment from p to q it is sufficient
to show that f[A] — [0, a].

Since the dyadic rationale are dense in [0,1], the image of A is
dense in [0, α]. Also, the image of A is open in (0, a). To verify this
observe that if x e (A — {p, q}) and D is a compact distance neighbor-
hood of x then D Π A is compact and thus f[A Π D] is closed. Since
f[A Γl D] is dense in an interval containing f(x) in its interior, f{x)
is an interior point of f[A\. For the final step let t be any point
of (0, a), and let T be a subinterval of (0, a), symmetric about t.
T Π f[A\ and U, the reflection of T Π f[A] in t, are both open and
dense in T and hence their intersection is dense in T. Let {tn}Z=ι be
an increasing sequence of points of T Π f[A] Π U that converges to t,
so if, for each n, t'n = 2t — tn, then t'n e f[A] and t is midway between
tn and C Let xn = f~\tn), x'n = f-\Q and Mn = {yeX:y is midpoint
for xn and x'n}. If yeMn+1, then y is between xn and α£ and also
d(x«, y) = <Z(&n, a?n+i) + d(»n+i, 1/) = d(i/, x'n+1) + d(a?;+1, a?;) = d(y, O so
7/ G Mn. Since each ΛfΛ is compact there is a point x in Π~=i Λίn Now
d(xn,_x) = l/2d(xn, x'n) = 1/21 ίΛ - ft| and so J i m ^ d(a?n, α?) - 0. Thus
a e A and clearly /(α;) = t. Evidently f[A] — [0, a] and so I is a
segment from p to #.

COROLLARY 2.2. If (X, d) is a locally compact, strongly convex
metric space, then the segment between two points is unique and contains
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all the points between them.

The proof for the case where (X, d) is also complete carries over
without change in light of 2.1.

When segments are unique the segment between p and q is denoted
pq.

3* Strongly convex metrics*

DEFINITION 3.1. A topological space Y is said to be contractίble
if there exists a mapping / : Y x /—> Y such that /(—, 1) is the identity-
map and /(—, 0) is constant. Y is locally contractible if every neigh-
borhood, U, of any point contains a neighborhood, V, of the point and
a map f:Vx I —*U such that / (—, 1) is the identity map and /(—,
0) is constant.

Throughout this section let (X, d) be a locally compact strongly
convex metric space. We aim first at showing that X is contractible
and locally contractible.

Fix pe X and define the map Q I x ί - > I a s follows: for te I,
Q(P, t) — V for t e I, x e X — {p}y Q{x, t) is the point z in ~px such that
d(p,z) = t*d(p,x).

Q is the contracting homotopy and in showing Q is continuous
the fact that the limit of a sequence of segments is again a segment
is used. This fact is the content of 3.3.

NOTATION 3.2. Throughout the paper D(p, r) denotes the set
{x e X: d(p, x) ^ r} and S(p, r) denotes the set {x e X: d{p, x) < r} where
pe X and r is a positive real number.

PROPOSITION 3.3. Let xQ, xl9 x2, be points of X such that
lim^^ Xι — xQ Φ p. Then if

( 1 ) yte pxi, i = 0, 1, 2, and
(2) l i m ^ d(p, yj = dip, yQ) then
( 3 ) l i m ^ yi = y0.

Proof. Let A — {yo€pxo- conditions (1) and (2) imply (3)}. Clearly
xoe A because if lim^^ d(p, yt) = d{py x0), then lim^^ d(xi9 y>) = 0 since
d(x{, y^ = d(p, Xi) — d(p, yt). Let A' be the component of A con-
taining x0 and assume that q is a boundary point of A' relative
to ~pxύ. Choose r > 0 so that D(q, 5r) is compact. Let y09 yl9 y2f

be a sequence that satisfies conditions (1) and (2) but not (3) and chosen
such that d(y0, q) < r. Let q0 e A Π D(q, r) . For each i = 1, 2, let
ii = min {d{p, α?<), d(p, qQ)} and let q{ be a point of pxt such that d(p, q{) =
th i = 1, 2, . Since lim^^ tt — d{p, q0) it follows that l i m ^ ĝ  = g0.
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Since both of yi9 and g* belong to pxi9 i = 0,1, 2, we have
1/i) = \d(p, qt) - d(p, yi) I and so l i m ^ dfo, ψ) = <%0, ̂ /0) ^ 2r. Now
cϊ(g, j/<) ̂  d(q, q0) + c£(#0, ?<) + d(q{, y{) and so is eventually less than 5r.
Thus the sequence {y^i is eventually in the compact set D(q, 5r).
If z is a limit point of the sequence {y^T=u then it follows from the
continuity of the distance function d that d(p, z) + d(z, x0) — d(p, x0)
and so z 6 ̂ 50 Since ^ is the same distance from p as y0 it follows
that z — y0. Thus lim^^ yi — y0 and this contradicts our choice of y0,
Vu 2/2, It follows that A! has no boundary point relative to px0

so must be all of px0.

PROPOSITION 3.4. Q: X x /—> X is continuous.

Proof. Follows from Proposition 3.3 and continuity of distance
function.

In contracting X to the point p the map, Q, moves every point
closer to p so any distance neighborhood of p is contracted in itself.
The point p was chosen without restriction so X is also locally
contractible.

It follows trivially that X is also connected and locally connected
and these conditions for a locally compact metric space imply separa-
bility [1].

THEOREM 3.5. A locally compact, strongly convex metric space
is contractible, locally contractible, connected, locally connected and
separable.

THEOREM 3.6. An n-dimensional, locally compact, strongly convex
metric space is an n-manifold if it is locally homogeneous and contains
an n-ball.

Proof. Since a locally compact space is second category this
follows immediately from a theorem of Bing and Borsuk [3]

THEOREM 3.7. For n = 1 or 2, an n-dimensional, locally homo-
geneous, locally compact metrizable space can be given a strongly convex
metric if and only if it is homeomorphic to En.

Proof. The usual metric for En is strongly convex.
It follows from another theorem of Bing and Borsuk [3] that

such a space is an ^-manifold. Since it is contractible as well it must
be E*, n being 1 or 2.
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4* Strongly convex metrics without ramifications* Prelimi-
naries, Throughout this section (X, d) will be a locally compact metric
space with d a strongly convex metric without ramifications, briefly
an SC-WR metric.

DEFINITION 4.1. For p and q two points of X the set {x e X: x e
pq or qe px} is called the ray from p through q and is denoted pq).

PROPOSITION 4.2. If ye (px) — {p}), then py) = px).

Proof. Clearly x e py) so it suffices to show that if z e px) then
zepy). We consider four cases:

(1) y e px and z e px. In this case it follows immediately from
the uniqueness of segments that either yepz or zepy so zepy).

(2) ye'px and xe pz. The convexity of the metric yields ye
pz and so zepy).

(3) xepy and ze~px. Same as (2).
(4) xepy and xepz. Unless pyapz or pzcpy there would

be a ramification point in pz Π py. Thus ze py).

PROPOSITION 4 3. px) is isometric to a real interval of one of
the following forms: [0, oo)? [0, α), or [0, α]

Proof. This is evident from the previous proposition and the fact
that rays are arc connected.

If px) is isometric to the closed interval [0, α], then we say px)
is a ray with endpoint or a compact ray and the point of px) a distance
a from p is the endpoint.

DEFINITION 4.4. A metric space (Y, p) is said to be externally
convex if given p and q in Y there is a point y e Y such that p(p, y) ==

P(p, Q) + P(Q> y)-

Note that {X, d) is externally convex if and only if no ray has an
endpoint.

For rays a result analogous to Proposition 3.3 holds and the proof
carries over as well.

PROPOSITION 4.5. Let p, x0, xl9 x2, be points of X such that
^ Xi = x0 Φ p. Then if

(1) % e pxi), i = 0,1, 2, and
(2) l i m ^ d(p, y%) =
( 3 ) l i m ^ yi = y0.



16 G. BERG

We now define a map which moves points along rays similar to
Q in §3. Fix p in X and let

}{x} x [0, oo) if ~pχ) is isometric to [0, oo)

{x} x 0, — - — ) if px) is isometric to [0, a)
L d(p9 xy

{x} x 0, — - — if px} is isometric to [0, a] .
L d(p9 x)Λ

Now let D — \Jxeχ-.{p}Dx be the domain of P and define P: D —> X
by the following rule:

P(p9 t) = p

P(x^ t) = the point z of ~px) such that d(p9 z) = t d(p9 x) for x Φ p.

PROPOSITION 4.6. P is continuous.

Proof. Follows from 4.5 and continuity of distance function.

REMARK 4.7. Since the function P depends on the choice of the
basepoint p, P will be denoted Pp any time confusion might arise.
Likewise D is denoted Dp.

Our next goal is to show that every open subset of X contains a
homeomorphic copy of X. The first step is to show that if a sequence
of rays converges to a ray with endpoint, then all but finitely many
of the sequence of rays have endpoints.

LEMMA 4.8. Let p, x09 x1} x2y be points of X such that px0} =
pxQ and lim^^ xt = x0. Then, for i sufficiently large there is a point
Zi € ~pXi} such that ~pz{ = ~px^} and lim^^ zt = xQ.

Proof. Clearly l i m ^ diam (px{)) ^ d(p, xQ). On the other hand, if

lϊm diam (pS*» = d(p, x0) + δ > d(p, x0)

then there is an infinite set of integers, M, such that for i e M there
is a %6 pxi) such that d(p, yt) = d(p, x0) + min {δ, r) where r > 0 is
chosen to make D(x0, 2r) compact. The set {y^ ie M) has a limit point,
y, in D(x0, 2r). Since y satisfies d(p, y) = d(p, x0) + d(x0, y) we have
ye'pxo} = px0. This is a contradiction because d(p9 y) > d(p, x0). Thus

ôo diam (p5<» = d(p, x0).
Now choose n0 to be an integer such that x{ e D(x0, r) and

I diam px^ — d(p, xo)\ ^ r



METRIC CHARACTERIZATIONS OF EUCLIDEAN SPACES 17

whenever i ^ n0. Then the set ((p£4> — pXi) U {%*}) is in D(p, 2r) when
i >̂ n09 and since each of the sets is closed it must be compact. Each
of the rays ~px,i with i ^ n0 is then compact and letting z{ be the
endpoint the lemma is proved.

THEOREM 4.9. Let p be a point of X and f be a map from X —
{p} into (0, 1]. Then the function G: X-+X, defined by the formula

g{p) = p

g(x) = Pp(x, f(x)) for xΦ p

is a homeomorphism if it is one-to-one.

Proof. On X — {p}, g is the composition of continuous functions
so is continuous. It is continuous at p as well because

d(p, P,(x, fix)) = f(x)> d{p, x) ^ dip, x) .

Assume that g is one-to-one. It remains only to show that g~ι

is continuous. Note that g~ι is continuous at p because if D(p, r) is a
compact neighborhood of p and a = inf {f(z): % e D(p, r)}, then g[D(p, r)]
contains D(p, α r) which is a neighborhood of p.

The map g restricted to any segment px is a homeomorphism of
px into itself with p remaining fixed so if points are ordered by
distance from p, g preserves that order. Let x0, xl9 x2, be points
of g[X] such that l i m ^ xi = x0. Let yt = g"ιix^) for i = 0,1, 2, .
Consider first the case where dip, y ) ^ dip, yQ) + δ for some δ > 0,
and all i = 1, 2, 3, . In view of Lemma 4.8, y0 cannot be the
endpoint of py0} so we may choose a point w0 in (py0} — PVo) &n(i
within δ/2 of yQ. Let wt be a point of px^ such that dip, w{) = dip, w0)
for i = 1, 2, 3, , and note that l i m ^ wt = w0. Since w0 is farther
than y0 from p, giw0) is farther than giy0) — x0 from p. On the other
hand, for i = 1, 2, 3, , Wi is closer than yt to p and so giwt) is closer
than Xi = βr(^). From the continuity of #, g(w0) is at least as close
to p as a?0. This case is ruled out and if no sequence can belong
to this case, no infinite subsequence of a sequence can either,
so the remaining possibility is that dip, y{) ^ dip, yQ) for all i ^ nOf

for some integer n0. But then (JΓ=o PΪJi is compact and g"1 is continuous
on g[\JT=oPVi] = \JT=oPXi and so lim^^^r- 1^) = g^ix0).

Note that if fix) is a nondecreasing function of dip, x), then g
is a homeomorphism.

COROLLARY 4.10. Le£ p be a point of X and U a neighborhood
of p. Then there is a homeomorphism, g, of X into U leaving p fixed
and for xe X, g(x) e px.
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Proof. Let 0 < r < 1 be chosen so that S(p, r) c U, and define
the map h: (0, ©o) —»(0, r) by the formula &(£) = 2r/π tan~~ιt. Observe
that h is one-to-one and h(t) ^ £. Define / : X — {p} —> (0, 1] by the
rule f(x) = h(d(p, x))/d(p, x). Let g be defined as in Theorem 4.9 in
terms of / and Pp. The map g could fail to be one-to-one only by
mapping two points of some ray, px}, to the same point. But d(p,
g(y)) — d(p, y) f(y) = h(d(p, y)), so this cannot happen. Moreover, the
last expression must be less than r so g[X] c S(p, r) c U.

5* Endpoints of rays are sparse* Next we develop some con-
tractibility conditions for X and certain subsets, then show that in
an SC-WR metric space of finite dimension the endpoints of rays are
contained in a nowhere dense set.

Throughout this section let (X, d) be an SC-WR metric space.

PROPOSITION 5.1. Let p be a point of X and r be a positive real.
Then there is a map h: X x [0, 1] —> X with the following properties:

(1) h(—, 0) is the identity on X;
(2) h(-,ΐ)[X]czD(p,r);
(3) for te [0, 1] h(—91) \D(p, r) is the identity on D(p, r) and
(4) for (x, t) e (X - D(p, r)) x [0, 1] h(x, t) i S(p, r).

Proof. Difine the function ra:X—•[(), 1] by the formulas

I I if x = p

, —
d(p, x)

\ mx Φp

and g: X x [0,1] -> [0, 1] by g(x, ί) = (1 - ί) + t m(x). Let P be the
function defined in § 4 with p as its base point. Define h: X x [0,1] —>
X by h(x, t) — P(xy g(x, t)) and it is routine to verify h satisfies con-
ditions (1) through (4).

REMARK 5.2. By virtue of h satisfying conditions (1), (2), and (3),
D(p, r) is said to be a strong deformation retract of X. A subset A
of X is a retract if there is a map from X —• A which is the identity
on A.

PROPOSITION 5.3. Let p e X and r a positive real. Then for y e
S{p, r), X — {y} is contractible (in itself) if and only if (D(p, r) — {y})
is contractible (in itself).

Proof. Let y e S(p, r) be given and take h to be the deformation
map defined in the previous proposition relative to D(p, r). From
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properties (3) and (4) of h it is clear that h[(X - {y}) x [0, l ] ] c l -
{y}. Thus h retracts X — {y} onto {D{p, r) — {y}). A retract of a
contractible space is contractible [4, p. 26], so D{p, r) — {y} is con-
tractible if X-(y) is. The converse is obvious.

PROPOSITION 5.4. Let pe X and r > 0. Then D(p, r) is contrac-
tible and locally contractible.

Proof. In § 3 it was shown that D(p, r) is contractible.
Fix yeD== D(p, r) and δ > 0. Letting h be the deformation

map from 5.1 and setting / = h(—, 1) gives us that / is a retraction
of X onto D. Define the map g: D x I—>D by the formula g(x, t) =
f(Py(x, 1 — £)). Clearly, # is continuous, g(—, 0) is the identity and
#(—, 1) is constantly y. Choose r > 0 so that D(τ/, r) is compact and
it follows that Cn ^ D f] D(y, r/n) is compact for each n — 1, 2, 3,
The nested sequence of sets Cn x I converge to {y} x / and since g
is continuous there exists n0 such that g[Cno x J] c S(̂ /, <5) Π D. It
follows that g\CnQ x I contracts CΛo to # inside S(i/, <5) and thus D is
locally contractible.

DEFINITION 5.5. For a set A in a topological space Y the space
A x //A x {0}, i.e., the upper-semi-continuous decomposition of A x /
whose only nondegenerate element is A x {0}, is called the cone over A.

PROPOSITION 5.6. Let (X,d) be a locally compact SC-WR metric
space. If Ad X is compact and pe (X — A) such that, for x6 A,
px Π A = {x}, then the set B = \JxeA'px is homeomorphic to the cone
over A.

Proof. The proof of this proposition appears in [8, 6.2] for X
compact. The proof carries over for X locally compact in light of the
properties shown in the preceding propositions.

The following theorem generalizes a result of D. Rolfsen [11] which
was for compact spaces. The proof is identical except that it relies
on earlier propositions in this paper for properties of locally compact
spaces with SC-WR metrics.

THEOREM 5.7. Let (X, d) be a locally compact SC- WR metric space
with dim X = n and 0 < n < °o. Then the set U = {x: X — {x} fails
to be contractible in itself} contains a dense, open subset of X.

COROLLARY 5.8. If (X, d) and U are as in Theorem 5.7, then no
point of U is the endpoint of a ray.
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Proof. Let xe X and p Φ x such that px) = px. The map P3

Xx I-+X defined earlier when restricted to (X — {x}) x I clearly
contracts X — {x} to p missing x so X — {#} is contractible (in itself).
By Theorem 5.7 x£U.

6. Retract properties*

DEFINITION 6.1. Let Y be a topological space and A a subset of
Y. A is said to be a neighborhood retract of F provided there exists
an open set, 0, of Y such that A c 0 and A is a retract of 0.

DEFINITION 6.2. A metric space Yis said to be an absolute retract
for metrizable spaces, or an AR (M)-space, if for any metric space Z
and a closed subset A of Z with A homeomorphic to Y, A is a retract
of Z. Y" is said to be an absolute neighborhood retract for metrizable
spaces, or an ANR (M)-space, if for any metric space Z and closed
subset A of Z, with A homeomorphic to Y9 A is a neighborhood retract
of Z.

DEFINITION 6.3. A metric space Y is said to be an absolute retract
or AR-space if Y is an AR (Λf)-space and Y is compact, Y is said to be
an absolute neighborhood retract, or ANR-space, if Y is an ANR (M)-
space and Y is compact.

PROPOSITION 6.4. Let (X, d) be a locally compact SC-WR metric
space of finite dimension. If D(p9 r) c X is compact, then it is an
absolute retract and if no ray from p ends inside D(p, r), then the set
Sh (p, r) — {xe X: d(x, p) = r} is an absolute neighborhood retract.

Proof. As is evident from Proposition 5.4, D(p, r) is contractible
in itself and locally contractible and since it is compact and finite
dimensional it is an absolute retract [4, 10.5, p. 122].

To show that Sh (p9 r) is an ANR it is sufficient to show that it
is a neighborhood retract of the absolute retract D{p, r) [4, 2.4, p. 101].
Since no rays end inside D(p, r) we can retract D(p, r) — {p} onto
Sh (p, r) by pushing outward along rays from p.

THEOREM 6.5. If (X, d) is a locally compact SC-WR metric space
of finite dimension, then Xe AR (M).

Proof. For a point p of X there is a positive number rp so that
D(p, rp) is compact and by Proposition 6.3, D(p, rp) e AR (M). As
noted in Theorem 3.5, X is separable and since each point of X has
a neighborhood which is an ANR (M)-space, XeANR(M) [4, 10.4,
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p. 99]. However, since X is contractible, Xe AR(M) [4, 9.1, p. 96].

7* Existence of cells in low dimension spaces*

LEMMA 7.1. Let (X, d) be a locally compact, SC-WR metric space.
Then if p, x, and y are three non-colίnear points of X, then \Jze^pz
is a 2-cell and \Jze^pz} is 2-dimensional and closed.

Proof. Let A = \Jzeτy pz and A = \Jz^

In light of Proposition 5.6 Lelek and Nitka's proof [8] that A is
a 2-cell carries over from compact to locally compact spaces.

To establish the second part of the lemma, let r = inf {d(p, z): ze
xy}. Clearly, r > 0, and by Corollary 4.10 there is a homeomorphism
of X into S(p, r) that moves points along rays. Under this map, A
is carried into A and so is 2-dimensional. Moreover, if q is a point
of the closure of A, then the image of q is in the compact set A, so
~pq) meets xy at a point z0. It follows that pq) = ψz0) c A and qe A.

THEOREM 7.2. Let (X, d) be a locally compact SC-WR metric space
of dimension n with 1 ̂  n ^ 3. Then there is a dense, open set V
of X. such that points of V have closed distance neighborhoods homeo-
morphic to In.

Proof. For the case n — \ the theorem follows directly from the
lemma. Since dimension X = 1, X has two points p and q. Since X
cannot contain 3 noncolinear points (lemma), X = pq) U qΐ>) Letting
V = X - {endpoints of 'pq) and qp), if any} the proof is complete.

The case n = 2 or n = 3. The argument that Rolfsen [11] gives
for a similar theorem with X compact and dim X — 3 carries over to
locally compact spaces and, with a small addition, works for dim X =
2 as well. That argument is outlined below with references to results
of this paper needed to carry through various of the steps.

Let U — {x e X: X — {x} fails to be contractible in itself} and let
V = intU. Fix pe V and choose ε > 0 so that N = D(p, e) is compact
and contained in V. Let S = {xe X: d(p, x) = ε}.

(1) V is open and dense in X (Proposition 5.7).
(2) S is compact, (n — 1)-dimensional and N is homeomorphic

to the (abstract) cone over S [11, (4), p. 218], (Proposition 6.4).
(3) S is an ANR-space [11, (6), p. 218], (Corollary 4.10).
(4) $ does not have the fixed point property [11, (8), p. 218].
(5) For seS, S - {s} is contractible in itself [11, (7), p. 218].
(6) S is connected and if n = 3, then no finite set separates S

[11, (9), p. 218], (Lemma 7.1).
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(7) If n = 3, then S is a 2-sphere [11, (10), p. 219].
(8) If n = 2, then S is a 1-sphere.
Since S does not have the fixed point property, it follows from a

theorem of Lefschetz [5] that for some k ^ 0 the (reduced) singular
homology group (integral coefficients), Hk(S) is nontrivial. S is con-
nected so H0(S) = 0 and dim (S) = 1 so Hk(S) = 0 for & ̂  2, hence
H^S) Φ 0. Because of (5), Hk(S - {$}) = 0 for all k ^ 0. It follows
from a theorem of McCord's [9] that S is a 1-sphere.

Part (2) along with (7) and (8) yield that N is homeomorphic to I*.

8. Topological characterizations*

DEFINITION 8.1. A point y in a topological space Yhas a Euclidean
neighborhood if for some neighborhood V oΐy and some natural number,
n, V is homeomorphic to En.

Throughout this section let (X, d) be a locally compact SC-WR
metric space.

PROPOSITION 8.2. If some point of X has a Euclidean neighbor-
hood, then the set, M = {xe X:x is the endpoint of some ray}, is closed
in X and every point of (X — M) has a Euclidean neighborhood.

Proof. Let p be a point of X with a Euclidean neighborhood V,
V homeomorphic to En. There is a homeomorphism of X into V so
we may consider X, as a topological space, to be imbedded in E*.
Let int X and Bd X denote the interior and boundary of X as a subset
of En.

For any subset, Y, of En if y e int F, then Γ — [y] is not con-
tractible (in itself). It follows from proof of Corollary 5.8 that for
xeM, X— {x} is contractible (in itself), so ΛfcBdX.

Consider a point, x e (X — M). Since x is not the endpoint of the
ray px} there is a point q in ~px} — ~px. Set £ = d(p, x)/d(p, q) and
since 0 < t < 1, the map Pff(—, t) is a homeomorphism of Xinto itself
(Theorem 4.9) that carries p to x. By the invariance of domain the
image of V under this map is open in En, hence x e int X. It follows
that ikfc(XΠBdX).

Now M — (X Π Bd X) and so M is closed in X, and since (X — M) —
int X every point of (X — M) has a Euclidean neighborhood.

REMARK 8.3. Note that the set, Mp == {xe X: px = pϊ>}, where
#> is a point with Euclidean neighborhood, is contained in M. However,
in the last part of the above proof it was shown that, in fact, (XΠ
Bd X) c Mp so Mp = M.
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PROPOSITION 8.4. Let peX with Mp closed. The function rp: X —
{p} —> Eι U {+ °°}, defined by rp{x) = diam px), is lower-semi-continuous.

Proof. Let xQ9 xl9 x2y be points of X — {p} with l im^^ xn = xQ

and let ί be a number less than rp(x0). We may as well assume
lim^^ rp(xn) exists, and call it s. To complete the proof it remains
only to rule out the possibility that s < t.

If 8 < t, then there is a point z0 e px0) such that d(p, z0) = s. We
can also assume rp(xn) < °o for n > 0, so if we choose #w e p^xn} such
that d(2>, zn) ^ (diam piw> — 1/ri) then, by Proposition 4.5, lim zn — z0.
Let D(z0, r) be a compact neighborhood of z0 and, clearly, Tn c JD(«0, r)
for n sufficiently large where Tn = pxn) — pzn. Thus Tn, and conse-
quently, pSw> are compact for n large. Let yn be the endpoint of the
compact ~pxn} and observe that lim yn = 20. Since /̂Λ e Λfp and Mp is
closed 2?0 G ikfp, hence^αj0) = p 0̂> contradicting the choice of z0.

THEOREM 8.5. Let p e (X — M) have a Euclidean neighborhood.
If r > 0 and D(p, 4r) is compact and contained in (X — M), then
there is a subset T of D(p, r) such that S(p, r) c T and T is homeo-
morphic to X.

Proof. The method of the proof will be to use a sequence of
continuous functions approximating rp to partition X into countably
many subsets. These subsets will be mapped homeomorphically onto
S(p, r/2) and countably many annuli between S(p, r/2) and S(p, r) along
with a subset of D(p, r) — S(p, r).

The map rp is lower-semi-continuous and has range contained in
[4r, + oo] since no ray ends in D(p, 4r) Let S = {xe X: D(p, x) = r]
and rp\S is lower-semi-continuous. A lower-semi-continuous function
on a separable, finite dimensional metric space which is bounded below
can be pointwise approximated by a (strictly) increasing sequence of
continuous functions [2]. Let fu f2, /3, be such a sequence approxi-
mating rp\S and we can assume range of fn, all n, is contained in
[2r, oo). Extend each fn to all of X - {p} by letting fn(x) = fn(y)
where y is the unique point of S in the ray px). Clearly the extended
functions are continuous on X— {p}.

Define

An = {xeX- {p}: /.(a?) ^ d(p, x) ^ /B+1(a?)} for 0 < n < <χ>

A«, s {x e X - {p}: f.(x) < d(p, x) all %} .

The desired homeomorphism h: X-+D(p, r) is defined by the formulas
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h(p) = p

h(x) — Pp(x, m(x)) for x Φ p

where m: X — {p} —> (0,1] is defined as follows:

r f * — ± \ j£

m(x) —
/ 1/2

V 2 W - 1
-, if xeAn,

0 < tt <

-, if x 6 .

If a G i ^ n An+1 for 0 g ^ < oo, then m(α?) has two definitions but
since d(p, x) — fn+ι(x) in that case it is routinerto verify that

m(x) =
2n+1 —

from both definitions. It is also evident that m is continuous on each
An, 0 ^ ^ ^ oo and on Û <co AΛ as well.

Observe that for x e An, 0 < n < oo, then

which yields

d(p, x) - fn(x)
fn+1(x) - fn(x)

< m(x) <

Thus if xl9 x2, xz,

XOGA^, then

) m(x)
d(p, x)\ 2n J ~ w ~ d(p, x)

is a sequence of points in \}n<oaAn with limit

lim w(a?Λ) =
, Xθ)

Thus m is continuous on X and the above bounds on m shows that
m has range [1/4, 1/2] c (0,1].

In order to show that h is a homeomorphism it only remains to
show that h is one-to-one, and because h moves points along rays from
p, it is sufficient to consider one such ray. Fix xoe X — {p} and let
&i, K K ^ points of p o > chosen so d(p, bn) = fn(xQ) = fn(bn). Let
an = /2,(6J and note

, αΛ) = — r
2n -
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The function m is constant on pbL — {p} so h is one-to-one on 'pbι.
In general, hj>n+1 = An Π px0}, so on bj>n+1

2
n -I

m(x) = ~» + # n where
d(p, x)

2n .,

Thus d(p, h{x)) = an + βnd(p, x) and since βn > 0, h is one-to-one on
&Λ+i> carrying 6Λ6Λ+1 onto αΛαΛ+1. A^ Π jpά?0) consists of at most one
point whose image lies a distance r from p. It follows that h is one-
to-one on pxQ} and also that the image of pxQ} under h contains (pxoy Γ)
S(p, r)).

Let T — h[X] and the theorem is proved.

COROLLARY 8.6. For 1 i^ n tS 3 an n-dimensional, locally compact
metrizable space, X, admits an SC-WR metric if and only if X is an
n-manifold (with boundary) and is homeomorphic to a subset of closed
unit n-ball and which contains the interior of the n-ball.

Proof. The necessity is obvious because the usual metric for E*
restricted to such a subset is SC-WR.

To show the sufficiency let d be an SC-WR metric for X. By
Theorem 7.2 there exists a point p of X and a positive number t such
that D(p91) is homeomorphic to I*. X is homeomorphic to a set T
with S(p, r ) c T c D{p, r) where r = t/4. D(p, r) is homeomorphic to
I* and thus to B, the unit ball in En. Let T'aB be the image of
T under the last homeomorphism. Since Γ D S(p, r), T'ziintB and
T' being locally compact yields that Tf contains a relatively open subset
of Bd B. T is a ^-manifold and consequently X is as well.

PROPOSITION 8.7. Let (X, d) be a locally compact SC-WR space.
If X is of finite dimension, the following are equivalent:

(a) (Xy d) is externally convex
(b) no ray has an endpoint
(c) X is homogeneous
(d) X is locally homogeneous.

Proof. The pattern of the proof is (a)«-»(b) —• (c) —> (d) —• (b).
(a) «-> (b). This equivalence was noted in §4.
(b) —> (c). Assume (b) holds. We first establish that if D(p, r)

is compact and qeS(p,r), then for wepq — {p} there is a homeo-
morphism of X onto itself that carries q to w.

Let a = d(p, q) and b = d(p, w). Define Ax = D{p, a) — {p}, Az =
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D(p, r) — S(p, a) and Az = X — S(p, r) and define the map f:X —
{p} —• (0,1] by the formula:

- i f s e Λ
α

α \ a/ r — a
1 if α? G A3 .

Since / is continuous on each of the three closed sets Alf AS9 and Az

and uniquely defined on their intersections, it is continuous. Let
h(x) — Pp(x, f{x)) for x Φ p and f(p) — p. Pp moves points along rays
and since f(x) is a nondecreasing function of d(p, x), h is one-to-one
and therefore a homeomorphism (4.9). Note also that d(p, h{q)) =
d{p, q) f{q) — a b/a — b — d(p, w)9 so h(q) = w.

On A3 U {p}9 h is the identity and if xe X — (A3\J {p})9 then the
ray ~px) is not contained in D(p, r) so there is a point y in px} a
distance r from p. The segment py maps into itself under h and
both y and p are fixed so x is the image under h of some point.
Thus h[X] = X.

Moreover, there is a homeomorphism carrying q to p because there
is a point pf in qp) — ~qp and close to p which has a compact distance
neighborhood contained in D(p, r) and containing q in its interior.

For x and y two points of X there is a finite, simple chain of
open distance neighborhoods with the first centered at x and the last
at y. The above homeomorphisms and their inverses allow us to push
x into the second distance neighborhood and then into center of it.
Continuing this process a finite number of sets pushes x to y.

(c) —> (d). Obvious.
(d) —>(b). Assume that (d) holds and there is a point qeXsuch

that q is the endpoint of a ray. Since X has finite dimension, there
is a point peX such that X— {p} is not contractible (5.7). Let
U and V be neighborhoods of q and p9 respectively, and h be a
homeomorphism of £7 onto F carrying q to p. The point q has
arbitrarily small deleted distance neighborhoods that are contractible,
so let D be one contained in U. F[D] is a neighborhood of p, so there
exists an r such that D{p, r) c /[JD], and D(p, r) compact. D(p9 r) —
{p} is a retract of X — {p}9 so is a retract of f[D] — {p} — /[Z> — {q}].
Since /[D — {q}] is contractible and since a retract of a contractible
space is contractible [4, p. 26, 13.2], it follows that D(p, r) — {p} is
contractible. This is a contradiction because X — {p} is then contrac-
tible (5.3).

THEOREM 8.8. Let (X, d) be a locolly compact SC-WR metric space
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of dimension n and let M ΞΞ {xe X:x is the endpoint of a ray}. Then
if 1 ̂  n ^ 3 or some point of X has an En-like neighborhood, then
(X — M) is homeomorphic to En.

Proof. If n ^ 3, then some points of X have an En-lϊke neighbor-
hood, so we may, in any case, choose peXwith an JS -̂like neighbor-
hood. There exist r > 0 and a set T such that S(p, r) c T c D(p, r)
and T homeomorphic to X. Under this homeomorphism, if x is not
the endpoint of the px}, then x maps into S(p, r), and if x is the
endpoint, it maps into D{p, r) — S(p, r). Thus (X — M) is homeomorphic
to S(p, r). By Proposition 5.6, D(p, r) is the cone over S = {xe X: d(p,
x) = r}. M. Brown has shown [5] that if the cone over a set A is
En~\i)ae at the vertex, then the (cone over A) — A is homeomorphic
to En. Thus, S(p, r) = D(p, r) — S is homeomorphic to E* and the
theorem follows.

COROLLARY 8.9. Let (X, d) be a locally compact SC-WR metric
space of dimension n. X is homeomorphic to En if and only if
(1) any condition of Proposition 8.7 holds, and (2) 1 <; n f£ 3 or some
point of X has an En-like neighborhood.

Note that if any condition of 8.7 holds, then X is locally homo-
geneous and by Theorem 3.6, X is an ^-manifold if it contains an
n-ball We can change 8.9 slightly as follows:

COROLLARY 8.10. A locally compact space of dimension n is
homeomorphic to En if and only if it admits an SC-WR, externally
convex metric and, for n ^ 4, contains an n-ball.

9* Compact spaces* Rolfsen [10] proved that a compact ̂ -mani-
fold (with boundary) which admits an SC-WR metric is homeomorphic
to In when n ^ 6 In this section it is shown that the result holds
for n — 4 or 5 whenever there is a terminal point in the space.

DEFINITION 9.1. In a metric space (X, d), a point p is said to be
a terminal point if for x,yeX, d(x, y) = d(x, p) + d(p, y) implies p =
x or p — y.

THEOREM 9.2. Let (X, d) be a compact SC-WR metric space. If
X is an n-manifold and has a terminal point, then X is homeomorphic
to I \

Proof. Let p be a point of (X — dX) (dX is the boundary of
X), and let M = {xeXipx} = px}. As is evident from the proof of
Proposition 8.2, M is the boundary of X in an embedding of X in
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En, so 1 = dX. First, note that if x e M then the segment, px,
meets M only at x.

Take q to be a terminal point of X and since qe M, q has a
neighborhood, F, relative to M which is homeomorphic to En~\ Let
Piy Pi* V* > be a sequence of points of pq — {q} which converges to
q. For each i = 1, 2, 3, define the function ftt: M-+M by the rule:
/̂ (α;) is the endpoint of the ray.5p<>. If 2/ = ^i(#), then xeypt} and
by our earlier observation, Λ<(2/) = α?. Thus hi is one-to-one and onto
for each i, and the continuity of /^ is easily established, so ht is a
homeomorphism of ikf onto itself.

Suppose that for each integer, i, there is a point α^eikf — (F(J
A4F]). ilf is compact, so there is a point xoeM which is a limit of
some subsequence of xlf x2, . We may assume that l im,^ α̂  = x0.
Let 2 be a limit point of {&<(#*): i = 1, 2, •••} and note 2 ί F hence
z Φ q. But since lim p{ = q, d(xQ, z) — d(xQ, q) + d(q, z) contradicting
the choice of q. For some i then, M = V\J h[V].

The compact Hausdorff space M being the union of two open
(n — l)-cells is an (n — l)-sphere The set \JxeM P% is homeomorphic
to In and is all of X, so the theorem is proved.
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THE SPACE OF BOUNDED SEQUENCES WITH
THE MIXED TOPOLOGY

A J I T KAUR CHILANA

The space of bounded sequences with the mixed topology
has some interesting properties and can be used to answer
two questions on boundedly generated spaces asked by T. Ito
and T. Seidman.

1* Introduction* We consider the locally convex algebra m of
bounded complex sequences with pointwise addition and multiplication
equipped with the mixed topology [11]. The topology τ is the same
as the strict topology β [1] on C(S), when S is taken to be the
space of positive integers. This space has a number of interesting
properties, some of which can be found in [11], [3] (Example 3), [1],
and [4]. In this note we obtain some further results such as: this
space is hereditary boundedly generated [6], it has an unconditional
Schauder basis, and its Gelfand map is continuous.

The basic ideas are as in [7]. A locally convex space E is said
to be boundedly generated, in short, BG if it is the closed linear span
of a bounded subset; it is said to be hereditary boundedly generated,
in short, HBG, if every closed linear subspace of the space is BG
[6] E is called sequentially barrelled if every τs(E, E')-null sequence
in the topological dual Ef of E is equicontinuous [10]. The sequential
dual E+ of E is the set of sequentially continuous linear functionals
/ on i?(i.e., /(«?»)—>0 whenever xn-+0 in E) [10]. E is called semi
1-barrelled if every τs(E, £")-bounded sequence in E' is equicontinuous
[3]. A barrel in a locally convex algebra E that is also an idempotent
set (i.e., AdE such that A.Ac: A) is called an m-barrel and E is
said to be m-barrelled if every m-barrel in E is a neighborhood of 0
[8]. Let E be a complex locally convex algebra. Let M denote the
set of nonzero, continuous, multiplicative, linear functionals on E,
provided with the weak topology induced by E. Let C(M) denote
the space of complex continuous functions on M with the topology of
compact convergence. The Gelfand map G on E to C(M) is given
by G{x)(m) = m(x) (xeE,me M). E is called strongly semi-simple if
G is an algebraic isomorphism of E into C(M).

Now let E denote the space m with the mixed topology τ or,
equivalently, the strict topology β. A base of τ-neighborhoods of 0
is given by

^ = {Ua = {x = (xn): \xn\ < an, n = 1, 2, •••}, a = (αft),

29



30 AJIT KAUR C H I L A N A

Let B = {xeE: \xn\ < 1, n = 1, 2, •••}, | | g | | = sup{|a?Λ | : n = 1, 2, •••}

for xem. Let e* = (&Λ): x{ = 1 and α?Λ = 0 if i ^ %. Let

ί1 = jα Gm: Σ I ̂  I < ooj ,

and || x | | t = Σ~ = 1 I a» I 0» e ί1)- The α-dual of m is Z1 ([7], § 30.1) and
(m, Z1) is thus a dual pair.

2* Properties of the space E.
I. E is complete and has the Mackey topology zk(lι).
It is proved in [1] (also in [3]) that E is complete. The second

part follows from [4], Theorems 2 and 4, on taking S to be the set
of positive integers with the discrete topology.

II. No topology on m compatible with duality is barrelled or m-
barrelled.

The set B is a barrel [3] and not a neighborhood in E, also
it is idempotent. As E carries the strongest topology compatible with
duality and barrels remain barrels under any topology compatible with
duality, the result follows immediately.

III. E is an HBG space.
For any subspace F of E, F = U {n(B f] F): n = 1, 2, •} and,

therefore, F is the closed linear hull of a bounded subset of itself.

REMARK 1. It was asked in question (2) of [6], if there are any
HBG spaces that are not Banach or separable Frechet spaces. II
and III give an affirmative answer.

REMARK 2. In [2] the first part of question (3) in [6] was
answered in the negative and the following more general question
was raised: If F is a BG space with dual F', then must there be a
barrelled topology compatible with duality (F,F')Ί The example
given there to prove that the answer is "No" is artificial in the sense
that its completion is a Banach space and thus barrelled. By I, E
is a complete space and II and III show that it serves as a better
example.

IV. A sequentially continuous linear functional on E is con-
tinuous and E is sequentially barrelled.

Combining [5], Theorem III (2.8) and I above, we have Er = E+.
Thus τ = τk(E+, E). Proposition 4.3 in [10] then gives that E is
sequentialy barrelled.
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V E is not semi 1-barrelled.
Consider A — {en: n = 1, 2, •} c I1 = E'. For each x e E, and for

n = 1, 2, ., I en(x) \ = | xn | < || α? ||. So A is re(j5", £r)-bounded. Also
the polar A° of A in E is 1? which is not a neighborhood. There-
fore, A is not equicontinuous.

REMARK 3. It is known ([3], Proposition 9 (ii), p. 481) that a semi
1-barrelled space is sequentially barrelled. IV and V show that the
reverse implication may not be true. We take this opportunity to
point out that there are two Proposition 9 in [3] (!) and in Proposi-
tion 9 (ii) on p. 481 [3] it should be almost semi-1-barrelled instead
of almost semi-barrelled.

VI. E has a Schauder basis (en), which is
( i ) bounded multiplier,
(ii) boundedly complete,
(iii) not of type P*,
(iv) unconditional,
(v) shrinking,
(vi) not of type P,
(vii) monotone, and
(viii) e-Schauder [5].
We note that m is perfect and normal ([7], §30.1), Ef = V = mx

and τ = τk(V). We can use [5], I (2.5) to obtain (i), (ii), and (iii). To
prove (iv) we appeal to [5], I (2.4) and (i) above. The strong dual
of E is (ϊ1, || . HO and it has (en) as a Schauder basis, so (v) is true.
For (vi) note that en —• 0 in E. Also ^ satisfies the conditions for
(en) to be monotone and SNUa c Ua for all Uae^ and N = 1, 2,
Thus (vii) and (viii) are true.

REMARK 4. It is well-known that m with the sup-norm topology
is not separable and thus cannot have a basis. The above result
shows the difference a change in the topology can make.

VII. C(M) is barrelled.
Let 0 Φ fel1 and / be multiplicative on E. Because

n

x = lim Σ χjej 9

f(x) = lim .̂,̂  Σ?=i χjf(e°) f° r e a c h χ e E So there is an n such that
f(en) Φ 0. Also f(en) = f(enen) = f(en)f(en), so we must have f{en) = 1.
Now for o Φ n f(en)f(e3') = /(eV) = /(0) = 0, so f(ej) = 0. Thus
f(x) = χn and / can be identified with en e IK So
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M= {en: n = 1, 2, •••} .

Also {x}° f]M = {en} if x e m be such that xn=l and α̂  = 2 for j ^ n.
Hence M can be identified with the set of positive integers with the
discrete topology. Therefore, C(M) is the space of all complex
sequences with the topology of pointwise convergence and is, thus
barrelled.

REMARK 5. We note that m-barrelledness of some topology com-
patible with duality is sufficient in [8], Lemma 3.1 (or [9], Cor. 6.3)
and even this condition is not necessary as shown by II and VII.

VIII. E has jointly continuous "multiplication.
If a — (an) be such that 0 < an —> co then for b = (bn), where

bn = all2, 0 < &Λ-> oo and also UhUhd Ua.

IX. The Gelfand map is continuous but not a homeomorphism.
It is immediate from the proof of VII.
The next result shows that E does not, however, have a good

functional representation.

X. E cannot be embedded algebraically and topologically in a
C(X) for X a locally compact Hausdorff space or for X a completely
regular Hausdorff space.

From the proof of VII we get that G is an isomorphism of E
into C(M), and thus E is strongly semi-simple. Also in view of VIII,
E is a topological algebra in the sense of [9]. Combining Theorem
4.6 of [9] and IX above we get the required result.

REMARK 6. This space also helps in distinguishing some classes
of topological algebras such as m-Λ -barrelled algebras, m-A -infrabar-
relled algebras, locally boundedly multiplicatively convex algebras.

I should like to thank the referee for his suggestions regarding
the format of the paper.
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DIFFERENTIABLE OPEN MAPS OF
(P + 1)-MANIFOLD TO ̂ -MANIFOLD

P. T. CHURCH AND J. G. TIMOURIAN

Let / : M*>+1->NP be a C3 open map with p^l, let
Rp-ι(f) be the critical set of /, and let

for each y e Np Then (1.1) there is a closed set X<zMp+1 such
that dim/(X) ^ p - 2 and, for every xeMp+1 — X, there is
a natural number d(x) with / at x locally topologically
equivalent to the map

φdix): C x RP-1 -* R x R*-1

defined by

φdix)(Z9 ίi, , ίp-0 - {&(Zd^), tU ' , ίp-l)

( ^ ( ^ ( a ; ) ) is the real part of the complex number zd{x)).

The hypothesis on the critical set is essential [3, (4.11)], but in
[4] we show that any real analytic open map satisfies this hypothesis,
and thus this conclusion.

COROLLARY 1.2. If f: Mp+1-+Np is a Cp+1 open map with
dim (i?p-i(/)) ^ 0, then at each x e Mp+1, f is locally topologically
equivalent to one of the following maps:

(a) the projection map p: Rp+1 —>RP,
(b) τ: C x C-+C x R defined by

τ(z, w) = (2z w, I w |2 — | z |2), where w is the complex conjugate of w.
(c) ψd: C-+R defined by ψd(z) =

In order to read the proofs in this paper, the reader will need to
have [3] at hand. In particular, the terms locally topologically
equivalent, branch set Bf1 layer map, extended embedding, and 0-
regular are defined in [3; (1.3), (1.5), (2.1), (2.3), and (4.1), respec-
tively].

2. Spoke sets* The definition and lemmas of this section are
given in somewhat greater generality than needed in this paper (i.e.,
for open maps), for use in a subsequent paper.

Let Γ2 be any 2-manifold (without boundary).

DEFINITION 2.1. Let ψw x c: C x R^ — R x Rp~ι be defined by
ψQ x c(z, ί) = (I«I, ί) and ψw x c(z, t) = (έ?(zw), t) (w = 1, 2, •)• Thus

35
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B(f, x c) = 0 and B{ψw x c) = {0} x Rp~ι otherwise. For w = 0 let
L = D2 x D*-1 and let / = [-1, 1]; for w ^ 1 and η > 0 sufficiently
small, let

L = (Z)2 x z?*-1) n ( t w x r)-1 a-? , 7i x i?^1)

and let J =; [ — 7, 7]. These examples motivate the following defini-
tion.

Let / : Γ2 x Rp~ι-*R x JS^1 be a layer map, let J = [δ0, δj c Λ,
and let TFc J2ί)"1 be a closed #-cell (g = 0,1, , p - 1). Let {7S} be
a (possibly empty) collection of 2w disjoint closed arcs in S^j = 1,
2, ••., 2w); let A = \Jfΐs, and let ζ: S1 x T F ^ Γ 2 x TF be a layer
embedding such that Bf Π imag ζ = 0 , / © ζ: 7y x TF ̂  J x TΓ, and
for each component Φ of Cl [S1 - A], f (ζ(Φ x PΓ)) = {64} x TΓ(i = 0
or 1). A spo&e seί 0/ / over J xW is (i) a compact, connected sub-
space L c f~ι{R x W) such that (ii) L f] (Γ2 x {«}) is a 2-cell for each
ί e W and (iii) for some ζ as above, the boundary Ω of L with respect
to JT^JBX T7) is imagζ. Thus if A = 0 , /(fl) - {6J x TΓ (i = 0 or
1). (In case A Φ 0 and g = 1, L is homeomorphic to the hub and
spokes of a wagon wheel, where ζ(A x W) corresponds to the ends
of the spokes.) The index ξ{L) = 1 — w.

LEMMA 2.2. Let f: Γ2 x R^1 -• R x R^1 be a layer map with
dim (Bf Π (Γ2 x {ί})) = dim (f(Bf) f] (R x {t})) ̂  0 for each t e Rp~\ let
EdBf be compact, let a e Rp~ι, and let e > 0. Then there are a closed
(p — ΐ)-cell neighborhood W of a, closed intervals Jό{j = 1, 2, •••, m),
and spoke sets Lj over J3 x W such that

(iv) E Π Lj Φ 0 and E Π (Γ2 x TΓ) c U;(£; - î)»
(v) ίfce L3 — Ω3 are mutually disjoint, and
(vi) each diam Lά < ε.

Proo/. Let F be a compact neighborhood of E in Γ2 x Rp~\ let
{£/«} be a cover of i"72 by interiors of closed 2-cells, and let δ be the
Lebesgue number of {Ua x R^1} as a cover of F. We may suppose
that ε < min (<5, d(Ey bdy F)). Thus

(1) for each ΨC.F with diam Ψ < ε, there is a closed 2-cell U
with F c (int U) x Rp"\

Given yeR with (y,ά)ef(E) and X = E f) f~ι(y, a), let Q be
the finite set and v: Q x D —> .Γ2 x -B̂ ""1 be the extended embedding
with imagi; Π Bf = 0 given by [3, (2.5)] for X and ε. According to
that lemma each component K of / - 1(int ί>)-imag v meeting X
has diam K < ε, and each is open. Since X = E Γ\ f~ι{y, a) and .£7
is compact, one may prove (by contradiction) that it is possible to
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select the p-cell neighborhood D of (y, a) in R x R*"1 sufficiently-
small that each component K of /"^(int D) — imag i; meeting E has
diam iΓ < ε. Summarizing,

(2) each component K of /"^(int Z>)-imag j; with JSΓΠ i7 ^ 0 has
diam K < ε, so that ίΓ c int i*7.

Choose a closed interval J(y) (Z R with j/eint J(2/)f

J(2/) x {α} c int D ,

and end points bo(y), bλ(y) with (6O(2/), α), {by{y), a)$f(Bf). Since
/(.F Π Bf) is closed, there is a closed (p — l)-cell neighborhood W(y)
of α in Rv~ι such that (3/ft/) x W(y)) Π / ( F ΓΊ Bf) = 0 and

J(») x W(y) c D .

Let v(y) be the corresponding extended embedding (restricted) over
J x W.

There are yu y2, , yu e R with {yh a) e f(E) and

f(E) n(Rx {a}) c Ui int (J(^ )) x {a} .

The points {6i(^ ): ί = 0, 1; i = 1, 2, , u} are the end points of a
finite set of closed intervals with mutually disjoint interiors; let
Jh(h = 1, 2, , r) be those intervals with (Jh x {α}) Π /(-K) Φ 0 .
Let If be a closed (p — l)-cell neighborhood of α e JB^"1 with

li W(VJ). Then (3Jfc x T7) Π /(ί 7 Π Bf) = 0 and

Π (Λ x TF) c U ((intΛ) x TΓ) (A = 1, 2, , r) .

Since each JA is contained in some J(y3), restriction of v{yά) yields an
extended embedding vh over Jh x TΓ.

Let J = [60, &i] be one of these intervals JΛ, let

v: (Q x J) x W > Γ2 x R*-1

be the layer embedding vh, and let PdF be a component of

x TF) - imagv.

Since ({&J x TΓ) Π/(F Π J?/) = 0 , /"'({δj x TΓ) ΠintF is a p-manifold,
P is a compact connected ^-manifold with boundary, and [3, (1.9)]
f\P: P~+{bi} x W is a bundle map. Thus [11; p. 53, (11.4)] it is a
product bundle map, and since / is a layer map

(3) there is a layer embedding λ: Λ1 x W-+Γ2 x W, where
λ^ 1 x W) = P and Λ1 ^ Sι or [0,1].

In particular, P Π (/τ2 x {s}) is a component of f"\bi, s) — imag v
(se W; i = 0,1), and Cl [P Π (Γ2 x {$})] ^ /ί1. From the compactness
of F and the finiteness of Q, the number of such components P is
finite.
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Let if be a component of f~ι(J x W)-imag v meeting E (thus by
(2) diam K < ε and K c int F) and let T be a component of the
boundary of K in (i.e., relative to) Γ2 x W. Then

Moreover, from (3) there are a finite union (possibly empty) A of
disjoint arcs in S1 and a layer embedding ζ: S1 x W -+ Γ2 x W with
imag ζ = T, ζ(A x W) = Γ Π imag v, and

ζ (Cl [S1 - A] x TF) - T Π /^({δo, δJ x W) .

For each s e W and component (arc) 7 of 4 , / o ζ : T X δ ^ J x s ,
and for each component Δ of Cl [S1 - A], f(ζ(Δ x {«})) = (δ<, s) (i = 0
or 1). Thus if A Φ 0 , there are an even number of such components
(arcs) Δ, and they alternate in value. Hence there are an even
number (possibly zero) of components (arcs) of A.

The union of such embeddings ζ over all Je {Jh: h — 1, 2, , r}
and components K of f~ι{J x W) — imagv is finite: call them

C,(j = 1,2, . . . , & ) .

Let i3j — imagζ^ and let ify be the corresponding component K; by
(1) there is a closed 2-cell Uό c Γ 2 with Kά c (int £/}) x W, and thus
each ίΓj Π (Γ2 x {s}) is a 2-cell-with-holes contained in int Z7y. Each
β^ separates Z7y x TΓ into two components; let Ld be the closure of
the component disjoint from d Uά x W. Each Lj Π (Γ2 x {s}) is a 2-
cell, and since the K3 are mutually disjoint, for i Φ j exactly one of
the following is true: (Li — Ωt) Π [Lό — Ω3) = 0, LidLjy or LάcL{.
The desired spoke sets are those L3 with E Π L, 9̂  0 and I/j ςt Li
for any i Φ j . Since each diam K3 < e, each diam Ω3 < ε, so that
diam L3 < ε. Since Ef)(Γ2 x W)a \J3 K3 c \J3 L3, Ec 5 / ? and
Bf n ί?i - 0 , JE7 Π (Γ2 x W) c U;(£; - ^i).

LEMMA 2.3. Lei / : Γ 2 x Rp~ι -+Rx Rp~ι be a layer map, let LQ

(resp., L3, j = 1, 2, , q) be a spoke set over J x W(resp., J3 x W),
and let s e W Π W. Suppose that L3 Π (Γ2 x {s}) c Lo,

Bf Π Lo n (Γ2 x {s}) c
j>Q

and the L3 — Ω3 are mutually disjoint (j > 0). Then

Proof. Since B(fs) czBfn (Γ2 x {s}) and ξ(L3) - ζ(L3 f] (Γ2 x {s})),
it suffices to prove the lemma for / = f8: Γ2-+R. Thus L3cLύ and
Bf Π Lo c Ui>o £ i ~ £y If ^ i ( s e e ( 2 1)) has 2 w(j) components
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(w(j) = 0,1, •)> define g3: L3 - » R to agree with / on 3L, = ί2y and
to be topologically equivalent to ψw(3). Let h: Lo—>R agree with /
on Lo — Ui>o (L3 — i2y) and with gά on Ly (j = 1, 2, , <?). Then
#(&) = \J3>0B(g3), and so is discrete.

Let D(Lj) be the identification space obtained from

(L3 x {0}) U (L3 x {1})

by identifying (x, 0) with (α?, 1) for each #e-A = A(L, ), let D(g3):
D(L3)-*R be defined by D(g3) (x, 0) = £>(#,) (x, 1) = ^-(α)* and let
D{h) be defined analogously. Define a vector field % (resp., v) on
2?(Ly) (resp., D(L0)) which is 0 precisely on the (discrete) branch set
B(D(g3)) (resp., B(D{h))) and elsewhere is transverse to the level
curves of D(g3) (resp., D(h)), i.e., a "gradient vector field" (j —
0,1, •••, q). For any vector field a with isolated zeros, let the sum
of the indices of a at its zeros [7, p. 32] be denoted by c(a).

Since L3 p& D2, the Euler characteristic

χ(D(L3)) = 2- 2w(j) = 2ξ{L3) .

According to the Poincare-Hopf Theorem [7, p. 35] (differentiability is
not really needed in our case) χ(D(L3)) = c(u3), so that 2ξ(L3) — c(u3)
and 2ξ(L0) = i (uϋ) = c (v). Thus 2ξ(L0) = c(v) = 2 Σi> 0 c (v \ Ls) (by
definition of c) - Σi>o^(%) - 2Σ;>o f(ϋi), so that ξ(L0) = Σi>oί(Iri)
(where i = 1, 2, , q).

Alternatively, we could have used [5, p. 370] or [10, p. 35, (4.3.6)];
in this case we would have removed an open 2-cell with boundary a
level circle about each local maximum or minimum point of g3 and
h, in order to have open maps. Or, we could have used a counting
argument based on the Euler characteristics of L3, Lθ9 and
Lo — \Jj int L3; the first two spaces are 2-cells, and the last one is
disjoint from Bf, so that information about it can be obtained from
[3, (1.9)].

3* Spoke sets of open maps*

LEMMA 3.1. Let f: Γ2 x RP"1-^R x R^1 be an open layer map,
and let Lo be a spoke set over J x W, where W is a closed (p — 1)-
celL Then

( a ) f~\y, t) Π Lo does not contain a homeomorph of S1

((y, t)eRx R*-1)

(b)
(c) f(L0)=Jx W;
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( d ) ς(L0) Φ 0 implies that Bf Π (Lo - Ωo) Π (Γ2 x {ί}) Φ 0 for
every t e Rp~ι;

( e ) if dim (f(Bf) f] (R x {ί})) ^ 0 for every t e Rp~\

dim (Bf (Ί /"'(I/, t)) ^ 0 /or even/ (#, t) e R x Λ*-1 ,

<mc? f (Lo) = 0, then Bf Π int Lo = 0 .

Proof. Suppose (a) is false, where yl is the homeomorph of S1.
Then A bounds an open 2-cell A in Lo Π (Γ2 x {ί}) ^ Z)2. Since ft:
Γ2 —> R is open, ft(A) is an open interval, while ft{Δ) is a closed
interval with / t(9J) a single point, and a contradiction results.

If f(LQ) > 0, then ί20 Π (Γ2 x {*}) is a component of f~ι{y, t) for
some yeR, and a contradiction of (a) results. Thus (b) is true.

From the definition of LQ (2.1), f(LQ)aJx W, and from that
definition and (b), f(Ω0) = J x W, so that (c) J x FT = /(L o).

If J9, Π (Lo - Ωo) Π (Γ2 x {ί}) - 0 for some t e W, then

g: L 0 Ω ( Γ 2 x {ί}) >Jx {t}

defined by restriction of / has Bg = 0 [3, (4.10)], and so is a bundle
map [3, (1.9)]. Thus [11, p. 53, (11.4)] LQ ΓΊ (Γ2 x {*}) ^ J x F, where
the fiber F is a 1-manifold with boundary. Since J x F <*& D2 (2.1)
(ii), F is connected and F & S1. Thus F ^ [0, 1], so that ς(L0) = 0.
Conclusion (d) results.

For a spoke set L of / over I x U, let *L be L n / ~ 1 ( i n t ( I x U));
thus *L — β = int L (interior relative to Γ2 x Rp~ι). Since the re-
striction map a: f"1 (int (J x W)) —> int (J x W) is open, *LQ — Ωo is
open in /" '( int (/ x ΫF)), and ΰ ( / | LO) Π ΩO = 0 , the restriction map
/30: *L0 ~> int (J x W) is open. Suppose that / satisfies the hypotheses
of (e), i.e., ς(L0) = 0, while (x, s) e Bf Π int Lo. Given ε > 0, which
we may assume is less than d(Bf, Ωo), let W and the spoke sets
Lj(j = 1, 2, , q) be as given by (2.2) for f,ε,a = s, and E =
(JB/ Π L O ) , where (#, s) e int L l β From (b) each ξ{L3) ^ 0 and from
(2.3) ί(L0) = Σi>oί( ί'i); thus ξ(Lj) = 0 for every j», so in particular
ί(L0 = 0. Let A: *L1-^f(*L,) be restriction of/.

For each (z, t) e f(Lζ) - f{Bf), (i = 0, 1), {β%)~\z, t) is a 1-manifold
with boundary; by (a) each of its components is homeomorphic to
[0,1], and since ξ(L{) = 0, (β^{z, ί ) ^ [ 0 , 1 ] . By [3, (4.3)(a)] (A)" 1 ^, u)
is arcwise connected for each (y, u) e imag βt. Choose o > 0 such that
S((α?, s), 3) c int Lx. Then

Z " 1 ^ , u) Π S(a?, δ) c te)"1^, w) c Z - 1 ^ , w) n S((x, s), e) ,

so that / is 0-regular at (x, s) [3, (4.1)]. Since (a?, s) e J5/ Π i 0 is
arbitrary, by [3, (4.2)] / is 0-regular at each point of Lo. Thus βQ is
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a bundle map [3, (4 3) (b)], so that Bf Π int Lo = 0 .

LEMMA 3.2. Let g: Γ2 x Rp~x - > β χ jβ*"1 6e an open layer map,
let L be a spoke set over J x W where W is a (p — l)-cell and let
a; W e& Bg Π L with π o a the identity map. Then g \ int L is
topologically equivalent to ψw x t (w — 2, 3, •••; see (2.1)).

Proof. We may as well replace g by its restriction to g~ι (int J x
int IF), and L by L Π 0"*1 (int J x int W), i.e., we may as well suppose
that int J = J? and int ίF = i^"1. Let h: R x i?'"1 -> i2 x i?*"1 be the
layer homeomorphism defined by h(y, t) — (y, t) — g(a(t)), and let
λ = h o g I L. Then Bλ = BgΓ\L and λ(^) = {0} x Rp~\

Let Ji be (— co,0] or [0, ©o) according as i is odd or even. (1)
Let K be a component of λ^ίίint J<) x i?2'""1), and let β: K~+intJi x
i?2""1 and 7: K-+Ji x Λ^"1 be the restriction of λ. Since Bβ = 0 ,
β is a bundle map with fiber a 1-manifold F [3, (1.9)], and so
K^ F x intJί x ie*""1 [11, p. 53, (11.4)]. Since iΓ is connected, F is
also, and by (3.1(a)) F ^ [0,1]. By [3, (4.3)(a)], r^O, ί) is arcwise
connected for each t e Rv~ι.

Given (#, s) e Br Π^1 ({0} x i?^1) and ε > 0 with S((x, s), ε)c int L,
let L' be a spoke set over J ' x W given by (2.2) for λ, E = {(x, s)},
a = s, and ε. Then U satisfies the original hypotheses, so that
(r')-"1^/, t) is arcwise connected for every (y, t). Choose δ > 0 with
S((x, s), δ ) c i n t L \ Then

S((α, β), δ) n Ύ-1^, t) c (τT ι(y, «) c S((a?, β), e) n T^1^, t)

for each (#, t)eJ' x W, so that 7' is 0-regular at (x, s). By [3, (4.2)]
7 is 0-regular, and (by [3, (4.3)(b)]) (2) 7 is a (product) bundle map
with fiber [0,1].

For each teR*"1 and component K (see (1)), 7 | (K f] (Γ2 x {ί})) is
a product bundle map over J€ x (t) with fiber [0,1], so that λ^O, t)
is a deformation retract of L Π (Z72 x {t}) f& D2. Thus λ^O, t) is con-
nected. Since λ-^O, t) contains no homeomorph of S1 (3.1(a)), and
λ"1 (0, t) — {oί{t)} is a 1-manifold with boundary points the 2w
(ζ(L) = 1 - w) points of λ"1 (0, t) Π Ω (2.1), it follows that λ-^O, t) is
homeomorphic to the union of 2w arcs disjoint except for their com-
mon endpoint a(t). As a result a(t)eKf] (Γ2 x {ί}), so that each K
contains imag^, i.e., Bλ.

Let Ki (i — 1, 2, , 2w) be the components K enumerated so
that for any t e Rp~\ (int K{) Π (Γ2 x {t}) are the components of

(int L) Π ((Γ2 x {*}) - λ-^O, ί))

in counterclockwise order around a{t) with λ(ίQ = Jι x JBP-1. Let
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Λi — Ki D int L, let ψ = ψw x c (see (2.1)), and let J* be the closures
of the components of ψ~x (int J* x Rp~ι) enumerated in analogous
fashion.

By (2) there is an orientation-preserving homeomorphism μt of A{

onto R x Ji x i?*""1 with π o μ. = λ | Λ4. Let ι̂  be the homeomorphism
of R x J, x iZ*-1 onto itself defined by

Mx, V, t) = (a?, ?/, ί) - Λ(α(ί)) + (0, 0, t) ,

and let ζ« = ^ o μ.. Then ζ«(α(ί)) = (0, 0, ί), so that

- {0} x {0} x Rp^ .

There is an analogous orientation-preserving homeomorphism ξt of J{

onto R x ^ x Rp~ι with Γ o f< = ψ | j . and f<(£*) = {0} x {0} x JB'" 1 .

Let Φ = (int Ir) Π λ"1 ({0} x R*-1), and let r 4 (resp , Ψ,) be the
closure in Φ (resp., ^"'({O} x R*"1)) of the component in Φ — βΛresp.,
2r~1 ({0} x Rp~ι) — J?^) meeting both Λ{ and iί<+1 (resp., Λ< and z/<+1),
where i and i + 1 are interpreted mod 2w. In case w = 1 there are
two such components, and Γ^ is so chosen that, for each t e Rp~ι, a
counter-clockwise path around a(t) from A4 to ^ίί+1 passes through
Ti Then (ίί)""1 o ζ4 (also (ίί+i)"1 ° ζ<+i) defines a homeomorphism of Γ<
onto ψi with fe)-1 o Q(^) = Bf. Let /o: Φ ̂  α/r"1 ({0} x i?2""1) agree
with (ξ,)-1 o ζ. on r<.

Let σ̂  be the layer homeomorphism of i2 x {0} x Rp~ι onto itself
which is the restriction of ξ{o p o ζτ\ (on ζ<(7i-i), ^ agrees with the
identity map) and let r< be its first coordinate map. Let ^ be the
homeomorphism of R x J{ x it^"1 onto itself defined by & (a?, ̂ /, t) =
(r*(a?, ί), y, ί), and let χ< = &)~l o φi o ζ.. Then χ4: ί̂, ̂  ^ , they agree
with p, and they thus define χ: int L ** C x JB*"1; since π oζi — \\Ai

and π © £4 = ψ> I 4 , where π: R x J€ x R*"1 —> Ji x Rp~ι is projection,
ψ o χ = \ I int L. This is the desired conclusion.

4* The Proof of the theorem*

REMARK 4.1. According to the Rank Theorem [3, (1.6)]
BfdRp^if), and we prove (1.1) under the weaker hypothesis that
dim (Bf Π f^(y)) ^ 0 for each y e Np.

Proof. Let X be the complement of the set on which / has the
desired structure; then XczBf is closed. We suppose that

and will obtain a contradiction.
Since / is C3, dim (f(RP^(f))) ^ P - 2 [2, p. 1037]. If, for every



DIFFERENTIABLE OPEN MAPS OF (p + D-MANIFOLD TO p-MANIFOLD 43

xeMp+1 — f~ι{f{RP-2{f)))> there is an open neighborhood

of x with Ux compact and dim (/(Ux Π X)) ^ p — 2, it follows from
the fact that {Ux) has a countable subcover that dim(/(X)) <> p — 2.
Thus, there is an xeMp+1 - f"ι{f(R^{f))) such that, (1) for every
open neighborhood J7c M*+1 - Γ\f{RvM))) of 2, dim(/(£/n X)) ^
p - 1 .

By [1, p. 87, (1.1)] there are open neighborhoods U of x and V
of /(#) and Cr diίfeomorphisms σ: R2 x Rp~lp*U and />: F ^ i 2 x i^""1

such that p o f o σ ~ g is a Cr layer map and σ(0, 0) = x. By
hypothesis dim (Bg Π flΓ1^, «)) ^ 0 for each (#, t)eR x jβ*-1.

Since ^ ( X ) c J?,, 5 , c jR^fo) (by the Rank Theorem [3,(1.6)]),
Rp-M n (R2 x (ί)) = R0(gt), and dim(Λ(Λ0(Λ))) ^ 0 by Sard's Theorem
(e.g. [2, p. 1037]), (2) dim (g(£,) n (R2 x {ί})) ^ 0 and

dim ^(σ-^X)) n (Λ x {ί})) ^ 0

On the other hand, (by (1)) dim (g(σ"1(X)) ^ p — 1, so there is an
r > 0 such that

Λ - (Cl [S(0, τ)\ x i?^1) n σ-^X)

has dim g(A) ^ p — 1. If π: R x iί^"1 —> J?2'"1 is projection, then
dim (π(g(Λ))) ^> p — 1 (by (2) and [6, p. 91]), and there is an open
(p - l)-cell Γ c τr(flr(̂ ί)) [6, p. 44] with T compact. Thus (3)

A Π (R2 x {ί}) ^ 0 for each teT.

Let TFc Γ and the spoke sets Lά (j = 1, 2, , g) be as given by
(2.2) for g, a n y α e Γ , E = Λ Π (Λ2 x f), and (say) e = 1. If (4) (i)
the cardinality w(t)^l of Bg n (R2 x {t}) Π (\JjLj) (ίGintTΓ) is
bounded above by \^Σijξ(Lj)\9 choose s e i n t W such that w(s) is
maximal and let (xi9 s) (i — 1, 2, , w(s)) be these points. Other-
wise, (4) (ii) there are seiτitW and distinct points (xif s) (ί = 1, 2, ,
I Σ i ξ{L3) ! + 1) of J5, f](R2x{t}) fl(Ui-Z'i)- L e t ^ be w(e) in case
(4) (i) and | Σ , ί(L, ) | + 1 in case (4) (ii). Let ε > 0 be less than
d(xh,Xi) for hΦi and d{Bg,\JsΩ9), and let T F ' c i n t T F and {L'h} be
as given by (2.2) for g, a — s, E = (Ji L3 Π -B̂ , and this ε. Thus (5)
the (x^ s), are in distinct spoke sets L\.

By hypothesis and by (2), the hypothesis of (3.1) (e) is satisfied,
so that by (3.1) (d) and (e) ξ(Ls) = 0 if and only if LjΠBg= 0 .
We may thus omit those Lj and Uk with ξ(Lj) = 0 = ξ{L'k). From
(3.1) (b) each ξ(Ls) < 0 and ξ(L'k) < 0, and from (5) and (3.1) (d) the
cardinality c of {L'k} satisfies wf ^ c ^ |Σfcf(^ί) l Since each L'k is
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contained in some Ljf Σy £(Ify) = Σ * fW) by (2.3), and so w' ^
I Σ i ί ί E'i)!* Λis contradicts (4) (ii), and hence (4) (i) must be true.

For te W, w(t) ^ c by (3.1) (d), while c^w(s) by (4) (i), so
that w(t) = w(s). Thus (by (3.1) (d)) each Bg Π (J21 x {«}) Π Iά is a
single point for te W, and since Bg is closed, there is a homeo-
morphism α4: W ** L'k Π 5ff with TΓ O «< the identity map on W. By
(3.2) \Jk(<rι(X) Πlrί) = 0 . But this set contains Λ Π (i22 x TΓ'),
contradicting (3).

REMARK 4.2. In case p = 1, C3 may be replaced by C2 and the
argument can be shortened considerably. In that case (4.1) results
from [12, p. 103, Theorem 1] (cf. [18, pp. 7-8]), and (4.1) in case Bf

is discrete is [10, p. 28, (4.3.1)] and [9]. Considerable information
relating to open maps / : M2—•iV1 is given in [5], [8], and [10].

4.3. Proof of (1.2). The hypotheses of (1.1) are satisfied (with
C2 if p = 1). In case p = 1, X = 0 , so that at each xeMp+1, f at
x is locally topologically equivalent to ψdM. In case p ^ 2, for each
a e Mp + 1 — X with d(x) Φ 1 (i.e., α?e Bf), d i m ^ = p — 1 ^ 1 in a
neighborhood of α?; the assumption that dim Rp^{f) ^ 0 contradicts
the Rank Theorem [3, (1.6)]. Thus BfaX, so that

dim f(Bf) ^ p - 2 .

That / is locally topological equivalent to p or to r is now a con-
sequence of [3, (4.7)].
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ON ADDITIVE FUNCTIONS WHOSE LIMITING
DISTRIBUTIONS POSSESS A FINITE

MEAN AND VARIANCE

P. D. T. A. ELLIOTT

In this paper two characterizations are given of those
additive arithmetic functions which possess a limiting distribu-
tion with a finite mean and variance. It turns out that the
study of such functions fits naturally within the framework
of the theory of Lambert series.

1* An arithmetic function f(n) is said to be additive if for every
pair of coprime positive integers a and 6 the relation

f(ab) - f(a) + f(b)

is satisfied. If in addition the relations

hold for each prime power then we say that f(ri) is strongly additive.
For clarity of exposition only we shall confine ourselves to the study
of strongly additive functions in this paper.

For each real number x ^ 1 we define the frequency function

v.(n; f(n) <^) = r 1 Σ l .
n£x

f{n)<z

If as x —• °o these frequencies converge to a limiting distribution in
the usual probabilistic sense then we say that f(n) has a limiting
distribution.

2* THEOREM. For any (real valued) additive function f(n) the
following three propositions are equivalent:

( i ) f(n) has a limiting distribution with finite mean and
variance.

(ii) The series

both converge.

(iii)

lim sup x"1 Σ f2W <

and
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lim ar1 Σ /(«)
x—>oo n^x

exist.

REMARK. The equivalence of Propositions (i) and (ii) is exactly
what one should expect from the interpretation of f(n) as the sum
of independent random variables which take (respective) values f(p)
with probability p"1 and zero with probability 1 — p"1. More surprising,
perhaps, is the fact that the hypothesis that f(n) be additive improves
the otherwise weak conditions (iii) to equivalence with (i). We shall
(perhaps surprisingly) appeal to a result concerning Lambert series.

It will be clear that a form of theorem involving complex-valued
additive functions could be proved if we confine our attention to the
equivalence of Propositions (ii) and (iii).

3* Proof that (i) implies (ii).
We define the function

r ( p ) = \ ί f

(l otherwise .

Then the Erdos-Wintner criterion (see for example Kubilius [3] Theorem
4.5 pp. 74-85) asserts that f{n) possesses a limiting frequency (unre-
stricted) if and only if both of the series

Σ / ' ^ P " 1 and Σ ( / W r i

converge. Let F(z) denote the limiting frequency guaranteed by (i).
Then for any positive real number B such that ± B are continuity
points of F(z) we see that

x"1 Σ f\n) Λ z2dF(z), (x >oo).

Next, for any real e > 0 there is a number A such that

lim inf vx(n; \ f{n) \ ̂  A) > 1 - ε .

From the Erdos-Wintner criterion we see that those primes qd for
which I f(qi) \ ̂  1 are such that the series

converges. Let us denote the set of these primes by Q.
A straightforward application of the sieve of Eratosthenes shows

that those integers which are prime to every qά have a natural density.
In fact we obtain



ON ADDITIVE FUNCTIONS 49

Π ( l - —) , (x
i=Λ q.J

Set a for this product, and let A be chosen so that the second of our
two assertions above holds with e — a/2. Let the integers n< run
through all those integers n which satisfy both

\f(n)\ ^A and qr

From what we have so far said it is clear that

lim inf vx(n; n = nt ^ x) ^ a/2 ,

and in particular we have

u , O ; % = Ui ̂  a?) ^

for all x ̂  α;0, say.
Consider the sum

where ' denotes that the side condition 2A < | f{q5) \ ̂  B — A is to be
satisfied.

From these restrictions a typical summand satisfies

f\niq3)^{\f{q5)\- Af^^-

4

so that

ώ* ^ -T 2-JJ (Qs) Σι_*-

^ -Γ Σ f (Qs)-τa—

and therefore

lim sup Σ ^ lim sup a?""1

*-»«»
^ ( z2dF(z) ^ Γ

Since these inequalities hold for any sequence of suitable continuity
points ± B which tend (in absolute value) to infinity, we deduce that
for any B > 0, x ̂  0

where
2A<\f{q3)\<LB-A
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so that letting B —> co and then x yields

Σ ίlkά < co.
1 qq

Moreover,

and

Σ
l/(p)l<

so that altogether the series

converges. The convergence of the second series in (ii) follows imme-
diately.

Proof that (ii) implies (iii) and (i).
We begin with the remark that for any additive function, complex

valued or otherwise, the Turan-Kubilius inequality (see for example
Kubilius [3] pp. 31-35) asserts that for a suitable positive constant c

Σ I f{n) - Σ f(p)P~112 ^ e Σ I Γ(v) I p - 1 , ( s ^ i ) .

In our present circumstances the sums

Σ f(p)p~1 and Σ ΠPΪP-1

are uniformly bounded for all real values of x, so that

Σ Γ(n) ^ 2 Σ (/fa) - Σ f(p)p-1)

- O(x) ,

and

lim sup x~ι Σ /2fa) = D < °° .
ίC->oo W^ίC

From the Erdos-Wintner criterion /fa) possesses a limiting distri-
bution F(z), say. For each real number B such that ± B are con-
tinuity points of this limiting distribution, an application of Fatou's
lemma yields

( z2dF(z) ^ lim inf or1 Σ»*« Γ(n) ^ D .
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Since B is otherwise arbitrary F{z) has a finite second moment, and
hence a finite mean and variance.

This completes the proof of (i).
Furthermore,

s-1 Σ f(n) > [ zdF(z) , <

whilst

lim sup x"1 Σ I fin) I ̂  B~x lim sup x~ι

from which it follows trivially that asa ^ o o

converges to the mean of F(z).
This completes the proof of (iii).

Proof that (iii) implies (ii) (which will complete the proof of the
theorem).

As one would expect this part of the proof takes a little more
effort since we have to start, so to speak, from scratch. We recall that
an additive function f(n) is said to be finitely distributed if and only
if there are two positive real numbers cx and c2 so that for an unbound
sequence of real numbers x ^ 1 we can find at least k ^ c2x integers
1 ^ aι < α2 < < ak ^ x so that

holds for every pair (ah aό), 1 ^ i, j ^ k. This concept was introduced
by Erdos [1] who proved

LEMMA 1. A function f(n) is finitely distributed if and only if
there is a constant cz and an additive function g(n) so that

f(n) = c3 log n + g(n) ,

where

-1 < - .

There is an alternative proof, on somewhat different lines, given by
Ryavec [4].

In our present circumstances we have
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for all x ^ 2 (say). Thus for any positive real number A > Eiβ,

vx(n; \f(n) \^A)£ EA"2 < 1 , (x ^ 2) .

It follows from Lemma 1 that f{n) is finitely distributed, and has the
form

c3 log n + g(n) .

Let 7Γ denote the set of primes qό on which | g(qd) | > A. Let w< run
through those squarefree integers which are prime to each qά. Since

qeπ

converges, a straightforward application of the sieve of Eratosthenes
shows that

v.(n; n = ni^x) > Π ( l - — ~ ) - β > 0 , (a > <*>) ,

say. For each integer n let y(w) denote the number of distinct prime
divisors of n. We next assume that c3 Φ 0 and obtain a contradiction.

Let c4 be sufficiently large that the inequality Av{n) 5* c4 log n
holds for all integers n ^ 2. Then for every real number α? ̂  2 we
have

Ex ^ ^Σ f\nt) ^ ^Σ fe log n, -

= c\ Σ log^i + θ(loga; Σ υ(«))

For all sufficiently large values of x the first of these two terms is

: log2a;

whilst the second is at most O(α logα loglogα ). This clearly yields a
contradiction. Hence c3 = 0 and the additive function f(n) satisfies

Σ (ΠPWP-1 < - .
V

We now argue exactly as in the proof that the existence of a limiting
distribution for f(n) which has a finite variance implies that the series

converges, and deduce the same result.
It remains to secure the convergence of the series
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(We do not as yet know that a limiting distribution for f(n) exists,
although if we set an = Σ P ^ f(p)p"1 then we do know that f(n) — an

has a limiting distribution. See, for example, Kubilius [3] Theorem
4.4 pp. 72-74.)

Consider the generating function

If N is any positive integer and z is any complex number then by
the Cauchy-Schwarz inequality

Σ f(n)zr ϊS Σ /*(») Σ 1*1
n£2N N<n^2N

<EN2\z\2N .

It is easily seen that G(z) is defined by an absolutely convergent
series if z satisfies \z\ < 1. By means of the representation

2>|n

we invert the order of summation to obtain:

Since

a"1 Σ / W • -4, (» • °°) > say ,

it is readily established that for real values of z

G{z) ^ — a s z > 1 - .
1 — z

We now appeal to a Tauberian theorem concerning Lambert series.

LEMMA 2. "Let an n = 1, 2, δβ α series of real numbers, and
define

for positive real values of y. Let H{y) —>Aasy—>0+. Let the sum
of the an be a slowly decreasing function in the sense of Hardy [2]
§6.2 pp. 124-125, that is if x <y are real numbers, so that as x —> oo
and y-^ oo in such a manner that y/x —• 1, then



54 P. D. T. A. ELLIOTT

lim inf Σ an ^ 0 .

Then

REMARK. If the an are allowed to be complex then provided that
we replace the condition of slowly decreasing by a condition of slow
oscillation viz:

lim X αΛ = 0 ,

the same conclusion may be drawn. A proof of this lemma can be
found in Hardy [2], Theorem 261, pp. 373-374.

In our present circumstances we set

\f(p)p"1 if n = p ,

(0 otherwise

and have established that

H(y) = yG(e~*)—+A , (y > 0 + ) .

Moreover,

2A \an\J = 2L^ J \P)P 2LJ P >

so that since the series Σ f\p)P~1 converges and

Σ -1 = log (M^) + O((lθg X)-1) ^ C4 < oo ,

we see that the condition of slow decreasing required for an application
of Lemma 2 is satisfied.

We deduce that

X-^oa p<Lχ ft X-*oo
= A = limx-'Σ f(n) .

Moreover, by (ii) a limiting distribution exists for f(n), which has the
finite mean of value A.

This completes the proof of the theorem.

REMARK. The use of the Tauberian theorem in Lemma 2 is very
convenient for the study of additive functions. If f(p) assumes complex
values the side condition f(p) — O(log p) will suffice in order for Lemma
2 to be applicable. This is a condition which is satisfied in nearly
every case of number theoretical interest.
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MULTIPLICATIVE AND EXTREME
POSITIVE OPERATORS

M SOLVEIG ESPELIE

Let A and B denote complex Banach *-algebras and L(A9 B)
the space of continuous linear operators from A into B. Let
P c L(A9 B) be the convex set of positive linear operators of
norm ^ 1. If A has an identity, and if B is semi-simple and
symmetric, the multiplicative operators of P are shown to be
extreme points of P. If, on the other hand, it is assumed
that, || T| | = || Te\\ for TeP9 then any extreme point T of
P satisfies Te Tab = Ta Tb for all a, be A. With A as above
and B a £*-algebra, the extreme points of P are multiplica-
tive. Thus we characterize the extreme points of P c L(A,
C(X)) as the multiplicative operators. The results are ex-
tended to include the case when A has an approximate identity.

NOTATION, Let A denote a commutative complex Banach algebra
with isometric involution *. We call such an algebra a Banach *-algebra.
Let A' denote the topological dual space of A and

PA = {feAΊ f(xx*) ^ 0 for all xe A} ,

the cone of positive functionals on A. Define the usual ordering, ^ ,
on PA. Further, let

MA = {fePA: f(xy) = f(x)f(y) for all x,yeA] and

The sets MA and PA are compact in the weak* topology and if A
contains an identity (of norm one), then MA is compact in this topology*
The set MA is always a weak* closed subset of the maximal ideal space
ΔAoί A The set MA is the symmetric portion of ΔA9 and if MA = ΔA

we call A a symmetric algebra, Equivalently, A is symmetric
if and only if f(x*) = 7W) f o r a 1 1 / ^ 4 and xeA. It is known that
the set of extreme points of the convex set PA is exactly MA [4]

We now replace the scalars of the above paragraph by a Banach
*-algebra B. That is, we consider subsets of L(A, B), the continuous
linear operators from A to B. An element Te L(A, B) is called positive
if for every aeA there corresponds a finite set {6̂  i = 1, « ,n} of
B such that Γ(αα*) = Σ?=i M*. Following the notation of the above
paragraph, let P be the cone generated by the positive operators and
define the usual ordering on P. Finally, let
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P = {TeP: ||T|| ^ 1}

and

M = {Te P: Tab = Ta Tb for all α, 6e A} .

The question examined in this paper is: When is M exactly the
set of extreme points of P? We denote this latter set by ext P.
With A containing an identity and B semi-simple and symmetric we
obtain Ma ext P. An example exists to show that the semi-simplicity
of B is necessary. The symmetry of B appears necessary but we fail
to give an example. To obtain the inclusion in the other direction we
must require that B be a ί?*-algebra; that is, | |δ | | 2 = | |δδ*| | for all
be B. Equivalently, B is linearly isometric and *-isomorphic to C(AB)
under the map δ —> b where b(h) = h(b) for all h e ΔB. By placing a
norm condition on P we are able to prove the weaker condition that
Te Tab = Ta Tb for Te ext P and a, be A. We say that PaL(A, B)
satisfies Condition I if || Γ|| = || Te\\ for all Te P.

THE NORM CONDITION. The restriction that || T\\ = \\ Te\\ for Te P
is not unusual. This is a well known property of positive functionals
— that is, if B is the set of scalars the condition is satisfied. Further,
if B is a £*-algebra then we have that \\T\\ = \\Te\\ when T e P . This
follows from the fact that in this case the unit ball S of B' is the
weak* closed absolutely convex hull Γ(AB) of ΔB. Hence for TeP,

\\T\\ = sup||Γ&|| - SUP fupj9>(Γδ)|

= sup sup \ah{Tb) I = sup sup \h(Tb) \

heάB heJB ~~

Since the reverse inequality is evident it follows that | | T | | = | |Tβ||.
It is conceivable that if Condition I is valid for PaL(A, B), for every
A, then B is a U*-algebra.

To our knowledge the first work in characterizing the extreme
points of such sets as P was done by A. and C. Ionescu Tulcea who
considered algebras of real valued continuous functions C{X) and C(Y)
on compact Hausdorff spaces X, Y. They showed that the extreme
points of

P* = {Te L(C(X), C(Y)): T ^ 0 and T(l) = 1}

are exactly the multiplicative elements of P* [8,10]. Various investi-
gators have obtained results related to and extensions of the Ionescu
Tulcea result, the work usually being done for algebras of functions
(see [2]). In our work the elements of P do not necessarily satisfy
Te = ef.
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In fact when B is a J3*-algebra and P* = {Te P: Te = e'}, since
|| Γ|| = II Te|| for TeP, it follows that F c P a n d moreover, ext P* =
P* Π ext P. Indeed, we obviously have (P* Π ext P) c ext P* Further,
if TeextP* and T±SeP, then | | ( Γ ± S)(β)|| = | | β ' ± Sβ|| ^ 1 and
Sβ = 0 since e' is an extreme point of the unit ball of B. But then
(T ± S)0) = e' and Γ ± Se P* so that S = 0 and Γe ext P. We note
that throughout this paper we use the well known characterization
of extreme points: If K is a convex set in a linear space X then
x e ext K if and only if x ± y e K for some yeX implies that y = 0.

Recently Watanabe in [11] has dropped the requirement that the
algebras be commutative and has placed pseudo-norms on the algebras.
His results, applied to the commutative case, show that ikfcextP
when A is £*, and the algebra B is semi-simple and symmetric, and
both algebras have an identity. Thus, the commutative results in
[11] are consequences of our paper since all hypotheses of our theorems
are satisfied when A or B are J5*-algebras with identity.

THEOREM 1. Suppose A and B are commutative Banach *~algebras,
A has an identity, and B is semi-simple and symmetric. If TeP,
then TeM implies TeextP.

Proof. Suppose that Γ is multiplicative and that there exists an
element SeL(A, B) such that T± SeP. Let heMB, then hT is an
extreme point of PA [4J. Further, hT±hS^0 and \\hT± hS\\ ̂  1.
Thus hSa = 0 for all a e A. But h was arbitrary and B is semi-simple
so that Sa — 0 for all aeA, and hence T e e x t P .

The inclusion in the other direction is more difficult to obtain but
is valid if we place additional restrictions on the algebras and on the
cone of positive operators. We now prove two lemmas which are
needed to obtain the implication: If T is an extreme point of P then
T is multiplicative.

LEMMA 1. Let A be a Banach *-algebra and b an element of A
such that 6 = 6* and \\b\\ < 1. Then for each aeA, the element aa* —
aba* is of the form xx* for some xeA.

Proof. This is a known result if the algebra A has an identity,
for then e — 6 = yy* where y = (e — δ)1/2 and y = y* (see [6, p. 245]).
Hence imbed A in the algebra Ax with identity adjoined and write
αα* — aba* as a(e — b)a*.

In Ax the element y = (e - δ)1/2 = Σ~=i ( 1 ^ 2 ) ( - b)n e x i s t s a n d i n

fact, y — y*. But then, since A is a maximal ideal in Ax and aeA,
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it follows that x = ayeA and xx* = (ay)(ay)* = ay2a* = αα* — αδα* e A.

LEMMA 2. Lei A am? B be commutative Banach *-algebras and
suppose TeP. If blfb2eA, with bi = CiCf for some <?{eA, i = 1, 2,
define the linear operator S by

S(a) = ΪXδJT^) - T^ΪXaδO for ae A .

Then T ± S ^ 0.

Proof. For any αeA,

( T + S)(aa*) = T(αα*) + Tφ^Tφ.aa*) - T(δ2) T ^

^ T(αα*) -

^ Γftαα*) - T{b2)T{bxaa*) ^ 0 .

Since \\bx\\ < 1 and δx = cxc* from Lemma 1 it follows that the
element px = αα* — δxαα* is positive. Similarly, since || T(b2) || < 1 and
Γ(δ2) is self-adjoint, and since T^αα*) is positive, with repeated
applications of Lemma 1 it follows that T^αα*) — T(b2)T(b1aa^) is of
the form Σ£=icici* i n -B I n a similar way it can be shown that (T —
iS)(αα*) ^ 0 for α e A

THEOREM 2. Suppose that A and B are commutative Banach
""-algebras, that A has an identity and that Condition I holds for
elements of P. Then Te Tab = Ta Tb for all a,beA whenever T is
an extreme point of P.

Proof. Suppose that T e e x t P and be A, with δ = cc* for some
ceA and | | δ | | < 1. We let S(a) = l/2(Γ(δ)T(α) - T(e)T(ab)) be the
operator defined in Lemma 2 (taking bλ = δ and δ2 = l/2e), so that
T ± S ̂  0.

Since | | Γ ± S | | = | | ( Γ ± S)(e)\\ = ||Γβ|| ^ land Γ 6 ext P it follows
that Te Tab = Ta Tb for all a e A provided that b = cc7" and || δ || < 1.
But every element be A is a linear combination of at most four ele-
ments of the form cc* with \\cc* \\ < 1 and hence Te Tab = Ta Tb for
all a, be A.

COROLLARY 2.1. With the hypotheses of Theorem 2 it follows that
hT lies on an extreme ray of PA for every heMB and TeextP.

Proof. S i n c e Te Tab = Ta Tb f o r a l l a,beA a n d \\hT\\ =
for all heMB it follows that if ||ΛΓ|| Φ 0 then (ΛΓ/||AΓ||) (αδ) =
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(ΛΓ/pΓ||)(α)(ΛΓ/||ΛΓ||)(δ) for a,beA and (hT/\\hT\\) eMA. But then,
either \\hT\\ = 0 or hT/\\hT\\eextPA; thus hT lies on an extreme ray
of PA for each h e MB.

COROLLARY 2.2. Suppose that the hypotheses of Theorem 2 hold
and in addition, that B is semi-simple and symmetric. Then T is
multiplicative if \\hT\\ is 0 or 1 for each heMB and TeextP.

Proof. Since hT lies on an extreme ray of PA and ||AΓ|| is 0 or
1 then hTeMA for each heMB. But then, h(Tab) = h(Ta Tb) for all
α, b e A and h e MB, and since B is semi-simple and symmetric, it
follows that T is multiplicative.

THEOREM 3. Let A be a commutative Banach *-algebra with
identity and let B be a B*-algebra. Then every extreme point T of
P is multiplicative.

Proof. If Γ e e x t P it follows from Theorem 2 that Te Tab =
Ta Tb for all α, b e A. Thus it suffices to prove that Te Ta = Ta for
all aeA.

Let S(ά) = l/2(Γe Γα - Γα) for α e i . The method of proof of
Lemma 2 shows that T± S^O and so we need only prove that \\T±
S\\ ̂  1. Since B is a J3*-algebra and T± S ^ 0 it follows from our
earlier remarks that || T ± S\\ = \\(T ± S)(e)\\. Now, | | Γ + S | | =
|| (Γ+ S)(e)\\ - \\l/2Te+l/2(TeY\\ ^ l/2\\Te\\ + 1/2|| Γβ||2 ^ 1. Fur-
thermore, since 0 ̂  Te - Se = (3/2)Γe - l/2(Te)2 and || Γe|| ̂  1 we see

(letting f = Tee C(JB)) that / ^ 0 and | | / | | ̂  1. But then 0 ̂  / ^ 1
so that (1 - f){2 - /) ̂  0 and therefore 0 ̂  (3/2)/ - 1/2/2 ̂  1. Hence
|| Γe - Se|| = ||(3/2)/ - l/2/2 | | ^ 1 and the proof is complete.

THEOREM 4. Assume that A, B are commutative Banach *-algebras,
that A has an identity and that B is semi-simple and symmetric. Let
TeL(A,B).

(a) If Teext P and hT lies on an extreme ray of PA for all h e
MB, then Te Tab = Ta Tb for a, be A.

(b) If Teext P and hT = 0 or hTeextPA for all heMB, then
Tab = Ta Tb for all a, be A.

The proofs of (a) and (b) are immediate for if hT lies on an
extreme ray of PA, then either \\hT\\ = 0 oτ hT/\\hT\\eMA for each
h e MB. But then h(Te Tab) = h(Ta Tb) for all h e MB, and since B is
semi-simple and symmetric, it follows that Te Tab = Ta Tb for a, be
A. Finally, if hTe is 0 or 1 for all heMB, then T is multiplicative.

We state the following result without proof. Using the above
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methods and Theorem 3 the result follows.

THEOREM 5. Let A be a commutative Banach *-algebra with
identity and B a B*-algebra. If TeP and Te Tab = Ta Tb for a, be
A, then TeextP if and only if Te is an extreme point of K— {be
B: \\b\\ g l and b = Σ?=i<*>?, n finite).

It should be noted that if Te e ext K and Te Tab = Ta Tb for α,
be A then Te ext P when B is semi-simple and symmetric. To obtain
the converse we employ the hypothesis that B is a i?*-algebra so that
K can be identified with the set {/: / ^ 0 and | | / | | ^ 1} in C(AB).
It is well known that the set of extreme points of this set is {/: f(x) =
0 or 1 for all x e JB}.

EXAMPLES. We now display some examples indicating the need
for the hypotheses placed on the algebras A and B in the above work.
Most of the algebras used in our examples can be found in [10].

Consider the involution algebra s^ of functions analytic on the
open unit disc and continuous on the closed disc with the usual
supremum norm and pointwise multiplication. An involution is defined
on j ^ by f*(z) = /(£). The algebra J ^ is semi-simple and not
symmetric.

We construct an element of ext Pa L(j^f, j^f) which is not in M.
Denote by h the element of P defined by h(f) = /(I) for / e S$f and
denote by Zn the element of s$? defined by Zn(w) = wn for n = 0,1,
2 , . . . , Then the operator given by Tf = Z2h(f) for fes>f is an
element of ext P and not in M.

It follows that TeP since T(ff*) - f(l)f*(l)Z2 = (f(l)Z)(f(ΐ)Z)*
and | |Γ | | = sup,I/ll=1 \\Z2h(f)\\ = 1. Suppose that T± SeP for some
SeL(j*r, Szf) so that || T{Zn) ± S(Zn) \\ = \\Zn ± S(Zn) \\ ^ 1. Since Zn,
for each n, is an extreme point of the unit ball of sf it follows that
S(Zn) = 0 and that S is zero on the polynomials, a dense subalgebra
of s^. Consequently, S = 0 and T e ext P. T is not multiplicative
but it should be noted that T satisfies Te Tfg = Tf Tg for all /,

We now consider a space L(A, B) such that the algebra B is not
semi-simple. Let Ssf be the Banach space of the above paragraph.
However, we now place a multiplication on sf defined in terms

of a convolution, f*g(w) — w\ /[(I — t)w]g(tw)dt where \w\ ^ 1. We
Jo

denote this algebra by J ^ ; it is a Banach *-algebra with the involution
f*(z) — f(z) and the supremum norm. With this definition of mul-
tiplication we have l i m ^ \\fn\\lln = 0 for all / e j ^ since H/*|| =

Ĉ  ~ 1)! Thus Stf0 is a radical algebra and we consider the
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algebra Ssf0 + e, the algebra with the identity adjoined. This algebra
has one maximal ideal so that it is symmetric. The element Z{w) —
w is positive since it is P where I(w) = 1 for all w in the disc.

We consider L ( j ^ J ^ + e) and define TeL(j^, s$ζ + e) by Tf =
f(l)Z, Z(w) = w. Using methods similar to these above we can show
that T e e x t P and T&M. All the hypotheses of Theorem 4.b are
satisfied except for the semi-simplicity of the range space. Again we
have Te Tfg = Tf Tg for all f,gej#:

Finally we display an operator between two algebras which is
multiplicative and not an extreme point of P when all hypotheses of
Theorem 1 are satisfied except for the semi-simplicity of the range.

Let Ω be the algebra of all power series a(z) — Σ~=o UnZn such that
Σn=o|αn |/w! < co; the norm is | |α(s)| | = Σ~=o (|αΛ|/w!). Multiplication
is defined in the usual way. Ω is a Banach *-algebra with involution
defined by (α(z))* = Σ~=<>α»3Λ The identity of Ω is the series with
α0 = 1 and an — 0 for n ^ 1.

We consider the maximal ideal generated by the series with ax =
1 and au = 0 for n Φ 1. All elements of this ideal are essentially nil-
potent and this is the only maximal ideal in Ω. Thus Ω is symmetric and
not semi-simple. Let Te L(Ω, Ω) be defined by jΓ(Σ«==oα»s*) = Σ~=oαwz2\
It can be shown that TePaL(Ω,Ω) and that TeM. Define S by
S(a(z)) = Σ»-i a2n~iZ*n~2. Now T ± S e P and S Φ 0 so that T$ ext P.

A GENERALIZATION. If we replace the condition that A has an
identity with the condition that A has an approximate identity we
obtain analogues of the above statements. The net {ea} is an approx-
imate identity in A if 11 ea || ^ 1 and ea > 0 for all a and || eax — x || >

0 for all xe A. (We assume that ea > 0 for all α: since \\xeae* — x\\ ^
||(α?eα — α?)e*|| + ||α?eί — x\\ ^ ||a?e« — a?|| + \\x*ea — α*|| for all a e i so
that {e«e*} is an approximate identity whenever {ea} is.) We make
use of the fact that for a commutative Banach *-algebra A with
approximate identity, if f ePA, then | | / | | = limβ/(eβ) and M'A — extP^
[5]. With this result Theorem 1 remains true as stated in this new
setting.

To obtain further generalizations we place Condition Γ on P: 11 T\ \ —
limβ | | Tea\\ for all T e P. We now show that if T is positive in L(A, B)
where A is a commutative Banach *-algebra with approximate
identity and B is a i?*-algebra, then Condition I' holds. For each
a and each heMB we have hTea^\\Tea\\ so that \\hT\\ = \imahTea =
liminfα/2,Tβα^liminfα | |Tβα | | . Since || Γ | | ^ supIlfc||s=1 | |ΛΓ||, it follows
that || Γ | | ^ liminfα | | Tea\\. Moreover, || Tea\\ ̂  || T\\ for each a yielding
l imsup | |Te α | | ^ || Γ|| and hence

THEOREM 6. Suppose that A, B are commutative Banach *-algebras,
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that A has an approximate identity, and that P satisfies Condition
P. Then, for every extreme point T of P it follows that

T(a)T(b) = limα T(ea)T(ab) for all af be A.

Proof. Let S(a) = l/2(T(b)T(eaa) - T(ea)T(ba)) be the operator
defined in Lemma 2 with bι — b and δ2 = ea/2, so that T ± S ̂  0.

Since P satisfies Condition Γ, it follows that 11 T ± S | | = lim^ 11 T(eβ) ±
l/2[Γ(b)T(eaeβ) - T(ea)T(beβ)]\| = lim^ || T(eβ) || ̂  1 and hence, T±SeP.
Since TeextP we have T(b)T(eaa) = T(ea)T(ba) for a e A and each ea9

so that limα T(ea)T(ab) = T(a)T{b) for all α 6 A and δ 6 A with | | δ | | < 1
and b — cc* for some ceA.

Now, every product, and hence every element of the form beβ

can be written as the linear combination of four positive elements;
that is, beβ = l/4Σl=J f c(e* + ίfcδ)(^* + ikb)* for all δeA and all β.
It follows, from the linearity of T, that \imaT(ea)T(abeβ) = T(a)T(beβ)
for all α, δ e i and all /S; and, from the continuity of Γ, that
limaT(ea)T(ab) = T(a)T(b) for a, be A.

COROLLARY 6.1. With the hypotheses of Theorem 6 for TeP and
heMB, either hT = 0 or hTf\\hT\\eMA.

Proof. From Theorem 6 for Te P we conclude that limα h(TeaTab) =
^(Γα Tδ) for a,beA and heMB. Consequently,

||ΛΓ||λΓ(α6) = hT(a)hT(b)

and either hT = 0 or hT/\\hT\\eMA for ΛeΛf*. Or equivalently, hT
lies on an extreme ray of PA for every heMB and JΓGP

DEFINITION. AS noted earlier, if A is a commutative Banach
*-algebra then Ax denotes the algebra with identity adjoined. If fe
PA then /„ defined by Λ(α + λ) = f(a) + λ | | / | | , is the extension of
/ to Ax and PAι is the cone of positive elements of A[ Similarly,
PAl, denotes the set of positive elements of norm ^ 1. Finally, if
TeL(A, B) and Γ ^ O w e define 2\ to be that element of L(AU B,)
defined by Tx{a + λ) = T(a) + λ || Γ||. (We let B, = B if B has an
identity.) Furthermore, P1 denotes the cone of positive operators and
P1 those positive operators of norm ^ 1.

We now prove the statement equivalent to Theorem 3 when A
has an approximate identity.

THEOREM 7. Let A be a commutative Banach *-algebra with
approximate identity and B a B*-algebra. Then, every extreme point
T of P is multiplicative.
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Proof. From the decomposition for products used in Theorem 6
it follows easily that if T is a positive operator, then T(α&*) = (T(α*&))*
for a, b 6 A. Since A has an approximate identity and T is continuous,
it follows that T(α*) = (To)* for aeA. Moreover, since the range of
T is contained in C0(ΔB) (or C(AB) if B contains an identity), letting
hx (or x) be that element of ΔB defined by hx(b) — b(x) for b e C0(ΔB)
it follows that (Ta*)(x) — (Ta)(x) for aeA and xeΔB. Further, for
T positive from a Cauchy-Schwarz inequality [9, p. 213] we conclude
t h a t \T(ab*)\2(x) ^ [T{aa*)T{bb*)]{x) for a9beA a n d α e Λ L e t t i n g
b = ea and taking the limit we obtain \Ta\2(x) = | |Γ | | [T(αα*)](α) for
#e J* and aeA.

We now show that for any TeP the element Tγ defined by 7\(α +
X) = Γα + λ |i Γ|| is, in fact, positive. Thus, if Te P and || Γ| | Φ 0, then

[2\(α + λ)(α* 4- \)](x) = [Tαα* + λΓα* + λΓα + |λ|

= [Taa* -2Re(-X)Ta+ |λΓ

for all α + λ e i i and xL e ABι, where xt is the extension of the element
x in ΔB when B does not have an identity. Finally, when B does not
have an identity, let xf be that element of ΔBγ which has A as its
corresponding maximal ideal (we note that in this case ΔBl is the one
point compactification of ΔB); then [T,(a + λ)(α* + λ)](#') = |λ|2(α?') ^ 0
for α + λG A1# Thus Γj ^ 0. Since the range of TΊ is contained in
a J3*-algebra, PL satisfies Condition I and hence || 2\|| = || Γ^H.

We now show that 7\ is an extreme point of Px. Suppose that
there exists SeL(Au Bt) such that Tt ±SePι. Then, || Γ^ ± iSβ|| =
||e' ± Ste|| ^ 1 and hence Se = 0 since e' is an extreme point of the
unit ball of Bt. Let S denote the restriction of S to A, then, since
T± S ^ 0 and || Γ ± S| | ^ 1, it follows that S = 0 since T e e x t P .
Therefore, S = 0 and Tx is an extreme point of Px so that from Theorem
3 it follows that 7\ is multiplicative. Hence, T is multiplicative and
the proof is complete.
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DOMAINS OF NEGATIVITY AND APPLICATION TO
GENERALIZED CONVEXITY ON A REAL

TOPOLOGICAL VECTOR SPACE

JACQUES A. FERLAND

The purpose of this paper is to derive conditions for the
existence of domains of negativity, and then to determine
maximal domains of convexity, quasi-convexity, and pseudo-
convexity for a quadratic function defined on a real topological
vector space.

I* Introduction* Martos, in [14] and [15], and Cottle and the
author, in [3], [4], [6], and [7], study quasi-convex and pseudo-convex
quadratic functions defined on En, the ^-dimensional Euclidean space.
Furthermore, in [6] and [7], the author uses the concept of domains
of negativity that was introduced, mutatis mutandis, by Koecher in
[11], The purpose of this paper is to derive conditions for the existence
of domains of negativity, and then to generalize the results found
in [6].

In §2, we briefly review definitions needed in the rest of this
paper. We also state relations between the classes of convex, quasi-
convex, and pseudo-convex quadratic functions on a convex set. Con-
ditions for the existence of domains of negativity and properties of
these are given in §3. In §4, convex quadratic functions are studied.
Then, domains of quasi-convexity and pseudo-convexity for quadratic
forms are specified in §5, and, in §6, we extend this analysis to
quadratic functions.

Note. Another approach to this theory have been used by Siegfried
Schaible in "Quasi-convex Optimization in General Real Linear Spaces",
Zeitschrift fur Operations Research, 1972.

2* DEFINITIONS. Let E1 denote the field of real numbers with
the natural topology and let X be a vector space over E\ We assume
that X admits a norm, i.e., there exists a mapping x-+\x\ from X
into E\ — {ae Eι\a > 0} with the following properties:

( i ) I x I = 0 if and only if x = 0,
(ii) |λa?| = |λ| \x\ for all XeE1 and all xeX,
(iii) Ix + y| < |x | + \y\ for all x and y in X.

A topology on X is determined by this norm, and X, so endowed, is
called a topological vector space over E\

Let X and Y be two real vector spaces. The mapping A: X—>Y
is a linear transformation if and only if for all vectors x and y in
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X and for all real numbers a and β

A(ax + βy) = aA(x) + βA(y).

If Y = E\ then A is said to be a linear form from X into I?1.
The mapping L: X x X—•> i?1 is a bilinear form on X if and only if
(i) L(#, #) — !/(#, a?) for all x and 7/ in X,
(ii) L(xf y) is linear and continuous in y for each fixed x.

With each bilinear form L is associated a unique quadratic form Q: X—•I?1

defined by

Q(x) = L(x, x) for all xeX.

A quadratic function on a real vector space X is a mapping R:
X-+E1 defined by

R(x) = l/2Q(x) + P(x) for all x e X,

where Q is a quadratic form and P is a linear form, both defined on X.
The radical of a bilinear form L is the set

X(L) - {£GX|LO, y) = 0 for all » 6 l } .

L is nondegenerate on X if X(L) = 0. Otherwise, L is degenerate.
If Xx and X2 are subsets of X, then the complement of X2 relative

to XL is the set

Also, the sum of Xx αnώ X2 is the set

= u + vfueXl9 and veX2}

If E1 and £72 are subspaces of X, then X = E1 φ Ĵ z, the ώirecί
of £Ί and E2, if and only if for each xeX there exists a unique pair
ueEι and v e 2£2 such that a? = u + v.

In [11], Koecher introduces the notion of domains of positivity in
a real topological vector space, and mutatis mutandis, we define a
domain of negativity in X determined by L as a subset F of X having
the following properties:

( i ) Y is open and nonempty,
(ii) L(x, y) < 0 for all x and yeY,
(iii) for all x& Y there exits a vector y e Ϋ\X{L) such that

L(x, y) > 0. (Note that Ϋ is the closure of Y.)
A subset S of X is said to be convex if and only if for all x, y

in S and for all θ e [0,1]

x{θ) = (I- θ)x + θyeS.
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Furthermore, S is solid if and only if it has a nonempty interior, S°.

The quadratic function R(x) = l/2Q(x) + P(x) is convex on a convex
set S in X if and only if for all x and y in S and for all 0 e [0,1],

(1) Λ((l - 0)α? + θy) < (1 - 0)jβ(α?) + &β(y) .

The quadratic function jβ(ίc) — l/2Q(α;) + P(x) is quasi-convex on
a set 5 in X if and only if for all x and y in S

( 2) 12(2/) < R(x) implies L(x, 2/ - x) + P(# - a;) < 0

The quadratic function R(x) = l/2Q(x) + P(x) is pseudo-convex on
a set S in X if and only if for all x and y in 5

(3) L(x, y - x) + P(y - x) > 0 implies Bfo)

Observe that if we take P(#) = 0 for all xeX, then (1), (2), and
(3) are the conditions for the quadratic form Q to convex, quasi-convex,
and pseudo-convex, respectively.

If S is a convex set, then denote by C(S), QC(S), and PC(S) the
classes of all quadratic functions 12 that are convex on S, quasi-convex
on Sf and pseudo-convex on S, respectively.

Notice that Mangasarian's results in Chapters 6 and 9 of [13] hold
for a quadratic function 12(α?) = l/2Q(x) + P(x) defined on an arbitrary
real topological vector space if we replace the expression (\/R(x),y~-
x) by L(x, y — x) + P(y — x). (Recall that in En the gradient of 12
evaluated at x, \/R{x), is the column vector of the partial derivatives
of 12 at x.) Thus, from [13, Theorem 9.1.4], we have this equivalent
definition: a quadratic function R(x) is quasi-convex on a convex set
S in X if and only if for all x,yeS and for all θ e [0,1]

(4) 12((1 - θ)x + θy) < Max {R(x), R(y)} .

Furthermore the results in [13], [Chapters 6 and 9] imply that if S is
a convex set in X, then

(5) C(S) c PC(S) c QC(S) .

In [3], Cottle and the author have shown the following.

(6) PROPOSITION. If the real valued function h is quasi-convex
on a nonempty convex set S in En and continuous on S, then h is
quasi-convex on S, the closure of S.

Since this result holds for a quadratic function 12 defined on an arbi-
trary real topological vector space, if S is convex, then

(7) QC(S)(ZQC(S).
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It follows from (5) and (7) that for a convex set S c l

(8) C(S) c PC(S) c QC(S) c QC(S) .

Observe the similarity with Ponstein's results for X — En. See [16].

3* Domains of negativity• In this section we give necessary and
sufficient conditions for a bilinear form to determine a pair of domains
of negativity in a real topological vector space. The importance of
domains of negativity in the study of quasi-convexity and pseudo-
convexity will become apparent in §§5 and 6.

First we introduce the following notation. For each xeX we
denote by E(x) the subspace generated by x, i.e.,

E{x) = {zeX\z = ax,aeE1} .

Given a certain bilinear form L and an arbitrary subspace E of X,
we denote

EL = {z eX\L(x, z) = 0 for all x e E} .

Referring to [10, p. 6], the following is true.

( 9 ) P R O P O S I T I O N . If xeX and Q(x) Φ 0, then X = E(x) 0 EL(x).

Relative to a bilinear form L, we say that a nonzero vector z e
X i s

positive-valued if and only if Q(z) > 0 ,

negative-valued if and only if Q(z) < 0 ,

zero-valued if and only if Q(x) = 0 .

Suppose that L is a nondegenerate bilinear form, i.e., X(L) = 0.
Furthermore, suppose there exists a vector xe X. such that Q(x) = — 1
and EL(x) is an inner product space where L(u, v) is the inner product,
i.e.,

L(u, v) = L(v, u) for all u, v e EL(x)

Q(u) > 0 for all u e EL(x)

Q(μ) — 0 implies u = 0.

For details see Schaefer [17, p. 44] or Greub [9, p. 160]. From (9),

X - E(x) 0 EL(x) .

Using the same type of argument as in [9, p. 268], the following

can be shown.
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(10) PROPOSITION. If z is a negative-valued vector or if z is a
nonzero but zero-valued vector, then L(x, z) Φ 0.

Define the sets

Y+ = {ze X\ Q(z) < 0 and L(x, z)< 0} ,

Γ- = {zeX\Q(z) < 0 and L(x, z) > 0} ,

Notice that Y+ and Γ~ are nonempty since x e Y+ and — a? e Y~. It
is easy to verify that

Ϋ+ = {zeX\Q(z) < 0 and L(x9 z) < 0} U {0}

Ϋ- = {zeX|Q(z) < 0 and L(x, z) > 0} U (0) ,

and that Y+ U {0}, Γ" U {0}, Ϋ+, and Γ" are solid convex cones.
Furthermore, a modified version of arguments [6, (3.22) and (3.32)]
shows that Y+ and Y" are domains of negativity.

The definitions of Y+ and Y~ and (10) imply the following result.

(11) THEOREM. Given the pair of domains of negativity Y+ and
Y~~ in X determined by L, then

(a) 2 G Γ = Γ + u Γ i f and only if Q(z) < 0,

(b) zeX°= (Ϋ+\Y+) UJΫ~\Y~) ^ <™d onlV if Q(«) = °>
(c) z e X+ = X\(Y+ U Γ-) if and only if Q(z) > 0.

Since Y+ and Y~ are maximal ([11, p. 5]), then it follows from
(11) that the pair Y+ and Y~ in X determined by L is unique.

In summary, if the vector x e X is such that Q(x) = — 1 and EL(x)
is an inner product space, then there exists a pair of domains of nega-
tivity in X determined by L. This sufficient condition can be ex-
pressed into another form. To see this, we need the following result.

(12) PROPOSITION. If there exists a vector xeX such that Q(x) = — 1
and EL(x) is an inner product space, then for all z e X such that Q(z) <
0 the subspace EL(z) is an inner product space.

Proof. For contradiction, suppose that Q(z) < 0 for some z eX
and EL(z) is not an inner product space. Hence, there exists a nonzero
vector y e EL(z) such that Q(y) ^ 0. On the other hand, by definition
of x there exists a pair Y+ and Y" of domains of negativity in X
determined by L.

Suppose ze Y+. If Q(y) < 0, then via (11), either the pair y and
z belongs to Y+ or the pair — y and z belongs to Y+. Since L(y, z) =
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L(— y, z) — 0, in either case we have a contradiction to the definition
of domains of negativity.

If Q(y) = o, then, via (11), either y e Ϋ+\Y+ or -ye Ϋ+\Y+. Since
y Φ 0, either the pair z and y or the pair z and — y contradicts the
property that if u e Y+ and v e Ϋ+\X(L), then L(u, v) < 0 ([11, Theorem
1 a.]). The proof is complete.

Relying on (12), if the set {xeX\Q(x) < 0} is nonempty and for
each x in this set the subspace EL{x) is an inner product space, then
there exists a pair of domains of negativity. Other trivial sufficient
conditions for the existence of such a pair are Q(x) < 0 and EL(x) empty
(i.e., dim X = 1). Now we turn to the necessity of these conditions.

(13) THEOREM. If there exists a pair Y+ and Y~ of domains of
negativity in X determined by L, then the set {x e X\ Q(x) < 0} is
nonempty and for all x e X such that Q(x) < 0 the subspace EL{x) is
an inner product space or is empty.

Proof. Since Y+ is nonempty, it follows that {x e X \ Q(x) < 0}
is nonempty. The second condition is shown by a similar argument
as in (12), and this completes the proof.

We are left with the problem of studying conditions for the
existence of domains of negativity when the bilinear form L is degen-
erate in X, i.e., when X(L) Φ 0. Referring to Schaefer [17, p. 20], the
vector space X can always be expressed as

X=(X/X(L))®X(L)

where X/X(L) is called the quotient space of X over X(L). It is well-
known that the bilinear form L is nondegenerate on X/X(L).

If there exists a pair Yi and Y£ of domains of negativity in
X/X(L) determined by L, then denote

Y+ - Yi 0 X(L)

r-= Y-L@X{L).

First, since Yi and Yi are nonempty and open, so are Y+ and Y~.
The other conditions for Y+ and Y~ to be domains of negativity in
X follow from the fact that if x,yeX, then

x = u + t, ueX/X(L) and teX(L) ,

y = v + z, ve X/X(L) and z e X(L) ,

and

L(x9 y) = L(u, v) + L(t, z) — L(u, v) .
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Hence a pair Y+ and Y~ of domains of negativity in X determined
by L exists if and only if such a pair exists when L is restricted to
X/X(L).

4* Domains of convexity for a quadratic function* In this
section, we want to determine the convex sets in X over which a
quadratic function is convex. In [2], Cottle has studied this problem
for quadratic functions defined on En, and, as we shall see, these
results hold on an arbitrary real topological vector space.

Using definition (1), this result follows immediately.

(14) PROPOSITION. The quadratic function R is convex on a convex
set S in X if and only if the quadratic form Q is convex on S.

The same kind of argument, as when the quadratic form is defined
on En, can be used to show the following result.

(15) PROPOSITION. The quadratic form Q is convex on a convex
set S in X if and only if for all x and y in S

Q(x-y)>0.

Notice this generalization of Cottle's result [2, (2)].
Recall that a set K in X is said to be a linear manifold if it is

of the form

K= E+ x

where xeX and E is a vector subspace of X. ([1]).
With each convex set $ in X is associated a carrying plane K(S)

defined as the linear manifold of least dimension which contains S.
The same argument as in [2] shows the following property.

(16) PROPOSITION. If the quadratic form Q is convex on a convex
set S in X, then Q is convex on K(S).

It follows that if the quadratic form Q is convex on a solid convex
set S in X, then Q is convex on X.

5* Domains of quasi' convexity and pseudo-convexity for quad-
ratic forms* The results found in Chapter 3 of [6] hold even for
quadratic forms defined on a real topological vector space. Since only
slight modifications of these arguments are needed for the generali-
zation, we will restrict ourselves to the statements of the results.
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Suppose that Y is a domain of negativity in X determined by L.

(17) THEOREM. The quadratic form Q is quasi-convex on Ϋ and
pseudo-convex on Ϋ\X(L).

(18) THEOREM. If the quadratic form Q is quasi-convex, but not
convex, on a solid convex set S, then there exists a unique pair of
domains of negativity, Y+ and Y~, in X determined by L, and Sd
Ϋ+ or Sa Ϋ~.

(19) THEOREM. If the quadratic form Q is pseudo-convex, but not
convex, on a solid convex set S, then there exists a unique pair of
domains of negativity, Y+ and Y~, in X determined by L, and Sa
Ϋ+\X(L) or SczΫ-\X(L).

Therefore, if Y+ and Y~ is a pair of domains of negativity in X
determined by L, then Ϋ+ and Ϋ~ are maximal domains of quasi-
convexity, and Ϋ+\X(L) and Ϋ~\X(L) are maximal domains of pseudo-
convexity for a quadratic form Q.

6* Domains of quasi-convexity and pseudo-convexity for quad-
ratic functions*

We wish to extend the analysis of Section 5 to quadratic functions.
With each quadratic function R(x) — l/2Q(x) + P(x), associate the

set

M = {aeX\L(a, x) + P(x) = 0 for all xeX} .

A direct generalization of results in Chapter 4 of [6] gives this
sufficient condition.

(20) THEOREM. // YaX is a domain of negativity determined by
L and M is nonempty, then the quadratic function R{x) is quasi-convex
on Ϋ + M and pseudo-convex on Ϋ\X(L) + M.

Before we proceed to determine necessary conditions for the
quasi-convexity of a quadratic function on a solid convex set, we have
to specify under what conditions the set M is nonempty.

It is obvious that the real topological vector space X, can be
expressed as

where E+, E~~ and E° are subspaces of X such that
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Q(x) > 0 for all xeE+\0 ,

Q(x) < 0 for all x e E~\0 .

Q(x) = 0 for all xeE° ,

This decomposition may not be unique, but for the rest of this section
we make the following assumption:

(21) There exists at least one decomposition

X = E+ 0 E- 0 E°

where E+ and Έ~~ are complete (i.e., each Cauchy sequence in E+ or
E~ is convergent).
Under this assumption the following is true:

(22) PROPOSITION. If R{x) = l/2Q(x) + P(x)9 then either the set
M~ {ae X\L(a, x) + P(x) = 0 for all xeX} is nonempty or there
exists a vector te X such that P(t) Φ 0 and L(x, t) — 0 for all xe X.

Proof. First we show that both conditions cannot hold simul-
taneously. Indeed, suppose there is an αeikf; i.e., L(a9 x) +P(x) =
0 for all xeX. On the other hand, if t is such that L(x, t) = 0 for
all xe X and P(t) Φ 0, then x = a gives a contradiction.

Next, suppose that if L{x, t) = 0 for all xe X, then P(£) = 0. Hence
X = £?+ 0 JS- 0 £7° implies that for all ί c e l

L(α, α?) + P(α ) = {L{a\ x+) + P(x+)) + (L(a~, x~) + P(a?-))

where α+, x+e E+ and a~~,x~e E~. Relying on [17, p. 44] it follows
that there exist at least one α+ e E+ and one α~ e ί7~ such that for
all x+ 6 E+

L(a+, x+) + P(x+) = 0

and for all x~ e E~~

L(ar, x~) + P(x") = 0 .

This shows that If is nonempty and the proof is complete.

Notice this proposition generalizes to an arbitrary real topological
vector space X, satisfying assumption (21), a well-known result proved
in Gale's book [8, Theorem 2.5] for the case X = E*.

This proposition and similar arguments as in [6, (4.4), (4.13), and
(4.15)] are combined to show these results.

(23) THEOREM. // the quadratic function R(x) = l/2Q(x) + P(x)
is quasi-convex, but not convex, on a solid convex set S, then

( i ) M is not empty,
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(ii) there exists a unique pair of domains of negativity, Y+ and
Y~, in X determined by L,

(Hi) SczΫ+ + M or S c ? " + M.

(24) THEOREM, If the quadratic function R(x) = l/2Q(x) + P(χ)
is pseudo-convex, but not convex, on a solid convex set S in X, then

( i ) M is not empty,
(ii) there exists a unique pair of domains of negativity, Y+ and

Y~~, in X determined by L,
(iii) Scz (Ϋ+\X(L) + M) or Sa (Ϋ~\X(L) + M).

Therefore, if M is nonempty and Y+ and Y~ are a pair of domains
of negativity in X determined by L, then Ϋ+ + M and Ϋ~ + M are
maximal domains of quasi-convexity, and Ϋ+\X(L) + M and Ϋ— X(L) +
M are maximal domains of pseudo-convexity for a quadratic function R.
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A COMPACT SET THAT IS LOCALLY HOLOMOR-
PHICALLY CONVEX BUT NOT
HOLOMORPHICALLY CONVEX

MICHAEL FREEMAN AND REESE HARVEY

It is shown that a certain simple imbedding T of the
ordinary two-dimensional torus in C2 contains a poly normally
convex compact ^-neighborhood of each of its points, but T
is not holomorphically convex in even the weakest presently
accepted sense. This example illustrates some of the limita-
tions of a theory of lower dimensional sets in Cn. In partic-
ular, it shows the difficulty of developing a theory based on
local information.

In the following K will denote a compact set in Cn, ^(K) the
Banach algebra of continuous functions on K, and έ?{K) the algebra
of functions holomorphic on some Cn neighborhood of K. Also, let
A{K) denote the Banach subalgebra of ^{K) obtained by taking the
closure of the image of έ?{K) in ^{K). A compact set K is said to
be holomorphically convex if K and the spectrum of A{K) are home-
omorphic under the natural map. In [5] a notion of the "envelope of
holomorphy", for K a compact subset of Cn, was introduced; there
it was proved, in particular, that K is equal to its envelope if and
only if K is holomorphically convex. The Cartan Theorems A and
B for open holomorphically convex sets in Cn admit analogues for
compact holomorphically convex sets in Cn (see [5]). One might con-
jecture that the E. E. Levi problem for open sets in Cn admits a
compact analogue. That is, one might conjecture that if K is locally
holomorphically convex (i.e., for each point zeK there exists a com-
pact neighborhood N of z in K such that JV is holomorphically convex)
then K is holomorphically convex. The example presented below
shows that this is not the case.

If "holomorphic approximation" holds on a compact set KcCn

(i.e., έ?{K) is dense in <if (if)) then the spectrum of A(K) = <Sf (if)
is of course homeomorphic to K so that K is holomorphically convex
according to the above definition. Even if a compact set K has the
property that "local holomorphic approximation" holds (i.e., for each
point z e K there exists a compact neighborhood N of z in K such
that 0>(N) is dense in &(N)) the set K need not be (globally) holo-
morphically convex because of the example presented below. In
particular, this provides an example of a compact set in Cn where
local holomorphic approximation holds but global holomorphic ap-
proximation does not hold; as distinguished from the well-known

77
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fact that if K is a compact subset of the complex line C and local
holomorphic approximation holds then it is true that global holomorphic
approximation holds (see for example [2]).

In [4] a notion of a "totally real set in C*" was introduced in
order to better understand the properties of Rn in Cn which are
crucial for the development of Sato's theory of hyperfunctions. Sato's
basic theory [12] was shown to hold with Rn replaced by a totally
real set. In the definition of a compact totally real subset K of Cn

there are two local requirements which heuristically ensure that K
has no (locally) "complex structure of dimension ^ 1" (see [4], Defini-
tion 3.4 and the Remark 1 afterward). The example presented below
shows that the local information contained in the assertion that K is
a totally real set (which is more than just local holomorphic convexity
but less than local holomorphic approximation) is not sufficient to
ensure that K is holomorphically convex. In particular, in the duality
result, Corollary 3.10 of [4], the hypothesis that K be holomorphically
convex is necessary.

We would like to acknowledge that R. 0. Wells has independently
verified that the example given here is not holomorphically convex.

The example is very simple. It is just the two-dimensional torus
T imbedded in C2 as T = {z: ( |^| - 3)2 + x\ = 1, y2 = 0}. In fact, (a)
the envelope of holomorphy of T is the set

f= {z:(|Si|-3)2 + « l , 2 / 2 = 0}

obtained by filling up T in C x R x {0}; but (b) each point a of T
has a compact T-neighborhood N on which the polynomials C[zl9 z2]
are dense in the Banach space ^(N) of continuous functions on N.
Of course this implies in particular that each compact subset of N is
polynomially and hence holomorphically convex.

The proof of (a) rests on the observation that T has a basis for
its neighborhood system consisting of the Hartogs domains

U£ = {z: IflsJ - 3)2 + x\ - 1 |< ε, \y2\ < ε}, ε > 0

(which are clearly circled in z1 for each fixed z2), and on the proposi-
tion below, which asserts that the envelope of holomorphy of Uε is

Uε = {z: (1^1 - 3)2 + xt < 1 + ε, \yz\ < ε},i- ^ ε > 0 .
Δ

This shows that any function holomorphic in a neighborhood of T
has a holomorphic extension to a neighborhood of T. Moreover, since
each Uε is holomorphically convex, so is T = f|£>o Ut. Thus T is the
envelope of holomorphy of T (see [5] for the precise definition of
envelope of holomorphy of T).
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PROPOSITION. ϋε is the envelope of holomorphy of Uε for 0 <
ε ^ 1/2.

Proof. The open set Uε is a domain of holomorphy because it is
pseudoconvex (see [3] or [8]) The fact that the functions z~~*
flsxl — 3)2 + x\ and «—> \y2\

2 are plurisubharmonic on Uε, e <̂  1/2,
implies that Uε is pseudoconvex by [8] Theorem 2.6.7 (iii).

Each function / holomorphic on Uε has a holomorphic extension
to Uε. For this it suffices to see that the Hartogs-Laurent expansion
(see [13] page 130) for / on Utf

(1) f(z) = jtjΛΦΐ,

is normally convergent on Uε, for then its sum will extend / as as-
serted. Here the coefficients fn are holomorphic on {z2: x\ < 1 + e , | y2 | < ε}.
From the normal convergence of (1) on Uε it follows that

(2) Σ sup {\fn(zύzΐ\: zeKδ}< oo ,
n=—oo

where 0 ^ δ < e and Kδ = {z: {\zx\ - 3)2•+ x\ = 1 + δ, |i/2| ̂  δ} (a pro-
duct of a torus in C x R and a closed interval in R). Now the
maximum principle applied (for fixed z2) to z1—+fn{z%)z1 shows that
the suprema in (2) become no larger if extended over

Kδ = {z: (Is,I - 3) 2 + x\ ̂  1 + δ, \yt\ ^ δ).

Thus (2) holds with Kδ replaced by Kδ, and since any compact subset
of Uε is contained in the interior of some Kδ, the normal convergence
of (1) on Uε is proved. Thus Uε is the envelope of holomorphy of Uε.

PROPOSITION. Each point a of T has a compact neighborhood N
in T such that C[zl9 z2] is dense in

Proof. Two cases will be distinguished.
( 1 ) The point a is not on one of the top or bottom circles | zt \ =

3, z2 = ± 1 + (K. Then a is a totally real point of T (i e., the ordinary
real-linear tangent space Ta to T at a is not complex-linear). The
proposition is known for this case (see [11], [9] or [6]) but a simple
direct proof can be based on the real-analyticity of T. It will be
shown that a has an open neighborhood U such that U Π T is mapped
into R2 by a biholomorphic map ψ = (ψly ψ2): U—^C2. Then if N is
any compact subset of Γfl /7, the ordinary Weierstrass Theorem im-
plies that C[wu w2] is uniformly dense in ^(ψ(N)). Since ψ is
invertible, the polynomial combinations of ψu ψ2 are dense in
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If U is taken from the beginning as a polycylinder, then ψ1 and ψ2

are approximable on N by polynomials in zu z2, which proves the pro-
position in case (1).

The map ψ will be found by constructing its inverse. Note that
there is an open neighborhood V of 0 in JR2 and a real-analytic map
φ: V-+ T such that (̂0) = a and d0φ(R2) = Ta. Here dQf denotes the
Frechet derivative of / at 0. Then there is an open set V in C2 such
that V Π R2 — V and a holomorphic map φ: V—>C2 such that φ\ V — φ.
Clearly, d0φ(R2) = Ta. Moreover, Ta Π iTa = {0}, so C2 = Ta + %Ta =
dQφ(R2) + idQφ(R2) = dQφ(R2 + iR2) = ^ ( C 2 ) . Thus d0^ is invertible, so
φ has a holomorphic inverse ψ near 0 by the inverse function theorem.

(2) |αj = 3, α2 = ± 1 + iO. Then there is a closed disk D =
fo: I Si — e&i I ̂  s} on which the graph of gfa) — (sign α2)l/l — (|^| — 3)2

defines a compact set N = {fe, ^(^)): 1^ — αj ^ s} c T. Clearly, N is
a Γ-neighborhood of a. Moreover, the level curves of g, as arcs
of radii > 1, do not disconnect C and have no interior points. There-
fore, by Mergelyan's Theorem [10] (§5, Theorem 1.5), the polynomial
combinations of z1 and g are dense in ^{D). The proposition is
proved by transporting this property to N via the homeomorphism

There is a result (going back to Grauert [3]) of a positive nature
which enables one to conclude from local information that a compact
subset K of Cn is holomorphically convex. Briefly, the method is as
follows (cf. [11], [9] or [6]). Suppose that in some Cn neighborhood
Ua of each point aeK there exists a C2 nonnegative strictly plurisub-
harmonic function φ such that K Γ\ Ua equals {ze Ua:φ(z) = 0}. By
using a partition of unity one can construct a nonnegative strictly
plurisubharmonic function φ in a neighborhood U of K such that
K = {z e U: φ(z) = 0}. Then for sufficiently small e > 0, each of the
sets Wε = {z e ?7: ̂ (2) < ε} is a Stein open neighborhood of ϋΓ and K is
^(TΓ,)-convex. Hence iΓ is holomorphically convex. The use of this
result is limited by the fact (see [7]) that sets K which satisfy the
local condition described above must be (locally) contained in a ^
submanifold of Cn all of whose points are totally real.

On the other hand, this technique is extended in [1], where such
a function φ (which is only required to be plurisubharmonic-not
strictly) is constructed in a neighborhood of a point on a two-manifold
where its tangent space is complex linear but whose second-order
behavior is sufficiently "hyperbolic" (in a precise sense given in [1]).
This result is delimited by the above example T, which (in the same
sense of [1]) exhibits a kind of "parabolic" behavior at such points.
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POSITIVE-DEFINITE DISTRIBUTIONS AND
INTERTWINING OPERATORS

ROE GOODMAN

An example is given of a positive-definite measure μ on
the group SL(2, R) which is extremal in the cone of positive-
definite measures, but the corresponding unitary representation
Lμ is reducible. By considering positive-definite distributions
this anomaly disappears, and for an arbitrary Lie group G
and positive-definite distribution μ on G a, bijection is estab-
lished between positive-definite distributions on G bounded by
μ and positive-definite intertwining operators for the repre-
sentation Lμ. As an application, cyclic vectors for Lμ are
obtained by a simple explicit construction.

Introduction* The use of positive-definiteness as a tool in abstract
harmonic analysis has a long history, the most striking early instance
being the Gelfand-Raikov proof via positive-definite functions of the
completeness of the set of irreducible unitary representations of a
locally compact group [5]. More recently, it was observed by R. J.
Blattner [1] that the systematic use of positive-definite measures gives
very simple proofs of the basic properties of induced representations,
and the cone of positive-definite measures on a group was subsequently
studied by Effros and Hahn [4].

The purpose of this paper is two-fold. First, we give an example
to show that positive-definite measures do not suffice for the study
of intertwining operators and irreducibility of induced representations,
despite the claim to the contrary in [4]. Specifically, we exhibit a
positive-definite measure μ on G — SL(2,1?) such that μ lies on an
extremal ray in the cone of positive-definite measures on G, but the
associated unitary representation Lμ is reducible, contradicting Lemma
4.16 of [4].

Our second aim is to show that when G is any Lie group, then
the correspondence between intertwining operators and positive func-
tionals on G asserted by Effros and Hahn does hold, provided one deals
throughout with positive-definite distributions instead of just measures.
The essential point is the validity of the Schwartz Kernel Theorem
for the space C?(G), together with a result of Bruhat [3] about
distributions on G x G , invariant under the diagonal action of G.
Using this correspondence, we obtain cyclic vectors for representations
defined by positive-definite distributions, using a modification of the
construction in [7] (The proof of cyclicity given in [7] is invalid,
since it assumes the existence of a measure on G corresponding to
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an arbitrary intertwining operator. Cf. [6] for a proof of cyclicity
using von Neumann algebra techniques.)

1* Notation and statement of theorems* Let G be a Lie group,
and denote by 3f(G) the space C~(G) with the usual inductive limit
topology [10]. Fix a left Haar measure dx on G; then d(xy) = ΔG(y)dx,
where ΔG is the modular function for G. If φe£&(G), define φ*(x) =
Φ(x"ι)ΔG(x)"1. Denote by Sf\G) the space of Schwartz distributions
on G. A distribution a is positive-definite if a(φ**φ) ^ 0 for all φ e £^(G),
where convolution is defined as usual by

(ψ*Φ)(x) = \ ψ(y)Φ(y~1x)dy .

If a and β are distributions, say that a < β if β — a is positive-definite.
Given a positive-definite distribution μ, one obtains a unitary

representation Lμ of G by a standard construction: Let Lyφ(x) =
Φ{y~ιx) be the left action of G on &(G). Then (Lyφ)**(Lyψ) — 0**ψ,
so the semi-definite inner product μ(φ**ψ) is invariant under left
translations. Define Iμ = {̂  e ^ ( G ) : μ(φ**Φ) = 0}. The quotient space
i^i = £&(G)/Ia is then a pre-Hilbert space with inner product (ψ, φ)μ =
μ{Φ**ψ)> where 5̂ —> ί? is the natural mapping of £gr(G) onto &rμm Let
^g^ be the completion of Sfμ. The operators Ly pass to the quotient
to give a strongly continuous unitary representation i/->LJ of G on

Suppose now that a e &'{G) satisfies 0 < a < μ. Then /α Ξ2 Iμ,
and there exists a unique self-adjoint operator A on έ%fμ such that

(1.1)

The operator A obviously satisfies

(1.2) 0 S A ^ J

(1.3)

since the Hermitian form a(φ**φ) is nonnegative, bounded by (φ, φ)μ =
\\Φ\\2

μ, and invariant under left translations by G. It was asserted
(without proof) by Effros and Hahn in [4, §4] that when μ is a measure,
then every operator A satisfying (1.2) and (1.3) is given by formula
(1.1), where a is a positive-definite measure. Unfortunately, this is
false in general, as shown by the following example:

THEOREM 1. There is a positive-definite measure μ on the group
G = SL(2, R) such that:

(i) The only measures a satisfying 0 < a < μ are the measures
cμ,c 6 [0,1].
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(ii) The representation Lμ of G defined by μ is reducible.

If we allow positive-definite distributions in formula (1.1), however,
then we obtain all intertwining operators, as follows:

THEOREM 2. Let G be a Lie group, and let μ be a positive-
definite distribution on G. Suppose A is an operator on £%?μ satis-
fying (1.2) and (1.3). Then there exists a unique positive-definite
distribution a on G such that (1.1) holds. Furthermore, the local order
of a can be bounded in terms of the local order of μ and the dimen-
sion of G.

REMARKS 1. Theorems 1 and 2 show that the cone of positive-
definite measures on SL(2, R) is not a face of the cone of positive-definite
distributions.

2. For a study of unbounded intertwining operators, cf. [9].

3. In case μ is a positive-definite measure, then the distribution
a in Theorem 2 has finite global order at most 2(dim G + 1).

A sequence {φn} c &(G) will be called a d-sequence if φn(x) ^ 0,

\ φn(x)dx — 1, and Supp (φn) —• {1} as n —> oo. Any S-sequence is an
JG

approximate identity under convolution, of course.

COROLLARY. Let {φn} be a delta sequence, and set wn — Φt*Φn

Then the vector ξ — ΣXniΰn will be a cyclic vector for the representation
Lμ, provided Xn > 0 and Xn > 0 sufficiently fast as n—+ °°.

2. Proof of Theorem 1. Let G = SL(2, R) in this section. We

distinguish two closed subgroups of G: the subgroup B consisting of

all matrices b = (Q _X ), with s, t real, s Φ 0, and the subgroup V

consisting of all matrices v = ( -i J, x real. One has B Π V = {1},

while V B consists of all unimodular matricesί^ d)3 1 1 0*1 ^ a ^ α ^ 0
The map v, b —> v b is a diffeomorphism from V x B to the open subset
V B of G. Let dv and db be left Haar measures on V and B, respec-
tively, and let ΔB be the modular function of B. Left Haar measure
dx on G is then given by the formula

(2.1) ( f(x)dx = [ [ f{vb)ΔB{b~ι)dbdv = [ [ f(bv)dbdv
JG JVJB JBJV
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[2, Chap. VII, §3, Proposition 6]
Suppose that p is a unitary character of B. Then p(b)db is a

positive-definite measure on B, and the measure μ on G defined by

f f(x)dμ(x) = f f(b)AB{bY^p{b)db

is positive-definite [1] As in §1, we denote by Lμ the corresponding
representation of G on 3(?μ. The representation Lμ is equivalent to
the "principal series" representation of G induced from the one-dimen-
sional representation p of B. Using the integration formula (2.1), we
can identify the representation space £ίfμ with L%(V, dv). (This gives
the so-called "non-compact picture" for the principal series [8].) Indeed,
if φ,ψe &(G), then an easy calculation using (2.1) shows that

(Φ,

where

s(φ)(v) = f φ{vb)AB{b)-^p{b)db .

The restriction of Lμ to the subgroup V becomes simply the left
regular representation of V in this picture.

LEMMA 1. Let A be a bounded operator on L2(V) which commutes
with left translations by V, and suppose that there exists a Radon
measure a on G such that

(2.2) (Aε(φ), ε(ψ))L2iv) = a{f**φ)

for all φ,ψ£ 3f{G). Then there is a Radon measure v on V such that
Af - f*v, for fe^r(V).

Proof. Since A is translation invariant, it is enough to establish
an estimate

(2.3) | ( A / ) ( l ) | ^ C π | | / | U ,

for all f e^(V) supported on an arbitrary compact set Ka V ( | |/ |U
denoting the sup norm). Let Sίf°°(y) be the space of C°° vectors for
the left regular representation of V. By Sobolev's lemma, ^f^iV) c
C°°(V), and A leaves the space ^°°(V) invariant. Hence, As(φ) is a
C°° function for every φe£&(G).

If / e &r(y) and g e &r(B), write / (x) g for the function f(v)g(b).
Via the map v,b-+vb we may consider / (g) g as an element of 2$(G).

Then ε(f (x) g) = Xgf, where \ = ί g{b)ΔB{b)~ιl2p{b)db. In particular,
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if {/J and {gn} are δ-sequence in 3?{y) and Sf(B) respectively, then
Xg% —* 1 as n —> oo and /w (g) gn is a δ-sequence on G (by the integration
formula (2.1)). Hence, we deduce from (2.2) that

Aε(φ)(l) = a{φ)

for all φ e &(G). Fix g e &r(B) such that Xg = 1. Then for any / e
we have / = ε(/® #), and hence

(2.4)

Since α is a Radon measure, the right side of (2.4) satisfies (2.3),
which proves the lemma. (In fact, v is the measure /—»a(f (x) g).)

Completion of proof of Theorem 1. Now take for p the character
p(b) = sgn (s), when 6 = I Q _Λ. Then it is known [8] that the
induced representation Lμ in this case splits into two parts, and when
Sίfμ is realized as L2(V), then any nontrivial intertwining operator is
a scalar multiple of the classical Hubert transform

Af(x) = Km— f(x - y)y~1dy .
δ-+0 7Γ J l » | > 3

We identify V with /2 via the map x~+( ΛΛ

The Hubert transform does not satisfy estimate (2.3). For example,
if

=2 k log k

where φe£^(R) is fixed with φ(x) — 1 for \x\ ^ 1, then Supp (/n) S
Supp(^) and s u p J | / J U < oo [ll, p. 182].
On the other hand,

Af%(0) = £cu(k logk)~ι + 0(1)

as n —> co, where

1 f1

cλ = — \ χ~ι sin (kx)dx .

7Γ J-i

Since cΛ —>1 as k—>oo9 and since Σ(k\ogk)~ι — + oo, it follows that

supn |A/Λ(0)| = - .

3. Proof of Theorem 2 and Corollary. Let G be an arbitrary
Lie group (assumed countable at infinity), and let μ be a given positive-
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definite distribution on G. If we set H ^ = μ(Φ**Φ)112, then Φ->\\Φ\\μ

is a continuous seminorm on £^(G). Suppose now that A is a bounded
operator on the representation space <%%. We may associate with A
a bilinear form BA on £&(G) by the formula

(3.1) BA(ψ, Φ) = (Aφ, Jψ)μ .

Here φ—*φ is the canonical map from <&(G) into £ίfμ as in §1, and
Jφ = φ (complex conjugate). By the Schwarz inequality and the
boundedness of A we see that

(3.2) \BA(ψ,φ)\^\\A\\\\φ\\μ\\Jψ\\μ.

Clearly, ψ —"WJψWμ is also a continuous seminorm on £&{G). Although
HJΊHI I need not be bounded in terms of \\ψ\\μ9 nevertheless, the local
order of this seminorm is the same as the local order of || ||^. (If
Kd G is a compact set and p is a continuous seminorm on £&(&),
we say that p has order ^ r on K if there is a finite set of differential
operators {D3) on G each of order ^ r, such that p(φ) ^ max,- WDrfW^
for all φ with Supp (φ) £ K.)

The main analytic fact we need is the following version of the
"kernel theorem" for continuous bilinear forms:

LEMMA 2. Suppose B is a bilinear form on £&(G), and pl9 p2 are
continuous seminorms on j3f(G) such that

(3.3) \B(φ9ψ)\^p1(φ)p2(Ψ) ^

Then there is a distribution T on G x G such that

B(φ, ψ) = T(φ (X) ψ) .

Furthermore, if Kλ and K2 are compact subsets of G, and if p5 has
order S τs on Kό(j — 1, 2), then T has order ^ n + r2 + 2(dim G + 1)
on any compact set i l fc Interior (Kλ x K2).

Proof. Since multiplication by a C°° function is an operator of
order zero, we may use a partition of unity and local coordinates to
reduce the problem to a local one in Rd, d — dim G, such that Kό —
{\x\ ^2}QRd a n d M = {(x,y); \x\ ^ 1, \y\ ^ 1} £ R d x R d .

Let φ0 e &(Rd) satisfy φ0 = 1 on {| x \ ̂  1} and Supp (φ0) £ i^ . Set
en(x) = ^o(^)6ί%:c> where neNd and w α? = ^ ^ + ••• + %#<*. Then if
D is a differential operator of order r, one has HZteJU g C(l + \n\)r.
Hence, the a priori estimate (3.3) implies that for some constant C > 0,

(3.4) IB(e» en) \<C(l+\m|Γ(1 + | n I P

for all m,ne Nd.
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Suppose now that / is a C°° function on Rd x Rd with Supp (/) £
M. Then the Fourier series of / can be written as

) = Σm,n/(m, n)em{x)en{y) ,

where {f(m, n)} are the Fourier coefficients of / . Define

(3.5)

The series (3.5) is absolutely convergent, and by (3.4) we have the
estimate

(3.6) I T(f) I £ C, sup {\f(m, n) | (1 + | m \)^d+1(l + | n \y*+d+1] ,

where Ci = CΣmtn (1 + | wD^-^l + \n\yd~ι < oo. Since the right side
of (3.6) is a seminorm of order r1 + r2 + 2d + 2 on M, this proves
the lemma.

Completion of proof of Theorem 2. Suppose now that the operator
A in formula (3.1) commutes with the representation Lμ. Then the
distribution Ton G x G such that BA{φ,ψ) = T(φ®ψ), which was
constructed in Lemma 2, satisfies for all zeG,

(3.7) T(δzf) = T(f) , / G ^r(G x (?) ,

where δj(x, y) = /(z"^, z"1?/).
The structure of distributions satisfying (3.7) was determined by

Bruhat [3, Prop. 3.3]. Let t denote the distribution on G determined
by left Haar measure, and let Φ: G x G —> G x G be the map Φ(x, y) =
(a?, αjy). Then (3.7) forces Γ to have the form

T(f) = {c®a){foφ) ,

where a is a distribution on G. Symbolically,

In particular, if φ9 ψe&(G), then

(Aφ, f)μ - T(Jψ (x) ̂ )

= \γHx)Φ(xy)dxda(y)

Hence, α serves to represent the intertwining operator A, and is
obviously positive-definite if A ^ 0. Since Φ is a diffeomorphism, the
order of ί ® α on a compact set Ma G x G is the same as the order
of T on φ-^ikί). By Lemma 2 and inequality (3.2), the local order
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of t (x) a (and, hence, the local order of a) can, therefore, be bounded
in terms of the local order of μ and the dimension of G, as claimed.

Proof of Corollary. Using Theorem 2, we are able to rehabilitate
the attempted proof of cyclicity in [7]. Given a <5-sequence {ψn} on
G, let K c G be a compact set such that K = K~ι and Supp (ψn) £ i ί
for all n. Since \\ψ\\μ is a continuous seminorm on £2?(G), there are
right-invariant differential operators Dl9 , Dr on G such that

i

for all ψ supported on the set Kz.
Now set wn = ψ**ψn, and let {λj be any sequence such that

Xn > 0 and

(3.9) Σ λ*» ΉI&X I! Djψn \\lo <C °°
n j

The series f = Σ λΛίδΛ then converges absolutely in ^g^ (since H^H^ ^

H^nll?')- Let ^V be the G-cyclic subspace generated by ζ, and let A

be the projection onto ΛrL. Since Af — 0, we have ^Xn(Awny φ)μ —

0 for all φe&(G). But φ*ψ — Lμ(φ)ψ, where Lμ(f) = \f(x)Lμ(x)dx

is the integrated form of the representation. Since A commutes with

Lμ, this gives (Awn, φ)μ — (Aψni ψn*φ)μ. Thus taking φ = ψk and
letting k —+ co, we see that

(3.10) lim (Awn, ψk)μ = (Afn, ψn)μ

(note that φ—>φ is continuous from &(G) to <^fμ). Furthermore, by
the Schwartz inequality, the boundedness of A, and the calculation
just made, we have the estimate

I (Awn, f k ) μ

(Here we have used estimate (3.8), the right-in variance of Dj} and
the inequality | | / * # | U ^ ll/llcoll^lU,.) Thus we may apply the domi-
nated convergence theorem to conclude from (3.9) and (3.10) that
Σ K(Aψn, f n ) μ = 0. But λΛ > 0 and A ^ 0, so in fact (Aψn, f n ) μ =
0 for all n. (So far we have simply followed the line of proof of
[7], replacing uniform convergence of the series Σ K^^ by the stronger
condition (3.9), in return for allowing μ which are distributions rather
than measures.) Finally let a be the positive-definite distribution on
G representing A, which exists by Theorem 2. Then (x(ψ**ψn) — 0 f° r

all n. By the Schwarz inequality, this implies that a(φ*ψn) = 0 for
all φe^(G) and all n. Letting n—* 00, we conclude that a = 0.
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THE TYPE OF SOME C* AND TF*-ALGEBRAS
ASSOCIATED WITH TRANSFORMATION

GROUPS

ELLIOT C. GOOTMAN

Let (G, Z) be a second countable locally compact topological
transformation group, ^ ( G , Z) the associated C*-algebra and
L a certain naturally constructed representation of ^ ( G , Z)
on L\G x Z,dg x da), dg being left Haar measure on G and
a a quasi-invariant ergodic probability measure on Z. Repre-
sentations of flf(G, Z) constructed from positive-definite meas-
ures on G X Z are used to prove that ^ ( G , Z) is type I if and
only if all the isotropy subgroups are type I and Z/G is Γo, and,
under the assumption of a common central isotropy subgroup,
that L has no type / component if a is nontransitive. By
means of quasi-unitary algebras, necessary and sufficient con-
ditions are derived for L to be semi-finite under the weaker
assumption of a common type / unimodular isotropy subgroup.

After establishing notation and discussing preliminary material
in §2, we prove in §3 that ^ ( G , Z) is type I if and only if Z/G is
To and all isotropy subgroups are type I. This result, proven by
Glimm [9, Theorem 2.2] for the special case in which isotropy subgroups
can be chosen "continuously", is not surprising in light of Mackey's
Imprimitivity Theorem and the correspondence between representations
of ^(G,Z) and systems of imprimitivity based on (G, Z) (see §2).
Our general proof, based on the fact that isotropy subgroups can
always be chosen "measurably" [1, Proposition 2.3], follows by con-
struction of a direct integral of certain representations which, by
being defined in terms of positive-definite measures, are easily specified
and shown to form an integrable family.

In §§4 and 5 we consider the type of a W*-algebra s%f constructed
via an ergodic quasi-invariant probability measure a on Z (see § 4 for the
construction). This algebra was studied by Murray and von Neumann
in [14], [15], and [16] for the case of G discrete (see also [4, pp. 127-
137]), by Dixmier in [3, §§10-12] for the case of G acting freely on
Z and by Kallman in [10] for the case in which a is transitive. In
§4 we first show that Jzf is the von Neumann algebra generated by
the representation of ^ (G, Z) determined by the positive-definite
measure de x da on G x Z. Then assuming that almost all (da) points
in Z have the same isotropy subgroup H, we use a direct integral
decomposition of sf arising naturally from a consideration of the
measure δe x da to prove that if a is nontransitive and if H is in
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addition central in G then s/ has no type I component* In §5 we
use different methods, namely the theory of quasi-unitary algebras,
to derive necessary and sufficient conditions that Jzf be semi-finite,
under the weaker assumption that almost all (da) points in Z have
the same isotropy subgroup H and that H is type I and unimodular.

The results of §3 are contained in the author's Doctoral Disser-
tation written at the Massachusetts Institute of Technology under the
direction of Professor Roe W. Goodman.

2* Notation and preliminaries• If X. is a second countable
locally compact Hausdorff space, we denote by J3Γ{X) the continuous
functions on X of compact support, with the inductive limit topology,
and by M{X) the dual space of Radon measures on X with the weak
*-topology. For x e X, δx e M(X) is the probability measure on X
concentrated at x. For a locally compact group G, dGg, or simply dg,
denotes left Haar measure on G and ΔG the corresponding modular
function. We assume throughout this paper that both G and Z are
second countable locally compact Hausdorff spaces, that all Hubert
spaces are separable and that all representations of algebras are
nondegenerate.

Although we refer to [6], primarily §§1, 3, and 4, for the construc-
tion of and basic results concerning ^ ( G , Z), we list for convenience
some facts, and establish more notation. 3ίΓ{G x Z) is a topological
*-algebra and is dense in ^ ( G , Z) [6, pp. 32-35]. The correspondence
L = {V, My between representations L of ^ ( G , Z) on a Hubert space
έ%f and systems of imprimitivity < V, M> based on (G, Z) and acting
on 3ίf is completely determined [6, pp. 34-37] by

, y
(2.1) f

= <Mf(g, -)V(g)x, yydg, f e SΓ(G x Z), x, y e
JG

If there is no possibility of confusion, we shall use the same symbol
M for the representation of 5ίΓ(Z), its extension to the algebra L°°{Z)
of bounded Borel functions on Z, the corresponding projection-valued
measure, and the generated TΓ*-algebra in £?{J%f). We denote by
D(G x Z) the set of positive-definite measures on G x Z, that is,
{p G M(G x Z): p(f**f) ^OV/e JT(G x Z)}. p e D(G x Z) determines
a representation Lp of ^ ( G , Z) on £έfv, and there is a canonical con-
tinuous map of 3ίΓ(G x Z) onto a dense subspace of £έfv [6, §4].

Blattner's results on induced positive-definite measures and their
connection with induced representations [2, Theorem 1] can be extended
from the group to the transformation group context. Let H be a
closed subgroup of G and L — <F, Λf> a representation of ^ (H, Z).
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As a special case of [18, §3], one can construct an induced system of
imprimitivity <ind (F), ind (M)) based on (G, Z) and thus by (2-1) an
induced representation ind (L) of f?(G,Z). Ind(F) is the usual
representation of G induced from the representation V of H. If p e
D(H x Z) define p e M(G x Z) by

(2.2) p(f) = p{fATΛ-H^\HXZ), f e3ίΓ{G x Z) .

LEMMA 2.3. If p in D(H x Z) determines a representation L of
^{H, Z), then p e D(G x Z) and determines a representation of ̂ ( G ,
Z) unitarίly equivalent to ind (L).

Proof. The proof of Theorem 1 of [2] can be repeated, with
obvious modifications, and we omit the details.

LEMMA 2.4. If x-+ Lx is an integrable family of representations

of %f(H, Z), then x —• ind (L*) is an integrable family of representa-

tions of <&{G,Z) and I ind (Lx) is unitarίly equivalent to ind

Proof. We sketch the argument. Let L* = <F*, ΛP> on
By using the approximate identity in 3ίί{H x Z) and the two formulas
in [6, Lemma 3.26] one sees that x-+Vx(s) and x—>Mx(h) are meas-
urable operator fields for seH,heSΓ(Z). By Theorem 10.1 of [12],
x —• ind (Vx) is a measurable field of representations of G on the

S r
ind (Vx) on I ind (£ίfx) is unitarily

equivalent to ind Π Vxj on ind (\£έ?*\ A similar argument verifies

that x—>(ind (Λfβ))(λ) is measurable for heS?~(Z) and that the unitary
operator implementing the above equivalence for the representations

of G transforms ((ind (M*))(h) into And(̂ ikfΛV/&). From the fact a?-*

ind (Vx) and x —> ind (M35) are measurable it follows that x —• ind (Lx) is
measurable. To see this, note that any u e ^ ( G , Z) can be approxi-
mated in norm by finite sums of the form X fi®h, f% e 3tΓ(G) and ft< e
J3Γ(Z), and then apply (2.1). To finish the proof we note that from
the 2 formulas in [6, Lemma 3.26] again, it is clear that for any
measurable field of representations x —• Lx = < Vx, Mx} the system of

imprimitivity corresponding to \LX is (\ Vx, \MX\ Thus the repre-

sentations iindίl/35) and indΠL^j are unitarily equivalent because

their respective systems of imprimitivity Mind (Vx), I ind (Mx)\ and

'άβvήdttM^ are.
For v 6 D{H) the measure 5, defined by (2.2) with Z ignored, lies
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in D(G). If H is the isotropy subgroup of ψ e Z then vxδφ e D(H x
Z) and the induced measure on G x ^ i s exactly v x δφ. If L = <F,
M} is the representation of ^(H, Z) determined by v x δφ, V is
unitarily equivalent to the representation of H determined by v, M(k) =
k(φ)I for k e J%^(Z), ind (M) is concentrated on the orbit Gφ, and the
commutants of ind(L) and V are algebraically isomorphic (see [6,
§4] for details).

3. The type of ^ ( G , £)• For φ e Z let Hφ denote the isotropy
subgroup of φ, dJIφ a left Haar measure on Hφ and vΨ the induced
measure d

Hφ.

LEMMA 3.1. There is a choice of left Haar measures on the
isotropy subgroups of G so that for each f ej%r~(G x Z), the function
Θ:Z—+C defined by θ{φ) = (vφxδ(p)(f) is bounded and Borel.

Proof. Let S^{G) denote the family of all closed subgroups of
G, endowed with the compact HausdorfF topology described by Fell in
[7]. The map φ-+Hφ of Z into S^(G) is Borel [1, Proposition 2.3] and
left Haar measures dπ can be chosen on the subgroups H of G so that
the map H—*dH of S^(G) into M(G) is continuous (this follows from [9,
appendix] and the proof of Theorem 4.2 of [8]). Thus for g e 3ίΓ{G)
the composite map φ —* vφ(g) is Borel. To show that θ is bounded
and Borel, we need the following estimate (see [9, Lemma 1.1]). Let
K be a compact subset of G and •e_%""(G) with ^ ^ 0 and / Ξ I on
K. Since H-+dH{/) is a continuous function on the compact set S^{G),
it is bounded by a positive constant a. For any k e JsίΓ{G x Z) with
supp kQ K x Z, and for any HeS^{G), φeZ, we have

(*) Id* x δφ(k)\ = \dH(k(-,φ))\ S\\k\UdH{/)\ ^ α | | f c | L .

Thus θ is bounded. Let A and B be compact subsets of G and Z
contained, respectively, in relatively compact open sets £7 and V. life
3ίΓ(G x Z) with supp/ g A x B, f can be uniformly approximated
by finite sums of the form Y,gi®hi,gie^iT'{G),s\x^gi^U,hie
SΓ{Z), supp/^ϋF. The estimate (*), applied to the compact set
K = U, implies that θ is the uniform limit on Z of the Borel functions
φ —• (i>φ x <^)(Σ Qi ® h) = X v<?{gi)hi{φ), and is thus Borel.

Fix a "measurable" choice of left Haar measures on the isotropy
subgroups as allowed by Lemma 3.1 and for φ^Z let L9 denote
the representation of %f(G, Z) on the Hubert space ^^ψ determined by
Vψ X δφ.

LEMMA 3.2. For every positive Radon measure a on Z the direct



THE TYPE OF SOME C* AND Tf*-ALGEBRAS 97

integral representation L = \ Lψda(φ) exists.
Jz

Proof. For f eSΓ(GxZ) let f'(φ) denote the canonical image
of / in £(fψ. The map /—•/'(?>) is continuous with respect to the
inductive limit topology on SΓ{G x Z) and the norm topology on
έ%fψ (this follows from [6, Lemma 3.7]). Since G and Z are second
countable, j?t~(G x Z) contains a countable dense set {/J [6, proof
of Corollary 4.12], and by the preceding remarks and Lemma 3.1, it
follows that the f\{φ) are a fundamental sequence of measurable vector
fields and thus the direct integral £ίf = \ £έfφda{φ) exists [4, Chapter

)z

II, §1, n° 4]. Each ue^(G, Z) is the limit in norm of a sequence
hne3T(G x Z) and thus <2>(u)/<(<P), f'j(φ)> = l i m ^ x δφ){fhK*fi)
is a measurable function on Z, again by Lemma 3.1, and the direct
integral L — \ Lφda(φ) exists.

Jz

It follows from [9, Theorem 2.1] and [6, Theorem 4.29 and Lemma
4.30] that each Lψ is an irreducible representation of ^/(G, Z) and
that Lψ = L'η if and only if φ and η lie in the same G-orbit.

THEOREM 3.3. ^ ( G , Z) is type I if and only if the orbit space
Z/G is To and all the isotropy subgroups are type I.

Proof. If Z/G is not To, there exists an ergodic positive Borel
measure a on Z which is not concentrated on any orbit [5, Theorem

2.6]. By Lemma 3.2 and [5, Lemma 4.2], L = \ Lφda{φ) is a factor
)zm

representation of ^ ( G , Z) not of type I. Also, since a factor repre-
sentation W of an isotropy subgroup induces a factor representation
L of ^<(G, Z) of the same type, the commutants of L and W being
algebraically isomorphic, ^ ( G , Z) is not type I if there is a nontype
I isotropy subgroup. Conversely if Z/G is TQ every factor represen-
tation L = < V, M) is induced from an isotropy subgroup by the
Imprimitivity Theorem, since the projection-valued measure Mis ergodic
and thus concentrated on an orbit. If in addition all the isotropy
subgroups are type J, so therefore is ^ ( G , Z).

4. On the type of J^% Let a be an ergodic quasi-invariant
probability measure on Z, g a the measure defined by g a(A) = a(g~ιA),
geG,A Borel £ Z , and λ,( ) the Radon-Nikodym derivative d(g a)/da.
Let < W, P> be the system of imprimitivity based on (G, Z) and acting
on L2(Z, da) by

(W(g)f)(φ) = \β{φ)*f(jΓι<P) f (P(h)f)(ψ) = h(φ)f(φ) ,
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geG,φeZ,he L°°{Z) and / e L2(Z, da). Denoting by U the left regular
representation of G on L2(G), we consider the type of the W*-algebra
J^f on L\G) (x) L2(Z, da) generated by the opeίators U(g) (x) W(g) and
I (x) P(h), geG,he L°°(Z). Our definition of j& is the same as Kallman's
[10] except for modifications due to our preference for left rather than
right action of G on Z.

LEMMA 4.1. J ^ is spatially isomorphic to the W*-algebra generated
by the representation La of %f(G, Z) determined by δe x da in D(GxZ).

Proof. The natural map of the algebraic tensor product 3ίΓ(G) ®
J?Γ(Z) onto a dense subspace of J3Γ(G x Z) clearly extends to an
isometry of L\G) (x) L2(Z, da) onto L2(G x Z,dg x da). By the proof
of Theorem 5.3 of [13], λ can be chosen to be jointly measurable on
G x Z and it is then clear that under the above isometry the system
of imprimitivity <Ϊ7® W, /(x) P) is transformed into the system <F',
Mf) given by

(V'(g)f)(t, φ) = X9(φ

and

(M'(h)f)(t, Ψ) = Hφ)f(t9 φ) ,

g,teG,φeZ,he L°°{Z) and / e L\G x Z, dg x da). For / e JT(G x
Z) define (Rf)(g, φ) = fig, <P)^g{<pyι\ Rf is measurable on G x Z.
Since

\f(g,<P)\2\(Φ)da(φ)dg= \ \ \f(g,gφ)\2da(φ)dg

and k(g, φ) —f{g, gφ) lies in j%~{G x Z), Rf is square-integrable. Rou-
tine calculations verify that R extends from ^Γ(G x Z) to an isometry
of έ%fa, the Hubert space of La, onto L2(G x Z, dg x da) which
transforms the system of imprimitivity given by

{V(g)f){t, φ) = f{g-% g-ιΨ) and (M(h)f)(t, Ψ) - h(φ)f(t, φ) ,

t, g e G, φ e Z, h e L~(Z) and / e ST(G x Z) into <F ;, Λf >. To check
that V transforms into V requires use of the identity

\.t(<P) = \(<P)Ms~~1(P) a.e. (da)

for each s,teG. As < V, M) is precisely the system of imprimitivity
on £ίfa determined by δe x da (see formulas 4.4 and 4.6 of [6]) and
as < V, M) generates exactly the same W*-algebra as the corresponding
representation La of %S(G, Z), we are done.

Now let j^f denote the ΫF*-algebra generated by the representation



THE TYPE OF SOME C* AND TF*-ALGEBRAS 99

La. Henceforth, we assume that oc is concentrated on a G-invariant
Borel set in Z all of whose points have the same isotropy group H,
which is a priori normal in G. The more general case in which it is
assumed merely that all isotropy subgroups are conjugate can be
reduced to the above case [1, Chapter II, §2]. If π is a representation
of H, we denote by g π the representation {g π){h) — π(g~xhg). We
shall obtain a direct integral decomposition of j y and then use the
following lemma to prove that, under additional hypotheses on H,
has no type I component if a is nontransitive. We denote by [^,
the ΫF*-algebra generated by operator algebras & and ^ , by
the commutant of & and by 3f& the center & n &' of &.

LEMMA 4.2. Let & be a W*-algebra on a Hubert space £ίf and
^ a commutative subalgebra of &?'. If £3 has a type I component
then so does &> =

Proof. We use the notation of [4, Chapter I, §2, n°l] for induced
and reduced algebras. & has a type I component if and only if there
is a nonzero projection F in %έ%? and an abelian projection Έ in <3£F

whose central support is the identity (relative to έ%?F on the Hubert
space FS(f) [4, Chapter II, §8, n°l, Corollary 1 and n°2, Theorem 1].
We shall show that the projections F and E satisfy the same pro-
perties for & a s they do for ^ . Since % & = & Π ( ^ Π ^f) S
2$ ΓΊ O^7' ΓΊ &') = ̂ ^ , F e %*&. ^F is clearly a commutative algebra
commuting with ^F and by [4> Chapter I, §2 n°l. Proposition 1], &F

is generated by ^F and ^F, and {^F)E is generated by elements of the
form EBCE, B e &F and C e ^S This is because products of the
form BC, B e &F, C e ^F, form a generating subset of &rF closed under
involution and multiplication. That (£2fF)E is abelian follows easily
now from the hypothesis that {^F)E is abelian and from the fact that
E lies in &F and thus commutes with <ĝ  Since E e &F S ^ > , E
clearly has central support equal to the identity with respect to the
larger algebra £&F, and we are done.

THEOREM 4.3. Let a be a nontransitive ergodic quasi-invariant
probability measure on Z, and assume that almost all (da) points of
Z have the same isotropy subgroup H. If the left regular representation

T of H can be decomposed as a direct integral T — 1 TrdΎ of irre-

ducibles Tr on S^r, so that a.e. (d7),g Tr is unitarily equivalent to
Tr for all g eG, then j y has no type I component.

Proof. We note first that the hypotheses on T are certainly
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satisfied if H is central in G. In any case, since H is normal in G,
ΔG \H = dH and δβ x dae D(G x Z) is induced from the measure δe x da e
D(H x Z) (see formula (2.2)). Thus La is induced from the representa-
tion Ra of ^{H, Z) determined by δe x da in D(H x Z). By applying
Lemma 4.1 to Ra one obtains a unitary equivalence between Ra and πa —
<T(g)7,/(g)Q> on L2(H)(g)L2(Z,da), where Q is the natural projec-
tion-valued measure from Z to L2(Z, da). As i ϊ leaves almost all (da)
points of Z fixed, each <Γr ® 7, Z(g) Q> is a system of imprimitivity,
based on (H, Z) and acting on £$fτ ® L2(Z, eta). Denoting by σr the
corresponding representation of ^ ( i ί , Z) and by ind σr the induced
representation of ^ ( G , Z), we have by Lemma 2.4 and its proof a

unitary equivalence Lα = I ind σrdΎ. If sf had a type / component so

would [J^, L°°(Γ, dΊ)\ by Lemma 4.2, and therefore [4, Chapter II, §3,
Exercise 1] so would the representations ind σr for 7 in a set of
positive measure on Γ. We shall use Lemma 4.2 of [5] to verify that
in fact ind σr is a.e. (dΎ) a nontype I factor representation, and the
theorem will be proven. Q has a natural direct integral decomposition

Q(h) = [ Qφ(h)da(φ), where Qψ(h) is multiplication by h(φ) on C, he

L°°(Z). Fix 7GΓ. The system of imprimitivity (Tr (x) I, I ® Q*>> o r

simply <Tr, ζ^>, on £tfy (g) C = ^ ^ r determines a representation τ*7 of

^(H.Z) and again by Lemma 2.4, indσ5' ^ I indr^^(^). It follows
JZ

from Theorem 2.1 of [9] and the discussion preceding that theorem
that each ind zψ is an irreducible representation of ^ ( G , Z), since Tr

is an irreducible representation of H, and furthemore that ind τφ is
unitarily equivalent to indr? if and only if φ = g η and Tr ^ g Tr

for some geG. lΐ g Tr ^ Tr for all g e G, ind τ^ s ind τ? if and only
if 9 and 27 lie in the same G-orbit. a is thus ergodic with respect
to the relation of unitary equivalence among the components ind τφ

of ind σr, and by Lemma 4.2 of [5] ind σr is a nontype / factor
representation. By hypothesis, this is true a.e. (c£τ) and we are done.

5* On the type of Sf (continued). We derive necessary and
sufficient conditions for Szf to be semi-finite, under the assumption of
a common isotropy group H which is type I and unimodular. Our
proof is modelled on Dixmier's in [3, §§10-12], where the case of free
action is considered. As there, we assume that the Radon-Nikodym de-
rivative d(g a)/da = Xg( ), considered as a function on G x Z, is conti-
nuous and strictly positive. With no loss of generality, we also assume
that support a — Z. We start with the realization of s$f as the PΓ*-
algebra on U(G x Z, dg x da) generated by {V(g)9 M(h):geG, he
L~{Z)}, where
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(5 1) <yto)fVt, 9) = \.(<P)ιtιf(iΓ% 1ΓI<P) and

(M(h)f)(t, Ψ) = Hφ)f(t, φ), fe L\G xZ,dgx da) .

(See the proof of Lemma 4.1, where V and M are denoted by V and
M.)

For fe3T{G x Z), define

(5 2) / ( ^ ? Ψ) = ^rXiψyfig, P) and

Also, let < TΓ, iV> be the system of imprimitivity on U{G x Z, dg x
da) given by

(5 3) (WWX*, Ψ) = Wfitg, Ψ) and

(N(h)f)(t, 9) - h(t~W(t, φ) .

Our definitions differ from Dixmier's due essentially to our preference
for left action of G on Z. Denote by L and R the representations
of ^ ( G , Z) corresponding, respectively, to {V, M) and (W, N).

LEMMA 5.4. SΓ(G x Z), with fj and fs as in (5.2), convolution
as multiplication and inner product as in If(G x Z,dg x da), is a
quasi-unitary algebra with underlying Hilbert space L2(G x Z,dg x
da). Its left algebra &ι is J^ and its right algebra &r — (&ι)r

is the algebra generated by (W, N).

Proof. That the conditions on [3, p. 277] are satisfied can be
verified as in [3, Proposition 9] and we omit the computations. For
/ 6 3Γiβ x Z), denote by πι(f) and π r(/), respectively, the bounded
operators on L2(G x Zydg x da) of left and right convolution by / .
&ι and &r are, respectively, the W^-algebras generated by all πι(f),
π r(/), fe<5Γ(G x Z) (see [3, p. 278]). The remainder of the lemma
follows by use of (2.1) to verify that L(f) = π'(/ λ1/2) and R(f) =
πr(/8.λ"1/2) for all fe 3T(G x Z).

We denote by J the positive self-adjoint extension of / —• fj, by
S the isometric extension of /-~*/ 8 [3, p. 278], by P\Pr) the set of
operators in &ι{&r) commuting with J, and by Qι(Qr) the operators
in &\&r) commuting with all of P\Pr). Theorem 2 of [3] and
Theorem 1 of [17] yield the following: &ι is semi-finite if and only
if there exist (unbounded) positive invertible self-adjoint operators
A and A! belonging to &ι and ̂ P , respectively, so that Af = SAS
and J is the minimal closed extension of A{A')~ι, and if this is the
case, then A and A' belong to Qι and Qr, respectively, and Qι g Pι,
Qr S P r . As in [3], we derive necessary and sufficient conditions for
A< A! as above to exist in terms of the action of G on some measure
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space (B, db) by investigating how A and A! correspond to the operators
of multiplication by certain elements of L°°(B, db). In the case of
a nontrivial isotropy subgroup H, this necessitates an examination of
various direct integral decompositions. We assume familiarity with
the notation and results of [4, Chapter II, §§l-3] If π is a represen-
tation of a group K, we denote by π(K) the T^Γ*-algebra generated by
{π(k):keK}.

L2(G x Z,dg x da) is naturally isometric with the direct integral
over (Z, da) of the constant field of Hubert spaces φ —> Sif(φ) = L\G),
with the algebra M corresponding naturally to the algebra of diago-
nalizable operators. Denote by ^f the algebra on L2(G x Z,dg x da)
generated by multiplication by bounded Borel functions on G x Z and
by Sfx the subalgebra generated by the bounded Borel functions
on G/H x Z, considered as functions on G x Z. Let V and W
denote, Respectively, the left and right regular representations of G on
U(G)((W(g)f)(t) = Δ(g)^f(tg)), and M(G)(M(G/H)) the algebra on U(G)
generated by multiplication by bounded Borel functions on G(G/H).
Then clearly (see (5.1) and (5.3)) the TF*-algebras Sf, j ^ , \£f, V(H)\,
[£f, % V(H)] and [M, % V(H)] are all the direct integrals, respectively,
of the constant fields of IP-algebras φ -> M(G), M(G/H), [M(G), V(H)\,
[M(G),arV(H)] and %?V(H) on U(G). Also, each operator W(g)
decomposes as I W{g)da{φ).

LEMMA 5.5. If H is unimodular, then Qι g [M, %V(H)\.

Proof. It follows from (5.1) and (5.2) that M£ Pι and that V(H) £
Pι for H unimodular. If A e Qι £ &ι = {&r)'> then A e [ W(G), NY
by Lemma 5.4, and A e [M, V{H)\ by the preceding remark. By
modifying the proof of [3, Lemme 26] so that instead of dealing with
compact subsets K9 K' of G one deals with subsets of the form KH,
KΉ, K and K' compact, it follows that [M, N] - &> n V(H)' = £f[.
As (^ n V{H)ry = [jgf', V(H)] = [£f, V(H)] we have A e [M, NY =

[ ^ V(H)]. Thus A - \ A(φ)da(φ), A(φ) e [M(G), V(H)] a.e. (da), and
we must show A(φ) e %* V(H) a.e. (da). From the fact that A e VW)'
it follows that A(?>) e V(H)r a.e. (dα), and from the fact that A e
(W(G)Y n J^ϊ' it follows that A(φ) e (W(G))' n (M(G/H))' a.e. (cto). By
a commutation theorem of Takesaki [19, Theorem 3] the latter algebra
is exactly V(H) (note that the left and right coset spaces G/H, H\G
are identical) and we are done.

We now decompose L\G) explicitly with respect to the abelian
TF*-algebra STV(H). Choose left Haar measure dh and dg on H and

G/H, respectively, so that [ f(g)dg = \ [ f(gh)dhdg, for all / e
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Let σ denote a Borel cross-section from G/H to G with
a(e) = e, and let η(g) = σig^g, so that every g e G may be written
uniquely g = σ(g)τ](g), η(g) e H. Define <%) by

, fe^Γ(H) ,

and denote by £7̂  the isometry of L2(H) into itself given by (Ugf)(h) —
θ(g)hZf(g~'1hg). Let V be the left regular representation of H on L2(iϊ)

and \n(i)Rrdy its canonical central decomposition. (G, iϊ) is a Borel
in

transformation group [18, Theorem 2.4].

LEMMA 5.6. L2(G) is isometric with the direct integral over (G/H,
dg) of the constant field of Hilbert spaces g—>L2(H). The operator
Uimplementing the isometry is (Uf)(g, h) = f(o(g)h), f eL2(G). For
/ 6 L2{GIH, dg, L2(H)), (U"V)(g) = /{g, η(g)). Furthermore,

-ι = \ (σ(g) V)(h)dg

and {o{g) V){h) = U^li)V{h)Uσ{g)y so that 3?V(H) is transformed by
U into

UGlH

% V(H) is invariant under A —> U~lg-}A Uσ{g}, and if Ae % V(H) corres-
ponds to f e L°°(H, dy), U^AUa^ corresponds to the function g~ι f,
given by (g~ι-f){Ί) =

Proof. All of the statements except the last are either standard
results or can be verified easily by direct computation. We note that
/ e L2(G/H, dg, L2(H)) can indeed be considered as a jointly measurable
function on (G/H x H, dg x dh) by [11, Lemma 3.1]. For the last
statement of the lemma see, for example, [1, Introduction, Proposition
10.2].

REMARK 1. The automorphisms A —> U~lf}A Uσlg) of % V(H) into
itself define an action of G/H on 3TV(H), for if heH, Uh is the
product of a left and a right translation by elements of H and thus
commutes with ^V(H) [3, Theoreme 1]. Thus G/H is an auto-
morphism group on (H, dΎ), as indeed it is on (Z, da), but we shall
continue to regard G as the group acting on these spaces. Since H
acts trivially and is unimodular, however, the following equalities,
which we shall use shortly, hold: σ(g)φ = gφ, Δ(σ(g)) = Δ(g), Xa-g) = λ̂
and θ(σ(g)) = θ(g), geG,φeZ.
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REMARK 2. We shall use Lemma 3.1 of [11], without further
explicit mention, to identify L2(X, dx, L2(Y, dy)) with L2(X x Y, dx x
dy) and the space of essentially bounded measurable functions from
(X, dx) to L~(Γ, dy) with L°°(X xY,dx x dy), where (X, dx) and (Γ,
%) are each one of the spaces (Z, da)y (G/H, dg) or (H, dy).

By Lemma 5.6 and the discussion preceding Lemma 5.5, an operator
A e [M, % V(H)] corresponds, after direct integral decomposition of
L2(G x Z,dg x da) over (Z, da) and (G/H, dg), to

UσiJ)dgda(<P) , A(Ψ) e

But after decomposition over (H, dy), A(φ) corresponds to multiplication
by fφ 6 L°°(H, dy) and U~l^A(φ) Uσ{^ corresponds to multiplication by
g~ι-f9. Regarding f(ψ, y) = fψ(y) as an element of L~(Z x H,da x
CZT), which may involve changing values of / on a (da x CZT) null set,
we have A corresponding to multiplication by m(φ, g, y) = f(φ, g i)
We now examine what SAS and J correspond to, and we shall obtain
our final result.

LEMMA 5.7. Let A and f be as above. After decomposing over
Z, G/H and H, SAS corresponds to multiplication by k(φ, g, 7) —
f(g~ιΦ, y) and J corresponds to multiplication by

S(φ, g, y) = Δ(g)-ιfi\g(φy» .

Proof. The result for J follows directly from (5.2). Let ϋΊ be
the isometry implementing the decomposition over Z and G/H. For
r e L\Z x G, da x dg), (Ujr)(φ, g, h) = r{φ, σ(g)h), and for r e U(Z x
G/H, da x dg, L2(H)), (Uτιr)(φ, g) - r(φ, g, V(g)). U.AUT1 is given by
(*). We shall compute UβUϊ1 and then

(**) U^SASWr1 = (U^UT^iU^UT'XU.SUT1) .

Although the computation of ϋΊSϋf1 and other operators by pointwise
evaluation yields (pointwise) formulas valid only a.e., these formulas
still uniquely determine the element of L°°(Z x G/H x H, da x dg x
dy) to which SAS corresponds. Thus we may for simplicity ignore
a.e. considerations. For reL2(Zx G/H, da x dg, L2(H)), it can be
verified directly that

, g, h) = A(gΓ^Xg(φγ>2Ψ{g^φ, g

Now

g~\
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Defining Φ(g) = aQgΓ^aig)"1 and an operator S on L\H) by (Sa)(h) =
1), one can compute directly from the above formulae that

as elements of L2(H), and again by direct computation and (**) it
follows that

(UιSASϋτ1r)(<P, g)

% 9 , g)) .

It is clear that SS = I on L2(H)9 and therefore the operator on L*(JBΓ)
given by the right-hand side of the above equation equals the product
T,T2TZ9 where

T2 = SAig-tyS and

Now A{g-ιφ)e%rV{H) and thus SA{g~ιφ)S = A*(£Γ» 6 ^ F ( i ί ) by
[3, Corollaire, p. 283]. By a tedious but straightforward computation,
one checks that 2\ = FίΦ^""1)) and thus

But TiΓs equals the identity (again a straightforward computation)
and we have finally that

, g) - A*(rι9)(r(<p, g)) .

Thus SAS corresponds to k(<ρ, g, 7) = f{g~ιΨ, 7) and we are done.

THEOREM 5.8. Ssf is semi-finite if and only if there exists a
positive measurable function ψ on (Z x H, da x di) such that

= Δ((Γ1)\(φ) a.e. (dgxdaxdy) on G x Zx H.

Proof. See [3, Theoreme 7 and Proposition 12] for the proof.
Also see [3, Remarque 1, p. 318] for a slight strengthening of the
theorem and [3, Remarque 2, p. 319] for the measure-theoretic signif-
icance of the hypothesis on ψ.

REFERENCES

1. L. Auslander and C. C. Moore, Unitary representations of solvable Lie groups, Mem.
Amer. Math. Soc, No. 62 (1966).



106 ELLIOT C. GOOTMAN

2. R. J. Blattner, Positive definite measures, Proc. Amer. Math. Soc, 14 (1963), 423-428.

3. J. Dixmier, Algebres quasi-unitaires, Comment. Math. Helv., 26 (1952), 275-322.

4. 1 Les algebres d'operateurs dans Γespace hilbertien (Algebres de von Neumann),

Cahiers Scientifiques, fasc. XXV, Gauthier-Villars, Paris, 1957.

5. E. EfΓros, Transformation groups and C*-algebras, Ann. of Math., (2) 8 1 (1965),

38-55.

6. E. Effros and F. Hahn, Locally compact transformation groups and C*-algebras,

Mem. Amer. Math. Soc, No. 75 (1967).

7. J. M. G. Fell, A Hausdorff topology for the closed subsets of a locally compact

non-Hausdorff space, Proc. Amer. Math. Soc, 13 (1962), 472-476.

8. , Weak containment and induced representations of groups. II, Trans. Amer.

Math. Soc, 110 (1964), 424-447.

9. J. Glimm, Families of induced representations, Pacific J. Math., 12 (1962), 885-911.

10. R. R. Kallman, A problem of Gelfand on rings of operators and dynamical systems,

Canad. J. Math., 22 (1970), 514-517.

11. G. W. Mackey, A theorem of Stone and von Neumann, Duke Math. J., 16 (1949),

313-326.

12. , Induced representations of locally compact groups. I, Ann. of Math.,

(2) 55 (1952), 101-139.

13. f Unitary representations of group extensions. I, Acta Math., 99 (1958),

265-311.

14. F. J. Murray and J. von Neumann, On rings of operators, Ann. of Math., (2) 37

(1936), 116-229.

15. f On rings of operators. IV, Ann. of Math., (2) 44 (1943), 716-808.

16. J. von Neumann, On rings of operators. Ill, Ann. of Math., (2) 4 1 (1940), 94-161.

17. L. Pukanszky, On the theory of quasi-unitary algebras, Acta Sci. Math. (Szeged),

16 (1955), 103-121.

18. M. Takesaki, Covariant representations of C*-algebras and their locally compact

automorphism groups, Acta Math., 119 (1967), 273-303.

19. f A generalized commutation theorem for the regular representation, Bull.

Soc. Math. France, 97 (1969), 289-297.

Received June 26, 1972.

UNIVERSITY OF GEORGIA



PACIFIC JOURNAL OF MATHEMATICS
Vol. 48, No. 1, 1973

ANGULAR LIMITS OF LOCALLY FINITELY
VALENT HOLOMORPHIC FUNCTIONS

DAVID C. HADDAD

A function / defined in a domain D is n-valent in D if
f(z) — w0 has at most n zeros in D for each complex number
w0. The purpose of this paper is to show that a sufficient
condition for a holomorphic function / i n \z \ < 1 to have
angular limits almost everywhere on \z \ — 1 is that there
exist a positive integer n and a positive number r0 such that
/ is w-valent in each component of the set {z: \ f(z) \ > r0}.

We have previously shown that the same conditions on / imply-
that / is a quasi-normal function of order at most n — 1 [3, Theorem
2], and / has angular limits at a dense subset of \z\ = 1 [3, Corollary
1]. Note that the bound n on the valence of / is the same for each
component of {z: \f(z)\ > r0}. This uniformity on n is essential to the
conclusion that / has angular limits almost everywhere on \z\ = 1;
for we have shown in the example in [2] that if the uniformity is
dropped, then / need not even have asymptotic values at a dense
subset of \z\ = 1.

If w — f(z) is a nonconstant, holomorphic function in \z\ < 1, we
denote by F the Riemann surface of / - 1 (as a covering surface over
the w-plane). If S is a subset of \z\ = 1, then m(S) denotes the
Lebesgue measure of S.

A Jordan arc T = {z = h(t): 0 < t < 1} lying in a domain D is a
crosscut of D if h(t) ~-+zoedD as t j 0, h(t) —• ^ e 3J9 as t | 1, and
20 =£ 2i. If 20 = Zi> then T is a loopcut of D.

If a holomorphic function / in | z \ < 1 is w-valent in a component
D(r) of the set {z: \f(z)\ > r} then the connectivity of D(r) is as most
n + 1 [3, Lemma 3]. We denote by D*(r) the simply connected domain
obtained by adding to D(r) those (at most n) components of {z: | f(z) \ ̂  r}
that punch holes in D{r).

LEMMA 1. Let f be a nonconstant, holomorphic function in \ z \ < 1
that is n-valent in each component of the set {z: \ f(z) \ > r0}. For each
r > r0, let {Dk(r)} denote the at most countable collection of components
of {z \f(z)\ > r}. Then there exists a countable subset E of (r0, oo)
such that dD*(r) is a Jordan curve for all k and all re (r0, oo) — E.

Proof. Define a set R = {r: r > r0, and F has no branch points
lying over the circle \w\ — r}. Then the set (r0, oo) — R is at most
countable. If reR, then for each k, dD*(r) Π {\z\ < 1} consists of at
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most countably many crosscuts and loopcuts T) of \z\<l by [2,
Corollary 1].

We show that if for a fixed k there are infinitely many curves
T! , then their diameters tend to zero as j ^ w , If the diameters
did not tend to zero, then the sequence {T1-} would have an accumula-
tion continuum in \z\ ̂  1. Since / is a nonconstant, holomorphic
function, {T)} cannot have an accumulation continuum in \z\ < 1. By
[2, Theorem 3], / has asymptotic values at a dense subset of \z\ = 1,
and hence, by a theorem of MacLane [4, Theorem 1], the sequence
{Tj} of level curves cannot have an arc of | z | = 1 for an accumulation
continuum. Hence, the diameters of the curves T] tend to zero as
j-+ oo.

We still must show that there exists a countable subset E of
(r0, oo) such that dDt{r) has no double points for all k and all r e
(r0, oo) — E. Suppose to the contrary that S is an uncountable subset
of R and that for each reS there exists a component D{τ) of the set
lz: 1/(2)1 > ro} such that dD*(r) has double points. This implies that
for each r e S , 3D*(r) contains a loopcut Tr, since the curves comprising
D*(r) Π {\z\ < 1} are Jordan arcs for all reR. The domain D*(r)
cannot be interior to a loopcut; for if it were, / would be unbounded
in D*(r) by the extended maximum principle, and, consequently, the
loopcut would determine two distinct asymptotic tracts ending at one
point contradicting [2, Theorem 2], (See [4] or [2] for the definition
of an asymptotic tract.) Let Gr denote the domain interior to the
loopcut Tr. The uncountable collection of open sets Gr must contain
a pair that intersect, say Gq and Gs where q < s. Since the loopcuts
Tg and Ts cannot intersect inside \z\<ly then GqczGs, and Tq and
Ts end at the same point of \z\ — 1. By [2, Corollary 1], Tq and Ts

determine at least two (since q Φ s) asymptotic tracts ending at one
point contradicting [2, Theorem 2]. Thus, there must exist a countable
subset E of (r, oo) such that dDl{τ) is a Jordan curve for all k and
all r 6 (r0, oo) — E.

LEMMA 2. Let f be a nonconstant, holomorphic function in \z\ < 1

that is n-valent in each component of {z: \f(z)\ > r0}. If rι> τQ and

D(rj) is a component of {z:\f(z)\ > r j , then f has angular limits

almost everywhere on E(rλ) — D{r^) Π {\z\ — 1}.

Proof. We assume m(E(r^)) > 0, for, otherwise, there is nothing
to prove. For r < r19 we denote by D{r) the component of {z: \ f(z) | >
r] containing D{r^ and we write E(r) — D(r) Π {\z\ — 1}. We first
show that there exists s e (r0, n) such that dD*(s) is a rectifiable
Jordan curve.

By Lemma 1, the set R = {r e (r0, r j such that î 7 has no branch
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points over \w\ — r and dD*(r) is a Jordan curve} is the whole interval
(r0, rx) minus possibly a set of measure zero. Let C(r) = 3D(r) Π (M <
1}, and let Γ be the family {C(r): r e iϋ}. By passing to the Riemann
surface F, it is not hard to show that the extremal length of the
family Γ is bounded by 2nπ log rjro, and this implies dD(r) is rectiίiable
for infinitely many values reR (for example, see [2, Theorem 1]).
Thus, we can choose s e (r0, r j such that 3D*(s) is a rectiίiable Jordan
curve.

By the Riemann mapping theorem and Caratheodory's theorem on
boundary correspondence there exists a homeomorphism g of D*(s) onto
| ζ | ^ 1 that is a conformal mapping of D*(s) onto | ζ | < 1. Since the
connectivity of D(s) is finite, | / ( ^ ( Q ) | > s in some annulus t < | ζ | < 1.
Hence, / o ^ " 1 has angular limits almost everywhere on | ζ | = 1 by a
simple extension of theorems of Fatou [1, p. 19] and F and M. Riesz
[1, p. 22] on angular limits. Since dD*(s) is a rectifiable Jordan curve,
g~ι maps a set of measure zero on | ζ | = 1 onto a set of measure zero
on 3D*(s) by a theorem of F. and M. Riesz [1, p. 50]. Thus / has
asymptotic values almost everywhere on E(s) and hence angular limits
almost everywhere on E(s) by [3, Theorem 3]. This completes the
proof of the lemma since E(s) Z) E(r^).

LEMMA 3. Let {I3) be a sequence of mutually disjoint open arcs
on \z\ = 1, and let C— \J3I3. Let f be a continuous function on
{\z\ < 1} U C that is holomorphic in \z\ < 1. Let \f(z)\ = r0 for ze
C, i/(0)| > r0, and the set D — {z: \z\ < 1, \f(z)\ > r0} be a connected
set whose boundary contains the circle \z\ = 1. If f is n-valent in
D, then | / (0) | ^ r o exp [2π4n/m(C)2].

Proof. Let 7(r) be the level set {z: \ f(z) \ = r}. The proof consists
of finding bounds on the extremal length X(Γ) of the family Γ —
{τ(r): r0 < r < | /(0) | , and F has no branch points lying over \w\ — r}.
By passing to the Riemann surface F, it can be shown that X(Γ) ^
2ττ^/log I/(0) |/r0 (for example, see [2, Theorem 1]).

By our hypotheses on / , each arc I3 must be separated from
the point z — 0 by a level curve of {z:\ f(z) | = r} for each r in the
interval (r0, |/(0) |) . None of these curves can be relatively compact
curves encircling the point z — 0 by the maximum principle. Thus,
the Euclidean length of a level curve separating I3 from z — 0 is
bounded below by min (2, (2jπ)m(I3)). Hence, the Euclidean length of
each 7(r)eΓ is bounded below by (l/π)rn(C). By considering the
linear density p(z) defined to be 1 on D and 0 elsewhere, we can
easily obtain the inequality X(Γ) ̂  (l/π3)m(C)2. Combining the two
bounds on λ(Γ) we have |/(0)( < r o exp [2π4n/m(C)2], which completes
the proof of the lemma.
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A point eid is a Plessner point for a function / defined in \z\ <
1 if for every Stolz angle S at eiΘ, the cluster set of / at eiθ with
respect to the domain S is total.

THEOREM. A sufficient condition for a holomorphic function f
in I z I < 1 to have finite angular limits almost everywhere on \ z \ = 1
is that there exist a positive number r0 and a positive integer n such
that f is n-valent in each component of the set {z: \f(z)\ > r0}.

Proof. Suppose to the contrary that the set of points of \z\ — 1
at which / does not have finite angular limits has positive measure.
Then, by a theorem of Plessner [1, p. 147] and a theorem of Priwalow
[1, p. 146], / must be a nonconstant function whose set of Plessner
points P has positive measure.

For each r > 0, let {D3 (r)} denote the at most countable collection
of components of the set {z: \f(z)\ > r}. By Lemma 1, there exists
rx > r0 such that dDfir^ is a Jordan curve for each j and F has no
branch points over the circle \w\ — rx. Thus, dD*(r^) ΓΊ {|z| < 1} con-
sists of at most countably many level curves which are crosscuts of
\z\ < 1 . Write Dj = Dj(r1),Ej=ΉJf){\z\ = 1}, and E) = {\z\ = 1 } -

Ej. Since by Lemma 2, / has angular limits almost everywhere on
\JjEj, we can assume Pa f)3 Ej. Let cΰj be the harmonic measure
in D* of the set 3D* ΓΊ {\z\ < 1}. We need the following lemma whose
proof we postpone.

LEMMA 4. There exists a harmonic function v in \ z | < 1 having
angular limit 0 almost everywhere on Πi E]> and ωj(z) sέ 1 — v(z) for
zeDf(j = 1,2, . . . ) •

Thus, there exists a point zQ e P at which v has angular limit 0.
Then, by the definition of P, there exists a sequence {zk} of points
lying inside a Stolz angle at z0 and converging to z0 such that | f{zk) \ >
r1 for each k and f(zk) -^ooasί ;~>oo, At most finitely many zk can
lie in the same component Dό since zQePa Πi-E'i Hence, we can
assume (by taking subsequences if necessary) that z5 e Dά (j — 1, 2, •)
and Dj Π Dk = φ for j Φ k. By Lemma 4, o)ά(zQ) —> 1 as j —• co.

By the Riemann mapping theorem and Caratheodory's theorem on
boundary correspondence, there exists a homeomorphism gό of Df onto
I ζ I < 1 that is a holomorphic map of Df onto | ζ | < 1 sending Zj into
0. Applying Lemma 3 to the function hά — fog'1 and the set Cj =
gj(dDf D \z\ < 1) we have \hj(O)\ ^ n e x p [2τr4^/^(Ci)2] On the one
hand, hό(ϋ) = / f e ) —> oo as i - ^ ω , On the other hand, m(C3)—
2πωj(gj1(0)) = 2πωj(zj) -+2π as i —• oo, and this implies ^(0) -̂ >oo as
i —> co. Thus to complete the proof of the theorem, we need only
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prove Lemma 4.
Let uβ be the harmonic measure in | z \ < 1 of the set E'j9 and let

vk(z) = Σ*=i (1 ~ ^i(2)) Clearly, {%} is an increasing sequence of
nonnegative harmonic functions, and vk has angular limit 0 at each
point of the set ΠjU E'5. Since the set Df Π D* can contain at most
two points for j Φ q, each point eiθ lies in at most one of the sets
El9 E2, *- ,Ek for all but finitely many values of θ in the interval
[0, 2π). Hence, Tϊϊnβ_>βί* vk(z) ^ 1 (k = 1, 2, •) for all but finitely many
values θ e [0, 2ττ) It follows from the extended maximum principle
that vk(z) ^ 1 for | s | <£ l(fc = 1, 2, •••)• By Harnack's theorem, the
sequence {̂ } converges in \z\ < 1 to a bounded harmonic function
v(«). Let I = {θ: 0 ^ θ < 2π, eίθε Πi E'5, and v, ^ , v2, have angular
limits at eiθ). Then, writing v(eiθ) for the angular limit of v at eiθ>
we have

f v{eiθ)dθ = \ v(eiθ) - vk(eid)dθ

^ \2'ιv(eiθ) - vk{eiθ)dθ

Jo

- v(0) - vk(0) .

Thus, v has angular limit 0 at eiθ for almost all θ e I, since v(0) —
^A(O) —>0 as k-+oo. Since the set Π i ^ — {ew: 5 e i] has measure
zero by Fatou's theorem, v has angular limit 0 almost everywhere on
ΓiiE'j Clearly, v(z) ^ vά{z) ^ 1 - ufa) for all j and |«| < 1, and by
Carleman's principle of domain extension, ωό(z) ^ uά(z) for z e Df (j =
1,2, •••). This completes the proof of Lemma 4 and hence of the
theorem.

REMARK. The conclusion of the theorem raises the following
question. Are all functions that satisfy the hypotheses of the theorem
of bounded characteristic? This seems to be a difficult question to
answer. The best we can presently show is that T(r) = o(l/l — r),
where T is the Nevanlinna characteristic of / .
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ON QUASI-COMPLEMENTS

WILLIAM B. JOHNSON

Results of H. P. Rosenthal and the author on w*-basic
sequences are combined with known techniques and applied
to quasi-complementation problems in Banach spaces.

l Introduction* Recall that (closed, linear) subspaces Y, Z of
the Banach space X are quasi-complements (respectively complements)
provided Yd Z = {0} and Y + Z is dense in X (respectively, Y +
Z= X).

Suppose that Y, Z are quasi-complements, but not complements,
for the separable space X. We show that there exist closed subspaces
Yγ and Y2 of X with Yxd Yd Y2, dim Y/Y, = oo = dim Y2/Y, such
that Ylf Z are quasi-complements and Y2, Z are quasi-complements.
This generalizes a theorem of James [5], who proved the existence
of Yi for the case of general separable X and the existence of Y2

for separable, reflexive X. Our proof uses James' method (and w*-
basic sequences), but seems simpler than James' construction. Also,
our argument provides information for some nonseparable spaces.

We show also the following.

THEOREM 2. Suppose Y is a subspace of X and F* is weak*-
separable. If X/Y has a separable, infinite dimensional quotient space,
then Y is quasi-complemented in X.

Theorem 2 was discovered by J. Lindenstrauss and H. P. Rosenthal
[unpublished], both of whom apparently use an idea from [3]. Our
argument uses w*-basic sequences and RosenthaPs proof of Theorem
2 in the case where X/Y has a reflexive, infinite dimensional quotient
(cf. [12]).

The final result of the paper is that every subspace of a separable
conjugate space admits a weak*-closed quasi-complement which is
spanned by a boundedly complete w*-basic sequence.

The notation and terminology agree with [6]. In particular,
subspaces and quotients are assumed to be infinite dimensional and
complete. For AciX,AL is the annihilator of A in X*, while for
BaX*, Bτ is the annihilator of B in X and B is the weak*-closure
of B in X\

II. THE THEOREMS. We recall the definition of w*-basic sequence
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[6]: A sequence (yn) c X* is called w*-basic provided that there exists
(xn) c X biorthogonal to (yn) and, for each y in the weak*-elosure [#J
of the closed linear span [yn] of (yn), y = w*-\imn Σ?Σ?=i

In [6] it was proved that, when X is separable, if (yn) c X*,

2/» > 0> but liminf ||yΛ | | > 0, then (yn) contains a w*-basic subse-
quence. Let us note that the same result is true when X admits a
weakly compact fundamental set Indeed, in this case there exists by
[1] a norm one projection P on X with PX separable and (yn) c P*X*.
P*X* is isometric to (PX)* and the relative weak* topology on P*X*
from X* agrees with the weak* topology on P*X* considered as the
conjugate of PX. Therefore, the above mentioned result from [6]
applies to show that (yn) has a w*-basie subsequence.

First we prove the extension of James' theorem:

THEOREM 1. Suppose that Y, Z are quasi-complements, but not
complements, for X.

( a ) If Y has a weakly compact fundamental subset, then there
exists a subspace YΊ of Y with dim YjYι= °° and Yl9 Z are quasi-
complements*

(b) If Xj Y has a weakly compact fundamental subset (in par-
ticular, if X does), then there exists a subspace Y2 of X with Y2 z> Y,
dim Y2/Y — °°> and Y2, Z are quasi-complements.

Proof. Pick positive numbers (an) less than 1 so that aι + αLα2 +
axa2a3 + < oo. Let p be a bijection of N x N onto N (N is the
set of natural numbers) so that for each n and j, p(n, j) ^ j.

To prove (a), we use the fact that Y + Z is not closed to select
unit vectors (yn) in Y with d(yn, Z) = inf {\\yn + z\\: z e Z) —> 0. Since
7 Π ^ = {0}, 0 is the only possible weak cluster point of (yn), and
hence either yn > 0 or the weak closure of (yn) is not weakly com-
pact. Thus, by either [2] or [11], (yn) has a basic subsequence,
which we also denote by (yn).

Let (yS) be a bounded sequence of functional in Γ* biorthogonal
to (yn). Since Y admits a weakly compact fundamental set, the unit
ball of F* is weak* sequentially compact (cf. [1]), so we may assume,

by passing to a subsequence, that yt > y*. (y* — y*) converges w*
to 0 and is bounded away from zero, so it has a w*-basic subsequence.
Thus by passing to a subsequence of (yn, yt — y*), we have that there
exists a biorthogonal sequence (xn,xt) in Y with ||a?H|| = 1, (||a£||)
bounded, d(xn, Z) ^ n^a.a^ an, (xn) is basic, and (xt) is w*-basic.
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Let Y, = [{xf)τ U (aiXp{nti) - xp{n,i+i))Γ,n=i]- (The annihilator of (x?)
is of course taken in Y.) We claim that Yx Π [aw,n] = W To see
this, first note that wt — xp(nΛ) + αi#*u,2) + aλa2x^{n>z) + is absolutely
convergent, wϊ{xp{ntl)) = 1, while wS{xplnΛ)) — 0 when n Φ m. By
construction, Γx c (w*)Γ, and (w*)Γ Π [(a?P{»,i>)] = {0} because (α?p{Λ>1)) is
basic under some ordering and (αjp(Λfl),tί;*) is biorthogonal. Hence,
Yx n [xPinΛ)] = {0}, whence dim

We complete the proof by showing that Yx + Z is dense in X.
Now (a?*)Γ + [#%] is dense in Y because (α?ί) is w*-basic, so we need
show only that (xp{nΛ)) c Γi + Z But

^ί»(Λ,i) ttl (tolXpin,!) &p(n,2)) (^1^2) (^2^3>(»,2) ^p(w,3))

— — (aλa2 a3)"1{aάxp{ntό) — xP{n,j+1))

Since d(xp[ntί+1), Z) ̂  p(w, i + l ) " 1 ^ αp ( W f i + 1 ) ^ (i + l ) " 1 ^ ^ aj9

it follows that d(xp{n>1), Yx + Z) ̂  (i + I)""1. Since j is arbitrary, this
completes the proof of (a).

The proof of (b) is very similar to the above: Since Y, Z are

not complements, Y1 + Z1 is not closed in X*. Thus there exists

a sequence (y*) of unit vectors in Y1 with d(yϊ, Z1) —> O Of necessity,

Vt > O Now YL = {XjY)* in the canonical way, so (2/*) has a
^*-basic subsequence. Hence for an appropriate subsequence {x*) of
(yi)> we have that there exists a biorthogonal sequence (α?Λ, α?ί) in X
with (||a?Λ||) bounded, ||α?* || = 1, (α?*) c Γ 1 , (α?*) w*-basic, and d(a?*, Z 1 ) ^
n^a^βz αΛ.

We define Y2

λ to be the weak*-closure of [Y1 Π (a?*)1 U (<&*#?<»,{> —
^ίci+i))?,*^]. Since Γa1 c Γ 1 , we have y2iD Y. To show that dim YJ
Y — 00, it clearly suffices to prove that Y"/ Π [̂ *(%)1)] = {0}. But note
that yn Ξ xpintl) + ckOiXp^i) + <h<h<h^nΛ) + is absolutely convergent,
xt(»,i){Vn) = 1> while xpimtl){yn) — 0 when mΦ n. By construction,
(2/J1 => (α*«Jn,ί) - »ί(n,ί+i))?,<=i and {yn)

L 3 (α?n)
x, hence (2/J1 D Y"/. But

(I/*)"1 Π [$p(n(i)] = {0} because {xP{nΛ)) is w*-basic in some ordering and
{Vnj »?(»,D) is biorthogonal.

Since Y2

λ Γ\ Z1 cz Yλ Π Z1 = {0}, we have that Y2 + Z is dense
in X. To show that Y2C\ Z = {0}, we prove the equivalent fact that
Y2

L + Z1 is w* dense in X*. But Y1 Π (a?»)x + [α?ί] is w* dense in
F 1 because {x*) is t(;*-basic, so we need only show that each xplntl)

is in the closure of Y2

λ + Z. To see that this last statement is true,
write



116 WILLIAM B. JOHNSON

= (αxα2 α^^Jίn.i+D .

Since d(α£(n>y+1), Z) ^ p(w, i + 1)"%^ αp ( n, i + 1 ) ^ (i + l ) " 1 ^ aj9 we
have d(x*lnΛ), Y2

X + Z) ^ 0* + I)""1 for arbitrary j .

Next we prove the result of Lindenstrauss and Rosenthal.

Proof of Theorem 2. Since X/Y has a separable quotient, there
exists a biorthogonal sequence (xn,xZ) in X with (#£) c Y1, (x*) w*-
basic, and normalized so that ||α?n|| — 1. Since Y* is w*-separable, a
biorthogonalization argument (cf., e.g., [8] or [7]) shows that there
exists a biorthogonal sequence (yn, yZ) for Y with (yZ) c X*, Y" Π {yZY =
{0}, and normalized so that | | # ί | | — 1.

Define T: X-+X by Tx = Σ~=i 2—Vί(«)»«. Then || Γ| | ^ 1/2, so
1 + Γ is an isomorphism. Hence (I + T)* is a weak*-isomorphism on
X*, whence {xt + T*£j) is a w*-basic sequence w*-equivalent to (#*).

Computing Γ*x:, we have T*x*(x) = x*Tx = x* Σ ϊ = i 2-w-1τ/m(^)α;w =
2—12/*(α;); i.e., Γ*a?* - 2 — ^ .

We claim that (a ί + 2~%~1?/ί)r is a quasi-complement to Y. First
we show that Y1 f]]x[+ 2"*" ΐy*^= {0} (so that Γ + (aj* + 2—-tyί)1"
is dense). But if x* e~[xt + 2-*-^*], then, since (α* + 2-*-^*) is ^*-
equivalent to (α?*), we can write x* = <u;*-limί,_>00 Σ?=i <*A* + ΣΓ=i 2~i~1aiy*
for some sequence (<X;) of scalars. Thus for each n, x*{yn) = 2"w"1αΛ,
hence, since α;* e Y"1, α:w = 0.

We complete the proof by showing that YD (x£ + 2~n~~1yt)τ = {0}.
For suppose 2/ is in this intersection. Since yeY, xt{y) = 0 for each
w. Hence 2/ί(y) — 0 for each n, whence y e (yt)τ Π Y = {0}.

THEOREM 3. Suppose X* is separable and Y is a subspace of
X* with dim X*/Y= 00. T%ew there exists a weak*-closed subspace
Z of X* wΐ£/& Y, Z quasi-complements and Z — [zn] for some boundedly
complete, w*-basic sequence (zn).

Proof. Mackey [8] showed that Y has a quasi-complement, say,
W. Let (wnfwi) be a biorthogonal sequence in W with |[wn | | = 1
and [wn] = TΓ (cf. [9]). By Theorem III. 2 of [6], there exists a
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biorthogonal sequence (xn9 xt) in X with (x*) c Y, (x*) boundedly com-
plete and iί;*-basic, normalized so that \\xn\\ = 1.

Define T:X-+Xby Γa? = Σ ^ i Z " * " 1 ^ ^ ) ^ . Then || Γ| | ^ 1/2, so J + T
is an isomorphism and hence (I + ϊ 7 )* is a weak*-isomorphism. One
checks that T*#ί = 2~n~1wn, so that (x* + 2rn~ιwn) is a w*-basic
sequence w*-equivalent to (x*). Letting Z = [#* + 2"-w'~1wΛ], we have
by Proposition 1 of [6] that Z is weak*-closed.

Certainly Z+ Yz)(wn), soZ+Y^Y+W and thus is dense.
Suppose that zeZ ίΊ F. Then z — Σ?=i # n(#? + 2~w~1ww) for some scalars
(αn) because (x* + 2~~?ι-1wίl) is basic. Hence also Σ»=i α ^ ί converges,
whence z — Σ ; = 1 anxt = Σ?=i a«2"'n'"1wn is again in F. Certainly
ΣΓ=i 0ίn2r%~γwn is also in TF so that Σ?=i α:Λ2-Λ-1ίί;n = 0. Thus α:Λ2-ft-1 =
^ : ( Σ m = i ^ 2 - w - % J - 0, so that z = 0.

REMARK. Separability of X* in Theorem 3 is essential to get
that Z is weak*-closed. Indeed, regard m = If. Rosenthal [12]
showed that c0 is quasi-complemented in m. However, if Z is a quasi-
complement for c0 in m, then Z cannot be weak*-closed. For if Z
were w*-closed, then m/Z would be isomorphic to {ZτY But mjZ
is separable, hence reflexive (cf. [4]). Thus Zτ would be a reflexive
subspace of l19 a contradiction (cf., e.g., [10]).
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ON 2-TRANSITIVE COLLINEATION GROUPS
OF FINITE PROJECTIVE SPACES

WILLIAM M. KANTOR

In 1961, A. Wagner proposed the problem of determining
all the subgroups of PΓL(n> q) which are 2-transitive on the
points of the projective space PGin — l,q), where n ^ 3. The
only known groups with this property are: those containing
PSL^n, q), and subgroups of PSL(4, 2) isomorphic to A7. It
seems unlikely that there are others, Wagner proved that
this is the case when n ^ 5. In unpublished work, D. G.
Higman handled the cases n — 6, 7. We will inch up to n S
9. Our result is that nothing surprising happens. The same
is true if n = ra + 1 for a prime divisor r of q — 1.

One of Wagner's results is that it suffices to only consider
subgroups of PGL{n> q). Once this is done, it becomes simpler
to view the problem as one concerning linear groups: find all
those subgroups G of GL(n, q) which are 2-transitive on the
1-spaces of the underlying vector space V. Our approach is
based primarily on three facts. (1) Wagner showed that the
global stabilizer in G of any 3-space of V induces at least
SL(3, q) on that 3-space. (2) Unless G ̂  SL(n, q) or n = 4,
q = 2, and G ~ A7, no nontrivial element of G can fix every
1-space of some w-2-space of V. (3) G ̂  SL(n> q) if \G\ is
divisible by a prime which is a primitive divisor of qm — 1
for a suitable m ^ n — 2.

Wagner's results are in [10]. Higman's result, and the case n —
2α + 1 and q odd, are mentioned by Dembowski [1], p. 39. The result
mentioned above in (2) is an easy consequence of results of Wagner.
The idea used in (3) is due to Perin [8] and, independently, to G.
Hare and E. Shult.

I am indebted to G. Seitz for several helpful remarks.

2* Notation and preliminaries* As already mentioned, we will
be dealing with linear groups. Let V be an ^-dimensional vector
space over GF(q). We write GL{V) - GL(n, q) and SL(V) = SL(n, q).
It will be convenient to regard everything as taking place in the
relative holomorphic V GL(V). For any subgroups K, L of this semi-
direct product we can then consider the normalizer NL{K) and central-
izer CL(K). If L ̂  GL(V) and W is an L-invariant subspace of V,
we write Lw — L/CL(W) for the subgroup of GL(W) induced by L.
CL(V/W) and Lv]w are defined similarly. For any group G, as usual
Gf is its commutator subgroup, Z{G) its center, and Φ(G) its Frattini
subgroup.

119
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A group A is said to be involved in a group B if A ^ C/D with
B ^ C > D.

(2.1) If JB ̂  G L ( F ) has prime power order and (\R\, q) = 1, then

F = CV(R) 0 [ F , Λ], where [V, R] = (v - vr\v e V, r e R} is NGMV)(R)-

invariant.

Proo/. [3], p. 177.

(2.2) Let R ^ GL(F) have prime power order with (\R\, q) = l
Let IF be an iϋ-invariant subspace. Then dim CV(R) = dim CW{R) +
dim CF/Tί (i?).

Proo/. [3], p. 187, or (2.1).

Both (2.1) and (2.2) will be used frequently, generally without
reference.

A primitive divisor of qk — 1 is a prime r satisfying r\qk — 1 but
r \ qι — 1 for 1 ^ i < k; clearly ft \ r — 1.

(2.3) (i) If q is a prime power and ft ^ 2, then gfc — 1 has a primi-
tive divisor unless k = 6, q — 2, or ft = 2 and q is a Mersenne prime.

(ii) Let r be a primitive divisor of ĝ  — 1, and let R be an r-
subgroup of GL(V) for a GF(g)-space F. If CV(R) = 0, then ft divides
dim F.

Proo/. (i) [12].
(ii) This is clear if \R\ ^ r. Let |i2| > r, and let R, ^ Z(i2)

have order r. Then F = P F 0 [ F , i?J, where W= Cv(Rι) is i?-invariant
and CW(R) = 0. By induction, ft divides dim W and dim [F, i?J.

(2.4) Suppose dim F = ocm, r is a primitive divisor of #m — 1, and
R ^ GL(F) is an r-group such that CV{R) = 0. Then:

(i) Each noncyclic composition factor of N = NGMV)(R) is involved
in PSL(a, qm); and

(ii) If R is abelian, each noncyclic composition factor of N/Cy(R)
is involved in the symmetric group Sa.

Proof. Write F = Wλ φ © T^, with each Wi a sum of .#-
isomorphic irreducible i2-spaces and no two W4 having isomorphic
irreducible i2-subspaces. Set R{ = CR(W%). Then Z{RjR^) is cyclic
and nontrivial; let Z{ be its subgroup of order r. By (2.3 ii), dim W{ —
mβi for some e{. Consequently, β ^ a and β̂  ̂  a.

N permutes the W{. Let K be the kernel of this permutation
representation. Then N/K is involved in Sβ g Sa, and hence in
GL(a, q»).
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Set Ki = NGL{Wi)(Zi). Then K is contained in Kγ x x Kβ.
Moreover, K{ is contained in ΓL(eiy qm). This proves (i).

Now assume that R is abelian. Then R/R{ is a cyclic group
normalized by K. Since Π Ri — 1, it follows that K/CK(R) is abelian.
Since JV/-BΓ is involved in Sα this proves (ii).

(2.5) Let q be odd, and let H ̂  GL(V). Suppose that H\> A Φ 1,
where A is an elementary abelian 2-group. Set

m = min{\H:NH(B)\\B< A, \A:B\ = 2} .

Then m ^ dim F

Proof. (G. Seitz.) Let V be an ϋf-irreducible section of V on
which A acts nontrivially. Let H and A be the groups induced by
H and A. Then A Φ 1, and the corresponding in ̂  m. We may
thus assume that F = F is ZZ-irreducible. By Clifford's Theorem
([3], p. 70), F = Fi 0 0 Vt with the Vi direct sums of A-isomor-
phic irreducible A-spaces, no two Vi having a common irreducible con-
stituent. Here A induces a group of order 2 on each Vi9 while H is
transitive on {Vl9 •••, FJ. Thus, {C^(Fi)|ΐ = 1, , t) is an orbit of
H of subgroups of A of index 2. Consequently, t ^ m, so dim F Ξ> m.

(2.6) Let L be a finite group and i ί <] L with L/^ simple.
Suppose L has no proper subgroup Lo for which Lo/I/O Π K ^ L/iΓ.
Then:

(i) K is nilpotent; and
(ii) Each proper normal subgroup of L is contained in K.

Proof, (i) Let S be a Sylow subgroup of if. By the Frattini
argument, L = KNL(S), so our conditions on L imply that L = NL(S).

(ii) Let M ^ L and ΛΓ ̂  if. Since 1 Φ MK/K^L/K, MK = Z,
and hence M — L.

(2.7) Let d > e ̂  2 and t ^ 1. Then PSL(d, g) is not involved
in PSL(e, ql).

Proof. If p is the prime dividing g, then p-Sylow subgroups of
PSL(d, q) and PSL(e, qι) have nilpotence class ri! — 1 and e — 1, re-
spectively.

We now come to our main technical lemma.

(2.8) Let q — pe, where p is a prime, and m — dim F. Suppose
either m = 3, 4, or 5, or m = 6 and p = 2. Let L^GL(V) and H,K<\L,
where J ϊ ^ JSΓ, L/K^PSL(3, q), and L/H^PSL(3, q) or SL(3, g). Assume
that L has no proper subgroup Lo for which Lo/Lo Π K ^ PSL(Z, q).
Finally, assume: (#) If 1 ̂  fe e H and p 11 h |, then dim CF(fe) <S m — 3.
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Then there are L-invariant subspaces X, Y with X> Y such that
the following hold.

(a) K= Px C with P a p-group, \C\ = (3, q - 1), and H = P
or if.

(b) L/P™SL(3,q).
(c) P F ' X , P x / F and P F are all 1.
(d) άimX/Y= 3 and LxlY = SL(X/Y).
(e) If m ^ 5 and q Φ 2, then LF/X and LF are 1. Moreover,

some element g of order p in the center of a p-Sylow subgroup of L
satisfies dim Cv(g) ^ ra — 2, and even dim CF(#) = ra — 1 if P = 1.

Proof. Everything is obvious if ra = 3, so assume m > 3. We
will proceed by a series of steps.

(i) Clearly L = I/. We can apply (2.6) to L. In particular, if
is nilpotent.

(ii) Suppose that there are L-invariant subspaces Vlf V2 with
V1 Ξ> F2 and dim VJV2 ^ 2. We claim that L centralizes VJV2. For,
CL(VJV2) <J L, and since LFl/F2 does not have PSL(3, g) as a homomor-
phic image, (2.6) implies that CL{VJV2) — L.

(iii) Next, suppose that there are L-invariant subspaces X, Y
with X > Y9 dim X/Y = 3 and LXIY Φ 1. We claim that (a)—(e) hold.

Arguing as in (ii) we find that Lx]γ = SL(X/Y), while Lvfx and
Lr are both 1 or SL(3, q). Write K = P x C with P a p-group and
C a p'-group. C induces a group of order 1 or (3, q — 1) on F/X, X/F,
and Y. By (2.2), (a) holds unless \C\ = 9 and m = 6. However, in
this case C ^ Z(L), so L/P = (L/P)' is a central extension of SL(3, g)
by a group of order 9, and this is impossible [2].

Thus, (a), (b), (c), and (d) hold.
Now let ra ^ 5. Then dim V/X and dim Y are ^ 2, so Ί7ιx and

LF are 1 by (ii). If P ^ 1 then, by (c), each g Φ 1 in P satisfies
dim CF(#) ̂  ra — 2.

Suppose P = 1, so L w SL(3, g). By results of Higman [4], §5,
if q Φ 2 then there is an L-invariant 3-space Γ, and each element of
L inducing a transvection on T is a transvection of F. This proves
(e).

(iv) From now on we assume that ra and L are chosen with ra
minimal such that (2.8) is false. Then ra > 3.

L is irreducible on V. For otherwise, there is an L-invariant
subspace W with V> W> 0.

Then Lw Φ 1 and LF/ίF Φ 1. For suppose, say, that Uιw = 1.
Consider ZΛ, ί^, and Hw. By (2.2), (#) is inherited by ZΛ. Also,
if Lo ^ £ and L^/LΓ Π iΓ^ ^ PSL(3, q) then Loif/iί ^ Lo/Lo Π K has
PSL(3, q) as a homomorphic image, so that L0K = L and hence Lo = L.
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Consequently, Lw satisfies the hypotheses of (2.8). Then we can find
subspaces X and Y of W such that (iii) applies, whereas (2.8) is
assumed false. Thus, Lw Φ 1 and ISIW Φ 1.

By (ii) we must have m = 6 and dim W = 3. Then (iii) again
applies, and this is again impossible.

(v) By (iv) and the nilpotence of K, {\K\, q) = 1.
K is not central in L. For suppose K ^ Z(L). Since L = L', L

is a homomorphic image of the covering group of PSL(3, g). Then
L is PSL(3, g) or SL(3, g) (see, e.g., [2]).

On the other hand, L has an irreducible GF(q)-representation of
degree ra, where 4 ^ m ^ 6 and g is even if m = 6. No such repre-
sentation exists by [7] and [9].

(vi) Let r be a prime and R1 an r-Sylow subgroup of K such
that R, S Z{L). Set R= R^H. Then R S Z(L) and R <\ L.

Let A be a characteristic elementary abelian subgroup of 12. By

We claim that A ^ ^(L). For otherwise, L has a nontrivial
&F(r)-representation of degree ^ m - 3 ^ 3. By (2.6 ii), PSL(3, q)
is involved in GL(3, r). Thus, g = 2 and r ^ 3. Since A is a non-
cyclic elementary abelian subgroup of GL(6, 2), | A| = 72. Then L acts
transitively on A — {1}. However, not all elements of A — {1} are
conjugate in GL(6.2).

Thus, A ^ ^(L). In (iv), \A\ = r. In particular, Z(R) is cyclic.
(vii) Suppose rJfq — 1. By (vi), ϋί ^ GL(6, g) is nonabelian, so

r = 3|g + 1 and m = 6. Moreover, i2[> 5 with |JB: JS| = 3 and B
abelian. By (vi) we can find B, Φ B with R > J5X, 112: ̂  | = 3, and 5X

abelian. Then ΰ n 5 ^ Z(12) and |R/Z(R)\ ^ 9. Consequently, L
centralizes Z(R), R/Z(R)9 and hence also R, which is not the case.

Thus,r|g-1. In (iv), A^Lf]Z(GL(V))^Z(SL(V)), sor\(q-l, m).
There are now just three possibilities: m — 4, r = 2; m = 5, r = 5;

and m = 6, r — 3.
(viii) Let m = 4, r = 2. By (vii), — 1 € 12. There is an involution

ί ^ - 1 in 12. Either dim CΓ(ί) ̂  2 or dim Cv(-t) ^ 2. This contradicts (#).
(ix) Let m = 5, r = 5. A 5-Sylow subgroup of GL(5, g) has a

normal abelian subgroup of index 5 (the "diagonal subgroup"). Thus,
we can find B<*R with B abelian and 112: B | = 1 or 5. By (vi), 112: B \ is
5 and B is not characteristic in 12. Let Bx <R, BtΦ B, satisfy the same
conditions as B. Then B^B^ Z(R) and \R: Z(R)\ ^ 52. By (vi),
J£(12) is cyclic, so L centralizes ϋΓ(12), R/Z(R), and hence also 12, which
is not the case.

(x) Finally, let m = 6, r = 3, and q = 2\ Here 3|g - 1. On
the one hand, L/CL(R/Φ(R)) can be regarded as a subgroup of GL(e, 3)
for some e; on the other hand, using (2.6) and (\K\9q) = l, we
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find that this group has an elementary abelian 2-subgroup of order
q2 whose normalizer is transitive on the nontrivial elements. By (2.5),
e ^ q2 — 1. However, a 3-Sylow subgroup of SL(6, q) has order
^ 3(g - I)6. Thus, 392-1 S 3e £ \R\ < 3q\ and since q ^ 4 this is
ridiculous.

This contradiction completes the proof of (2.8).

3. Wagner's results and some corollaries* Let V be ^-dimen-
sional over GF{q), n ^ 3, and let G <£ GL(V) be 2-transitive on 1-spaces.

(3.1) For each 3-space T, NG{T)T ^ SL(T).

Proof. Wagner [10], p. 417.

(3.2) If n ^ 5 then G ^ SL(V), unless n = 4, g = 2, and G ̂  A7.

Poo/. Wagner [10], p.422.

(3.3) For each w-1-space W, NG{W) is 2-transitive on the 1-spaces
of V not in W.

Proof. [6], p. 6.

(3.4) If G has an element g Φ 1 such that dim Cv(g) ^ n — 2,
then G ;> SL(F) or π = 4, g = 2, and G ^ AΊ.

Proof. We may assume that \g\ is prime and n > 5. Since
dim [F, #] ^ 2 and # centralizes F/[F, g], there is a 3-space T > [V, g]
such that gτ Φ 1. Then 1 Φ CG(V/T)T < JVff(Γ)Γ. By (3.1), CG(F/2y ^
SL(Γ). Choose g' e CG(V/T) with | g'\\q + l and dim Cr(^r) = 1. Then
dim Cv{g') = n - 2.

We may thus assume that (\g\9q) = l. Since gLV>g]Φl, as before
CG(F/T)Γ ^ SL(T) for each 3-space Γ > [V, g]. By the 2-transitivity
of G, this holds for every 3-space of V.

Choose m ^ n maximal with repect to CG(V/U)U ^ SL(U) for all
m-spaces U. Suppose m < n. By Wagner [10], p. 420, m ^ n — 2.
Take any subspace TF of dimension m + 1 or m + 2. For each m-space
27 < W, CG(V/U) fixes IF and centralizes F/TF, while CG(V/U)U ^
SL(U). By Wagner [10], p. 420, and (3.2), CG(V/W)W ^ SL(W) for
each m + 1-space IF. This contradicts the maximality of m.

(3.5) Let s be a prime and S an s-group maximal with respect to
dim CV(S) ̂  3. Then NG(S) is 2-transitive on the 1-spaces of CV(S).

Proof. Take any 3-space T £ CV(S). Then S is Sylow in CG(T).
By the Frattini argument and (3.1), (NG(S) Π NG(T))T = NG(T)T ^
SL(T). Our assertion follows immediately.
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4* The case n = τa + 1. There is one very easy case of our
problem.

(4.1) THEOREM. Let r be a prime divisor of q — 1, and let a ^> 1.
Then every collineation group of PG(ra, q) which is 2-transitive on
points contains PSL(ra + 1, q).

We first prove:

(4.2) Let r be a prime divisor of q — 1, and let a ^ 1. Let V
be an ̂ -dimensional vector space over GF(q). If G ^ ΓL{V) is transi-
tive on V - {0}, then r 11G Π

Proof. Let r^ be the largest power of r dividing qd — 1, where
d — r«# Then g is not an r^th power, so r\\G Π GL(F) | .

Let iϋ be an r-Sylow subgroup of G. By [11], p. 6, each orbit
of R on V — {0} has length divisible by rβ.

R fixes no nontrivial proper subspace of V. For, if it did we
would have rβ \ qm - 1 with 1 ̂  m < d. Set e = (d, m). Then r̂ 31 ge — 1.
However, as d/β is a power of r,(qd — ϊ)/(qe — 1) is divisible by r, and
this contradicts the definition of rβ.

Let xe Z(R) Π GL(V) have order r. Since r\q — 1, α? can be
diagonalized. By the preceding paragraph, x is a scalar transforma-
tion, that is, xeZ(GL(V)).

(4.3) Let r be a prime divisor of q — 1, and let a >̂ 1. Then a
collineation group of the affine space AG(ra, q) which is 2-transitive
on points contains the translation group.

Proof. (4.2).

Now (4.1) follows immediately from (3.3) and (4.3).

5. Primes dividing \G\. We will consider the following situa-
tion in the remainder of this paper.

Let V be an n-dimensional GF{q)space, n ^ 6, and G be a sub-
group of GL(V), 2-transitive on lspaces, such that G g SL(V). We
may clearly assume that G > Z — Z(GL(V)).

In this section let s be a prime dividing (|G|, qm — 1), 1 < m ^
n — 2, such that s is a primitive divisor of qm — 1. (5.1) is essentially
due to Perin [8] and, independently, to E. Shult and G. Hare.

(5.1) If m = n — 2 then q — 2 and n is even.

(5.2) Suppose that n = <̂ m + /3, # < / 3 ^ r a + 2, and an element
of order s centralizes some 3-space X. Then, for some nf satisfying
5 < n' < n and nr ~ n (mod m), there is a subgroup of GL(n', q), not
containing SL(nr, q), which is 2-transitive on the points of PG(n' — l, q).
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Clearly (5.2) has an inductive flavor. Since the proofs are similar,
we will only prove the second of the above results.

Proof of (5.2). Choose S ^ CG(X) as in (3.5). Set W = CV(S),
TΓ* = [V, S], and N = NG(S). Then V = W@ TF*, CW*{S) = 0, and
Nw is 2-transitive on 1-spaces.

Set n' — dim W, so n' ^ 3. By (2.3 ii), since β ^ m + 2 we have
dim W* = 7m with Ί^a. Then ^ = t i - τ m ^ ^ ~ am = β>a^y.

We must show that nf > 5 and ΛT ^ SL( W). Deny this. Then
either Nw ^ SL(ΐF) or nf = 4, g = 2, and JST ^ A7. In particular,
the commutator subgroup N'w contains a nontrivial element central-
izing an ^'-2-space.

In this situation, CN,(W*)W ^ Z(GL(W)). For otherwise,
CN,(W*)W^N'W implies that CN,{W*)W = N'w. Then CAW*) has
a nontrivial element g centralizing an %'-2-spaee of W. Hence,
dim Cv{g) ^ n — 2, which contradicts (3.4).

It follows that JV'̂ * has PSL(n', q) as a homomorphic image, unless
n' = 4 and g = 2, in which case A7 may be a homomorphic image.

Since CW*(S) = 0, we can apply (2.4): each noncyclic composition
factor of Nw* is involved in PSL(Ύ, qm). Since w'>7, by (2.7) PSL{n\ q)
cannot be such a composition factor. Thus, n' = 4, g = 2, 7 ^ 3, and
A7 is a composition factor of NfW*. However, A7 is not involved in
PSL(Z, 2W). This is a contradiction.

REMARK. It is useful to note that the above proof holds under
slightly weaker hypotheses: s is a primitive divisor of qm — 1, S Φ 1
is an s-subgroup of G with W — CV(S) of dimension n' ^ 3, (w — ̂ ')/m <
n', and NG(S)W is 2-transitive on 1-spaces.

We conclude this section with two miscellaneous results.

(5.3) Assume that G has a cyclic subgroup H of order qn — 1
containing an r-Sylow subgroup of G for some prime r dividing
g2 + g + 1. Then g = 2 and % is even.

Proof. Suppose g Φ 2 or g = 2 and w is odd. By (2.3), H is
transitive on F - {0}. Thus, H is transitive on the 3-spaces fixed by
its subgroup R of order r.

On the other hand, by (3.1) each 3-space is fixed by a conjugate
of R. Thus, G is transitive on 3-spaces, and this contradicts Perin
[8] or (5.1) since n ;> 6.

(5.4) Assume that G has a cyclic subgroup of order g"""1 — 1
fixing some n — 1-space W and transitive on W — {0}. Then NG{W)
is 2-transitive on the 1-spaees of W, q = 2, and % is even.
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Proof. We may assume that G — Z has no element fixing all
1- spaces in W. By [6], Lemma 7 3, NQ{W) is 2-transitive on the
1-spaces of W. The result now follows from (2.3) and (5.1)

6* The case n ^ 9* Let n, F, G, and Z be as in §5, so G ^
SL(V). Let p be the prime dividing q.

Assume that 6 ̂  n ^ 9.

(6.1) n Φ 6.

Proof. Suppose n = 6. If g = 2 then g5 — 1 is a prime. By
(5.4), the stabilizer of a 5-space T7 is 2-transitive on W — {0}. By
(3.2) and (3.4), G ^ SL(F), which is not the case.

Thus, q > 2. Let r be a prime dividing g — 1.
Suppose that there is 3-space T for which NG(T) — Z contains an

element inducing a scalar transformation of order r on T. Using Z,
we find that r\\CG(T)\. Let R be an r-Sylow subgroup of CG{T).
By (3.4), T=CV(R). By (3.5), NG(R)T^SL(T). Also, NG(R) normalizes
the 3-space [F, R]. An element of order p in the center of a p-
Sylow subgroup of NG(R) centralizes 2-spaces of both CV(R) and [F, 22],
and hence centralizes a 4-space of F=CV(i?)φ[F, i?]. This contradicts
(3.4). Thus, no element of G — Z of order r has an eigenspace of
dimension > 2.

Now take any 3-space T, and write Γ = I φ 7 with dim X = 2
and dim Γ = 1. Set F = ΛΓG(X) n A^(F), so Fx = GL(X). Take
R^F oί order r with i2 ̂  Z and J?Γ ̂  ^(ί771)- By the Frattini argu-
ment, NF{R)X = GL(X). Let £7 <; iVj.(iί) be minimal with respect to
Ex = SL(X).

Since i? is diagonalizable and each of its eigenspaces has dimen-
sion 1 or 2, we can write F = 1 0 W1 0 W2 with ^ > Γ, dim W< =
2, and T^ invariant under NG(R). If qφZyE — E* centralizes TF1?

so an element of E of order p centralizes a 4-space, which contradicts
(3.4). If q = 3, i? cannot have more than two eigenspaces as |U| =
2, which is again a contradiction.

(6.2) g is even.

Proof. Assume that g is odd. There is an involution teG — Z.
Since n ^ 6, dim CF(ί) or dim Cv(—t) is ^ 3. Let S be a 2-group in
G maximal with respect to dim CV(S) ^ 3. Set W = CV(S) and W* =
[F, S], so V= W®W*. Set AT = iVc(S). By (3.5), ikT is 2-transi-
tive on 1-spaces Since M> Z and all involutions in Mw centralize
at most a 2-space (by the maximality of S), dim W ̂  4. Consequently,
by (3.2), Mw ^SL(W).

By (4.1) and (6.1), n - 7 or 8, so dim TF* ̂  5.
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We claim that CM{W*)W ^ Z(GL(W)). For otherwise, C
Mw yields CM(W*)W ^ SL(W): Then CM(W*) contains a nontrivial
transvection of V, which contradicts (3.4).

Thus, CM{W*) is cyclic and M'w* has PSL(W) as a homomorphic
image.

Suppose that dim W = 4. Then dim W* = 3 or 4. Use of M'w*
yields dim W* = 4 and Af'TF* ^ SL(W*). If # Φ 1 is in the center of
a p-Sylow subgroup of Mf then #TΓ and gw* are trans vections, and this
contradicts (3.4).

Thus, dim W = 3. Let L ^ ikf be minimal with respect to having
PSL(3,q) as a homomorphic image. Let H= CL(W) ^ K <] L with
L/KF*PSL(S, q). Then (2.8) applies to W*, Lw\ Kw\ and i F * .

Choose geL so that gTF* is as in (2.8 e). If geH= CL(W), then
dim CF(#) ̂ n — 2. If £ P * = 1 then i ί = 1, and both #τf and gw* are
trans vections, so once again dim Cv(g) ^ n — 2. In either case we have
contradicted (3.4).

(6.3) n Φ 7, 8.

Proof. Let w = 7 or 8. Fix a prime r\q + 1.
Take any 3-space T. By (3.1), JV^Γ)71 ^ SL(Γ). Also, iVσ(Γ)

acts on V/T. By (3.4), C^F/Γ)7 1 < Z(GL(T)) (since otherwise, Cβ(V/T)
would have an element of order r), so CG(V/T) is solvable. Thus,
NG(T)VIT has PSL(3, q) as a composition factor. By (2.8), there is
an r-group R Φ 1 in NG{T) such that dim Cvlτ(R) ^ 2, and then
dim CV{R) ̂  3.

This contradicts (5.2) with ^ = 2-2 + 3 or 2-2 + 4.

(6.4) If n = 9 then g = 2 or 4.

Proof. Suppose n — 9 and g > 4 is even.
( i ) By (5.2) with n = 2 3 + 3, no nontrivial element of order

dividing (q2 + q + l)/(# + 1, 3) can centralize a 1-space.
(ii) Let T be any 3-space. Let L ^ NG(T) be minimal with

respect to having PSL(3, g) as a homomorphic image. By (3.4),
CG(V/T)T^Z(GL(T)), so (2.8) applies to Lv/T. Consequently, by (i)
there is a 6-space Y> T such that LYIT = SL(Y/T) and LF / F = SL(F/Γ).

(iii) Let s be a prime dividing q + 1. By (ii), there is an element
of order s centralizing a 3-space.

Let S be an s-group maximal with respect to dim CV(S) ̂ 3 . By
(3.5), NG(S) is 2-transitive on the 1-spaces of CV(S). In view of (i),
it follows from (3.2), (6.1), and (6.3) that dim CV(S) =- 3.

Let T= CV(S) in (ii), and choose L ^ NG(S) there. By (i) and
the proof of (2.4), (LS)ίV>S] acts as a subgroup of ΓL(S, q2), with S
inducing scalar transformations.
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(iv) Since q > 4, by (2.3 i) there is a prime r Φ 3 dividing q — 1.
Moreover, if # ̂  16 we can choose r Φ 5.

We claim that some element of order r centralizes a 4-space. For,
since r ΦZ, in (iii) we can find geL — Z of order r such that # [ F ' 5 ]

has an eigenspace of dimension ^ 4 Consequently, some element of
(g, Z) of order r centralizes a 4-space.

(v) Let i? be an r-group maximal with respect to dim CV(R) ^ 3;
by (iv), RΦI. Set T - CV{R) and T* = [F,ΛJ. By (3.5), NG(R)T

is 2-transitive on 1-spaces, so dim T = 3 by (i). We can thus choose
£ ^ NG(R) in (ii).

We claim that LR centralizes R and that R is diagonalizable.
Certainly (LR)T* ^ GL(T*). Suppose r > 5. Then an r-Sylow sub-
group of (?L(6, q) is diagonalizable, and hence abelian. By (2.4 ii)
(with m = 1, a — 6), each composition factor of L/CL(R) is involved
in S6. By (2.6 ii), L - CL(JB), so R ^ Z(LJK).

Consider the case r = 5, q = 16. Suppose L > CL(R). Then L
acts nontrivially on R/Φ(R), where |i2/Φ(i?)| ^ 57. By (2.6 ii), 16 + 1
divides |GL(7, 5)|, which is not the case.

Thus, L centralizes R. There is an s-group So < L such that
dim CΓ*(S0) = 2. Since R normalizes CT*(SQ) and [T*,S0], it follows
that R is again diagonalizable. Thus, R ^ Z{LR).

(vi) T* is the direct sum of J?-invariant subspaces, each invariant
under LR. By (ii) and (v), there are 3-spaces X and X' such that
T* = I φ Γ , Rx and jβx' consist of scalar transformations, Lx =
SL(X')> and L γ / = SL(X').

Consequently, for each heR, dim Cv(h) = 3, 6, or 9.
(vii) By (iv), there is an r-group R1Φ 1 maximal with respect

to dim CviRd ^ 4. By (vi), W = CγiR,) has dimension 6. Set M =

Take any 3-space T < W. Let R^ R^ be an r-Sylow subgroup
of Cσ(Γ). If J? = i?x then NM{T)T ^ SL(Γ) by the Frattini argument.
If R> R, then the choice of j?! implies that CV(R) = Γ, and hence
that i? is an r-group maximal with respect to dim CV(R) Ξ> 3; by (v),
CG(R)T ^ SL(T), so again NM(T)T ^ SL(Γ).

Consequently, Mw is 2-transitive on 1-spaces. Then (g6 — ΐ)/(q — 1)
divides |G|, and this contradicts (5.2).

(6.5) If n = 9 then ? ^ 4.

Proof. Suppose ^ = 9 and q = 4. We will try to imitate the
proof of (6.4) using r = 3. Steps (i) and (ii) of that proof still hold.

We begin by showing the existence of x e G of order 3 such that

χy = χ~ι for some 2-element y. Take T and L as in (ii). Then we
can find x,yeL with \x\ = 3, # a 2-element, and $tf = αĵ α, αG CL(T).
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By (2.8), CL(T) = P x C with P a 2-group and \C\ = 1 or 3. Then
(x) is Sylow in (x, y}P. By the Frattini argument, some element of
(y}P inverts <a?>, and we may assume this is y.

We next claim that some element of order 3 centralizes a 4-space.
For, assume that this is false, and choose x, y as above. Since q =
4, x is diagonalizable and has at most 3 eigenspaces. However, no
element of (x, Z) — {1} centralizes a 4-space, so Cv(x) — T is a 3-space
and x has two other 3-dimensional eigenspaces Tiy T2. Moreover, by
our assumption, Cβ(T) has a cyclic 3-Sylow subgroup. Thus, by the
Frattini argument, NG((x})τ ^ SL(T), so CG(x)τ ^ SL(T). Since
\GL(T):SL(T)\ = 3, y^eSL(T), so we can find ceCG(X) such that
c^yeCoiT). Clearly c~ιy inverts x, so there is an involution te
(c^y}. Here, t centralizes T and centralizes 2-spaces of each Ti9 so
dim Cv(t) Ξ> 7. This contradicts (3.4), and proves our claim.

Now define R, Ty T*, and L as in (v). We will be able to obtain
a contradiction precisely as in (vi) and (vii) if we can show that R ^
Z{LR) and R is diagonalizable.

By (2.6), L> K with L/K^PSL(3, 4) and K nilpotent. By (2.2)
and (2.8), K — P x C with \C\ = 3 or 9 and P a 2-group; moreover,
there is an L-invariant 3-spaee X< T* such that Lx = SX(X), LJ*/X =
SL(T*/X), and P centralizes Γ, X, and Γ*/X By (3.4), no nontrivial
element of P centralizes a 4-space of ϊ7*. Consequently, P is elemen-
tary abelian of order ^ 43. Thus, if P ^ Z(L) then PSL(3, 4) is iso-
morphic to a subgroup of GL(6, 2), which is not the case ([7], [9]).
Thus, K ^ Z(L).

Now suppose that L acts nontrivially on R, and hence on R/Φ(R).
Since 22 ̂  GL(6, 4), |22/Φ(2Q | ^ 36 32. Thus, PSL(3, 4) or SL(3, 4) is
isomorphic to a subgroup of GL(8, 3). Then GL(8, 3) has an ele-
mentary abelian subgroup of order 42 whose normalizer is transitive
on the nontrivial elements. By (2.5), this is impossible.

Consequently, L ^ CG(R). An element of L of order 5 centralizes
1-spaces of X and T*/X. It follows that T* is the sum of i2-invariant
2-spaces. Thus, R is diagonalizable and R ^ Z(LR). This completes
the proof of (6.5).

Last, and least:

(6.6) If n = 9 then q Φ 2.

Proof. Suppose n = 9 and q — 2. Using (5.1) and (5.2) we find
that IGI = 2α 3̂  5 7 17 73 for some tf, /S.

Let S be a 73-Sylow subgroup of G. By (5.3), | CG(S) \ = 73. Thus,
|JVσ(S)| - 3^-73 with 7 ^ 2 .

By Sylow's theorem, 2a 3^ r 5 7 17 = 1 (mod 73). A little arith-
metic shows that this is impossible.
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In view of (3.2) and the results of this section, we can now state:

THEOREM 6.7. Let H be a subgroup of PΓL(n, q) which is 2-
transitive on the points of PG(n — 1, q). If 3 ^ n ^ 9, then H ^
PSL(n, q) or n = 4, q = 2, and H & A7.
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COMPLETIONS AND CLASSICAL LOCALIZATIONS
OF RIGHT NOETHERIAN RINGS

J. LAMBEK AND G. MICHLER

Given a right Noetherian ring R and a prime ideal P of
R, the injective hull of the right j?-module RIP is a finite
power of a uniquely determined indecomposable injective IP.
One forms the ring of right quotients RP of R relative to
IP and the right ideal M = PRP of RP generated by P. The
Jf-adic and Jp-adic topologies are compared; they turn out to
coincide on every finitely generated .Rp-module when RP is a
classical quasi-local ring with maximal ideal M. This condi-
tion also implies that R satisfies the right Ore condition with
respect to the multiplicative set ^(P) introduced by Goldie,
that the ikf-adic completion RP of RP is the bicommutator of
IP, and that RP is an n by n matrix ring over a complete
local ring.

Introduction* If P is a prime ideal of the commutative Noetherian
ring R, then, by a theorem of Matlis [8], the completion RP of the ring
of quotients of R at P is the bicommutator of the injective hull of the
j?-module R/P. Recently Kuzmanovich [5] proved an analogous result
for Noetherian Dedekind prime rings. Both these results are special
cases of Theorem 6 below: Let P be a two-sided prime ideal of the
right Noetherian ring R, and assume that the ring of right quotients
RP at P is a classical quasi-local ring with maximal ideal M = PRP,
that is, RP/M is a simple Artinian ring and, for every right ideal E
of RP, Π"=i E + Mn = E. Then the bicommutator of the jβ-injective
hull of R/P is the ikf-adic completion of RP. The hypothesis of Theorem
6 is satisfied by the prime ideals of the enveloping algebra of a finitely
generated nilpotent Lie algebra, by the augmentation ideal of a group
ring of a finite group over a right Noetherian prime ring of charac-
teristic zero, and by the nonidempotent prime ideals of a right and
left Noetherian hereditary prime ring.

These results are consequences of Theorem 5, which states that
RP is a classical quasi-local ring with maximal ideal M if and only if
RpjM is a simple Artinian ring, and, on any finitely generated RP-
module, the ilί-adic topology coincides with the IP-adic topology. Here
Ip denotes the unique (up to isomorphism) P-torsionfree indecomposable
injective JS-module with associated prime P. By [7], Theorem 3.9,
the injective hull IB{R/P) of the E-module R/P is isomorphic to a
direct sum of g copies of IP, where g is the Goldie dimension of the
prime ring R/P. Thus the bicommutators of IP and IR(R/P) are
isomorphic.
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Concerning terminology, we refer to [6], [7], and [8]. All rings
are associative and have a unity element. Modules are right i£-modules
and unitary. We put

9f(P) = {ceR\Vr£RcreP==>reP} .

We begin by comparing topologies, generalizing the known result
when R is commutative [6]

PROPOSITION 1. If R satisfies the right Ore condition with respect
to ^ ( P ) , then on any finitely generated RP-module the IP-adic topology
contains the M-adic topology, where M = PRP.

Proof. Let G be any finitely generated i?F-module. Take any
fundamental open neighborhood GMn of zero in the M-adic topology.
We claim that GMn is also open in the /P-adic topology, in fact,
G/GMn G J^, the class of all iϋp-modules isomorphic to submodules of
finite powers of IP.

Since j ^ is closed under module extensions, and since

GMn s GMn~ι £ . s GM £ G ,

it suffices to show that GMklGMk~ι e j ^ ~ . Put H = GMk, then H is
a finitely generated i?P-module. Now RP/M is a simple Artinian ring,
by [7], Theorem 5.6. Hence H/HM is isomorphic to a finite direct
sum of minimal right ideals of RP/M.

It remains to show that RP/Me^. Indeed, in view of [7],

Lemma 5.4, the mapping R > RP —> RP/M has kernel P, and so
RPjM may be regarded as an J?-module extension of RIP. Actually,
it is an essential extension; for, if 0 Φ [q] e RP\M, then q£ M, but
qc e h(R), for some c e cέ?{P), and gc ί h{P), since otherwise q = qcc~ι e
h(P)RP = PRP = M. Thus RP/M is isomorphic to an i?-submodule of
IB(R/P) = Ip. By [7], Theorem 5.6, RP/Mi$ torsionfree and divisible,
hence RP/M is also isomorphic to an Sp-submodule of Ia

P, and so

This completes the proof. In the converse direction we have the
following result. We remark that condition (1) plays an important
role in [4], Theorem 5.3.

PROPOSITION 2. Suppose M = PRP is a two-sided ideal of RP.
Then (1) => (2) — (3):

(1) For each right ideal E of RP there exists a natural number
n such that E Π Mn £ EM.

( 2) For each element ίe IP there exists a natural number n such
that iMn = 0.
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( 3 ) On any finitely generated Rp-rnodwle the IP-adic topology is
contained in the M-adic topology.

Proof. Assume (1). Let 0 Φ i e IP, and put F — {qe RP\iq — 0},
E = {q e RP | qM £ F). Note that EM £ F £ #• Pick rc, so that # Π
Af* £ #Λf, then # Π (Mn + .F) = ( # Π Mn) + F = F. Since /P is
indecomposable, F is meet-irreducible, hence F = E or Mn + F = F.
We shall prove that F Φ E, hence ilf* £ F , and so (1) implies (2).

As P is the associated prime ideal of the JS-module 7P, P is the
right annihilator of some nonzero i2-submodule U of IP. Putting V —
URP, we see that VM = 0 and F ^ 0. Now i # P = RP/F, hence 0 ^
F Π iRP = G/JF7, say, where F ^ GS E,F Φ G, hence F φ E, as
remained to be shown.

Assume (2), and let G be a finitely generated i£P-module. Take
any fundamental open neighborhood of zero in the 7P-adic topology.
By definition, this has the form Ker / , where / : G —> /; for some
positive integer n. Let pk: I%—+IP be the canonical projections, with
k = 1, 2, , n, and put Gk = pk{f(G)). Then Gλ is a finitely generated
i2p-submodule of IP.

By assumption, there is a natural number u(k) such that GkM
u{k) =

0. Let w = Max {u(l), , tφ&)}, then f(G)Mu — 0, hence Ker / contains
GMU, a fundamental open neighborhood of 0 in the ikf-adic topology.
It follows that every open set in the JP-adic topology is also open in
the ikf-adic topology. Thus (2) ==> (3), and the proof is complete.

We know from [7], Lemma 5.2, that for each element qeRP there
exists an element ce^(P) such that qc e h(R), where h: R—> RP canon-
ically. This does not imply that RP is the classical ring of quotients
of h(R) with denominators in h(^(P)), unless R satisfies the right Ore
condition with respect to ^(P). (See [7], Proposition 5.5.) However,
we have the following.

PROPOSITION 3. Let P be a two-sided prime ideal of the right
Noetherian ring R, and assume that M = PRP is a maximal two-sided
ideal of RP such that RP/M is Artinian. Then, for every integer n^l,
RP/Mn is the classical ring of right quotients of h(R)/(Mn Π h(R)), and
its elements have the form [h(r)][h(c)]~\ with reR and ce^(P).

We could deduce this from [9], Theorem 2.4, by first proving
that the ideals h~ι{Mn) are the nth. symbolic powers Pin) defined there
in a different fashion. However, it is a bit quicker to deduce this
directly from the following result by Small. (See [10], Theorem 1.)

Suppose P is the prime radical of the right Noetherian ring S,
and ^ is a multiplicatively closed subset of S consisting of elements
with zero right annihilators. Suppose the classical ring of right
quotients of S/P has elements of the form [s][c]~ι, with seS and ce
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<ĝ . Then S satisfies the right Ore condition with respect to ^ and
has a classical ring of right quotients with elements of the form sc~\

Proof. In [7], Theorem 5.6, in the proof of the implication (1) =>
(2), it is shown that RP/M is the classical ring of right quotients of
R/P, and that its elements have the form Mfc]"1, where r e R, and
cerέf(P). Since hr\M) = P, by [7], Lemma 5.4, the result holds for
n = l.

To obtain the result for n = 2, we shall apply Small's Theorem
to the ring S = h(R)/(M2 Π h(R)). To this purpose we must show that
the elements of h(^(P)) modulo M2 have zero right annihilators. In
fact, we shall see that they have left inverse in RP/M2.

Take any ce cέ?{P). In view of the case n = 1, we have RP =
RPc + M. Hence M= MRP = Mc + M2, and so RP = RPc + Me + M2 ==
RpG +' M2. By SmalΓs Theorem, RP/M2 is the classical ring of right
quotients of h(R)/(M2 Π h(R)), and denominators may be taken in ^ ( P )
modulo M2.

Repeating the same argument, we see that RP = RPc + M3, and that
RP/M* is the classical ring of right quotients of h(R)/(M* Π A(iϋ)), with
denominators in ^ ( P ) modulo ikί3. Etc, etc.

In accordance with [7], we call the ring S a classical quasi-local
ring if it is right Noetherian, it has a maximal ideal M such that
S/M is Artinian, and every right ideal of S is closed in the ikf-adic
topology. In view of the following lemma, this implies that M is the
Jacobson radical of S.

LEMMA 4. Suppose M is a primitive ideal of the ring S> and
every finitely generated right ideal of S is closed in the M-adic topology.
Then M is the Jacobson radical of S.

Proof. The first assumption assures that M contains the radical.
We claim the second assumption implies the converse. We shall prove
that if E is any right ideal of S and M + E = S then E = S.

Suppose M + E — S. Without loss in generality, we may take E
to be finitely generated. Now M = SM = M2 + EM, hence M2 + E =
M2 + EM +E=M+E=S. Similarly Mz + E = S, and so on. Hence
the Λf-adic closure Π*=i (E + Mn) of E is also S. By assumption,
E is closed, hence E = S.

THEOREM 5. Let P be a two-sided prime ideal of the right Noetherian
ring R, and put M = PRP9 where RP is the ring of right quotients
of R at P. Then the following conditions are equivalent:

( * ) jβ satisfies the right Ore condition with respect to ̂ (P)
and, for each right ideal E of RP> there exists a natural number n
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such that E Π Mn £ EM.
( ** ) Rp is a classical quasi-local ring with maximal ideal M
( ***) M is a two-sided ideal of RP, RP/M is a simple Artinian

ring, and on any finitely generated right RP-module the IP-adic and
M-adic topologies coincide.

(****) M is a two-sided ideal of RP, RP/M is simple Artinian,
and for each finitely generated right ideal E of RP there exists a
natural number n such that E Π Mn £ EM.

Proof. We shall show that (*) => (**) =* (***) => (****) =- (*).
Assume (*). In view of [7], Theorem 5.6, (**) will follow if we

show that every right ideal F of RP is closed in the ikf-adic topology.
Now its closure is given by E == ΠϊU (F + Mn). Pick n so that E Π
Mn £ EM, then

E £ (F + Mn) Π E = F + (M* Π E) £ ^ + # M .

Take any ee E, then e = / + ΣJU e*mi> where f eF, eiβ E, and m< e
Λf. Then [e] = Σ*=i KN<> modulo F, hence j^/i*7 £ (E/F)M.

It was pointed out in the discussion preceding [7], Theorem 5.6,
that RP is right Noetherian. Thus E and E/F are finitely generated
iϋp-modules. We may therefore invoke Nakayama's Lemma and deduce
that E/F = 0. Thus F = E, and so (**) holds.

Assume (**). By Lemma 4, M is the Jacobson radical of RP. By
[7], Theorem 5.6, R satisfies the right Ore condition with respect to
<g"\P). Let G be any finitely generated right i?P-module. Then, by
Proposition 1, the Ip-adic topology on G contains the ikf-adic topology.
By Proposition 2 and [4] Theorem 5.3, the converse is true. Thus
(***) holds.

Assume (***). Suppse E is any finitely generated right ideal of
RP. Then EM is an open subset of E in the Λf-adic, hence in the
ip-adic topology. Now the /P-adic topology on any module induces the
Ip-adic topology on any submodule. Therefore, EM= E Π F, where V
is an open subset of RP in the Ip-adic topology. Since RP is a finitely
generated i2P-module, V is an open set in the ilf-adic topology, hence
MnSV for some n, and so E Π Mn £ E Π V = EM. Thus (****) holds.

Assume (****). It remains to prove the right Ore condition. Given
aeR and ce^(P), we see from Proposition 3 that, for each positive
integer n, there exist ane R and cn e ^(P) such that h(acn — can) =
h(un) G F Π h(R).

Let F be the right ideal generated by the un, then F = uJR +
• + ukR, since R is right Noetherian. Taking E = jPi2P in the above,
we see that FRP Π Mn £ jFikf, for some w. Hence &(>O = ^ Λ + +

where the m{ e M.
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Pick d e <ST(P) so that all m4 e h(E), then m4 e M Π h(R) = h(P),
and we may write m$ — h(Pi), where Pi e P.

Put & = cnd — Σ<=i ciPi a n ( i α ' — a^d — Σf=i αiϊ>*> then an easy
calculation shows that h{acr) — h{ca'). Moreover C" e ^ ( P ) , since cwώe
^ ( P ) and X c ^ e P. Since αc' — cα' 6 Ker h, we can find δ! e C^{P)
so that (acf — cα')' = 0, hence a(c'd') = c(α'd'). This establishes the
right Ore condition for ϋJ, and our proof is complete.

THEOREM 6. Let P be a two-sided prime ideal of the right Noetherian
ring R such that RP is a classical quasi-local ring with maximal
ideal M = PRP. Then

(a) the M-adic completion RP of RP is the bicommutator of the
P-torsionfree indecomposable injective R-module IP with associated
prime P,

(b) RP is a ring of n x n matrices over a complete local ring D
whose Jacobson radical J is finitely generated.

Proof, (a) By Theorem 5, R satisfies the right Ore condition with
respect to ^ ( P ) . By [7], Theorem 5.6, every torsionfree i2-module is
P-divisible. In view of [6], Proposition 2, RP is therefore a dense
subring of the bicommutator S of IP with respect to the finite topology,
as the P-torsion theory coincides with that determined by IP, by [7],
Corollary 3.10. By [6], Corollary 1, the finite topology coincides with
the ip-adic topology on RP, and S is the completion of RP. By Theorem
5, the Jp-adic topology on RP coincides with the M-adic one. Therefore
S is the M-adic completion of RP.

(b) follows immediately from (a) and [9], Corollary 2.7.

REMARK 7β By [9], Remark 3, there exists a right Noetherian
ring R with a two-sided prime ideal P such that R satisfies the right
Ore condition with respect to ^ ( P ) , even though RP is not a classical
quasi-local ring with maximal ideal M In that example RP is not
Hausdorff with respect to the M-adic topology, hence the bicommutator
of IP is not the M-adic completion of RP.

Thus the right Ore condition does not imply the second part of
(*) in Theorem 5. Conversely, Example 5.9 of [7] shows that the
second part of (*) does not imply the right Ore condition.

We conclude by giving some classes of examples satisfying the
condition of Theorem 5. But first we note that, in view of Theorem
3.3 of [9], each of these is also equivalent to the following, which
involves only the ring R itself:

( + ) For every right ideal F of R there exists a positive integer
n such that F Π P{n) C clP(FP), where Pn) is the nth right symbolic
power of P.
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For notation see [9]

COROLLARY 8. Let R be the enveloping algebra of a finitely
generated nilpotent Lie algebra, and assume that P is a nonzero prime
ideal of R. Then the conclusions (a) and (b) of Theorem 6 hold.

Proof. In Theorem 2.6 of [9], it is shown that, if R is right and
left Noetherian, P{n) coincides with the symbolic nth power defined
by Goldie in [4]. To deduce (+), we therefore refer to [2], namely
to Theorem 6, Corollary 7 and Remark I.

COROLLARY 9. Let R = AG be the group ring of a finite group
G over a right Noetherian prime ring A of characteristic zero, and let
P be the augmentation ideal of R. Then the conclusions (a) and (b) of
Theorem 6 hold.

Proof. Condition (+) holds by Corollary 3.7 of [9].

Actually, in this example RP is the classical ring of right quotients
of R, and M — PRP = 0, because P is the P-torsion ideal of R.

COROLLARY 10. Let R be a right and left Noetherian hereditary
prime ring, and assume that P is not idempotent. Then the conclusions
(a) and (b) of Theorem 6 hold. Furthermore, D is a complete discrete
rank one valuation ring.

Proof. By [11], R/P is a simple Artinian ring. It is known that
P is an invertible ideal. By Lemma 1.1 of [3], it then follows that
P has the Artin-Rees property. Now, by Corollary 2.8 of [9], Pn =
Pin), hence condition (+) holds.

It remains to show that D is a rank one valuation ring. By the
remark preceding Theorem 5.6 in [7], RP is hereditary Noetherian and
quasi-local. As is well-known, this implies that RP is hereditary
Noetherian. By Morita equivalence, D is hereditary Noetherian. But
it is local, hence a discrete rank one valuation ring.

For the sake of completeness, we shall show that P is invertible.
Let Q be the maximal ring of right and left quotients of R and put
R..p = {q e Q\qP £ R}. It is known [3] that R S P(R.-P) provided
P is finitely generated and projective as a right JS-module and "dense"
in a technical sense, which means that P has zero left annihilator in
R when P is a two-sided ideal. Since R is right Noetherian, right
hereditary, and prime, P satisfies all three conditions.

Now P s (R.-P)P a R» and P is maximal. Therefore (R. P)P =
P or R. Suppose the former, then P f i P(R.-P)P = P2, which would
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lead to the contradiction that P is idempotent. Therefore, (R. P)P = R.
Finally, consider P .R = {q e Q \ Pq S R}. Then

P .R = (R..P)P(P..R)^R..P .

By symmetry we obtain P(P .R) — i? and R. P ̂  P\R, and so P is
invertible in Q.

For the sake of completeness, we shall also include the argument
of [1] to show that P has the Artin-Rees property. Let E be any right
ideal of R and put Ek = (E Π Pfc)P~fc. Since J? is right Noetherian,
there exists a positive integer fc such that Ek g JEΊ + + J£Λ-i Then
^ Π P = #AP* S Σ^<^ (-̂ Π Pι)Pk~ι s j^P, and this is the Artin-Rees
property.
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BOREL SETS OF PROBABILITY MEASURES

KENNETH LANGE

Let M{X) be the collection of probability measures on the
Borel sets of a Polish space X. The Borel structure of M(X)
generated by the weak* topology is investigated. Various
collections of probability measures arising in nonparametric
statistics are shown to Borel sets of M(X). Attention is
particularly focused on collections arising from restrictions
on distribution functions, density functions, and supports of
the underlying probability measures.

1* Introduction* Baynesian statisticians assume prior distri-
butions on certain families of probability measures. This amounts
to putting a probability measure on a family of probability measures.
Now families of probability measures typically arising in statis-
tics are parametrized by some Borel set of Euclidean %-space. In
such cases, one has a natural Borel structure or σ-algebra of subsets
with which to deal. In nonparametric situations the natural Borel
structure is not so obvious. Ideally, one might desire each commonly
occurring family of probability measures to be a Borel set of some
properly chosen complete separable metric space. Then a prior distri-
bution could be viewed as a probability measure on the entire space
which is concentrated on the given Borel set. Our aim is to show
that many, if not most, nonparametric families of probability measures
are indeed Borel sets of complete separable metric spaces. This
advances slightly the cause of nonparametric Baynesian statistics, but
does not overcome the more difficult barrier of finding reasonable prior
distributions in nonparametric situations.

In our probabilistic model we suppose X to be a complete separable
metric space. Let C(X) be the bounded real-valued continuous functions
on X under the sup norm topology. Then the collection of probability
measures M(X) on the Borel sets of X can be viewed as a subset of
the dual of C(X) under the weak* topology. It is well known that
M(X) is metrizable as a complete separable metric space with this
topology [16]. Our investigations will center on the Borel structure
of M(X).

Dubins and Freedman have done the spadework for the subsequent
discussion in their basic paper [8]. Section 3 generalizes their analysis
of the relationship of distribution and density functions to probability
measures. Section 4 explores the connection between a probability
measure and its support when the underlying space is no longer
compact. Section 5 collects some further examples not considered in
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[8], and §6 adds to the fund of counterexamples.
Finally, before moving on to some preliminary definitions, let us

cite two other areas where the Borel structure of collections of mea-
sures can be fruitfully pursued. Much work has been done on so
called ergodic decompositions of invariant measures. The original
stimulus for this research came from classical statistical mechanics.
The reader may consult [20] for a detailed theoretical discussion and
further references. Another area of potential applications is the analysis
of Poisson and point processes. See [14] for steps in this direction.

2* Preliminary definitions*

2.1. Borel spaces. First, let us give a compressed account of
Borel spaces. The reader is advised to consult §§1-3 of Chap. 1 of
[2] for a fuller treatment. A Borel space (X, j%?) consists of a set
X together with a distinguished σ-algebra of subsets jzf. Quite often
X itself is said to be the Borel space and j y is tacitly understood.
For example, if X is a topological space, then s%f is always taken to
be the smallest cr-algebra containing the open sets. A function / : X—*
Y between two Borel spaces (X, Ssf) and (Y, &) is called Borel if
f-ι{B)€jzf whenever S e . ^ .

The sets in the σ-algebra s*f of a Borel space (X, szf) are also
termed Borel sets. Every subset Z of X inherits a relative Borel
structure {Z f) A: Aejzf). If (X, jx?) and (F, &) are two Borel
spaces, the product Borel structure j^f x έ% is defined to be the
smallest σ-algebra of subsets o f l x Γ containing the Borel rectangles
Ax B, Ae J^% and B e ^. Suppose ~ is an equivalence relation on
a Borel space (X, jzf) and π:X —»X/~ is the projection taking each
point into its equivalence class. The quotient Borel structure on X/~
is the largest tf-algebra making π a Borel map.

Certain Hausdorff topological spaces have very well behaved Borel
structures. Among these are Polish spaces. A Polish space is a
topological space which is metrizable by a complete separable metric.
It is well known that any locally compact space with a countable
neighborhood basis is Polish. Such spaces will be referred to as
locally compact and separable.

One property of Polish spaces will be particularly useful later on:
Suppose X and Y are Polish spaces. Let B be a Borel set of X
equipped with the relative Borel structure. Also let f:B—>Y be a
one-to-one Borel map. Then f(B) is a Borel set of Y. (See Cor. 3.3 of
Chap. 1 of [16].) This fact will be applied to show that certain Borel
maps are Borel isomorphisms. A map f:X—+Y between two Borel
spaces (X, Ssf) and (F, &) is said to be a Borel isomorphism if it
is one-to-one, onto, Borel and its inverse is Borel.
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Yet another class of Borel spaces appearing in the sequel is the
class of analytic Borel spaces* To define this notion it is necessary
to mention a second notion. A Borel space (X, sz?) is called countably
separated if there exists a countable collection of Borel sets {AJ~=1

such that for any two points u, v e X there is some An with either
u e An, vgAn or u<£ An, v e An. A Borel space (X, j y ) is analytic if
it is countably separated and the image of a Polish space under a Borel
map. A subset of a Borel space is called analytic if it is an analytic
Borel space with its relative Borel structure; it is called complementary
analytic if its complement is analytic. Every Borel set of an analytic
Borel space is analytic, but not every analytic set is Borel. If / : X—>
Y is a Borel map between two analytic Borel spaces, then the image
and inverse image of every analytic set under / is analytic.

2.2. Notation for topological spaces. Suppose T is a topological
space and Y is a subset of T. Y~ will denote the closure of Y, Y°
the interior, and Yf the complement. For two subsets Y and Z put
YΔZ = (Y\Z) U (Z\Y)9 the symmetric difference of Y and Z. Rn will
mean Euclidean w-space and Cn the space of ^-tuples of complex
numbers. If u = (uu •••, un) and v = (vly •••, vn) are in Rn, then
(u, v} = Σ?=i ui vi will denote the usual inner product and \\u\\ —
(ΣίU^!)1 / 2 the usual norm.

2.3. Multi-index notation. A m u l t i - i n d e x j — (ju •••, j n ) is a
finite sequence of nonnegative integers. \j\ denotes the sum Σ?=ii<

If x = (χly ...9χn)ς Rn, p u t x3' — xiv"x{». For a function f:Rn-^>C

continuously d i f ferent ia te of order \j\, set D{ = d/dXi and Djf =

2.4. Comments on probability measures. Suppose X is a Polish
space. The support of a probability measure μ e M(X) can be charac-
terized as the complement of the largest open set on which μ vanishes.
If v is a σ-finite measure on the Borel sets of X and μ is absolutely
continuous with respect to v, then the density of μ will mean the
Radon-Nikodym derivative dμjdv. On Rn densities will always refer
to Radon-Nikodym derivatives with respect to Lebesgue measure.
The distribution function Fμ: Rn —> [0, 1] of μ e M{Rn) is defined by
Fμ(xlf •••,&«) = μ((- co, Xl] x . . . x ( - oo, χn]).

Finally, for X Polish we should mention an alternate description
of the Borel structure of the collection of probability measures M(X).
Varadrajan proved that the Borel structure on M(X) generated by
the weak* topology is precisely the smallest Borel structure making
each of the maps μ —• μ(A) Borel, where μ e M(X) and A is a Borel set
of X. (See Lemma 2.3 of [20].)
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3* Borel properties of M(Rn) in terms of distribution and

density functions* Let us treat the case of distribution functions first.
Our opening lemma is a generalization of a well known result in the
theory of stochastic processes. (See Thm. T 47 of Chap. 4 of [12].)

LEMMA 3.1. Suppose Mx is a Borel space and M2 a metric space.
Consider a function f(xl9 , xn, y) from Rn x Mx into M2. If f is
Borel in y for xu , xn fixed and right continuous in each x{for all
other variables fixed, then f is Borel in all variables jointly. The
same conclusion holds if Rn is replaced by a product of intervals.

Proof. The general case follows from the one dimensional case
since one can replace Mγ by ( Π S 1 ^ ) χ M19 where the [7/s are inter-
vals. So consider f:Ux M1—+M2 satisfying the condition of the
lemma, where U is an interval. For each k = 1, 2, , choose pairwise
disjoint intervals Fl{n = 1, •• >nk,nk finite or oo) which are closed
on the right, have union U and satisfy length (Fk) < 1/k. For each
k and n let xl be the right endpoint of Fk. Now define fk(x, y) =
f(xk, y) whenever xeFk. Since / is continuous on the right in its
first variable, fk—^f pointwise on U x Mx. Since / is Borel in its
second variable, each fk is Borel on U x Mt. Finally, because M2 is
a metric space, the limit / of the Borel functions fk is Borel.

DEFINITIONS. For 0 ̂  k ^ co let Ck(Rn) be the topological vector
space of all complex-valued functions on Rn having continuous deriva-
tives of order k under the topology of uniform convergence on compact
sets. Note that / m —* / in Ck(Rn) means whenever j is a multi-index
with \j\ <Lk, Djfm->Djf uniformly on each compact set of R*. Ck(Rn)
is a separable Frechet space since the polynomials with rational coeffi-
cients form a countable dense subset [19] Lip (Rn) will denote the
collection of complex-valued functions / on Rn satisfying \f(x) —
f(y) I ̂  cf 11 x — y 11 for all x and y and some constant cf depending
only on / . Finally, let H(Cn) be the topological vector space of
holomorphic functions in n complex variables equipped with the topology
of uniform convergence on compact sets. H{Cn) is also a separable
Frechet space.

LEMMA 3.2. Each of the spaces Ck(Rn), 1 £ k ^ co, and Lip (Rn)
is a Borel subset of C°(Rn). If H(Rn) denotes the holomorphic functions
in n real variables, then H(Rn) is a Borel set of C°(Rn) too.

Proof. The natural injection of Ck(Rn), 1 ̂  k ^ oo, into C°(Rn)
is continuous. Hence its image in C\Rn) is a Borel set. Lip (Rn) is
a Borel set of C\Rn) because the map
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-sup
x - y\\

is lower semicontinuous in the classical sense (not to be confused with
the notion of lower semicontinuity for set valued maps discussed in
the next section), hence Borel. Last of all, the map H(Cn) -+ C°(Rn)
given by restricting a holomorphic function on Cn to Rn is certainly
continuous. It is one-to-one because a holomorphic function on Cn is
completely determined by its values on Rn. (See 9.4.4 of [6].)

THEOREM 3.3. For each probability measure μ on Rn let Fμ be
the distribution function of μ. Then the set of probability measure
μ with Fμ satisfying any of the conditions below forms a Borel set
of M(Rn):

1. Fμ is continuous.
2. Fμ is Lipschitz, i.e., \Fμ(x) — Fμ(y) | ^ c\\x — y\\ for some

constant c and all x and y.
3. Fμ is continuously differentiate of order k, 1 ^ k ^ °o#

4. Fμ is holomorphic.

Proof. Let us prove the assertion in part 1. first. Designate by
{fft}?=i the points in Rn having all components rational. Since μ —* μ(A)
is Borel from M(Rn) to R for every Borel set A in Rn, the function

μ > inf sup | Fμ(rk) - Fμ(τ%) \ = g(μ)
n<s.Z \\rfc—r
n>0

is Borel. Our claim is that {μ: g(μ) = 0} is the collection of all prob-
ability measures with continuous distribution functions. In fact, if
x = (χl9 ., a?n) and y — (yl9 , yn) are two points in Rn, the expansion

Fμ(x) - Fμ(y) = Σ (Fμ(z^) - Fμ(zk))9 z\ - \
^ 1 [V if k

leads immediately to the conclusion that g(μ) — 0 implies Fμ is con-
tinuous. On the other hand, if Fμ is continuous, it is actually uniformly
continuous. This follows from the fact that for every ε > 0 there is
a compact set K with μ{K) > 1 — ε. The uniform continuity of Fμ

then clearly entails g(μ) = 0.
To prove the assertion of the theorem for parts 2.—4. it is sufficient

by Lemma 3.2 to prove that the map μ—+Fμis Borel from the collec-
tion of probability measures having continuous distribution functions
into C°(Rn). To do this it is enough according to Thm. 2 of the
appendix of [13] to show μ —> l(Fμ) Borel whenever I is a continuous
linear functional on C\Rn). Since the dual space of C°(Rn) consists
of the complex measures v with compact support (13.19.3 of [7]), the



146 KENNETH LANGE

problem reduces to showing μ —> \Fμdv Borel for every complex measure

v with compact support. But this follows from Fubini's Theorem once
one notes Lemma 3.1 says Fμ{x) is jointly Borel in μ and x.

COROLLARY 3.4. For \j\ <. k the map (x, μ) —• DjFμ{x) is jointly
Borel in x and μ on the Cartesian product of Rn and the set of all
μeM(Rn) with distribution functions in Ck(Rn).

Proof. Since the natural injection of Ck(Rn) into C°(Rn) is Borel,
its inverse is also. Hence the map μ—>Fμ is Borel from {μeM(Rn):
FμeCk(Rn)} into Ck(Rn). Also the map f->Djf of Ck(Rn) into C\Rn)
is continuous, and the map (x, g) —> g{x) of Rn x C°(Rn) into the com-
plex plane is Borel by Lemma 3.1. Now combine these facts and the
statement of the corollary follows.

Our next aim is to prove analogues of the preceding for probability
measures having densities. Some of the assertions for densities follow
by noting that the density of a probability measure on Rn can be
recovered by differentiating the distribution function a sufficient number
of times. For the sake of completeness though, it seems preferable
to proceed directly.

THEOREM 3.5. Let S be a Polish space and μ a σ-finite meas-
ure on the Borel sets of S. The collection of probability measures
absolutely continuous with respect to μ and the collection of probability
measures equivalent to μ both form Borel sets of M(S). Furthermore,
the map taking a probability measure v absolutely continuous with
respect to μ into its density fu e L1(μ) is a Borel isomorphism.

Proof. Consider the separable Banach space L\μ) of μ-integrable
functions. Take a countable collection of Borel sets {AJ^=1 in S which
are dense in the measure algebra derived from μ. The set

B = n j / e i 1 ^ ) : \fχAkdμ ^ θ} n {/e L\μ): \fdμ = l}

is a Borel set of L\μ). We claim that B consists of the function in
L\μ) which are nonnegative μ-almost everywhere and have integral
1. Suppose f e B. Then it is necessary to show l fdμ ^ 0 for every
Borel set A. But

\fdμ=\ fdμ - ί fdμ+\ fdμ
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By taking μ{AkAA) small enough, we can make the second and third
contributions on the right of * as small as desired.

Now map f in B into the measure μf{A) = \ fdμ. This map is

one-to-one and continuous for the weak* topology on the set of pro-
bability measures. The image of B under the map is a Borel set and
reduces simply to the probability measures absolutely continuous with
respect to μ. Furthermore, the inverse of / —> μf is also a Borel map.

To prove the assertion about probability measures equivalent to
μ it suffices to prove that the set of / e B with / > 0 μ-almost every-
where forms a Borel subset of J5. Now this set is

ή LI Π {/e L\μ):\fχAkdμ ^ ±λ) f] {/e U{μ): [fdμ = 1} = C .
μ{Ak)>ιjm

For, if / e B\C, then there is an m and a sequence {Aki}?=1 with

μ(Ak) > — and [ fdμ -» 0 .
* m jΛki

Assuming / > 0 μ-almost everywhere, this contradicts the absolute
continuity of μ with respect to μf. On the other hand, if / e C and
μ(A) > 0, then take Ak so that μ(AkJA) is small and μ(Ak) > 1/m for

some m. Then our earlier representation * of I fdμ shows that

J JA
fdμ > 0 .

A

DEFINITIONS. D(Rn) will denote the space of infinitely differen-
tiable functions with compact support. It is well known that D(Rn)
is a countable union of separable Frechet spaces. [19] S(Rn) will
denote the space of infinitely differentiable functions rapidly decreasing
at infinity together with all derivatives. With its usual topology
S(Rn) is a separable Frechet space. Finally, for 1 ^ p < oo ? Lp(Rn)
means the Banach space of equivalence classes of Borel functions
whose pth powers are integrable.

LEMMA 3.6. For 1 ^ p < oo each of the following spaces is a
Borel set of Lp(Rn):

1. Ck(Rn) Π Lp(Rn) k = 0 , 1 , 2, . . . , oo

2. Lip (Rn) Π Lp(Rn)

3. H(Rn) Π Lp(Rn)

4. S(Rn)

5. D(Rn).
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Proof. Since each of the spaces Ck{Rn), 1 ̂  k ̂  oo, Lip (Rn), H(Rn),
S(Rn), and D(Rn) reside in C°(Rn) as Borel sets, it suffices to show
that C°(Rn) Π Lp(Rn) is a Borel set of C°(Rn) and that the injection
C°(Rn) Π Lp(i2TO) -> L'ίϋί11) is Borel. The first ingredient of the proof
follows from the fact that

/ > sup [ I f(x) \pdx = [I f{x) \pdx

is a Borel map of C\Rn) into the extended real line. As for the
second, note that

/ > lim ί f(x)g(x)dx = [f(x)g(x)dx

is Borel from C\Rn) Π Lp(Rn) into C for every geLq(Rn), where 1/p +
1/g = 1 and Lq(Rn) is identified with the dual of Lp(Rn). According
to the criterion already cited in Theorem 3.3, this implies that the
injection C°(Rn) Π Lp(Rn) -+ Lp{Rn) is Borel.

THEOREM 3.7. The collection of probability measures on Rn whose
densities lie in any of the spaces Ck(Rn), Lip (22*), H{Rn), S(Rn) or D(Rn)
form a Borel set of M(Rn).

Proof. The map taking a probability measure to its density with
respect to Lebesgue measure is Borel into L^R1"). Now apply the last
lemma.

4* Supports of probability measures* In order to analyze the
relation of a probability measure to its support, we find it convenient
to introduce the Fell topology [10]. Let X be a locally compact
separable space. Denote the collection of closed subsets of Xby ^(X).
The Fell topology on cέf(X) can be given by specifying a basis of open
sets of the form U(C, {Vu , Vn}). C is compact in X and {Vl9 ,
Vn) is a finite, but possibly empty, family of open sets. U(C; {Vu ,
Vn}) = {Ye <Zf(X):YΓi C = φ and Γ n V, Φ φ, i = 1, . , n). Fell dem-
onstrates that ^{X) is a compact Hausdorff space with this topology.
Furthermore, as Fell observes, ^{X) is separable and thus a compact
metric space if X is separable. Indeed, if & is a basis for the topology
of X and each element of & has compact closure, then the sets U(C;
^~), where C is the closure of the union of a finite subset of &
and ^*CL& is finite, form a countable basis for <^{X).

Next we wish to define notions of semicontinuity for maps into
^{X). Since our definitions differ slightly from Kuratowski's [11]
and Berge's [3], we feel it prudent to give a detailed discussion.
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(Especially with reference to the next lemma see Chap. 6, Sec. 2 of

[3].)

DEFINITION. Let / : T —• ^{X) be a map from a topological space
T into ^{X). f is said to be lower semicontinuous if {te T: f(t) Π
V Φ φ) is open whenever V is open in X. f is upper semicontinuous
if {t e T: f(t) Π C — Φ) is open whenever C is compact in X. Obviously,
a map f:T—> ^{X) will be continuous if and only if it is both lower
and upper semicontinuous.

LEMMA 4.1. Suppose {/y. T —̂  ̂ (X)}ieΛ is a nonempty collection
of maps from a topological space T into ^(X).

1. If each ft is lower semicontinuous, then t—>([JieΛfi(t))~ is
lower semicontinuous.

2. If each fi is upper semicontinuous, then t—>f\ieΛ fi(t) is upper
semicontinuous.

3. If the index set Λ is finite and each f{ is upper semicon-
tinuous, then t-+\JieΛfi(t) is upper semicontinuous.

Proof. 1. Take V open in X. Then {ί e T: (\J^Λ fi(t))~ f\VΦφ} =
{t G T: (\JieΛ fi(t)) ΓΊ V Φ φ) = \JieΛ {t 6 T: /,(«) Π V Φ Φ) is open in T.

2. Take C compact in X and suppose toe T satisfies ΓlieΛ/»(*<>) Π
C = φ. It is enough to show the existence of some neighborhood of
t0 where Π*e^/<(t) f) C ~ φ continues to hold. To this end select one
function g from the collection {/V T —• ^(X)} ί6Λ and reduce the collec-
tion to {/<: Γ—> ^ ( X ) } ί e J by eliminating #. If r̂(̂ 0) Π C = ^ , then our
choice for the neighborhood of ί0 is obvious. Otherwise, put K =
flr(ίo) Π C. For each α? e K there is at least one index i e Σ with x g
/i(ίo) Choose a neighborhood F* of x with compact closure and
satisfying /<(*<>) Π F~ = ^. Since /< is upper semicontinuous, it is
possible to select a neighborhood Wx of ί0 such that /,(*) Π V7 — φ for
all te Wx. Let VXl, •••, K^ cover if. Applying the upper semicon-
tinuity of g there also exists a neighborhood W of ί0 where g(t) Π
(C\(Ul=i V, J ) = Φ. It now follows that on WΠ (Πϊ=i W, J , (Πiβ, /4(*)) ΓΊ
(7 = φ

3. For C compact in X, {t e T: (\JieΛ fS)) Γι C = φ} = Πiei {t e T:
fi(t) nc = Φ}.

The next lemma shows that upper and lower semicontinuous
mappings are Borel. (Compare Lemma 9.4 of [17].)

LEMMA 4.2. The following are necessary and sufficient conditions
for a map f: T —> ^{X) from a Borel space T into ^{X) to be Borel.
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1. {teT: f(t) Π V Φ φ) is a Borel set for each open set V.
2. {t e T: f(t) Π C — φ) is a Borel set for each compact set C.

Proof. Both conditions are clearly necessary for / to be Borel.

To prove their sufficiency consider a basic open set U(C; {Vl9 •••, Vn})

in <& (X). U(C; {Vl9 , Vn}) = U(C; φ) n U(φ; {FJ) n n U(φ; {Vn}).
Let d be a metric for X and define Wm by {x e X: d(x, C) = infyei7 ώ(#,
y) < 1/m}. Then Z7(C; φ) = \JZ=ιU{φ\ {Wm})'. On the other hand, if
{Kι}ΐ=i is a sequence of compact sets whose union is some Vif then
U(Φ; {Vi}) = UΓ=i?7(^; 0)'. Thus any basic open set can be expressed
in terms of a countable number of open sets of type U(K; φ) or U(φ;
{V}).

LEMMA 4.3. The map μ~* support (μ) is lower semicontinuous
from M(X) into

Proof. For V open in X, {μ: support {μ) [\V Φ φ] = {μ: μ(V) > 0}

is open in M(X). In fact, {μ: μ(V) = 0} is closed because μ(V) ^
lim^inf μn(V) holds for every converging sequence μn—*μ in M(X).
(See Thm. 6.1 of Chap. 2 of [16]).

LEMMA 4.4. Each of the following maps is Borel:
+<Z'{Σ) βiven by

product topology.
2. G:
3. H:
4. J: ̂ ( Z ) -> ̂ ( X ) given by J(Y) =

Proof. 1. The projection jPfc: ΠϊU ̂ W -^ ̂ W taking ΠΓ=iΓ»
into Γ& is continuous. Hence FffiZ^YJ = (\Jt^i Fk(U.n^Yn))" is lower
semicontinuous.

2. G is upper semicontinuous.
3. It suffices to show that the set of Ye %f(X) satisfying (Γ0)' Π

F = Φ is Borel for each open set V. Now (Γ°)'n F = ̂  iff Y°z>V
iff Γ D Fiff Yz> V" iff Γ Π V~ = F"". The collection of Γsatisfying Γ Π
F"" = F " is a Borel set because it is precisely the set where the Borel
maps Y —>Y f] V~~ and Y—>V~ agree.

4. Again it is enough to prove that the collection of Ye ^(X)
satisfying (Γ°)~ ΠV = φ is Borel for each open set F. Let W = (F')°.
Then (Γ°Γ Π F = # iff F' 3 (Γ0)"" iff V 3 Γ° iff TΓ=> Y° iff TP c (YJ
iff W Π (Γ0)' = W. But the collection of Y satisfying W n (^Ύ = W
is precisely where the Borel maps Y—>W Π H(Y) and Y—*W agree.

THEOREM 4.5. Efaefc o/ the following collection of sets in
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is Bσrel:
1. For every positive integer k, the collection of Ze ^(X) having

k or fewer points.
2. The collection of compact sets Ze C^{X).
3. The collection of compact connected sets Ze^(X).
4. The single closed set Ye ^(X).
5. The collection of Ze ^(X) contained within a given closed

set Y.
6. The collection of Ze ^{X) containing a given closed set Y.
7. The collection of Ze ^{X) with empty interior.
8. The collection on Ze ^{X) with no isolated points.
9. The collection of Ze^{X) which are open as well as closed.

Proof. 1. &k is the collection of Ze^(X) having k or fewer
points. According to Fell [10], & is closed and therefore compact
in <Sf(X). Since the union map Tlϊ=tl

<g'(X)-»&?(X) is both lower
and upper semicontinuous, the image of Π£=i ϋ^S which is ϋ?Λ is
compact in ^(X).

2. Let {Cn};u be an increasing sequence of compact sets having
U~=i Cn = X* The collection of compact sets Ze ^{X) is the countable
union of closed sets [Jn=iU(φ; {Cή})'.

3. The compact disconnected sets coincide with the intersection
of the collection of compact sets with the union of the basic open sets

Ί U V2Y; {Vu Vt})> where Vt Π V2 = φ and (Vt U F2)' is compact,
5 Ze &{X) is contained within Y iff Z<£ U(φ; {Y'}).
6. Ze ^(X) contains Y iff Zf] Y= Y. Hence the collection of

^(X) containing Y is where the Borel maps Z—*Zf\Y and Z—>
Y agree.

7. Let H be the map of last lemma. Then Z has empty interior
iff H{Z) = X.

8. Let J be the map of the last lemma. Then Z has no isolated
points iff J(Z) = Z.

9. Ze <tf(X) is open iff H(Z) n Z = φ.

COROLLARY 4.6. The collection of probability measures in M(X)
having support in any one of the families 1.—9. listed above is Borel.

We now wish to introduce notions of congruence and symmetry
for the space of closed sets ^(X). To be specific, suppose G is a locally
compact separable topological group which acts on the right of X. If
for each fixed g e G, the map x —• xg is continuous, then G also acts
on ^(X). For Ye <Sf (X) and ge G define Yg to be {ygiye Y}.

LEMMA 4.7. If the action X x G-+ X is jointly continuous, then
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so is the action ctf(X) x G —> ^(X). (Compare Prop. 2.2 of Chap. 2
of [2].)

Proof. For Ye ctf{X) and </e G let U(C; {Vlf , Vn}) be a basic
neighborhood of Yg. Since Yg f] F< ̂  ^, there exists #< e F, a neigh-
borhood T^ of xi9 and a neighborhood t/i of g with W< UiCzVi. Let
F = Π?=iĈ i a n d reduce V if necessary so that F~ is compact. Also
define K = {a /Γ"1: xeC, Λe F~}. K is compact, and by a further
reduction of F it is possible to assume Y Π K = φ. Now the neighbor-
hood U(K; {Wl9 , TF%}) x F of (Γ, g) maps into £/(C; {F,, .., Vn}).

The next theorem provides some more instances of Borel sets of
probability measures.

THEOREM 4.8. If G is a locally compact separable topological
group, then the collection of closed subgroups is closed in C^(G). The
collection of closed normal subgroups is also closed in ^ ( G ) . If G acts
continuously on a locally compact separable space X, the fixed points
of r^{X) under the action of G form a closed set of ^{X). Finally,
the orbit of any Ye ^(X) under the action of G is a Borel s et o

Proof. The first statement is just FelPs observation. Indeed,
the collection of closed subgroups is the complement of the union of
U({e}\ φ) with the basic open neighborhoods of the form U(Vτ(Vτyι;
{Vl9 V2}),e being the identity of G and VT and Fr being compact.
The second statement is a special case of the third statement. Simply
note that G acts on itself by (x, g) —> g~~ιxg and hence on ^(G) by
(Y, g)-+Yg = {g"1 xg: xe Y). The fixed points of this action form a
closed subset of ^ ( G ) . Intersecting the collection of fixed points with
the collection of closed subgroups gives the closed normal subgroups.
Finally, the third statement is obvious, and the fourth statement
follows because an orbit in ^(X), {Yg: ge G}, can be written as a
countable union of compact sets, \Jn^{Yg: ge Kn}9 if {Kn}~=ι is a
sequence of compact subsets of G whose union is G.

EXAMPLES. The sets in ^(Rn) spherically symmetric about the
origin are just the fixed points of ^{Rn) under the action of the
orthogonal group. Furthermore, under the action of the orthogonal
group, the orbit of a subspace of dimension m, m ^ n, is the collection
of all subspaces of dimension m. The collection of all sets in <^?(Rn)
geometrically congruent to a given closed set Y lies on the orbit of
Y under the affine orthogonal group, i.e., the group generated by all
orthogonal transformations and translations. As a consequence, the
collection of all affine subspaces of a given dimension m forms a Borel
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set of ^{Rn). Similarly, considering the group of dilations (resp
homothetic transformation with the origin as center), it is clear that
the collection of closed spheres (resp. closed spheres centered at the
origin) forms a Borel set of ^{Rn). (Consult [4] for the geometric
terminology.)

The remainder of this section deals with convexity and subspaces
and is inspired by [18]. Since the present proofs are different from
those in [18] where results overlap, and require perhaps less background
of the reader, we have furnished complete arguments.

THEOREM 4.9. On Rn the map Y--+clconv (Y) which takes a closed
set into its closed convex hull is Borel from c^{Rn) into ^(Rn). Hence
the collection of closed convex sets forms a Borel set of ^(Rn), and the
collection of probability measures with convex support forms a Borel set
of M(Rn).

Proof. Let {li}iβΛ be the collection of linear functionals on Rn.
For each positive integer k and ieΛ define L\: ^{Rn) —* ^{Rn) as
follows: Li(Y) = {xe Rn: U{x) ^ supw 6 Γ n ί 5 f c li{w)}, where Sk is the sphere
{we Rn: \\w\\ ^ k} and L\{Y) is taken to be <j> if Y f) Sk = ψ. Let us
check that L\ is upper semicontinuous. For C compact {Ye ^(Rn):
Lϊ(Y) n C = Φ) = {Ye (Rn): YnSkf] {teRn: Z«(t) ^ inf86(7 k(s)} = φ}, so
Li is upper semicontinuous because Sk Π {ί e Rn: k(t) ^ infseC k(s)} is
compact. Now note that Y-+ DieΛ LΪ(Y) is upper semicontinuous and
Γ\ieΛLΪ(Y) is the closed convex hull of Yn Sk. It follows that Γ-»
U"=i ΓϊieλLϊiY) is a Borel map taking Y into its closed convex hull.

The second claim of the theorem is true because the closed convex
sets Y of ^(Rn) are simply where the Borel maps Γ—> U?=i Π ei L\{Y)
and Y—>y agree.

DEFINITION. Suppose Y is a nonempty closed convex set of Rn.
For any point x e Rn, prox (x9 Y) is defined to be the unique point of Y
closest to x. In other words, if d is the metric on Rn derived from
the Euclidean norm, then prox (x, Y) is the unique point of Y where
d(x, Y) = mϊweγd(x, w) is attained.

LEMMA 4.10. Suppose f: T-^^{Rn) is a Borel map with f{t) a
nonempty closed convex set for every teT. Then for every x e Rn, t —•
prox (x, f(t)) is a Borel map of T into Rn.

Proof. First, let us show that t —> d(x, f{t)) is a Borel map of T
into R+ = {z e R: z ^ 0}. It suffices to show that {t e T: d(x, f{t)) < ε}
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is a Borel set of T for each ε > 0. But {t e T: d(x, /(«)) <ε} = {teT:
{y e Rn: d(x, y) < ε} n f(t) Φ Φ). Next the map s -> {y e Rn: d(x, y) ̂  s)
is Borel from R+ into ^(jβ*) because for K compact

(. β V: to e E : φ, y) £ «,} n K = „} = jj ^j ^ ^ ^
Finally, note that prox (a?, /(«)) = /(ί) Π {ye Rn: d(x, y) ̂  d(x, f(t))}.
Since ί—*prox(#, f(t)) is a Borel map into ^(Rn), it follows at once
that it is a Borel map into R%.

LEMMA 4,11. Suppose f: T—*cέ?(R%) has the same properties as
in the last lemma. Then the map t —> f(t)x — {ye Rn :Vx e f{t)(x, y) = 0}
is also Borel from T into

Proof. Let {xm}Z=ι be a dense collection of points in Rn. Since
f(t) equals the closure of US=i prox (xm, f(t))9 {y e Rn: Vx e f(t)(x, y> ^
0} - Π~=i {V e Rn: <prox (xm, f(t))9 y} ^ 0}. Now t->{ye Rn: <prox (xm,
/(*)), V) ̂  0} is a Borel map into ^(Rn) because s ~> {yeRn: <s, y> ^
0} is Borel from Rn into ^(Rn). In fact, for a compact set if, s—>
inf^,, <s, i/> is Borel and {s e Rn: {y e Rn: <s, y} ^ 0} n K Φ Φ) = {s e i2w:
inf^x <s, i/> ^ 0}. Similarly, t->{ye Rn: Vx e f(t)(x, y) ^ 0} is Borel.
To finish the lemma observe that t—>{ye Rn: xe f{t){x, y} = 0} is the
intersection of two Borel maps.

THEOREM 4.12. The map ^{Rn)\{φ} -> ̂ {Rn) taking a closed set
Y into the smallest subspace containing Y is Borel. Likewise, the map
^(Rn)\{φ} —> ^(Rn) taking Y into the smallest affine subspace containing
Y is Borel.

Proof. The smallest subspace containing Y is [clconv (Y)]11. The
smallest affine subspace containing Y is

[clconv (Y) — prox (0, clconv (Y))]L1 + prox (0, clconv (Y)) .

The second map is Borel because the action ^(Rn) x Rn —
defined by translation is jointly continuous.

COROLLARY 4.13. For each m ^ n, the collection of probability
measures on Rn whose supports lie within a subspace (affine subspace)
of dimension m forms a Borel set of M(Rn).

5* Further examples of Borel sets of probability measures*

EXAMPLE 5.1. Let G be a metric group acting continuously on
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a Polish space X. Then G acts by translation on the set of probability
measures M{X). Indeed, define for μe M(X) and ge G μg to be the
probability measure assigning measure μ{Ag"1) to each Borel set A
of X.

THEOREM 5.2. G acts continuously on M(X).

Proof. Suppose μn —• μ in M(X) and ̂ ->βf in G as π ^ o o . It
is sufficient to prove that

\f(sgn)dμn(s) > \f(sg)dμ(s)

for every bounded continuous real-valued function / . For ε > 0 let
K be a compact subset of X with μn{K) ^ 1 — ε for all n. Now
estimate as follows:

\\f(sgn)dμn(s) - f(sg)\dμn{s)

+ ί \f(sgn) - f(sg)\dμn(s) + \f(sg)dμn(s) - \f(sg)dμ(s)
J X\ K J J

The last term in ** can be made small since μn —> μ. The middle term
on the right of ** is bounded by 2 sup s e x |/(s)|ε. The first term on
the right can be made small because sgn —+ sg uniformly on K, as we
prove momentarily, and because / is uniformly continuous on the
compact set [kh: ke K,he {gn}Z=i or h — g). To show that sgn—»sg
uniformly on K let d be the metric on X and suppose d(smgnm, smg) >
δ for some subsequence {gnj of {gn}, a sequence {sm} of K and some
δ > 0. Since K is compact we may assume sm —> s e K. Then smgnm —>
sg and smg-*sg by the joint continuity of the action of G on S.
This contradicts the assumption that d(smgnm, smg) > δ for all m. Hence
sgn —> sg uniformly and this completes the proof of the theorem.

COROLLARY 5.3. The invariant measures form a closed subset of
M(X) since they are the fixed points for the action of G on M(X).
If G is a Polish group, then the orbit of any probability measure
under G is Borel in M(X).

Proof. For the second assertion see Lemma 3.4 of [9].

Applications. On R*9 the orbit of any nondegenerate normal
distribution under the group of invertible affine transformations is the
whole collection of nondegenerate normal distributions. Also the
collection of translates of any probability measure is Borel in M(Rn).
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Other commonly occurring groups acting on Rn are the orthogonal
group and the group permuting the coordinates of any point. The
latter group arises in the theory of order statistics.

REMARK. A Borel set B of a space X is called invariant under
a group action if Bg = B for every group element g. If μ is a pro-
bability measure on X and μ(B) = 0 or 1 for every invariant Borel
set B, then μ is said to be ergodic. Varadarajan has shown that the
collection of invariant ergodic probability measures is Borel in M(X)
if X is a Polish space and the underlying group is locally compact
and separable. (See Thm. 4.2 of [20].)

EXAMPLE 5.4. Suppose {Xn}Z=λ is a sequence of separable metric
spaces. Consider the probability measures Λf(Π»=i -X») on the product
space Π»=i -X We claim that the set P = {μ e Λf(Π^i -*»):/* = Π~=iJ" >
μΛ e M(X%)} is closed in Λf(Π~=i -X») Our reasoning goes as follows:
The map Λf(Π?=i -X») —> Π~=i Λf(-X») taking a probability measure into
its sequence of marginal probability measures is continuous. Also
the map Π~=i M(Xn) —> Λf(Π?=i -X*) taking a sequence of probability
measures into their product is continuous. (Modify slightly the proof
of Lemma 1.1 of Chap. 3 of [16].) P is the set where the composi-
tion of these two maps agrees with the identity map on M(Π*=i -<£»)•

If each Xn is the same, then the set of probability measures on
Π"=i Xn having all marginals the same is certainly closed too. Hence
the set of probability measures on Π~=i -3Γ* which are product measures
with equal components is closed.

EXAMPLE 5.5. Suppose X is locally compact and separable. Ac-
cording to Corollary 4.6, the collection of probability measures concen-
trated at k or fewer points is Borel in M(X). A stronger assertion
is possible.

LEMMA 5.6. Let X be a Polish space. For each 1 ^ d > 0 the
collection of probability measures having k or fewer atoms with total
mass ^ d is closed in M(X).

Proof. An easy induction using Prohorov's Theorem. (See Thm.
6.7 of Chap. 2 of [16].)

For another application of Lemma 5.6 put Aktn = {μe M(X): μ has
k or less atoms with total mass Ξ> 1 — 1/n}. Then the Borel set
f|Γ=i U?=i Ak,n consists of those probability measures concentrated on
a finite or countable set of points.
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EXAMPLE 5.7. If one is more interested in the number or geometry
of the atoms rather their total weight, one can proceed as follows in
the locally the compact case: For each μ e M(X) and ε > 0 let dε(μ) be
the set of atoms of μ having individual mass of at least ε. Since
{μe M(X): dε(μ) Π C Φ <f>) is closed in M{X) for each compact set C of
X, dε: M{X)-*^{X) is upper semicontinuous. (See Prop. I. 2. 8 of [1].)
Apply part 1. of Lemma 4.4 to conclude that μ —* (U~=i dW<"))~ is a
Borel map into ^{X). μ-*{\JZ=ιdUn{μ))~ can be used to keep track
of the cardinality of the atoms and their positions.

EXAMPLE 5.8. The collection of probability measures on Rn with
some moment (all moments) existing is a Borel set of M(Rn). To
prove this let {&: Rn —> [0, l ] }^ be a collection of continuous functions
satisfying

(1 if \\x\\ύi
g i { X ) - \ θ if I H I ^ + l .

Now note t h a t

μ > sup ^\xkIgi{x)dμ(x) =\^\xk\dμ{x)

is lower semicontinuous in the classical sense for each multi-index k
Hence the collection of probability measures having finite fcth moment
is a countable union of closed sets. In general, this collection is
neither open nor closed. For instance, on R it is possible to show that
the collection of probability measures having finite first moment is
neither open nor closed. Furthermore, the collection of probability
measures lacking a first moment is dense in M(R).

EXAMPLE 5.9. Occasionally it is convenient to deal only with those
probability measures on Rn having continuous, strictly increasing
distribution functions. To characterize this family of probability
measures consider for each pair of positive integers n and m the map
Gn,m: C°(Rn) -+ R defined by

GM(g) = inf g(z) - g(w) ,
| | | > l /

where z ^ w means zt — w{ ^ 0 for each component of z — w. It is
easy to check that Gn,m is upper semicontinuous in the classical sence.
Hence μ —»Gn>m(Fμ) is a Borel map into R from the collection of pro-
bability measures having continuous distribution functions, μ has
strictly increasing distribution function iff Gn,m(Fμ) > 0 for every n
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and m. Similar arguments can be used to show that {{μ, v): Fμ, Fv

continuous, Fμ{x) > Fv(x) Vx} is Borel in M(Rn) x M(Rn). However,
removing the continuity assumptions makes both problems much more
difficult.

EXAMPLE 5.10. A probability measure μ on R is said to be sym-
metric if the Fourier transform μ(θ) of μ can be written as eiθtr(θ),
where r(θ) is a real-valued function of θ and t is some real constant.
Now for each positive integer m, {emr(θ): te[— m, m] r real-valued
and in C°(R)} is closed in C°(R). Since μ%-+μ in M(R) iff μn-+β
in C°(R), the collection of symmetric probability measures on R is a
countable union of closed sets of M{R).

EXAMPLE 5.11. For μ a probability measure on R and pe (0,1),
t e R is called a pth percentile of μ if μ{— oo 91) ^ p and μ{— oo 91] ^ p.
When p = 1/2 the term median is used instead of percentile. It is
easy to show that the set of pth percentiles for μ is a compact interval
whose right endpoint is {+(p, μ) = sup {r e Q: μ(— °°, r) ^ p} and whose
left endpoint is {~(p, μ) = inf {re Q: μ(— oo, r] ^ p}, where Q is the
set of rationals. Moreover, {+(p, μ)(resp. {~(p, μ)) is right (resp. left)
continuous in p for fixed μ and Borel in μ for fixed p. Hence Lemma
3.1 implies {+{p, μ) and {~{p, μ) are jointly Borel in p and μ. Using
this fact one can show various hypotheses in nonparametric statistics
involving the set of ^th percentiles to be Borel. Perhaps it is worth
pointing out that (p, μ) —> [{~~(p, μ), {+(p, μ)] is a Borel map into

EXAMPLE 5.12. Let us indicate briefly now the Borel structure
on M(X) furnishes a natural framework for the description of several
ideas in probability and statistics. For instance, in the theory of
Markov processes one can define transition functions as Borel maps
from X into M{X). If μ is a probability measure on a Polish space
X and π is a Borel map onto another Polish space Y, define μ on Y
by μ(A) — μ{π~ι(A)) for every Borel set A of Y. Then μ has a regular
conditional probability distribution given π. From our perspective
this means a Borel map y-+μy from Y into M{X) such that /2-almost
all μy are concentrated on π^(y) and μ(B) = \μy(B)dμ(y) for each Borel
set B of X. Finally, we should cite empirical distribution functions.
Let {/<: S—> R}T=1 be a sequence of independent and identically distri-
buted random variables on a Borel space S with probability measure
μ. For each positive integer n define a Borel map μn:S-+M(R) by
taking μn(s) to be the probability measure giving equal weight to

•••, /»(β). P* is Borel because for every Borel set

AaR, μn(s)(A) = λ t
n i=i



BOREL SETS OF PROBABILITY MEASURES 159

where χA is the indicator function of A.

6* Counterexamples* Obviously not all subsets of M(X) are
Borel. Here are some counter-examples.

EXAMPLE 6.1. For X a Polish space it is well known that X is
homeomorphic to the collection of unit point masses, {δw e M(X): δw({w}) =
l,weX} [16]. If X is uncountable, then there exists YaX which
is not Borel. But then {δweM(X): weY} cannot be Borel in M(X)
either.

EXAMPLE 6.2. Our second counterexample involves the notion of
equivalence between probability measures. It is transparent that
mutual absolute continuity, denoted ~ , is an equivalence relation on
M{X). By the axiom of choice it is possible to choose one repre-
sentative probability measure from each equivalence class. The next
theorem shows when this "transversal" can also be taken to be a
Borel set of X.

THEOREM 6.3. Suppose X is a Polish space. Then a Borel trans-
versal exists for ~ on M(X) iff X is countable or finite.

Proof o Suppose X is the set of positive integers. Give Zn — {0,1}
the discrete topology and consider the product space Π~=i Z« Subtract
off from Π?=i %n the countable number of sequences in which 1 appears
only finitely often and call the remainder Z. Map Z into M(X) by
taking the sequence {wn}n=ι into the probability measure giving mass
wn(l/2)Wl+'"+Wn to the integer n. This map is one-to-one, Borel, and
provides the desired Borel transversal. The case of X finite is even
simpler.

Now assume X is uncountable. Since any two uncountable Polish
spaces X and Y are Borel isomorphic, (Thm. 2.12 of Chap. 1 of [16]),
it is easy to see that M(X) and M{Y) will be Borel isomorphic too.
Hence it is enough to establish the necessary part of the theorem for
the space Π*=i %«. above. But this is the content of Lemma 5.1 of
[15]. Here it is proved that M(Yln=1Zn)/~ is not countably separated.
If a Borel (even analytic) transversal existed in this case, then Prop.
2.12 of Chap. 1 of [2] would be contradicted, since ikf(Π?=i^)/~
cannot be analytic if it fails to be countably separated. Note that
~ is Borel as a subset of ikf(Π~=i Zn) x M(R~=1 Zn) because of 2.11
of [8].

EXAMPLE 6.4. Our next two counterexamples partially justify
sticking to locally compact spaces when discussing the relation of a
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probability measure to its support. Suppose X is a Polish space.
Define a Borel structure on the space C^{X) of closed subsets of X
by requiring every collection, {Ae ^(X): A c S } t o be Borel whenever
B e ^(X). Christensen shows in Thm. 1 of [5] that this Borel structure
is analytic and on the subspace of nonempty closed sets coincides with
the Borel structure generated by the Hausdorff metric associated with
any precompact metric on X. Furthermore, if X is locally compact,
this is the Borel structure generated by the Fell topology.

Now it is evident that μ—+ support (μ) is Borel from M(X) into
^(X). If X is a real infinite dimensional separable Hubert space,
Christensen proves that the collection W oΐ Ze ^ ( X ) contained in the
open unit sphere is complementary analytic but not analytic. (See
Thm. 8 of [5].) Since every Ze W is the support of some μe M(X),
the inverse image of W under μ —* support (μ) fails to be Borel or
even analytic.

This counterexample also illustrates that the intersection map
<if (X) x îf (X) —• r^{X) need not be Borel when X is not locally
compact. Indeed, let Y be the complement of the open unit sphere.
Then W = {Ze ^r(X): Zf]Y= Φ).

EXAMPLE 6.5. The same phenomenon of Example 6.4 occurs if
X is a countable Cartesian product of the positive integers. Then
the collection of Ze C^{X) which are open as well as closed is comple-
mentary analytic but not analytic. (See Thm. 5 of [5].)
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PRODUCT INTEGRALS FOR AN ORDINARY
DIFFERENTIAL EQUATION IN A BANACH SPACE

DAVID LOWELL LOVELADY

Let Y be a Banach space with norm | |, and let R+ be
the interval [0, oo). Let A be a function on R+ having the
properties that if t is in R+ then A(t) is a function from Y
to Y and that the function from R+ X Y to Y described by
it, x) -» A(£)M is continuous. Suppose there is a continuous
real-valued function a on R+ such that if t is in R+ then
A(t) — cx(t)I is dissipative. Now it is known that if z is in
Y, the differential equation u'(t) = A(t)[u(t)]; u(θ) = z has
exactly one solution on R+. It is shown in this paper that if
t is in R+ then u(t) = 0IP exp [(ds)A(s)] [z] = 0 I P [ I - (ώ) AC*)]-1^],
where the exponentials are defined by the solutions of the
associated family of autonomous equations.

The dissipitavity condition on A is simply that if (t, x, y) is in
R+ x Y x Y and c is a positive number then

(1) \[I-cA(t)M - II ~ cA(t)][y]\ ^ [1 - ca(t)]\x - y\ .

The author and R. H. Martin, Jr. [5] have shown that if (1) holds,
and z is in Y, then there is exactly one continuously differentiable
function u from R+ to Y such that

(2)

and

(3) u'(

whenever t is in (0,- ©o). In the present article we shall show that
u can be expressed as a product integral in each of two forms:

(4) u(t) = t

and

(5) u(t) = ή
0

Our work is related to results of J. V. Herod [2, §6] and G. F.
Webb [7], [8]. Herod showed that representation (5) is valid if the
mapping (t, x)-+A(t)[x] is bounded on bounded subsets of R+ x Y.
Webb obtained in [7] a representation similar to (4) under a set of
hypotheses different from, and independent of, those used here. In
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[8], Webb showed that (5) is valid if A is independent of t. (Actually
Webb in [8] restricted his attention to the case a = 0, but his proofs
adapt easily to the general time-independent case.)

II* Product integrals. We shall assume throughout that A and
a are as in our introduction, and that (1) is true whenever (t, x, y)
is in R+ x Y x Y and c is a positive number. Now it follows from
either of [5] and [6] that if (t, x) is in R+ x Y then there is exactly
one solution v of the problem

(6) v'(s) = A(t)[v(s)]; v(0) = x .

Furthermore, this problem generates an operator semigroup, which
we shall denote {exp [sA(t)\: s is in R+}, i.e., if s is in R+ then
exp [sA(έ)] is a function from Y to Y such that if x is in Y then
exp [sA(£)][#] = v(s), where v solves (6).

It is clear from (1) that there is no loss in assuming a to be
iϋ+-valued, and we shall. It follows from [6] that if (c, t) is in
R+ x R+ and ca(t) < 1 then I — cA(t) is a bisection on Y, and

I [ I - cA(t)Γ[x] -[I- cA{t)Γ[y] | ^ [1 - ca{t)Γ I x - VI

whenever (#, ?/) is in Γ x Y. If {J5X, * ,J?n} is a set of functions
from Γ to Γ, and x is in Γ, then ΠJ=1 -BJN = ^ a n d Πi=i - îl̂ ] =
-B/b[Πi=ί B3[x]] whenever k is an integer in [l,ri\. If (t,x,y) is in
β + x Γ x 7 then the statement

V=U[I- (ds)A(s)]'1[x]
0

means that if ε is a positive number then there is a chain {ry}JL0 from 0
to £ such that if {sk}l=0 is a refinement of {r3)f^, and {sA}2=1 is a
[0, ί]-valued sequence such that if k is an integer in [1, n] then sk

is in [$£_!, sk], then

—~ l χ 1-̂  \*^ k ^k 1/ ^^v fc/i L J *^

The statement

y = Π exp [(<fe)A(8)][aj]
0

is defined analogously.

THEOREM. Let z be in Y, and let u solve (2) and (3). Then
each of (4) and (5) is true whenever t is in R+.
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Let m_ be that function from Y x Y to the real numbers given
by

« U » , y] = Km (l/δ)(\x + δy\ - \x\) .

Now (1) is equivalent to requiring that

m_[x - y9 A(t)[x] - A(t)[y]] £a(t)\x-y\

whenever (t9 x9 y) is in R+ x Y x Y (compare [1, p. 3]) Also, if /
is a function from a subset of R+ to Y, if c is in the domain of /,
if f'-(c) (the left derivative of / at c) exists, and if P is given on
the domain of / by P(t) = |/(t) | , then PL(c) exists and PL(c) =
tfU/(c), f'-(c)] (compare [1, p. 3]). If (x, y, z) is in Y x Y x Y then
m_[ί», 2/ + z] ̂  m_[#, ?/] + \z\ (see [4, Lemma 6]). We are now pre-
pared to prove our theorem.

Proof of the theorem. Let & be a positive number, and let β be
a positive upper bound for the set {a(t): t is in [0, 6]}. Let ε be a
positive number, and let d be a positive number such that (δ/β)(eβb-~l)<ε.
Now {u(t): t is in [0, δ]} is a compact subset of Y, so the function
described by (t, x) -+ A(t)[x] is uniformly continuous on [0, b] x {u(t): t
is in [0, b]}. In particular, there is a positive number η such that
if (r, s, t) is in [0, 6] x [0, b] x [0, b] and | r - β| < η then | A(r)[w(t)] -
A(s)[u(t)] I < <5. Let {tk}l=0 be a chain from 0 to 6 such that tk — tk^1 < η
whenever k is an integer in [1, n]9 and let {tk}l=1 be a [0, δ]-valued
sequence such that if k is an integer in [1, n] then tk is in [tk_l9 tk\.
Let v be that function from [0, 6] to Y having the property that if
k is an integer in [1, n] and t is in [tk_l9 tk] then

v(t) = exp l(t - tk^)A{tk^)] Π exp [(tj - t^Afam*]

Clearly now v is continuous. Also, v is left differentiate on (0, &]:
if fc is an integer in [1, n] and t is in (tt_l9 tk] then

Let P be given on [0, b] by P{t) = |v(ί) - w(ί)|. Now P(0) = 0. Sup-
pose that t is in (0, b] and A is an integer in [1, n] and t is in
(ί*-i, **]• Now

PL{t) = m_[^(ί) - tt(ί), i l(t)

- mΛv(t) - u(ί), A(?^)b(ί)] - A(t)[u(t)]]
= m_[v(t) - u(t),
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+ I A ^ J [ « ( « ) ] - A(t)[u(t)]\

^ βP(t) + δ .

Hence [3, Theorem 1.4.1, p. 15],

P(t) ^

whenever t is in [0, 6]. In particular,

u(b) - Π exp [(tk - tt_

e .

Thus we have proved that representation (4) is valid.

Now let b and β be as before. Let c be a positive number such
that cβ < 1/2. Now if t is in [0, 6] and r is in [0, c] then

- v

whenever (x, y) is in 7 x Y.

Now let K — {u(t):t is in [0, δ]}, and recall that K is compact.
Let ε be a positive number. By the aforementioned uniform continuity,
there is a positive number ηί such that if (s, t, x, y) is in [0, b] x
[0, 6] x K x K and | s - ί | < ft and | & - y \ < ft then | A(s)[x] - A(£)[ί/] | <
(ε/b)e~2βh. Let ft be a positive number such that if (s, £) is in [0, 6] x
[0, b] and |s — ί| < ft then \u(s) — u{t) \ < ft. Let δ = min {ft, ft, c}.
Suppose that O ^ r ^ s ^ ί ^ δ and t — r < δ. Let {£*}£=<> be a chain
from r to ί, and let {ξk}t=ι be a [r, ί]-valued sequence such that if
k is an integer in [1, n] then | Λ is in [ξk^lf ξk]. Now

ύ Σ (£* - ik-d\A(ξk)[u(ξk)] - A(s)[u(t)]\
k=i

Σ = (ί -
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It is now clear that

A(ζ)Mmdζ - (ί - r)A(s)[u(t)]

^ (* - r)(ε/b)e~2?b .

Let {tk}t=Q be a chain from 0 to δ, and suppose that tk — tk^ < δ
whenever k is an integer in [1, n]. Let {tk}k=1 be a [0, δ]-valued
sequence such that if k is an integer in [1, n] then tk is in [tk_l9 tk\.
Now

Π U - (tj - tj^

\u(tk) - [ I - (ίt

I- (tk - tk^ - «(«»_,)I

\\'(S)dξ - (tk - tk

Σ I \"ίA(ξ)[u(ξ)]dζ - (tk
I

The proof of the theorem is complete.
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A HOM-FUNCTOR FOR LATTICE-ORDERED GROUPS

JORGE MARTINEZ

Results are presented that characterize subdirect products
of reals (respectively, integers) functorially.

By defining a quasi-order on the lattice-homomorphisms (hence-
forth: Z-homomorphisms) of one abelian lattice-ordered group (hence-
forth: Z-group) to another, one can set up a co-compatible system of
partially ordered groups (henceforth: p. o. groups). Their co-limit
L(A, B), where A and B are the Z-groups in question, is a directed,
semi-closed p. o. group. If A is a totally ordered group (henceforth:
o-group) then L(A, B) is simply the subgroup of Horn (A, B) generated
by the o-homomorphisms. On the other hand, if B = R, the additive
group of real numbers with the usual order, then L(A, B) is a cardi-
nal sum of copies of R, one for each maximal Z-ideal of A. In general
the co-compatible system mentioned above is far from being directed.

L( , B) is a contra variant functor; not much happens functorially
in the second variable. It transforms Z-epimorphisms (onto maps) into
o-embeddings. The functor also preserves finite cardinal sums.

If the sequence 0-+A—>B—> C —»0 is exact, i.e., C~B\A, then
0 —• L(C, X) —• L(B, X) —> L(A, X) is exact for any o-group X, provided
B —> C is a retraction. This happens in all of the following nontrivial
cases: (1) C is a protective Z-group relative to all Z-epimorphisms; (2)
B is divisible and A is a prime subgroup of B; (3) B is a direct,
lexicographic extension of A by C.

1* Preliminaries. Suppose {Gi \ i 6 /} is a family of p. o. groups.
If G is the direct sum of the Gi we call G the cardinal sum of the
Gi if we define 0 ^ g e G if and only if 0 ^ gt e Gi for all iel; nota-
tion: G = EB {Gi I i e I}. If each G{ is an Z-group and G is the cardinal
sum, then G is also an i-group. Z (resp. R) denotes the additive
group of integers (resp. real numbers), with the usual ordering. We
observe that an Archimedean o-group is o-isomorphic to a subgroup
of R in its usual order; (Holder's theorem, [3]). A prime subgroup
N of the Z-group G is a convex ϊ-subgroup such that G/N is an o-
group. A p. o. group G is semi-closed if given g e G and ng ;> 0,
with n a positive integer, it follows that g ^ 0.

We use (c) £ for (proper) containment of sets; the symbol \ for
complementation in sets.

All groups in this discussion shall be abelian. If A and B are
^-groups «Sf (A, B) will denote the set of Z-homomorphisms of A into
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B. We would like to construct a group L(A, B) which "comes close"
to behaving like a group of homomorphisms; the problem is of course
that the sum of two Z-homomorphisms need not be an Z-homomorphism.
Conrad and Diem have come up with a rather large set of Z-endo-
morphisms of an Z-group, which does turn out to be a semigroup
under the usual addition of homomorphisms; they are the so-called
p-endomorphisms, or polar-preserving endomorphisms (see [2]). We
shall mention them in the sequel.

Suppose A and B are Z-groups and Θy φe £f(A, B). We say that
φ dominates θ if aφ A b = 0 implies aθ A b — 0, for all 0 ^ a e A and
0 ^ b e B; our notation for this is θ < φ. I t is immediate that •< is
a quasi-ordering of £f{A9 B). In fact, if θ < φ and also φ < θ we
write φ ~ θ and call φ and θ polar equivalent) ~ is indeed an equiva-
lence relation. Moreover, it induces a partial order on the equivalence
classes, which we shall index {~£^(A, B)\iel): £fi(A, B) ^ £fj(A, B)
if and only if some φ e £f,{A, B) dominates a θ e J*fi(A, B). Now for
each ie I l e t L ^ A , £ ) + = {θe£?(A,B) \θ<φ, with φe£f<(A,B)} =
\J3<;i *2fi{A, B). (We think of / as being partially ordered so as to
be compatible with the order induced on the equivalence classes.)

We are almost ready to state our first lemma; Horn (A, B) is of
course the full homomorphism group, &{A, B) the subgroup of
Horn {A, B) generated by £?{A, B). Thus &{A, B) = {θx - θ2 \ θu β2

are sums of Z-homomorphisms of A into B).

LEMMA 1.1. ( a ) For each ie I L^A, B)+ is a subsemigroup of
Horn (A, B); that is, if θlf Θ2<φ then θ1 + 02 e £f(A, B) and θ1 + θ2 < φ.

( b ) For each ie I £fi{A, B) is a subsemigroup of L^A, JS)+.

Proof. ( a ) Suppose x Λ y = 0 in A; then xφ Λ yφ = 0 for φ e
£f{A, B). If θu Θ2<φwe get xθ1 A yφ = 0, and in turn xθλ A yθ2 = 0.
Likewise xθ2 A yθγ — 0, and of course xθ{ A yθi = 0 for i — 1, 2, so
that (xθ1 + xθ2) A {yθx + yθ2) = 0, and so θx + θ2 is an Z-homomorphism.
If aφ A b = 0 then α0< Λ 6 = 0 for both i = 1, 2, so α ^ + aθ2 A b = 0,
which means that θ1 + Θ2< φ.

( b ) We check that if 0X and #2 are polar equivalent to φ then
so is θi + θ2. We already know that φ dominates θx + ^2 Yet if
aθx + aθ2 A b = 0 then since 0 <^ aθ^ aθγ + aθ2 it follows that aθγ A
h = o, whence α^ Λ 6 — 0. The conclusion is that φ <θι + θ2, and
hence ^ + θ2 ~ φ.

For each ie I let L^A, JB) be the subgroup of &{A, B) generated
by Li(A, B)+. If we declare an element φ e L^A, B) positive when it
is an Z-homomorphism, one easily sees that Li(A, B) becomes a (directed)
p. o. group whose cone is L^A, B)+. If i ^ j , let/^ stand for the



A HOM-FUNCTOR FOR LATTICE-ORDERED GROUPS 171

inclusion map of Li(A, B) into L3(A, B). We define L(A, B) to be the
co-limit in the category of abelian groups of the system {L{(A, B) \ {fi3)}.
(It is easily verifiable that fiS is the identity on L t (A, B), and that if
i^j^k then fidfjk = fik.)

PROPOSITION 1.2. L(A, B) is obtained as a quotient group of the
direct sum of the L^A, B) by factoring out the subgroup generated by
all elements of the form

( , 0, , 0, φ, 0, , 0, — φ, 0, •) (with the two nonzero entries
in the ί th and jth position respectively, and φ e L^A, B) while i ^ j).

Proof. The statement of the proposition merely sets out in detail
the definition of a co-limit in the category of abelian groups.

Thus a typical element of L(Ay B) is a vector (•••, Φi, •••) which
is finitely nonzero, while addition and equality of vectors is subject
to the identification imposed by Proposition 1.2; the entry φi e L^A, B).
The direct sum of the Li(A, B) may be ordered cardinally using the
partial orders on the L{(A, B); it is clear also that the subgroup being
factored out is trivially ordered in this partial order. We therefore
have a partial order on L(A, B) defined by 0 S Φ 6 L(A, B) if φ has
a representation (•••,&, •••) where each φi is an Z-homomorphism.

A representation φ = ( , φ{, •) is said to be in reduced form
if (1) for all iφj in the support of (•• ,^ ί , •••) i and j have no
common upper bound in /, and (2) the cardinality of the support is
minimal with respect to satisfying (1). The following lemma is
obvious.

LEMMA 1.3. ( a ) Each φeL(A,B) can be put in reduced form.
V (9*'fΦij •••) and (' *>0t> *•") a τ e Tβduced forms of φ, then their
supports have the same cardinality, and there is a bisection π of the
supports such that φi = θrΛi).

( b ) 0 5j φ e L(A, B) if and only if it has a reduced form
(•••,&, . . . ) SV/Ch that φiGJ*f(A9B) for each iel. If so then any
reduced representation is by l-homomorphisms.

PROPOSITION 1.4. L(A9 B) is a directed, semi-closed p. o. group.

Proof. L(A, B) is obviously directed, so we need only verify it is
semi-closed. Let φeL(A, B) and suppose (•••,&,•••) is a reduced
form of φ. Suppose nφ ̂  0 for a positive integer n; the representa-
tion (•••, nφiy •) of nφ is clearly again in reduced form. Hence by
Lemma 1.3 each nφ£ is an Z-homomorphism; one can easily check that
each φi is in fact an i-homomorphism.
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PROPOSITION 1.5. If B is an Archimedean l-group then L(A, B)
is an Archimedean p. o. group, in the sense that if 0 ^ <j> e L(A, B)
and nθ ^ φ for each positive integer n, then θ <; 0.

Proof. Suppose nθ <L φ, φ ^ 0 and θ = ( , θi9 •) and φ =
(.. .9 φ.y . . . ) are both given in reduced form. After reducing φ — nθ
we have three possibilities for an index i of the support of φ — nθ:

(φ - nθ), =

'φj for some j e 1

— nθk for some k e I

a sum of the above .

Again invoking Lemma 1.3 it follows that — nθk is an Miomomorphism>
and φό — nθk ^ 0 for all n — 1, 2, whenever the third choice occurs.
In either case, (in the latter using the archimedeaneity of B) it fol-
lows that θk <; 0. This shows θ <L 0, and we are done.

For some information concerning the structure of L(A, B) we look
in the remainder of this section at some special cases.

A is an o-group 1.6. In this situation the Z-homomorphisms of
A into B are simply the o-homomorphisms. The index set / is then
directed, since the sum of two o-homomorphisms is an o-homomor-
phism. &{A, B) then reduces to {φί — φ2\Φi are o-homomorphisms
of A into B}. Since each Li(A, B) is a subgroup of &{A, B) we may
take their union over I; it is easily seen that this union is precisely
&(A, B). Moreover, L(A, B) is now the direct limit of the L{{A, B);
it is well known that the direct limit of subgroups of an abelian group
is the union of the subgroups. Hence &(A, B) a L(A, B).

We have a converse of sorts:

PROPOSITION 1.6(a). Suppose A is not an o-group; then there
is an o-group B so that the index set I in the construction of L(A, B)
is not directed.

Proof. Suppose A is not an o-group, and select 0 < x,yeA such
that x A y = 0. Let M (resp. N) be a prime subgroup that fails to
contain x (resp. y); then yeM and xeN. Note that A/M and A/N
are o-groups; we form B, the direct lexicographic extension of AjM
by A/N. We consider two ί-homomorphisms φ and θ from A into
B: φ is the canonical map from A onto A/Mf followed by the (convex)
inclusion of A/M in B; θ is the canonical map from A onto A/N fol-
lowed by the inclusion of that in B. Now observe that
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(φ + θ){x - j / ) V O = [ ( # + θ)x - (φ + θ)y] V 0

= (M + a, N - y) V 0 = 0

whereas

(» - 2/) V 0] = (0 + 0)α? = (M + xy 0) > 0

We conclude therefore that φ + θ is not an Z-homomorphism. The index
set / that arises in the construction of L(A, B) is then not directed.

B is an o-group 1.7. One can verify with little trouble that
Φ G £f(A, B) dominates θ e &{A, B) if and only if Ker (φ) £ Ker (θ).
Hence φ and θ are polar equivalent if and only if they have the same
kernel. The kernels are all prime subgroups of A, and so I is anti-
isomorphic to a subset of the root system of primes (see [1], Theorem
1.7, the Z-ideals containing a prime subgroup lie on a chain). I is
therefore a tree-system: no two incomparable elements of / have a
common upper bound; plainly, I is far from being directed.

Now if φ e L(A, B) then any vector representing φ is "almost" in
reduced form; that is, it satisfies the first defining condition, except
the support may be too large.

B = R 1.8. From the discussion in 1.7 it is clear that the index
set I is trivially ordered. We will show there is in fact an index
i e I for each maximal Z-ideal of A, and that L{A, B) is a cardinal
sum of copies of R, one for each maximal Z-ideal of A.

If φ: A —* B is an Z-homomorphism, then M = Ker (φ) is a maximal
Z-ideal. Using the fundamental theorem of Z-homomorphisms there is
an o-isomorphism φ: A/M-+B, which, by a well known corollary to
Holder's theorem, is a left multiplication by a positive real number.
Thus the Z-homomorphisms of A into B with kernel M form a semi-
group which is o-isomorphic to the additive semigroup of positive real
numbers. This proves that each Li(A, B) is a copy of R. It is clear
that one such copy appears for each maximal ϋ-ideal of A, since the
corresponding quotient groups are all o-isomorphic to subgroups of R.

Finally, the subgroup one factors out of the direct sum of these
copies of R to get L(A, B) is trivial here, and we conclude that
L(A, B) is a cardinal sum of copies of R.

A similar argument can be made for B = Z; one then obtains
that L(A, B) is a cardinal sum of copies of Z, one for each maximal
Z-ideal of A with cyclic factor in A.

A polar preserving endomorphism of an Z-group A is an Z-endomor-
phism φ with the property that x A y = 0 in A implies that xφ Λ y = 0.
(For an in-depth discussion of these endomorphisms the reader is
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referred to [2].) In our notation the semigroup of polar preserving
endomorphisms is precisely the set of Z-endomorphisms which are
dominated by the identity on A. The subgroup they generate is one
of the L^A, A).

If φ is an Z-homomorphism of A onto B and θ is a polar preserv-
ing endomorphism (p-endomorphism) of B, then φθ < φ, for if xφ Λ y = 0
then xφθ Λ y — 0. Conversely, if φ' e ^ ( A , B) and φ' < φ one easily
sees that Ker (φ) £ Ker {φ'). This implies the existence of an endomor-
phism θ of B satisfying bθ = aφ' if b = aφ. θ is certainly well defined,
and it is a p-endomorphism since φ dominates φ'. It follows then
that if i is the index in I determined by φ, L^A, B) is o-isomorphie
to the group generated by the ^-endomorphisms of B.

We close this section with a rather general comment: for arbitrary
Z-groups A and B the groups L^A, B) are subgroups of &{A, B);
the inclusion mappings are compatible with the fij9 so by the defini-
tion of co-limits we have a "natural" homomorphism of L(A, B) into
^ ( A , B). It assigns to φ = ( , φi9 .) the sum of the φi in ^ ( A , B).
About all that is on the surface concerning this mapping is that it is
onto and an o-homomorphism. As a major unanswered question we
might pose the following: when is this mapping an o-isomorphism?
In most of the examples one can dream up it is, but as the Z-groups
get more complex, our knowledge of the structure of L(A, B) decreases
rapidly.

2* The functor L(*,B). We will show that L(*,B) is a con-
travariant functor from the category of abelian Z-groups and Z-homo-
morphisms into the category of directed, semi-closed p. o. groups with
o-homomorphisms. (L(A9 •) does not seem to be a functor at all.)

Suppose φ: A —> A' is an Z-homomorphism; if θl9 Θ2\ Ar —• B are
Z-homomorphisms and dγ < θ2 then φθ1 -< φθ2. Thus φ induces an o-
homomorphism φι of each Li(A\ B) into some Lφ(i)(A, B); the map
i-*φ(ϊ) is an order preserving map of I{A\ B) into I(A, B). We have
canonical embeddings μ{\ L{(A, B) —> L{A, B){i e I{A, B)) and

μό: Ls(A'f B) > L(A', B)(j e I(A', B)) .

We also have the connecting embeddings {/o }, for i ^ j e I{A, B), and
{fa}, for ί^je /(A', B). Consider now for each ί e I(A', B) the map
φ%w: Li(A', B) — L{A, B). We show that if i ^ j in I(A\ B) then

for if 0 £ aίy a2 e L^A', B)
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(a, - aύfutfμφM = (φoii - φa2)μΦ(ji = (φax - φa2)fφ(i)ΦU)μΦU)

= ( ^ - φa2)μφ{i)

By the definition of the co-limit there is a unique homomorphism
L(φ, B): L{A\ B) —> L(A, B) such that βiL(φf J5) = ^ ( i ) , for each
i6l(A',B). Thus if

α = ( , α<, •) e L(A ' f B) , α L f o £ ) = (•• , ( ί * < U ), •)

it is clear then that L(φ, B) is order preserving.
The next two lemmas are easy to prove; consequently we shall

not bore the reader with their proofs.

LEMMA 2.1. L{ ,B) is a contravarίant functor; that is if
φ: Aλ —> A2 and θ: A2 —> A3 are l-homomorphisms then

B) = L(θ,B)-L(φ,B),

and L(1A, B) — lLUfB). (1G denotes the identity mapping on G.)

LEMMA 2.2. If φ, φf:A~+Af are l-homomorphisms and φ + φ' is
too, then L(φ + φ\ B) = L(φ, B) + L(φ', B).

In a category ^ with zero the co-kernel of a morphism /: A —> B
is a morphism 7: B—+C such that fy = 0, and having the property
that if δ: B-+D is any morphism with fδ — 0, then there is a unique
morphism δ':C—*D such that yδ' = δ. In the category of abelian
Z-groups the co-kernel of an ϊ-homomorphism φ: A —> B is the canonical
mapping η: B —* B/J where J is the convex hull of the image of φ.
All epimorphisms of this category have zero co-kernel, but not con-
versely. For instance, the embedding j : Z—>Zffl Z onto the diagonal
has zero co-kernel, but if φ denotes the i-automorphism of Z EB Z
given by (a, b)φ = (6, a) then jφ = jΊzmz = j , so j is not epic.

THEOREM 2.3. If a: A—+ B is an l-homomorphism with zero co-
kernel then L{ay X) has a trivially ordered kernel. This holds in
particular if a is epic. If a is onto B then L(a, X) is one-to-one.

Proof. Suppose φ — ( , φif •) 6 L(B, X) with each φt ;> 0, and
assume φL{a, X) = 0. Thus (•••, (cxφi)a(i), •••) = 0; this means that
the vector ( , (ctφi)a(i), •) of EB {Li(A, X) \ie I(A, X)} is in a trivial-
ly ordered subgroup. Thus each aφi = 0, and since a has zero co-
kernel, each φi = 0.

Now suppose a is onto and θ e L(B, X). If θ — ( , θi9 •) is in
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reduced form then we seek to show ( , (##<)«(•>» •) is too. Clearly
ieI(B,X) is in the support of ( ••, θi9 •) if and only if a{i) is in
the support of (•••, {aθ^a{i)9 •••) since a is onto. Suppose now that
&(i), oc(j) are both in the support of ( , ((xθi)a(i), •) and k e I(A, X)
exceeds both of them. Then whenever 0 ̂  7< e L{(B9 X) and 0 ̂  yd e
Lj(B, X), a% + ajj = a(yt + 7, ) is an ϊ-homomorphism of A into X.
Again using the fact that a is onto one can then readily show that
Ίi + Ύj is an Z-homomorphism. But then some index of I(B, X) ex-
ceeds i and jf contradicting the hypothesis that ( , θiy •) is reduc-
ed. A similar argument shows that the size of the support of
(•••, (0Lθi)aχU •••) is minimal; it now follows that (•••, (aθ^a[i), •••) is
reduced.

Thus if 0 = ΘL(a, X) = (•••, (aθi)aίi), •••) then each aθt = 0 and
so θ€ — 0 for all i e I(B, X); hence θ = 0 and so L(a, X) is one-to-one.
(We shall see later that L(a, X) is in fact an o-embedding.)

The natural question here is: what does L( , X) do to short exact

sequences of i-groups ? (We call a sequence 0—>A—+ B —> C —>0 of
ϊ-homomorphisms short exact if a is one to one, β is onto and
Ker (β) — Im (a).) We will show presently that L(β, X) is an o-
monomorphism. Certainly L(β, X) L{a, X) = L(aβ,) — 0, but do we
get exactness at L(Bf X)? We shall give some partial answers, and
then make some (hopefully) educated guesses.

a
PROPOSITION 2.4. If 0—>A—>B-^C—>0 isa short exact sequence

of l-groups, and if 0 ̂  φ e Ker (L(a, X)) then ψ e (L(C, X)+)L(/3, X).
In particular L(β9 X) is an o-embedding.

Proof. If φ = ( , φi9 .) ^ 0 and φL(a, X) = 0 then

This means that in ffl {^(A, X) | i e I(A, X){( . , (#&)««„ •) is a
vector whose components add to zero. But each entry aφi is 0 or an
i-homomorphism; if the sum of i-homomorphisms is zero each of them
is zero. Thus aφ{ = 0 for each ieI(B9 X); since β is the co-kernel
of a, there is an ϊ-homomorphism 7*: C - ^ X such that βT = φ{. This
determines a 7 e L(C, X) whose image under L(β, X) is p; clearly
0 ^ 7 and our proposition is proved.

PROPOSITION 2.5. If 0-+A-^B^C-+0 splits cardinally, i.e.
B^AmC, then L(B, X) s L(C, X) ffl L(A, X).

Proof. If B ^ i f f l C we have i-homomorphisms ρ:C—+B and
σ: B —> A such that ασ = l4 > pβ = iσ> pσ = 0 and l s == σα + βp. For
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each Z-group X we have

L{σ, X)L(a, X) = lLU,X) , L(β, X)L(p, X) = lLWtX),

L(σ, X)L(p, X) = 0, L(β, X)L(a, X) = 0 ,

and finally by Lemma 2.2

L(a9 X)L(σ, X) + L(p, X)L(β, X) = lL[B,x) .

This proves L(B, X) s L(C, X) E L(A, X).

PROPOSITION 2.6. Let j : G—+G be the natural embedding of the
l-group G in its divisible hull. For each l-group X L(j, X) is an
o-embedding. If X is divisible L(j, X) is onto.

Proof. If φx and φ2 are any two homomorphisms of G into the
Z-group X which agree on G, then since each x e G is of the form
x = (l/ri)g, for a suitable positive integer n, we have

n(xφ,) = n((l/n)g)φi = gφι = gφ2 = n((l/n)g)φ2 = ̂ (α;^2) ,

which implies that && = α;̂ 2, since X is torsion free. Clearly then
L(i, X) is one-to-one. Moreover, if φ: G -• X is a homomorphism whose
restriction to G is an Z-homomorphism then φ is an Z-homomorphism;
for if x = (l/n)ff e G with gr G G then

n(a? V 0)^ - n((l/n)g V 0)^ = (fVθ)ί = ί ^ V O = h(l/»)^] V 0
= n[(l/n)gφ V 0] = ?φ0 V 0).

This says that L(j, X) is an o-embedding. Finally, if X is divisible
then each Z-homomorphism of G —• X extends (uniquely) to an Z-homo-
morphism of G —* X; in other words, L(j, X) is onto.

We shall for the remainder of the section study the question of
exactness of L( , X) for o-groups X; according to 1.7 the picture we
get of L(A, X) is somewhat less cluttered. The preceding result tells
us that if X is divisible we might as well assume that A is So we
ask: given an o-group X, which exact sequences 0—•A—>2?—>C—>0
go to exact sequences

0 — L(C, X) -> L(B, X) — L(A, X) ?

Prior to going into these questions more deeply we record some inter-
esting properties of L( ,X).

PROPOSITION 2,7. Let φ: A-+B be an l-homomorphism onto B.
If L(φ, X) is an o-isomorphism for each o-group X then φ itself is
an isomorphism.
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REMARK. An analogous statement holds for o-groups X with a
minimal nonzero convex subgroup.

Proof. If φ is not one-to-one pick 0 < x e Ker (φ) and let N be
a prime subgroup that fails to contain x. Set X = A/N and 17: A —• X
to be the canonical Z-homomorphism. Then ( , 0, , τj9 , 0, •) e
L(A, X) is not an image under L(φ, X).

THEOREM 2.8. Let A be an l-group; A is a subdirect product of
reals if and only if whenever φ: A—+ B is an l-homomorphism onto
B then L(φ, R): L(B, R)—* L(A, R) is an l-isomorphism if and only
if φ is an l-isomorphism.

Proof. Suppose φ: A —• B is an ϊ-homomorphism onto B. Let us
examine what L{φ, R) does. There is a one-to-one correspondence
between the maximal Z-ideals of B and the maximal ϊ-ideals of A that
contain K — Ker (φ). Now L(B, R) and L(A, R) are both cardinal
sums of copies of JB, one for each maximal Z-ideal of B and A re-
spectively. So L(φ, R) is nothing more than the injection of L(B, R)
onto that portion of L(A, R) corresponding to maximal ϊ-ideals of A
that contain K.

If L(φ, R) is then onto for some φ with nonzero kernel, then every
maximal Mdeal of A contains K and so A is not a subdirect product
of reals. Conversely, if A is not a subdirect product of reals let D
be the intersection of all the maximal Z-ideals of A; D Φ 0. Let
B = A/D and φ be the canonical mapping of A onto B. By our argu-
ments in the previous paragraph L(φ, R) is an ϊ-isomorphism.

REMARK. A similar theorem holds for subdirect products of
integers.

a
THEOREM 2.9. Let 0 —> A —>B-^C—*0 be a short exact sequence

of l-groups. If X is any Archimedean o-group then the induced
sequence

0 — (C, X) -> L(B, X) — L(A, X) is exact.

If X — R then L((x, X) is onto if and only if every maximal l-ideal
of A is the meet of a maximal l-ideal of B with A. If this is the
case L(B, X) s L(C, X) ffl L(A, X). If X = Z then L(a, X) is onto
if and only if every maximal l-ideal of A with cyclic factor is the
meet with A of a maximal l-ideal of B with cyclic factor.

Proof. As in 1.8 we have that if φ: B —• X is an Z-homomorphism
its kernel M is a maximal ϊ-ideal and φ determines an o-isomorphism
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from B/M-+X which is a right multiplication by a suitable positive
real number. The difference here is that not all maximal Z-ideals
appear as indices for L^B, X)y and the L{(B9 X) themselves need not
be full copies of R. Still L(B, X) is a cardinal sum of subgroups of
R one for each "admissible" maximal Z-ideal. Now L(β, X) acts as
in the proof of 2.8: there still is a one-to-one correspondence between
maximal Z-ideals of C that appear as kernels of Z-homomorphisms into
X and the same type of maximal Z-ideals of B that contain A. So
L(β, X) is the injection of L(C, X) onto that portion of L(B, X) cor-
responding to those maximal Z-ideals of B that contain A.

As for L(a, X) we have the following: if φ: B —> X is once again
an Z-homomorphism, and M = Ker (φ) ̂  A then M Π A is a maximal
Z-ideal of A and it is the kernel of aφ. Thus L(a9 X) has the effect
of annihilating all the components of L(B, X) corresponding to maxi-
mal Z-ideals of B that contain A, and being the identity on the re-
maining components.

It is now clear that 0 -+ L(C, X) -> L(B, X) -— L(A, X) is exact,
and also that the last part of the theorem holds, in the special cases
when X = R or X = Z.

In fact, after we record the following definition we have a better
theorem.

Let X be an o-group and G be any Z-group; a prime subgroup N
of G is an X-entry of G if it appears as the kernel of some Z-homo-
morphism of G into X. Thus:

THEOREM 2.9a. If O ^ i ^ ΰ ^ C ^ O is exact then L{B,X) ^
L(C, X) EB L(A, X) for an Archimedean o-group X if and only if
every X-entry of A is the meet of an X-entry of B with A.

We have the following sufficient condition for the exactness of
0 —> L(C, X) —• L(B, X) —• L{A, X), when X is an arbitrary o-group.

a
THEOREM 2.10. If 0 -* A — B -^ C -» 0 is exact, then 0 -> L(C, X) ->

L(B, X) —• L(A, X) is exact if A + N = B for every X-entry of B
which does not contain A.

The proof of this theorem depends upon the following lemma,
which is known and quite easy to prove. (See [1], Theorem 1.14.)

LEMMA 2.11. Let G be an l-group, A be a nonzero l-ideal of G.
There is an o-isomorphism between the set of prime subgroups of G
that do not contain A and the proper prime subgroups of A via the
mapping N\-+ Nf) A.
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Proof of 2.10. Since the index sets Z( ,X) are inversely o-iso-
morphic to a subset of prime subgroups we shall use the prime sub-
groups themselves to index the groups that make up the L( ,X)'s.

Suppose then that φ — ( , φN, •) is in reduced form and
φL(a, X) = 0, that is ( , (aφN)NC]A, •) = 0. If N 2 A then aφN is
identically zero; to see this write φN = φ^ — φ^, with φ%9 φΰ e ^f(B, X);
the kernels of φ% and φ# contain N and hence A. In this case we
need not worry about φN; pick θ, ψe L(C, X) such that βθ = φ% and
βψ = ΦN; then β(θ - ψ) = φN.

We are therefore left to consider those prime subgroups NoίB which
do not contain A. By Lemma 2.11 the support of (•••, (ocφN)NΓιA, •••)
is determined by precisely those prime subgroups; the lemma also guar-
antees that the representation is reduced. We have then that ocφN — 0
for each prime subgroup N ^ A. Once again, writing φN = φ^ — ΦN
as a difference of ί-homomorphisms (whose kernels contain N but not
A, for otherwise they would also vanish when restricted to A) we
have aφ^ = aφ^.

Our assumption is though that A + N = B for each such prime
subgroup N, and this implies that Φ% — φ#. The conclusion here is
that the support of φ = ( , φN, •) consists of those X-entries which
contain A. Our first paragraph in this proof then makes it clear
that φ is the image of some element of L{C, X) under L(β, X). This
completes the proof of the theorem.

COROLLARY 2.10.1. Suppose A is a maximal l-ideal of B, let
C = B/A and 0 —* A —> B —> C —> 0 be the induced exact sequence. If
A is also a minimal prime subgroup then 0 —> L(C, X) —* L(B, X) —»
L(A, X) is exact for all o-groups X.

An ί-group G is hyper-archimedean if it is -Archimedean and every
ί-homomorphic image of G is Archimedean. It is well known (see for
instance [1], Theorem 2.4) that G is hyper-archimedean if and only if
every prime subgroup is maximal (and hence minimal).

COROLLARY 2.10.2. If B is a hyper-archimedean l-group and
0->A->β->C->0 is exact then 0 -> L{C, X) -> L{B, X) — L(A, X)
is exact for every o-group X.

Proof. Every prime subgroup of B is both maximal and minimal;
consequently, if N is an X-entry of B that does not contain A we
have B = A + N. Theorem 2.10 now applies.

Another sufficient condition for the exactness of 0 —> L{C, X) —•
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L(B, X) —>L(A, X) is obtained by requiring that 0—>A ^+B—• C —* 0
be "right splitting", i.e., that β be a retract.

THEOREM 2.11. Let 0—•A-^I?-->C—»0 be an exact sequence of
l-groups, and suppose ρ:C~+B is an l-homomorphism such that
pβ = lc. Then for each o-group 1 0 ^ L(C, X) -+ L(B, X) -> L(A, X)
is exact.

Proof. We use the notation of the proof of Theorem 2.10. Let
φ = ( . . . ? φNy . . . ) be an element of L{B, X) in reduced form and con-
sider φL(a, X) = (•••, (aφN)NΠA, •*•); as shown in 2.10 this is once
again reduced. So if φL(ay X) — 0 we have aφN — 0 for all X-entries
N of B. As before, write φN — ΦN — ΦJ as the difference of Z-homo-
morphisms of B into X. For each X-entry define Θ^,Θ^\C-+X by
θ% = ρφ+ and 6χ = pφ-^. We claim that ΘL(β, X) = φ, where θ =

Note that ^ induces a group direct sum 5 = i 0 C ; more precisely,
each δ e B can be expressed uniquely as δ = aa + c/?, where c = δ/2.
Thus δ/3#£ = bβpφi and δ/3^ = bβpφ^, while δ^J = αα^J + cpφ% =
α^^J + bβpφ% = αα^J + δ/3̂ vJ likewise δ ^ = α α ^ + δ/3#ί, which im-
plies that bφN = δ/S^, for all δ € J5.

This suffices to prove that ΘL(β, X) = ^, and our theorem is
proved.

Cί β

COROLLARY 2.11.1. Let Q—+A—>B-->C—+0 be an exact sequence;
in all of the cases below 0 —> -L(C, X) —»I/(β, X) —* L(Af X) is exact
for each o-group X.

( a ) C is a protective l-group.
( b ) B is divisible and A is a prime subgroup of B.
( c ) B is a direct lexicographic extension of A by C.

Proof. In each of the above cases β is a retract and the theorem
applies.

COROLLARY 2.11.2. // 0—*A-^B—>C-+0 is exact where A is
a prime subgroup of B then 0 —> L(C, X) —> L(B, X) —• L(A, X) is
exact for each divisible o-group X.

Proof. Apply Proposition 2.6 and Corollary 2.11.1 (b).

The following example may serve to illustrate a bit the difficulty

in deciding which conjectures ought to be made in connection with

this functor. Let X — Z x Z with the lexicographic order: that is,
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(m, n) ^ 0 if m > 0 or m = 0 and then n ;> 0. We will show that if
0—*,4—>B—*C—> 0 is a short exact sequence then 0 —• L(C, X) —*
L(JB, X) —> L(A, X) is exact. So consider an exact sequence 0 —> A —*
J? —* C —>0, suppose φ = (.. 9φN9 ...) is in reduced form and
φL(a, X) = 0 (φeL(Bf X)). As in the proof of 2.10 it suffices to con-
sider those X-entries N such that iV g3 A. As before write φN =
#& - #ϊ as a difference of ϊ-homomorphisms whose kernels do not
contain A. By our assumption aφ% = α ^ ; ^ and φ# have a common
kernel, and after factoring out this kernel we have two o-embeddings
of X into itself, say θ1 and θ2, which agree on the nonzero proper
convex subgroup of X. The o-homomorphisms of X into itself are
given by triangular integral matrices

m p\
I with m > 0, w ^ 0 or m = n — 0 and p ^ 0 .

If ^ = (Ψ* ^Λ (i = 1, 2) and ^ agrees with θ2 as specified, then

nι — n2, so clearly θ1 — θ2 is either order preserving or order inverting.
Lifting back to B φ% — φ# is either an ϊ-homomorphism or the

additive inverse of one. Since a{φ% — φΰ) = 0 there is a unique i-
homomorphism ψ: C—+ X such that /5ψ == ί(^+ — ̂ -). This suffices to
prove the exactness of the sequence.

The reader will appreciate the special nature of the above
example.

3* Comments and questions* It appears that our functor will
be of little use as the classical Hom-functor is in extension theory of
abelian groups and modules. One might try to define an Ext-like
functor using protective resolutions; in that case the question of in-
dependence of the resolution used appears to be an impossible problem.
Or one could choose some "standard" free resolution; here it is obvious
that computations could become nightmarish.

In view of some of our results, particularly Theorems 2.8 and
2.9, one can expect L( ,X) to be useful in characterizing certain
lattice-group theoretical concepts. In any case, one large disadvantage
of our construction is that there is no functoriality in the second
variable.

Another possibility is that L( ,J?) might serve as a "duality"
functor between Z-groups and abelian groups. Then one practically
has to restrict oneself to subdirect products of reals, (L(A, R) = 0 if
A has no maximal Z-ideals), and then two such subdirect products of
reals might very well have the same dual, (if they have the same
number of maximal Mdeals.) A true duality can be realized, at least
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for subdirect products of reals, if one computes L(A, X) for every
Archimedean o-group, and then associates for each A the whole
"spectrum" {L(A, X) \ X is a subgroup of R}. Such a duality is
evidently too cumbersome.
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WEAKLY ALMOST PERIODIC HOMEOMORPHISMS
OF THE TWO SPHERE

W. K. MASON

A self-homeomorphism / of the 2-sphere S2 is weakly
almost periodic (w.a.p.) if the collection of orbit closures
forms a continuous decomposition of S2. It is shown that if
/ is orientation-preserving, w.a.p. and nonperiodic, then /
has exactly two fixed points, and every nondegenerate orbit
closure is an homology 1-sphere. There is an example with
an orbit closure which is an homology 1-sphere but not
a real 1-sphere. If / is orientation-reversing, w.a.p. and has
a fixed point, then / is shown to be periodic. The orbit
structure of orientation-reversing, w.a.p., nonperiodic homeo-
morphisms on S2 is studied.

1* Introduction* Let / be a periodic mapping of the 2-sphere
S2 to itself. Kerekjartό [8] and Eilenberg [3] showed that / is
topologically equivalent either to the identity (every point fixed), to
a rotation (two fixed points), a reflection (a simple closed curve of
fixed points), or to a rotation followed by a reflection (no fixed points).
If / satisfies the weaker condition of being almost periodic (equivalent
to having equicontinuous iterates), then the fixed point set of / again
is either empty or an i-sphere, 0 ^ i ^ 2, [9]. (For related results on
almost periodic mappings of subsets of S2, see Hemmingsen [7].)

In the present paper we study the weakly almost periodic
homeomorphisms on S2, (the collection of orbit closures forms a con-
tinuous decomposition of S2), and show that the set of fixed points
is still either empty or an ΐ-sphere, 0 ^ i ^ 2, (Theorem 3 and Corol-
lary 5). Some other results are: if / : S2 —»S2 is weakly almost
periodic (w.a.p.), orientation-reversing, and has a fixed point, then /
is periodic (Theorem 4); if / : S2—* S2 is w.a.p., orientation-preserving,
and not periodic, then every nondegenerate orbit closure is an
homology 1-sphere (Theorem 5).

A homeomorphism of S2 to itself which is w.a.p. but not almost
periodic is given in [12, Example 1]. This example is not almost
periodic since it has an orbit closure which is not locally connected,
(see [7, Section 5]). The collection of orbit closures, however, is easily
seen to be continuous.

Our main theorems are given in §§ 6 and 7. Section 3 gives a
summary of results in the theory of prime ends which we need.
Section 4 discusses the fixed point theory used in §§5, 6, and 7.
(Those familiar with prime ends and local fixed point index may skip
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§§ 3 and 4.) Many of our techniques are based on those of Cartwright
and Little wood in [2].

2. Definitions and notation. If / : X —>X is a homeomorphism
and xe X, then the orbit closure of x is the closure of the set of
iterates {fn(x)}> n = 0, ± 1 , ±2, • •-, (/° = Id).

The original definition of weakly almost periodic was given by
Gottschalk in [5]. For compact spaces the original definition is equiva-
lent to requiring that the orbit closures form a continuous decom-
position [5, Theorem 5]. The equivalent definition which we shall
use in our proofs is: / : S2—>S2 is weakly almost periodic if (a) the
collection of orbit closures is a decomposition of S2, (if two orbit
closures meet, they are equal), and (b) for any closed set B, the
union of all orbit closures which intersect B is a closed set, [6,
Theorem 4. 24, p. 34].

A point x e X is a nonwandering point if for every neighborhood
U of x, there is a nonzero integer n such that fn( U) Π U Φ φ. If
x is not a nonwandering point it is a wandering point. It is easily
seen that if /: S2 —> S2 is w.a.p. then every point is a nonwandering
point.

A domain is a connected open set. If A is a set C\(A) and Bd(yl)
denote the closure and boundary, respectively, of A. If U is a domain
of S2 and x is a point in a component R of S2 — Cl(U), then Bd(iϋ)
is the cmjter boundary of U with respect to x.

An homology 1-sphere K in S2 is a continuum (closed, connected
set) such that S2 — K has exactly two components.

An open triod is a set homeomorphic to the set of all points
(x, y) in the plane such that either — 1 < x < 1 and y = 0, or x = 0
and 0 ^ 2/ < 1. The points ( -1 , 0), (1, 0), (0, 1) are called the feet
of the triod.

If U is a domain then a crosscut of C7 is an open arc in U whose
closure is an arc which intersects Bd(?7) in two points. An endcut
of U is a half-open arc in U whose closure is an arc which intersects
Bd(C/) in one point.

3. Prime ends. In this section we state the results and defini-
tions concerning prime ends which we shall use in §§5 and 6. The
material in the present section is taken from [2], [11], and [15].

Let U be a simply-connected domain in S2 with a nondegenerate
boundary. A C-transformation of U onto the open unit disk D is a
homeomorphism T: U—+D such that the image of any crosscut in
U is a crosscut in D, and the endpoints of such images of crosscuts
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of U are dense in the boundary of D. The conformal mapping of U
onto D given by the Riemann mapping theorem shows that C-trans-
formations always exist. However, C-transformations may be con-
structed by topological methods, without using conformal mapping
theory, [15, Appendix 2].

Given a homeomorphism / of the closure of U onto itself, and a
C-transformation T of U onto D, we have that TfT~ι: D-+D is a
C-transformation which may be extended to a homeomorphism of the
closed unit disk onto itself, [15, (4.10) on page 6, and (A1.7) on page
27].

A collection of crosscuts Ql9 Q2f ••• of the simply connected do-
main U is a chain if (a) the arcs Cl(Q^f C1(Q2), ••• are pairwise
disjoint, (b) Qn separates Qn^ from Qw+1 in U, (c) there is a point on
Bd( U) whose greatest distance from Qn approaches 0 as n —> oo.
Corresponding to each Qn there is a domain Gn of U — Qn containing
Qn+1. Note that G1 z> G2 => .

If {Qi}, {Ri} are chains of crosscuts, and {GJ, {H{} are their
respective corresponding domains, then {QJ, {JBJ are equivalent chains
if for every n there is an m such that Hm c Gn and GmaHn.
Equivalent chains are said to define the same prime end. Thus, a
prime end of U is an equivalence class of chains of U.

If Qu Q2, is a chain of crosscuts in U, then their images
T(Qj)9 T(Q2), ••• under the C-transformation T: U-+D is a chain in
D, [15, Appendix 2]. If {Q{} and {iϋj are equivalent chains in [7,
then {T(Qi)}, and {T(Ri)} are equivalent chains in D, and in fact
converge to the same point on the boundary of D, ({Qi} and {i?J may
not converge to the same point on Bd(i7)). Thus, T sets up a 1 — 1
correspondence between prime ends of U and points of the unit circle
[11, p. 621].

If / : C1(Z7) —•Cl(CT) is a homeomorphism and E is a prime end
of U9 then E is fixed by / if for some chain {Q{} defining E, we
have that {QJ and {f(Qi)} are equivalent chains. This definition is
easily seen to be independent of which defining chain is used. If
T: U—>D is a C-transformation, h: Cl(D) —> C1(D) is the extension
of Γ/Γ""1, and e is the point on B d φ ) corresponding to the fixed
prime end E, then h(e) — e. Conversely, every fixed point of h on
Bd(jD) corresponds to a fixed prime end of / .

If E is a prime end of U, {Qi} is a defining chain for E, and p
is the point on Bd(?7) to which the crosscuts {QJ converge, then p
is a principal point of E. (We remark that there exists a U with
a prime end ϋ7 such that every point of Bd(ί7) is a principal point
of E, [13].)

If A is an endcut in U with an endpoint seBd(ϊ7), then there
is a chain {QJ defining a prime end i? such that s is a principal
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point of E and each crosscut Qi separates the endpoint of A in U
from some (open) subarc of A having s as an endpoint. E is the
prime end determined by A. If T: U-+D is a C-transformation,
and e is the point on Bdφ) corresponding to E, then T(A) is an
endcut in D having e as an endpoint, [15, page 5]

4* Lefschetz number and local fixed point index* In this
section we state the results concerning fixed points which we shall
use in §§ 5, 6, and 7.

If X is a compact polyhedron and / : X —> X is a map (continuous
function), then there is a certain rational number !/(/), called the
Lefschetz number of /, associated with / and X, [14, p. 195], We
shall use the following two facts about L(f).

Fact 1. If X is a two cell, then L(f) = 1.
Fact 2. If X is a 2-sphere and / is an orientation-preserving

homeomorphism, then L(f) = 2.
For proofs of Facts 1 and 2, see [14, p. 196].
If e is the category of compact polyhedra and maps, let A(e)

denote the set of pairs (/, U), where / : X—>X is a map in e and
U is an open subset of X such that / has no fixed points on the
boundary of U. Then there is a function i, the local fixed point
index, from A(e) into the rationale which satisfies the following
axioms:

Al. If (/, Z7), (g, U) belong to A(e), and / = g on the closure
of U, then i(f, U) - i(g, U).

A2. If ft is a homotopy such that (ft, U) e A(e) for each t,
OSt^l, then i(/0, U) = i(flf U).

A3. If (/, U) 6 A(e) and U contains mutually disjoint open sets
Vj9 j — 1, , k, such that / has no fixed points on U — Ui=i V3 9

then

In particular, if / has no fixed points on U, i(/, IT) = 0.

A4. If / : X-> X belongs to e, then i(/, X) = L(f).

A5. If the maps / : X-+ Y, g: Y->X belong to e, and

(gf,U)eA(e),
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then i{gf,U) = i{fg,g-\U)).
For further discussion of the local fixed point index see [4] or [1].

REMARK. If D is the open unit disk, and h is a map of the
closure of D to itself with no fixed points on Bd(D), then i(h, D) = 1.
For, by Fact 1 and Axiom A4, 1 = L(h) = i(h, Cl(D)). Then, by
Axiom A3, i(h, Clφ)) = i(h, D).

5* Preliminary lemmas* Our first lemma is based on Lemma
11 of [2].

LEMMA 1. Suppose f: S2 —* S2 is a homeomorphism, U is a
simply connected domain with nondegenerate boundary, f(U) = U,
and every point of U is a nonwandering point. Suppose also that
E is a prime end of U which is fixed by f. Then every principal
point of E is a fixed point of f.

Proof. Let Ql9 Q2, be a chain of crosscuts defining E which
converge to the principal point p of E.

Case 1. f(Qi) Π Q* = Φ for some i. Let V be the component of
U — Qi containing Qi+l9 Qi+2, •••. E is fixed by /, so {ζ>y} and {f(Qs)}
are equivalent chains, hence f(V)f) V Φ φ. But then f(V) either
contains or is contained in V. Assume f(V)a V. Let W be the
nonempty open set F-C1(/(F)) . Then fn(W) Π W=Φ if n Φ 0.
Thus no point of W is a nonwandering point. This contradiction
shows that Case 1 cannot occur.

Case 2. f(Qi)f\Qiφφ for all ί, i = 1, 2, •••. For each i,
select a point x{ e Qi such that f(xt) e Q{. The crosscuts Ql9 Q2,
converge to the principal point p, hence {#J —•p, hence {/(»*)}—*/(?>)•
But f(Xi) e Q^ hence {/(#;)} —• p. Hence /(ί)) = p and the proof of
Lemma 1 is complete.

LEMMA 2. Suppose f: S2 —* S2 is a homeomorphism, M is an
invariant continuum in S2 which contains no fixed point of /, and
every point of S2 is a nonwandering point. Then i(f, U) = 1 for
every component U of S2 — M which is invariant under f. (See § 4
for discussion of the fixed point index i(f, U).)

Proof. Let U be a component of S2 - M such that f(ϋ) = U.
M is connected, hence U is simply connected. Also, Bd(Z7) is non-
degenerate, since M contains no fixed point of /. Let T be a C-
transformation of U onto the open unit disk D. Extend TfT~ι to a
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homeomorphism h of Cl(D) onto itself. Since Bά(U) contains no fixed
point of /, we see by Lemma 1 that U has no fixed prime ends.
Hence h has no fixed points on Bd(D). Hence i(h, D) — 1 by the
Remark, § 4.

We would like to conclude from Axiom A5 of § 4 that i(f, U) = 1.
However, D and U are not compact polyhedra. We overcome this
difficulty as follows: let X be an open 2-cell which contains the fixed
points of / in U and whose closure is contained in U. Let Y be a
closed 2-cell in U containing C1(X) U f(Cl(X)). Let rx: C1(Z>) — Γ(F),
and r2: S2 —> Y be retractions. Since T(X) contains all fixed points
of h, we have:

1 = i(h9 D) = i(h9 T(X)) by Axiom A3

^, T{X)) by Al

rt, X) by A5

= i(f, X) by Al

= i(f, U) by A3 .

The proof of Lemma 2 is complete.

6. Fixed point sets of weakly almost periodic homeomor-
phisms on S2*

THEOREM 3. Suppose f: S2-+S2 is a w.a.p. orientation-preserv-
ing homeomorphism. Then either f is the identity or f has exactly
two fixed points.

Proof. Let Fix(/) denote the set of fixed points of / . Assume
Fix(/) Φ Sz. Since / is orientation-preserving it is easily seen that
/ leaves every component of S2 — Fix(/) invariant, and so we may
select an arc A in one of these components such that f(A) f) A Φ φ.
Denote by M the union of all orbit closures which meet A. M is
closed, since / is w.a.p.; M contains no fixed point of / ; and M is
connected since M is the union of the connected set

ill Γ(A)

and limit points of this set.

Since M and Fix(/) are disjoint closed sets, we see that Fix(/)
is contained in a finite number Ul9 •••, U8 of components of S2 — M.
By Axioms A3, A4, and Fact 2 of § 4, we have

2)=r-±i(f, Us).
1
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But by Lemma 2, i(f, Uj) = 1, 1 ^ j ^ s. Hence s = 2.
It remains to show that Fix(/) Π Uj9 j = 1, 2, is a single point.
Let U be the component of U, - Fix(f) with B d ^ ) cBd(?7).

Since Bd(?71) and Fix(/) are disjoint closed sets, we see that Bd(i7) —
Bd(ίTi) is a closed nonempty subset of Fix(/)

Case 1. Bd([/) — Bd(C/Ί) has more than one component. Then
by [16, Corollary 3.11, p. 109], there is a simple closed curve J in U
which separates Bd(U) — BdiUJ. Let B be an arc with one endpoint
on Bd(t/Ί), the other on J, and contained in U except for one end-
point. Then Bd(C/Ί) U JΌ B is connected, and

/(BdίK) U J U £)Π(Bd(t/;) U J U B) Φ φ .

Thus if we denote by N the union of all orbit closures which inter-
sect Bd( £7Ί) U J U -B, we see that N is an invariant continuum which
contains no fixed point of / (this follows similarly to the case of M
above). Let Vl9 ,Vt be the (finite) number of components of
S2 - N such that Fix(/) [\V5Φφ and V3 c Ul9 1 ^ j ^ £. By Lemma
2, ί(/, Fy) = 1, 1 ^ i ^ ί. By Axiom A3,

But J separates two points of Fix(/) Π U19 hence t > 1. This
contradiction shows that Case 1 cannot occur.

Case 2. Bd(?7) — Bd(CT ) is connected. The proof will be com-
plete if we show that Bd(Z7) — Bd(ϋi) is a single point. We assume
that Bd(?7) — Bd(C/i) is a nondegenerate continuum and derive a
contradiction.

Assuming Bd(Z7) — Bd(CTΊ) is a nondegenerate continuum we
establish

Claim 1. There is a simply connected invariant domain Cv con-
taining two endcuts A and B such that the endpoint of B on Bd(Cv)
is not a fixed point of /, and the endpoint of A on Bά(Cv) is a fixed
point of / which is not a limit point of Bά(Cv) — Fix(/).

Let Q be a crosscut in U both of whose endpoints lie on

Bd{U) -Bd(Ud

Let V be the component of U — Q whose boundary does not intersect
[15, (5.3), p. 6]. V is a component of

S2 - ((Bά(Ud - Bd(tO) U Q) .
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Let p be a point of Bd(F) — C1(Q). Note that p is a fixed point of

/.
Denote by L the union of all orbit closures which intersect

C1(Q). L is a continuum, p is not a limit point of L so there is a
connected neighborhood 0 of p which misses L. Let A be an endcut
of V which is contained in 0. Let Cυ be the component of

S2 - ((Bd(t7) - Bd(ϋi)) U L)

which contains the endcut A. The endpoint of A in Bd(Cυ) has a
neighborhood 0 which misses L, hence 0 ΓΊ Bd(Cv) c Fix(/).

Let -B' be an endcut of V with one endpoint b in Cv and the
other in the crosscut Q. Then the component of B' D Cv containing
b is the required endcut B.

Cυ is simply connected because (Bά(U) — Bd(C/Ί))Ul/ is connected,
(see [15, (5.3), p. 6] and [10, Theorem 74, p. 217]).

Cυ is invariant because (a) (Bd(Z7)) — BάiUJ) U L is invariant, (b)
Bd(Cv) contains a continuum of fixed points off, and (c) / is orientation-
preserving, (for further details see proof of Claim 2 below). The
proof of Claim 1 is complete.

Claim 2. The prime end E of Cυ determined by the endcut A
is a fixed prime end of /.

Let Su S2, ••• be a chain of crosscuts converging to the endpoint
δ of A and defining the prime end E. Since s is not a limit point
of Bd(Cv) — Fix(jf), we may assume that the endpoints of Si are fixed
points of / for every i, ί — 1, 2, * . We also may assume that
every crosscut St intersects A. From the crosscut Si and the endcut
A we may construct an open triod T{ (see § 2 for definition) whose
feet are fixed points of /. Since / is orientation-preserving, we see
easily that f(T{) Π Γ, Φ φ. (Hence f(Cv) Π Cv Φ φ, and since
(Bd(?7) - Bd(ϋ )) U L is invariant, we have f(Cv) = Cv.)

Since /(Γ*) Π T* Φ Φ for i = 1, 2, , we see that {SJ and {/(S4)}
are equivalent chains, hence E is a fixed prime end of /. The proof
of Claim 2 is complete.

Let T be a C-transformation of Cv onto the open unit disk D.
Extend the homeomorphism TfT~u. D-+D to a homeomorphism h
of the closed unit disk onto itself, h is orientation-preserving, since
/ is.

By Claim 2, there is a fixed prime end of Cv; hence h has a fixed
point on Bd(D). But then, since h is orientation-preserving, every
point of Bd(D) is either a fixed point of h or converges to a fixed
point under positive iterates of h [2, Lemma 14].

Consider the endcut B of Claim 1. The endpoint of B on Bά(Cυ)
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is not fixed by /, but this endpoint is a principal point of the
prime end F determined by B. Hence, by Lemma 1, F is not a
fixed prime end. Hence, if e is the endpoint of T(B) on Bd(D), e is
not a fixed point of h. But then, there is a fixed point m of h
on Bd(D) such that {few(e)}~=0 —> m. If M is the prime end of Cv cor-
responding to the point m, then by Lemma 1, every principal point
of M is a fixed point of /.

Let Xl9 X2, be a chain of crosscuts of Cv defining the prime
end M. We claim that for large i, T{X3) intersects the orbit under
h of T(B). To see this we proceed as follows. Let δ be the end-
point of B in Cυ. Then the orbit closure of b is contained in Cv;
therefore, the orbit closure of T(b) under h is contained in D. In
particular, m is not a limit point of the orbit of T(b). Hence, for
large j , the closure of the crosscut T{X3) separates m and the orbit
of T(b) in C1(D). But the other endpoint e of T(B) converges to m
under positive iterates of h, so for large j , there is a positive integer
n such that hn(C\(T(B))) intersects both components of

Clφ) - CliTiXj)) .

Hence hn(T(B)) intersects T(X3), and our claim is established.
Hence, for large j , X3 intersects the orbit under / of Cl(JB).
But the chain Xl9 X2, of crosscuts converges to a principal

point q of the prime end M. But then q is a fixed point of / which
is a limit point of the orbit of C1(JB). Therefore, the union of all
orbit closures which intersect Cl(i?) is not a closed set. This con-
tradicts the fact that / is w.a.p.

This final contradiction establishes that Bd(Z7) — Bd(Z7i) is a
single point. Similarly, Fix(/) Π U2 is a single point, and so / has
exactly two fixed points. The proof of Theorem 3 is complete.

THEOREM 4. Suppose f: S2 —* S2 is a w.a.p. orientation-reversing
homeomorphism. Then either f has no fixed points, or f is periodic
with period 2.

Proof. Suppose / has a fixed point.

Claim, f has more than two fixed points.
Suppose the claim is not true. Let A be an arc intersecting no

fixed point, such that A Π f(A) Φ φ. Denote by M the union of all
orbit closures which intersect A. M is an invariant continuum con-
taining no fixed points of /. Let U be a component of S2 — M con-
taining a fixed point of /. Then f(U)= U and U is simply connected
with a nondegenerate boundary. Let T be a C-transformation of U
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onto the open unit disk D. Extend TfT~~ι to a homeomorphism h
of the closed unit disk onto itself, h is orientation-reversing, since
/ is. But then h must have two fixed points on Bd(D), [16, Theorem
7.3, p. 264]. These fixed points correspond to fixed prime ends of U<
By Lemma 1, the principal points of these prime ends are fixed points
of /. This contradicts the assumption that M contains no fixed
points of /. The proof of our claim is complete.

But now consider the homeomorphism f2: S2 —> S2. f2 is orienta-
tion-preserving, w.a.p. [6, Theorem 4.24, p. 34 and Theorem 2.33, p. 17],
and by our claim, has more than two fixed points. Hence, by
Theorem 3, f2 — Id* The proof of Theorem 4 is complete.

COROLLARY 5. Suppose f: S2 —> S2 is a w. a. p. orientation-
reversing homeomorphism. Then the set of fixed points of f is either
empty or is a simple closed curve.

Proof. Follows from Theorem 4 and [3].

7* Orbit closures of weakly almost periodic horαeomorphisins
on S2.

THEOREM 6. Suppose f: S2 —> S2 is a w.a.p. orientation-preserv-
ing homeomorphism which is not periodic. Then every nondegenerate
orbit closure is a 1-dimensional homology 1-sphere.

Proof, f Φ Id so by Theorem 3, / has exactly two fixed points.
Let K be a nondegenerate orbit closure. We show that K separates
the fixed points of /. Suppose not. Then there is a simple closed
curve J which separates K and the fixed points of /, (connect the
fixed points by an arc missing K, then "enlarge" the arc slightly to
obtain a disk whose boundary is J). We must have f(J) Γ\Jφφ,
since otherwise every point of / would be a wandering point. Denote
by M the union of all orbit closures which intersect J. Then M is
an invariant continuum which separates K and the fixed points of /.
Let U be a component of S2 — M which intersects K. Since every
point of U is a nonwτandering point, there is an integer n such that
fn{U) Π TJφ φ. Since M is invariant, fn(U) = U.

fn is a w.a.p. orientation-preserving homeomorphism [6, p. 34 and
p. 17]. / is not periodic, hence fn Φ Id, hence by Theorem 3, fn

has exactly two fixed points. These fixed points are the original
fixed points of /, and so the domain U contains no fixed points of fn.
But by Lemma 2, i(fn, U) = 1. This contradiction shows that the
orbit closure K must separate the fixed points of /.
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We now show that K is connected. Let V be a component of
S2 — K containing a fixed point of / . Let B be the outer boundary
of V with respect to the fixed point of / not in V, (see § 2 for de-
finitions). B is connected, [10, Theorem 25, p. 176]. And V and the
fixed points of / are invariant, hence B is invariant. But K is a
minimal invariant set, and Ba K, hence B — K.

K is one dimensional, since outer boundaries contain no interior
points.

Finally, S2 — K has exactly two components. For, if there were
more than two components, then some component U would contain
no fixed point of / , and we would arrive at the same contradiction
as in proving that K separates the fixed points of / .

Thus K is a 1-dimensional homology 1-sphere and the proof of
Theorem 6 is complete.

REMARK. [12, Example 1] is an example of a w.a.p. orientation-
preserving homeomorphism with an orbit closure which is an homo-
logy 1-sphere but not a real 1-sphere.

THEOREM 7. Suppose f: S2-+S2 is a w.a.p. orientation-revers-
ing homeomorphism which is not periodic. Then, with two exceptions,
every orbit closure is the union of two disjoint homology 1-spheres.
The exceptions are (a) a period 2 orbit, and (b) one orbit closure
which is an homology 1-sphere (the uaxis of reflection").

Proof, f2 is a w.a.p., orientation-preserving, nonperiodic homeo-
morphism. Hence, by Theorems 3 and 6, f2 has two fixed points,
and every nondegenerate orbit closure is an homology 1-sphere. The
orbit closure under / of a point x is the union of the orbit closure
of x under f2 and the orbit closure of f(x) under f2. Thus, the two
fixed points of f2 correspond to a period 2 orbit under / , and every
other orbit closure under / is the union of two homology 1-spheres
which are either disjoint or equal. Let H denote the collection of
orbit closures under / which are homology 1-spheres. We show that
H has exactly one element.

Let G be the decomposition space whose points are orbit closures
under f2. Let w: S2 ~~>G be the natural decomposition map [16,
p. 125]. If K is any nondegenerate orbit closure under f2, then
w(K) is a cut point of G, since K separates S2, w is an open map,
[16, p. 130], and orbit closures are connected. Hence G has exactly
two noncut points, (the fixed points of f2), hence G is an arc, [16,
p. 54]. Define a map g: G-+G by g{w{K)) = w{f{K)) for all orbit
closures K of f2. It is easily seen that g is a nontrivial period 2
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map of the arc G onto itself. Fixed points of G correspond to ele-
ments of the set H defined above. But g has exactly one fixed point
[16, p. 264]. The proof of Theorem 7 is complete.
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LIMITS FOR MARTINGALE-LIKE SEQUENCES

ANTHONY G. MUCCI

The concept of a martingale is generalized in two ways.
The first generalization is shown to be equivalent to con-
vergence in probability under certain uniform integrability
restrictions. The second generalization yields a martingale
convergence theorem.

1* Introduction* In what follows {Xn, 33J is a sequence of
integrable random variables and sub-sigma fields on the probability
space {Ω, 33, P) such that

Xn is 33^-measurable

S3 = σ((j S3.)

We call the sequence {Xn, 33J an adapted sequence. In [2] Blake
defines {Xn, 33 J as a game which becomes fairer with time provided

3 3 m ) - X m ~ O as n^m

i.e., provided, for all ε > 0:

limP(\E(Xn\%>m) - Xm\> e) = 0 as m • oo .

It is proven in [1] that if {Xn, 33%} becomes fairer with time, and if

there exists ZeLt with | Xn | ^ Z for all n, then Xn —^> X, some

In the present paper we will show that X% -̂ -» X under the less
restrictive assumption that {Xn} is uniformly integrable. We will
further show that in the presence of uniform integrability {Xn, 33%}
becomes fairer with time if and only if {Xn} converges in probability,
i.e.,

Finally, by using the more restrictive concept that {Xn, 33%} is a
martingale in the limit, namely,

lim (E(Xu\®J-XJ = 0 a.e.,

we will prove (Theorem (2)) a generalization of a standard martingale
convergence theorem.

197
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2 PROPOSITION 1. Let the sequence {Xn} be uniformly integrable
and assume

( oo

Xn exists, all A e \J 93 w .
w-»oo JA

Then there exists XeJ^l such that

lim ( Xn = [ X , all A e 93 .
n-*°° JA JA

Proof. Let A e 93, <5 > 0. There exists Ao e UΓ 9SW with P(A M>) ^
<5 This, together with the augument in Neveu [3] (page 117) proves
the desired result.

REMARKS. Let Ω = [0,1) with Lebesgue measure. Let 93TO be
the (7-field generated by the subintervals Ak>n = [k/2n, (k + l)/2%), k —
0,1, , 2 - 1. Set X, - ΣΓ^ 1 (-1)*/^, where 7̂  is the indicator
function of A. Then for any Ae \J%$n we have lim^^ I Xn = 0.

Further, {XJ is uniformly integrable. However, {Xn} does not con-
verge in the ^

PROPOSITION 2. Let {Xn} be uniformly integrable and assume
{Xn} becomes fairer with time:

(*) .XL1'*'E{X»IS8-) --x«l>s) = o.

Then there exists X e £fv such that Xn -^-> X.

Proof. Let A e SSm, p ^ q ^ m. Then

It X,-ί Xj = t ί?(Zp|S8,)-X,
\JA JA I J 4

^ t \E{X,\K,)-Xt\ + ε
jA(.\E(Xp\%g)-Xq\>ε)

^ 2 sup ί I Xk I + ε .
A? J4(|JS?(2Γp|»g)—Xς|>e)

By uniform integrability and the assumption (*) we see that

lim \ Xn converges, all Ae\J%$n .
n-*oo JA 1

By Proposition 1, there exists I e ^ with

lim ( Xn - ( X , all A e 93 .
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Note that {E(X\fBJ,$Sn} is a martingale and E(X\φ.) — X both in
the Sf-i. and the almost sure sense (Levy's Theorem). Since

. - E(X\®.)\ + \\E(X\®n) - X\ ,

it will be enough to show [\Xn - E(X\%n)\->0. Now

\\XΛ- E(X\©„) I = ί (Xn - E{X\SB.))
J J(Xn^E{X\f8n))

+ \ (E(X\ϊβ.) - X.) .

Letting n' 7t n and setting A = (\E(Xn,\$$n) — Xn\ > ε), we have

ί {Xn-E{X\^n))^\ \Xn\ + \ |X., I

+ \\ (Xn,-X)\+e

=S2supί \Xk\
k JA

+ \\ (X..-X)\+ε.

By uniform integrability and condition (*), the first integral is small.
Letting nf —• c*>, the difference in the remaining integral tends to
zero. An identical analysis shows

\ (E(X\®n) - Xn)

REMARKS. SupposeXM A l . Then since

\m< \\χ»-χ\ + \Λ\χ\,

we see that {Xn} is uniformly integrable. Further

> e) £ i-

so {Xn, %$n} becomes fairer with time. It is shown (Neveu [3], page
52):

{Xn} is Cauchy in the ̂ fλ norm 4=Φ {Xn} is uniformly integrable
and {Xn} is Cauchy in probability.

We tie these results together with Proposition 2 to get
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THEOREM 1. Let {Xny SSΛ} be an adapted sequence. Then the
following three statements are equivalent:

(a) There exists X e ^ and Xn -^X X

( b) {Xn} is uniformly integrable and E(Xn | S3m) — Xm

p
( c ) {XJ is uniformly integrable and Xn — Xm > 0.

• 0 .

COROLLARY 1. Let the adapted sequence {Xn, SSW} be uniformly
integrable. Then

0< o .
REMARKS. In the absence of uniform integrability we have neither

implication. Consider the following two examples:
(1) Set Xn = ΣΓ Vk where {yk} is a sequence of independent

identically distributed random variables with zero means. Set %$n =
β(Vn 2/2, •• ,2/«) Clearly {-X*, S3Λ} is a martingale, so E(Xn\%>m) -

p
Xm > 0. But, if, for instance

1 with probability —

then

— 1 with probability —

/n—ra

= 1 - P ^

1 '

TΛ

so - xm Z o.
(2) Let {yk} independent where P(yk = ¥) = l//c2 and

1 - l/k\
Then, setting Xn = Σ ? yk we have

• o ,

= 0) =

while

P(\Xn -
\m + l / \m + l

TO

Σ v 1

m+ι fC

so in this case Xπ - while £7(XJSSra) -
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Recall now the definition that {Xn, 33J be a martingale in the
limit, namely:

(**) E(Xn\%J - X . >0 almost everywhere.

THEOREM 2. Let the adapted sequence {Xn9 SSΛ} be uniformly
integrable and a martingale in the limit. Then there exists J e ^
such that

Xn > X almost everywhere and in the ^-norm.

Proof. Clearly, {Xn, 33J becomes fairer with time, so from Theorem

1 there exists J e ^ with Xn -^-> X. Now, for an arbitrary sub-

sequence {n'}9

|X . - X| <S |X. - E(Xn,\®m)\ + \E(Xn, - X |©JI + \E{X\®m) - X| .

By Levy's theorem, the third term is less than e/3 for large enough
m. The first term is also bounded by ε/3 for large m, n' since
{Xn, S3J is a martingale in the limit. We must now show that the
second term is small. Note first that for an arbitrary σ-field j*f we
have

E(Xn\ j * 0 - ^ E(X\ J^ .

Now start with the σ-field ^ and note that the convergence

E{X%\$$^ •JK(X|SS1) implies the existence of subsequence {ttjcftt}
with E{Xnι\%$ΐ)-+E{X\y$x) almost everywhere. Continuing, we have

E(Xni ISS2) -^-> E(X\ S52), and we can extract {n2} c {n,} with E(X%2 \ SS2) ~>
E(X\%$2) almost everywhere. Thus, there exists a subsequence {n}cz
{n} with E(Xz\S8J-+E(X\$SJ a.e. for all m, namely the diagonal
subsequence. Now choose {n'} as a subsequence of {n}, and we can
bound the second term above by e/3.

Applications. 1. Let {yk} be a sequence of independent random
variables such that

U = 0 .

Then ΣuTVk exists a.e. and in the

Proo/. Set Sn = ΣΓ »*. Then
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so it is clear that {Sn} is uniformly integrable. Further, setting
*B» = σ(Vi, y2, , 2/»), we have

\E(Sn\^m)-Sm\ = \ \ ± y k ^ \ \ ± y k ,
I Jm + l J I m + l

so {Sn, 93 J is a uniformly integrable martingale in the limit.

2. Let {Xn, S3Λ} be an adapted uniformly integrable sequence
with I E(Xn+118Sn) — -X, | ^ cn where {cn} is a sequence of constants
with ΣΓ cn < oo. Then there exists a? e ^ with Xn —> X almost
everywhere and in the i^-norm.

Proof. We have

Thus

Editorial note. See also R. Subramanian, "On a generalization
of Martingales due to Blake," Pacific J. Math., 48, No. 1, (1973),
275-278.
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RELATIONALLY INDUCED SEMIGROUPS

EUGENE M. NORRIS

This paper gives sufficient conditions, of a relation-theoretic
nature, in order that a quotient of the state space of a re-
cursion (or topological machine) be a topological semigroup
iseomorphic to the endomorphism semigroup of the recursion,
generalizing recent function-theoretic results.

Relations* By a relation R from a set A to a set J3, we mean that
R is a subset of A x B. If A and B are topological spaces, we say
that R is closed to mean that it is a closed subset of the product
space. If R is a relation from A to B and S is a relation from B to C,
their composition is the relation S° R from A to C defined by (a, c) e
So R if and only if there is some δ e B with (α, δ) e R and (δ, c) e S.
This is contrary to the notation in [1], but agrees with the usual
(non-algebraist's) notation for the composition of functions. The
inverse of a relation R is the relation R"1 defined by (δ, α) 6 R"1 if
and only if (α, δ) eR. A relation from A to A is reflexive if R con-
tains ΔA — {(a, a): a e A}, symmetric if R"1 g i? (whence follows i?"1 = R),
and transitive it RoRξΞ R. R is an equivalence relation if it is
reflexive, symmetric, and transitive. For any relation R from A to J5
and any subsets A! 9 i , B ' e J5, A'ϋJ denotes the set {δ e B\ (α, b) e R
for some αeA'}; RBr is then defined to be the set B'R~γ. We write
aR rather than {α}i2 and Rb for iϋ{δ}, for simplicity's sake. It is
known that if A! is compact and R is closed then A'R is closed; if
A, B, and C are all compact Hausdorίf spaces and R and S are closed
relations from A to B and ΰ to C respectively then SoR is also
closed. It is also known that if A is compact and R is a closed
equivalence on A then the quotient space A/R = {aR: ae A} is com-
pact Hausdorff. See Kelley [3] for topological details.

After Riguet [5, 6], a relation R from A to B is called difunc-
tional iί Ro R~ι oRς^R; we observe that any function is difunctional
and any symmetric, transitive relation is difunctional; in elementary
geometry, the relation of orthogonality is difunctional, as Riguet
noted. We use Riguet's 1950 results freely [6] and note in particular
that if R is a difunctional relation from A to B satisfying A = RB
and B = AR, then R~ι © R and R © i?""1 are equivalence relations on A
and JS, respectively, closed if R is closed and A and 5 are compact
Hausdorff, Furthermore, A/(R~ιoR) = {i?δ: δe£} and Bj{RoR~ι) =
{αiϋ: α e i } . For any difunctional relation J2, the sϊώes αlϋ and a'R
either coincide or are disjoint, a property well-known for equivalence
relations; the same property holds for slices Rb, Rbr, since R~ι is
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difunctional if and only if R is difunctional In fact, this property
of slices characterizes difunctional relations. Unfortunately, the com-
position of difunctional relations need not be difunctional.

Recursions* A recursion is a triple (T, X, •)> where T and X
are spaces and T x X——• X is a continuous binary operation, the value
t x of which at the point (t, x) is usually denoted by juxtaposition,
unless emphasis seems wise. For T" ϋ T and X' S X, we write T'X'
(or occasionally T' X') to denote the set {tx: ί e T' and X G Γ ) , We
frequently avoid the use of curly brackets, writing Tx for T{x) and
so forth. In particular, if R S T x X and ί, 2 are elements of Γ,
then t(zR) — {t} (zR), the translate of the slice zR. A recursion is
c.o.d. if both spaces are compact Hausdorίf or both are discrete.

For the sake of completeness we state below an easily established
folkloric lemma that A. D. Wallace attribute to G. E. Schweigert [7],
and a generalization, the Induced Function Theorem (IFT for short),
proved in [1]. The lemma is frequently used in what follows.

LEMMA 0. If A, B, and C are all compact or all discrete spaces,
if f:A—>B and g: A —» C are continuous functions with f surjective
and if the condition f(a) = f(a') implies g(a) = g(a') for all a, af holds
then there is a unique continuous function h: B—+ C, satisfying
h{f{a)) = g(a) for all a in A.

Induced Function Theorem. Let A and B be both compact Haus-
dorff or both discrete spaces, R^AxBa closed relation from A to
B, and E and F closed equivalence relations on A and B, respectively.
If A — RB and RoEoR^^F then there is a unique continuous
function h making the following diagram of projection and quotient
functions analytic.

A< R >B

4

A/E >B/F .

Furthermore, if in addition to the previous hypothesis B = AR and
R~ιoFoRQE, then h is a homeomorphism.

Results*

THEOREM l Suppose (T, X, •) is a c.o.d. recursion and i ? S Γ x X
is a closed difunctional relation satisfying, for all t', t", t and seT,

(1) 72? = V'R — t'{tR) = V'(tR)
(2) tR = t'(t"R) => t(sR) = t'{t"{sR))
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(3) T= RX and X = TR
(4) for each t, V in T there is some t" in T with t(fR) = t"R.

Then X/iRoR"1) is a topological semigroup with multiplication *
satisfying tR*t'R = ί(ί'iϋ) identically.

Proof. From difunctionality and hypothesis (3), R"1 o R and R o jβ-1

are equivalence relations on T and on X, respectively, and are closed
if T and X are compact. The Induced Function Theorem implies that
there is a unique homeomorphism h making the following diagram of
projection and quotient maps analytic.

T< R >X

I !
TI{R-1 o R) > X/(R o Λ-i)

In the following diagram,

Tx X # >X
hp X q\ \q

XI{R o i?-1) x X/(R o i?-1) > XI{R o R-i)

we note that (ί, x)eR iff tR = q(x) and Rx = p(t) iff λ(JBa?) = tR.
If (ί, α?) and (ί', a;f) satisfy [fcp x g] (ί, a?) = [Ap x q] (ίf, α?0 then A(p(ί)) =
λ(3>W) and g(a?) = q{x')> so that ίJB = VR. If ί"e Jδa? then xef'R,
hence to e t(t"JR) = f(ί"i2) by hypothesis (1). We also have ί'α?' e t'{t"R)
since ita = Rx\ Hypothesis (4) allows us to conclude that (tx, tfxf) e
RoR~\ i.e., q(tx) = q{tfxf). Hence Lemma 0 applies to give a unique
continuous function* making the diagram analytic. We observe that
tR*q(x) = tq(x) for all t e T and all x e X. Now* is associative, for
if ί, f i" e T, then there is some s 6 T such that £(£'ϋJ) = sR, and hence
{tR*t'R)*t"R = t{t'R)*t"R = sR*t"R=s(t"R) - t{t'{t"R)) = tR*t'{t"R) =
tR*(t'R*t"R), using hypothesis (2).

THEOREM 2. Suppose (T, X, •) is a c.o.d. recursion and RSTxX
is a closed difunctional relation satisfying

(1) r = i ? Z a n d X = ΪΉ
(2) ίfee seί ^ = {z e Γ: ίJB = ί'i? => ί(«U) = ί'(zjβ)} is ^oί em^%
( 3 ) /or eαcfe t,t'eT there is some t" e ϊ 7 wiίA tψR) = t"R
( 4 ) if tR = t'{t"R) then for any zeZ, t(zR) = t'{t"{zR)).

Then {zR: zeZ} is a topological semigroup in the quotient topology
with multiplication* satisfying zR*z'R = z(z'R) for all z, zf e Z.

Proof. For simplicity, let Z = {zR: zeZ} be the subspace of the
quotient space AKRoR*1). We dispose topological considerations first.
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One verifies easily that if T and X are compact, then Z is closed,
and it follows by standard results that ZR and finally Z are compact.
Of course, if T and X are discrete, so is Z.

On the algebraic side, we observe that Z ZR £ ZR, for if z,z' eZ
and tR = z(z'R), then it will be seen that tzZ (such t exists by hy-
pothesis (3)). To this end, suppose that t'R = t"R, and let t'(zR) — sR
to infer that t'(tR) = t'(z(z'R)) = s(z'R), by hypothesis (4). Since zeZ,
then t'{zR) = ί"(z#) and hence sR = f («JB); it then follows from
hypothesis (4) that s{zfR) = ί"(φ'i?)), so that *'(ίi2) = ί"(ί!2), implying
that teZ. Hence Z-ZR^ZR.

If α? and α/ are points in ZR satisfying (x,xf) e Ro R~\ then
(3$, zx') e iί o i?-1 also, and hence we may infer from Lemma 0 that
the function Z x Z —^ Z given by zVi? = z {z'R) is continuous.

Finally, if Rf is the relation from Z to Z defined by (z, z'R) e Rr

if {z} x z'R s i?, then we can easily see that R' is closed and difunc-
tional, so that R' and the compact or discrete recursion (Z, Z, *)
satisfy the hypothesis of Theorem 1. Theorem 2 now follows.

Representation. Assuming the hypothesis of Theorem 2, let S be
the semigroup (with compact open topology) of all continuous functions
from the quotient space A/(R © R"1) into itself, and let end denote the
subsemigroup of S defined by / e end if t f(x) = f(t x) for all t e T
and all x in X/iRoR-1). The function F:T-*S, given by Ft(ί'i2) =
t' (tR), is easily seen to be continuous and maps Z into end; let i77'
denote the restriction of F to ^. In a similar way, the map G: Z-+
ZR/(R o jR"1) given by G(z) — zR is a continuous surjection. Lemma
0 is seen easily to apply, giving a continuous function H: ZRj(R o jβ"1) —>
end satisfying Ho G = F, from which we see that for any z e Z and
any t e T, [H(zR)\ (tR) = t(zR). Routine computation, using hypothesis
(3) and (4), shows that H(zR*z'R) = H(zfR) o H(zR), so that Jϊ is an
anti-homorphism.

THEOREM 3. If, in addition to the hypothesis of Theorem 2, for
some ZOGZ and all teT it is the case that t(zQR) — tR = zo(tR), then
H is an anti-iseomorphism and ZR/(R © R*1) is a monoid with z0R its
identity; furthermore, the set z0R is a set of generators for X, i.e.,
T(zQR) = X.

Proof. That z0R generates X is clear from the equations t(zQR) =
tR and TR = X. That z0R is the identity follows from the fact that
for any z e Z, zR*z0R = z(z0R) = zR = zo(zi2) = z0R*zR. If £Γ(zi2) =
H(z'R) then zi2 = 20(z#) = so(s'.R) = «fΛ> so that if is injective. To
see that H is also surjective, let fe end, and suppose f(z0R) = ίo^ί
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we will see that tQ e Z. To see this suppose t'R — t"R and compute:
t'(t0R) = t'f(z0R) = f(t'(zQR)) = f(t'R); similarly, ί"(ίoJβ) - f{V'R); it
follows that t0 e Z. Now for any teT,we see that f(tR) = f(t(z0R)) =
tf(z0R) = £(£oi2) = [iί(ίoi2)](ίi2), implying that i ϊ is surjective.

REMARKS. Theorem 2 obviously generalizes Theorem 1 and also
contains a previous result of the author [4]. When R is a continuous
function from T onto X it is a closed, difunctional relation and
RoR-1 == AZ9 so that Xj(RoR~ι) is homeomorphic to X, and the set
ZR is just the image of Z; R is surjective just in case X = Ti2.
Hence Theorem 1 generalizes the theorem of [7] and Theorem 2, the
theorem of [8], which in turn elegantly generalize theorems of Aczel-
Wallace, Hosszu, Barnes, Fleck, Weeg, Oehmke et. al. (see [8] for
references). Other applications will be announced elsewhere. In
view of recent results of Fay [2], the present work allows one to
induce semigroups "in" the objects of many categories. The details
of this extension will be left for another time.
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A COMPARISON OF ^-DENSITY AND ^-DENSITY

ARTHUR E. OLSON, JR.

In this paper a comparison is made between c-density and
A -density in the general setting of Freedman density spaces
in additive number theory. The comparison is motivated by
the following question of Freedman: Does there exist a den-
sity space and a set such that the c-density of that set is
positive and the A>density is zero? The answer is yes. More
generally, there exists a density space such that for any two
real numbers pt and p2 with 0 ^ pi ^ ρ2 < 1, a set can be con-
structed such that the /^-density of the set is pi while the
odensity is p2.

Let S be any nonempty subset of an abelian group G with binary-

operation + and identity element 0. We define a relation < on S by-

saying y<x whenever x — yeS\{0}. The set S is called an s-set

whenever the following conditions hold:

(s.l) O e S

(s.2) S\{0}Φψ

(s.3) *S\{0} is closed with respect to + .

(s.4) L(x) — {y I y e S, y < x or y = x} is finite for each x e S\{0}.

Corresponding to each CCGS\{0}, let H{x) be a subset of S satisfy-

ing the following three conditions:

(c.l) {0, x) S H(x)

(c.2) H(x) £ L(x)

(c.3) if y e H(x)\{0}, then H(y) £ H(x).

Let Jt~{H) = {F\FS:S,F finite, OeF, F\{0} Φψ,xe F\{0} implies

H(x) £ F}.

Then J?~(H) is said to be a fundamental family on S.

Freedman [1] calls the ordered pair (S, ^ (H)) a density space

whenever S is an s-set and ^{H) is a fundamental family on S.

For any two sets X, D S- S with D finite, let X(D) denote the
number of nonzero elements in X f) D.

DEFINITION. The k-densίty of a set A g S with respect to
written ak, is

/ A / τrr\

FejT(H)

DEFINITION. The c-density of a set A g S with respect to
written ae, is

209
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We begin our comparison of fc-density and c-density by stating
without proof the following two results of Freedman.

THEOREM 1. Let (S, ̂ ~{H)) be a density space. For any set
Ξ S we have 0 ^ ak <[ ae ^ l

THEOREM 2. Let (S, ̂ ~(H)) be a density space and Abe a subset
of S with 0 G A. The following three conditions are equivalent:
(i) ak = 1, (ii) ac = 1, and (iii) A = S.

For the remainder of this paper we suppose that ac < 1. Freedman
posed the following question [1]: Does there exist a density space
(S, ̂ {H)) and a subset A of S such that ac > 0 and ak = 0? The
answer is yes.

EXAMPLE 1. Let I be the set of nonnegative integers with the
usual addition and let d be any positive integer. Let H(x) be defined
by

({0,1,2, ...,d}(j {*} if a ^ d + 1 ,
({0, x} otherwise ,

where x e I\{0}. Then (I, ̂ {H)) is a density space. Let A —
{0,1, 2, , d). Then α* = 0, but ac = d/(d + 1) > 0.

Example 1 shows that there are density spaces for which ak = 0
and αc is arbitrarily close to (but not equal) 1. Example 1 also
answers a second question of Freedman [1]: Does OeA and ac > 0
imply that A is a basis for J? The answer is, of course, no. The
set A has finite cardinality and hence cannot be a basis for J.

EXAMPLE 2. Let I°° denote the set of all zero terminating
sequences of nonnegative integers. Then (J°°, J^{L)) is a density
space. For any positive integer N ^ 2, let

Γ\A — {(a?!, &2, •) I #* ̂  JV for all i and Xι — N for exactly one i} .

Then ak — 0 and ac — {N — Ϊ)/N which again answers Freedman's
first question. This density space is less artificial than the space in
Example 1. However, it does not serve as an answer to Freedman's
second question.

In the final theorem of this paper we show that it is possible to
create a density space for which there exist sets having any ^-density
and c-density we want as long as Theorems 1 and 2 are not violated.
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THEOREM 3. There exists a density space (J, J^iH)) such that if
0 ^ ft ^ ft < 1, then there is a set -A £ I such that ak = ft and
ae = ft.

Proof. Let {(dif b{)} be a sequence of ordered pairs of positive
integers satisfying 1 < d{ <= δ* where all possible such pairs occur and
occur infinitely often.

For all x e /\{0}, define

f{0,l,2, ...,*}

( 1 )

{0,1,2, ...,(1,-1,3}

{0, δx + 1, δL + 2, . . ,ί

if dλ ^ x S δi ,

if δx + 1 ^ a? ̂  δi + d2 - 1 ,

- l,α?}

if δ, + d2 ^ x ^ δx + δ 2 ,

Σ
i = l

i

i=i

if + 1 Σ δι + J- >

{0, Σ δ, + 1, Σ &* + 2, •••, Σ 6* + dy+i - 1, a}
J J+l

if Σ δ* + rfj+i ̂  ^ ^ Σ δ

The space (/, ̂ (H)) is a density space.
Let ft and ft satisfy the hypothesis of the theorem. Let {ut}

and {vt} be strictly decreasing sequences of positive rational numbers
less than 1 such that

ft-gib {w4|i = 1,2, ...},

p2 = gib {̂  I i = 1, 2, •}, and tt< ̂  vt for each i .

Since Ut and ̂  are positive rationale, there exist positive integers
ah δί, and d\ such that u{ — ajbl and Vi = α{/d{. Since 0 < w4 ̂  ^ < 1,
we have 1 ̂  α< < cZJ ̂  δj. Furthermore, there is a strictly increasing
function r(β) such that b's = δ r ( s ) and d's = dr(β) for s = 1, 2, . Let

l)

J ί-r i

α? e I, Σ δ< + 1 ̂  α ̂  Σ &*ι where j ^ 0 and

/ + 1 ̂  r(s) for all s |

oe> f r ί s ) — ! r(s)—l Ί

\J<xxeI, Σ ^ + 1 ̂  a? ̂  Σ &i + «*[
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We now show that ac = ft and ak = ft.
For each positive integer s, we have

Since ft = gib {v. | s = 1, 2, •}, we have ac ^ ft. Also for any positive
integer m there is an integer j ^ 0 such that Σί=i 6; + 1 ^ m ^ Σftί 6<.
If j + 1 = r(s) for some s, then

Otherwise A(H(m)) = I(H(m)).
Therefore,

Hence we have a, = ft
It is more difficult to show that ak = ft. For each integer j ^ 0,

define that set F, by

Fj = {o, Σ b, + l, Σ δ, + 2, , Σ&Λ .

By formula (1) we have

m2(i)

•Fi = U H(m) ,
(i)

where m^i) = Σί"=iδ< + 1 and m2(i) = Σ ί ί ϊ δ o a n d h e n c e Fs

If y + 1 = r(s) for some s, then

(2)
I{F3) 6 i + 1 6r( iJ

Since ft = gib {̂ s | s = 1, 2, •} we have α& ̂  ft Now consider any
) . For each integer j ^ 0, let Gi = FΠFi. Now since

and FdejT(H), we have Gy e J ^ ( i ϊ ) U {{0}}. Now i ^ j
implies Fi Π Fs = {0} and hence (^ Π (?y = {0}. Also F is finite. Hence
there is a finite integer

J =• max {i I

Now if Gy\{0} ^ ^, then Gy e ^ ( £ T ) . If G,\A Φ φ, then i + 1 = τ{s)
for some s and
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{ r(s)—ί r(s)—1 r(s)—l ^

Σ bt + 1, Σ bt + 2, •-, Σ h + a.\ S G, S *V ,
i = l ί = l < = 1 J

and so

If G3\A = φ, then A{G3) = /((?,) and inequality (3) still holds. There-
fore, by statement (3) and since G{ Π Gj = {0} for i Φ j , we have

j J

Λ(ΊΓ\ A\\\ kjy ^ΛJ^L \SΓύ) Λ(Π\ ΛίTΠ\

r/77τ\ j j = = Γ//°' \ === T(ΊF\

for some i (1 ^ i ^ J). If i + 1 = r(s) for some s, then by statement
(2), we have

A(τr.\

If i + lφ τ(s) for all s, then A(Ft) = /(F,). In either case,
A(F)/I(F) ^ us for some s. Therefore,

, |8 = 1,2, ...} = ft .4τfτ
J i*)

Hence we have ak — ft.

REFERENCE

1. Allen R. Freedman, Some generalizations in additive number theory, Reine Angew.
Math., 235: (1969), 1-19.

Received June 22, 1972. The author is indebted to the referee who provided Ex-
ample 2 and made suggestions which strengthened Theorem 3.

U. S. AIR FORCE ACADEMY, COLORADO





PACIFIC JOURNAL OF MATHEMATICS
Vol. 48, No. 1, 1973

ON THE SEMISIMPLICITY OF GROUP RINGS
OF LINEAR GROUPS II

D. S. PASSMAN

In this paper we continue the study of the semisimplicity
problem for group rings of linear groups. We consider the
case in which the characteristics of the two fields involved
are both equal to p > 0 and we obtain appropriate necessary
and sufficient conditions in terms of the abstract structure
of the group.

Let K[G] denote the group ring of G over the field K. In this
paper we study the semisimplicity problem for K[G] with G a linear
group. If char K = 0 and if G is a linear group over any field, then
it is trivial to see that JK[G] = 0. Thus the only case of interest
occurs when char K = p > 0. A study of this situation was initiated
by A. E. Zalesskii in [4] and continued somewhat in [3]. Here we
solve the problem in case G is a linear group over a field L and
char L = char K. Before we can properly state the result it is neces-
sary to describe a certain characteristic subgroup <£f{G) of G. There-
fore, we postpone the statement until the next section. We follow
the notation of [2] and [3].

1* Normal ^-subgroups* Let G be a linear group over a field
L of characteristic p>0. That is, G is a subgroup of the group of
units of LM, the ring of u x u matrices over L. Of course G is also
contained in Lu, where L is the algebraic closure of L and thus
without loss of generality we may assume that L is algebraically
closed. Thus for the remainder of this work L will denote a fixed
algebraically closed field of char p > 0 and any subgroup of Lu for
any u will be called an L-linear group.

It is apparent from [4] that a necessary ingredient here must be
a consideration of the normal ^-subgroups of G. We start with a few
elementary observations. If G is any group let OP(G) denote its
maximal normal p-subgroup. It is clear that OP(G) always exists.
If G S Lu we let LG donote its L-linear span. Thus certainly LG is
an L-subalgebra of Lu.

LEMMA 1.1. Let G be an L-linear group. Then
( i ) OP(G) is a nilpotent group.
(ii) G/OP(G) is an L-linear group.
(iii) If OP(G) = <1>, then G can be represented as an L-linear

group in such a way that LG is semisimple.

215
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(iv) If LG is semίsimple and H <] G then LH is semisίmple.

Proof. Observe that LG is a finite dimensional L-algebra so JLG,
its Jacobson radical, is nilpotent. We start by proving (iv). If xe G
then since if<| G, x normalizes H and hence clearly x acts as an algebra
automorphism on LH. Since JLH is characteristic in LH we have
x~ι(JLH)x = JLH so (JLH)x = x(JLH). Thus since LG is spanned
by all such x we obtain easily (JLH)(LG) = (LG)(JLH). Now JLH
is nilpotent and therefore by the above so is the ideal (JLH)(LG).
Thus (JLH)(LG) S JLG = 0 and JLH = 0. This yields (iv).

Now let μ: LG-^ LG/JLG be the natural map and let P = {g e G\μ{g) =
1}. Since G S LG, P is a subgroup of 17 - {1 + α | a e JLG} S LG.
Now JLG is nilpotent and char L = p > 0 so we see easily that U is
a nilpotent p-group. Thus P is a nilpotent p-group and P £ OP(G).

Now μ(LG) = LG/JLG is a finite dimensional L-algebra so it is
contained in Lw for some integer w. Furthermore, LG/JLG contains
the group G = G/P and is clearly spanned by it. This shows that G
is an L-linear group with LG semisimple. If OP(G) — <1> then
certainly P — <1> so G = G and (iii) is proved.

Observe that if we show that P = OP(G) then (i) and (ii) will
follow and to do this we need only show that Q = OP(G) = <1>.
Since LG is semisimple, part (iv) and Q <\G implies that LQ is also
semisimple. Let I be the subalgebra of LQ spanned by all 1 — x
with xeQ. Then I is an ideal of LQ and I is a finite dimensional
algebra (without 1) spanned by the nilpotent elements 1 — x. As is
well known (see for example the proof of Lemma 10.1 (ii) of [2]) this
implies that I is nilpotent so IS JLQ = 0. If x e Q then 1 — x e I = 0
so x = 1. Thus Q = <1> and the lemma is proved.

Let G be any group and let H be a subgroup of G. We set

DG{H) = {xeG\[H:CH(x)]< ~} .

Clearly DG(H) is a subgroup of G and if H is normal or characteristic
in G then so is DG{H). Furthermore,

DG{G) - Λ(G) = {xeG\[G: CG(x)] < «,}

is the ί7. C subgroup of G. Finally ΔP{G) is defined to be the sub-
group of A{G) generated by all ^-elements, that is elements whose
order is a power of p. We say that G is a J-group if G = Δ{G).

LEMMA 1.2. Let G be an L-linear group.
( i ) If H<\G and G = DG{H) then [H: H Π Z{G)\ < - ,
(ii) If OP(G) = <1> then 4P(G) is finite.
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Proof. Since LG is finite dimensional we can choose some finite
number of group elements xu x2, •••,&» which span LG. By assump-
tion for each i, [H: CH(Xi)] < °o and thus by Lemma 1.1 of [2],
[H: Z] < oo where Z = ΓiΐCH(Xi). Now Z s LG is centralized by a
spanning set so it is, therefore, centralized by all of LG and hence
by all of G. This shows that Z £ Z(G) and thus (i) follows.

Suppose OP(G) = <1> and set H = ΔP(G). Then H = Δ(H) so by
part (i) applied to H we conclude that [if: Z(H)] < oo. Now OP(G) = <1>
and Z(iϊ) < G so OP(Z(H)) = <1> and since Z(fl) is abelian this says
that Z(Jϊ) has no elements of order p. Thus Λp(Z(iJ)) = <1>. On
the other hand, since [ΔP(G): Z(H)] < oo, Lemma 19.3 (v) of [2] implies
that [Z(H): Δ'(Z(H))] < oo. Thus Δ*(Z(H)) = <1> yields | Z(H) \ < oo
and hence |1T| < ©o. This completes the proof.

Let G be any group. We define a characteristic subgroup
of G as follows. Let P = OP(G) and set G* = DG{P) so that G * ί i P =
Z)p(P) = Δ{P). Then J2 (̂G) is the subgroup of G* given by

2 Δ{P),

LEMMA 1.3. Let G be an L-linear group. Then with the above
notation [Sf{G)ι Δ(P)\ is finite and S^{G) is a characteristic Δ-sub-
group of G.

Proof. *£?{G) is clearly characteristic by its construction. Now
G* <j G so OP(G*) S OP(G) = P and thus OP(G*) = Δ(P). Therefore,
by Lemma 1.1 (ii), G*/Δ(P) is an L-linear group and certainly
Op{G*jΔ{P)) - <1>. Thus Lemma 1.2 (ii) implies that Δp{G*jΔ{P)) is
finite and we see that [Sf{G)\ Δ{P)\ is finite. Furthermore, since
clearly G* = DG*(Δ(P)), Lemma 1.2 (ii) yields [Δ(P): Δ(P) f] Z(G*)] < oo
and this and the above show that <S?{G) has a center of finite index.
Therefore, £?(G) is a J-group.

We can now state our main result. If H is a subgroup of G we
say that H has locally finite index in G and write [G: H] — l.f. if
for all finitely generated subgroups S of G we have [S: S Π H] < oo.

THEOREM. Le£ K be a field of characteristic p > 0 α̂ icί let G be
a linear group over afield of the same characteristic p. ThenJK[G]Φθ
if and only if there exists an element h e Sf(G) of order p with
[G: CG(h)] - l.f.

Observe that the above necessary and sufficient conditions concern
the abstract structure of G and not how G is written as a linear
group.
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2* The case: OP(G) = <1>- The linear groups with OP(G) = <1>
were studied in [4] under the additional assumption that K = L,
that is the two fields are the same, and the semisimplicity problem
was solved in that case. Here we modify the original argument
slightly to handle the case in which K and L are different.

If S is a subset of any group G we say that S has finite index
in G and write [G: S] < ^ if G can be written as a finite union,
G = UΓ Sxi, of right translates of S.

LEMMA 2.1. Let G be an L-linear group and let Tl9 T2, •••, Tά

be a finite number of L-subspaces of LG properly smaller than LG.

Let S be a subset of G and suppose that

G = SuUiGnΆ) .
1

Then either [G: S] < oo or G = \J{ (G Π Tt) and G has a subgroup H
of finite index with LH Φ LG.

Proof. We assume that [G: S] is infinite and we consider all
ways of writing G as a finite union

where Xi e G and the M{ are L-subspaces of LG each contained in
some TV. By assumption such a decomposition exists. For each such
union we associate an ordered pair (d, r) where d — max dim Mi and
r is the number of Mi of dimension d. We say (dl9 rx) < (d2, r2) if
d1 < d2 or dΣ = d2 and rx < r2. This then is a well ordering and
assume the above union is so chosen that (d, r) is minimal. By
definition d < dim LG. We may assume that dim Mi — d for
i — 1, 2, , r. Note that the Mi terms must occur since [G: S] — oo .

Fix k ̂  r and g e G. Then

(G Π Mk)g ^G^USxtϋUiG
1 1

SO

GnJiί,gύ Sx.g-1 uύίGn Mjg-1

1 1

= U Sxig-
1 U U (G n M.g-1)

1 1

and thus

GΠMks(j Sx.g-1 U U (G Π (M^1 Π Mk)) .
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Thus replacing the term G D Mh in the original union by the above
yields a new such union with the subspace Mk replaced by the finitely
many subspaces M{g~γ Π Mk for i = 1, 2, , t. If dim (Mi^r1 Π Mk) <
dim Mk for all i, we then get a new decomposition with some smaller
parameter (d'9 r') Since this cannot happen we conclude that for some
i, MifiΓ1 Π Mk = Mk or M{ Ξ2 J|ffcflr. Since Mk has the largest dimen-
sion of all the subspaces we therefore have Af4 = Mkg for some i ^ r.

We have therefore shown that G permutes by right multiplica-
tion the subspaces Mi, M2, •••, Mr and hence if H is the stabilizer of
Mi then [G: H] < oo. lί LH = LG then Mi# = Λfi implies that
M^LH) — Mx and then MXG = Mi. Again by the minimality of (d, r)
and [G:S] = oo we have Gΐ\M1Φ<Z so let T/GGΠ-M;. Then
MλG = M, yields M1ΆyG = G. Thus Mi 2 LG, a contradiction.
This shows that Li ί ̂  I/G and therefore LH is a proper subalgebra
of LG.

Finally let 1 — gu g2, , gm be a set of right coset representatives
for H in G. By renumbering the Mi's if necessary we may assume
that M^i = M^ Let Tv be chosen with Mi S T*. Now M,H = Mι

yields yH S -Mi so 7/ίf̂  g Mi^ = Mi. Thus

G = yG =
1 1 1

so clearly G = \Jί (G Π T{) and the lemma is proved.

For the remainder of this work we let K denote a fixed field of
characteristic p. If G is a group and if x, y e G we use x ~ βy to
indicate that x and y are conjugate in G.

LEMMA 2.2. Let a = X*U ^& e K[G], a Φ 0 cmώ suppose that
a is nilpotent. Then for some i Φ j and some integer n we have
gf - Ggf.

Proof. Let S denote the subspace of K[G\ spanned by all Lie
products [/S, 7] = βrt — Ίβ with ^ 7 6 K[G\. Then S is spanned by
all Lie products [x, y\ — xy — yx with x,yeG. Now yx = x"1(xy)x
so yx ~ Gxy and, therefore, we see that if de S then the sum of the
coefficients of δ over any conjugacy class of G is zero.

By assumption a is nilpotent so we can choose n ^ 0 with apn = 0.
Then Lemma 3.4 of [2] yields

0 = a?* = Σ Γ̂fff* + δ
< = 1

for some δ e S If a{Φ 0 then since the sum of the coefficients in
the conjugacy class of gf must be zero in the above and since the
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contribution of d to this sum is zero, we conclude that some j Φ i
must exist with gf ~ Ggf.

LEMMA 2.3. Let G be an L-linear group with LG semisimple.
Since L is algebraically closed, LG is a finite direct sum of full
matrix rings over L and we embed LG in Lu for some u by placing
the matrix rings of LG in blocks along the diagonal of Lu. Then
tr, the matrix trace map on Lu, yields a nondegenerate symmetric
bilinear form (a, β) = tr aβ on LG.

Proof. The form (α, β) = tr aβ is certainly bilinear and sym-
metric. We need only show that it is nondegenerate on LG. Let
aeLG with (a, LG) = 0. Then

tr (LG)a(LG) = tr a(LG)(LG) = tr a{LG) = 0

so every element of the ideal {LG)a(LG) has trace zero. But any
nonzero ideal of LG contains one of the full matrix ring and certainly
all its elements cannot have trace 0. Thus a must be zero and the
lemma is proved.

We now obtain our generalization of Zalesskii's result by modify-
ing the proof of [4]. It is apparent that the proof could be greatly
simplified if we only knew that the radical was a nil ideal.

LEMMA 2.4. Let G be an L-linear group with OP(G) = <1>. Then
G has a normal subgroup Go of finite index and a representation of
Go as an L-linear group in such a way that LG0 is semisimple and
if [Go: H] < co then LGQ = LH.

Proof. Since OP(G) — <1>, Lemma 1.1 (iii) implies that G can be
represented as an L-linear group with LG semisimple. We now con-
sider all normal subgroups H of G of finite index and all ways in
which H can be represented as an L-linear group with LH semisimple
and we choose Go to give the minimum possible dimension of LGQ.

Thus we have Go <] G, [G: Go] < co and Go is an L-linear group
with LG0 semisimple. Furthermore, let H be a subgroup of Go of
finite index. Then [G: H\ < co so Ho, the intersection of the finitely
many G-conjugates of H, is a normal subgroup of G of finite index.
Since Ho <J Go we have LH0 semisimple by Lemma 1.1 (iv) and thus
by the minimality of the dimension of LG0 we have LG0 = LH0 and
hence LG0 = LH.

PROPOSITION 2.5. Let G be an L-linear group with OP(G) = <1>.
Then JK[G] is nilpotent.
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Proof. Let Go be the normal subgroup of G of finite index given
in the preceding lemma and let us write LG0 as described in Lemma
2.3. Thus LG0 £ Lu and tr yields a nondegenerate bilinear form on
LG0. We show now that K[G0] is semisimple.

Suppose by way of contradiction that a = Σt=ιai9i€JK[Go] with
a Φ 0 and with the group elements g{ distinct. If x e Go then also
ax = Σf^αifta? e JK[G0] Thus if G1 is the finitely generated subgroup of
Go given by G, = (gu &,•••, gkf x) then axe JK[G0] Π K[G,\ £ JK[G,\

by Lemma 16.9 of [2] We show now that for some i Φ j , tr (̂ α?) =
t r (gάx).

Suppose this is not the case and let GF(p) denote the algebraic
closure of GF(p). Since Gx is a finitely generated subgroup of Lu we
can find, by the Extension Theorem for Places, a place <p: L —*
GF(p) U {°°} such that 9> is finite on all the matrix entries of the
generators of Gι and their inverses and furthermore for all i Φ j ,
φ{tτ (giX)) Ψ 9(tr (gjX)). If & denotes the corresponding valuation
ring in L then clearly Gx g &u and φ can be extended to a homo-
morphism φ: ^ u —• GF(p)u and therefore ^(Cy is finite.

Consider the natural map η: KIGJ —>K[φ{Ĝ ] Since rj is an
epimorphism, ^(/^[GJ) £ JϋΓf^ίGi)] and thus

Now 9?(Gi) is finite so JK[φ{G$\ is nilpotent and therefore Σ *
is nilpotent. Thus Lemma 2.2 implies that for some iΦ j and some
integer n, φ(giX)pn ~ φ{G1)

(P(ΰάχ)pn* Let tr denote the trace map in
GF(p)u. Since similar matrices have the same trace and since the
fields have characteristic p > 0 we conclude that

Itr <p(g<x)]pn = te [φ(giX)p%] - Γr

and thus tr φ(gtx) = tr φ(g3 x). But certainly tro<̂ > = ^?otr so we obtain

9>(tr (flf̂ )) = tr φfax) = tr

a contradiction.
We have, therefore, shown that for each x e Go there exists some

i ^ j with tr flf4a? = tr g5x. For each i Φ j let Γ4i be the L-subspace
of LG0 given by

Ti3. = {δ e LG0\tτ (di - gj)d = 0} .

Since tr yields a nondegenerate bilinear form we see that TiS Φ LG0

and by the above we have
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G = u G n τiS.

But then Lemma 2.1 with S = 0 implies that Go has a subgroup H
of finite index with LH Φ LG09 a contradiction. This shows that
K[G0] is semisimple. Since [G: Go] < <*>, Lemma 16.8 of [2] implies
that JϋΓfG] is nilpotent and result follows.

3. A local situation. We now study a group G with a rather
special structure. We say G has property (*) if G has a normal
series G 2 l f 3 P 3 Z satisfying

1. G/TF is infinite cyclic.
2. G = G/P is an L-linear group with OP(G) = <1>
3. P is an abelian p-group.
4. [P: Z] < oo and W centralizes ^.

We say that G has property (**) if G satisfies all of the above and
in addition

5. P

Our aim is essentially to completely determine JK[G] if G satisfies
(*)• We start by assuming that G satisfies (**) and prove that JK[G]
is nilpotent. For the remainder of this section we assume that G
satisfies (**) and is given as above. We start by introducing some
more notation.

LEMMA 3.1. There exists a subgroup Go of G of finite index
with G 3 G 0 3 P and such that

( i ) Go = Go/P has a representation as an L-linear group with
LG0 semisimple and with LGQ = LH for all subgroups H g Go of
finite index.

(ii) Go centralizes the quotient P/Z.
(iii) If W>o = Go Π W then GQ/W0 is infinite cyclic.

Proof. The existence of a group Go satisfying (i) is an immediate
consequence of Lemma 2.4. Furthermore, it is clear that this same
property holds for any subgroup of Go of finite index which contains
P. Now Go acts on finite group P/Z and P centralizes this quotient.
Thus we may certainly replace Go by CGQ(P/Z) if necessary and then
this new Go also satisfies (ii). Finally

Go/Wo = GJ(Wn Go) ~ G0WJW

is a subgroup of finite index in the infinite cyclic group GJ W and the
result follows.

We will show that K[G0] is semisimple. Thus by way of con-
tradiction we assume now that Go is given as above and JK[G0] Φ 0.
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LEMMA 3.2. There exists a nonzero element 7 = aβeJK[GQ] Π
satisfying

( i ) a = Q, £&e s%m of all the elements of Q, where Q is a finite
subgroup of P.

( ϋ ) j3 = 2* = 1 α^, w&ere the gι are in distinct cosets of P in
Wo.

(iii) 7 centralizes K[P\.

Proof. By assumption JK[G0] Φ 0 and since Go/Wo is infinite
cyclic Theorem 17.7 of [2] implies that

/ = jκ[G0]nκ[ψ0]

is a nonzero ideal of iΓ[TF0]. Choose 7 G /, 7 ^ 0 such that Supp 7 is
contained in the smallest number n of cosets of P. By multiplying
7 by a group element if necessary we may assume that one of these
cosets is the identity coset. Thus

where a^KlP] and gx = 1, #2, •••, #„ are in distinct cosets of P.
Let Q be the subgroup of P generated by the support of all the

<%i. Then Q is a finitely generated and hence finite subgroup of the
abelian p-group P. Therefore, as is well known, the unique minimal
ideal of K[Q] consists of all i£-multiples of Q and thus Q is a multiple
of ax in K[Q]. By multiplying 7 on the left by this suitable factor
we may clearly assume that at = Q. Let heQ. Then (1 — h)at = 0
so (1 — h)Ύ G I has support contained in a smaller number of cosets.
This implies that (1 — h)Ί — 0 for all heQ and thus we have for all
ί, a{ = a{Q for some a{ e K. This yields

and (i) and (ii) are proved.
Finally let he P. Since P is abelian and gt — 1 we see hrιih — ye I

has support in fewer cosets of P. By the minimality of n we con-
clude t h a t h~lfrh — 7 = 0 for all h e P and (iii) follows.

We now define an even smaller subgroup of G. Again we fix
the above notation for the remainder of this section. Let

T= {heQ\hΦl,Cύo(h)

Now define the subgroup G1 by
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Gi = n r wocGQ(h)

with the understanding that G1 = Go if T = 0 .

LEMMA 3.3. Lei GL δe as above. Then

( i ) (j0 3 d 3 TF0, [G> Gil < oo and GJW0 is infinite cyclic.
(ii) If heT then Gx = ΐΓ0Cffl(Λ).

Proof. By definition we have Go 3 d 3 Wo. Moreover, Ĝ / Wo is
the intersection of finitely many nonidentity subgroups of the infinite
cyclic group Go/Wo Thus GJWQ is infinite cyclic and [GQ: GJ < w.

Finally let k ϊ 1 . Then Wo g ^ g WoCCo(A) so

, Π C o l

and the lemma is proved.

The reason for working with Gι rather than Go will be apparent
in the following result.

LEMMA 3.4. Let x e GL — Wo and let a be as above. Suppose
that for infinitely many integers s (positive or negative) there exists
an integer r = r(s) ^ 1 with

aάx~sax~2s . . ax~rs = 0 .

Then for some he T we have xe CGl(h).

Proof. The assumption on a clearly implies that for each such
s the group QQx~sQx~2s Qx~rs is not a direct product of the indicated
factors. Since there are infinitely many such s there are certainly
infinitely many positive or infinitely many negative ones. Therefore,
by Lemmas 3 and 4 of [1], there exists he Q, hφ\ and a positive
integer m with x~m or xm in Cβl(h) and hence xmeCGι(h). Now
x e Gλ — Wo and GJ Wo is infinite cyclic so xm $ Wo and by definition
of T we must have heT.

Since Gλ = W0CGi(h) by Lemma 3.3 (ii) we can write x — wy with
weW0 and yeCGl(h). Therefore, yeCGl(h), xm = (wy)m e CGί(h) and
since Wo centralizes P/Z we have hw = λ^ for some ze Z. It then
follows easily by induction on i that

and therefore

Λ - /^(wy)W = hz'z*2
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so we have zyzy2 zym = 1. We now conjugate this last expression
by y~ι and obtain

ZZ Zy — 1 = Z Zy Zy .

Thus since P is abelian we have z — zym.
Since G satisfies (**) we know that W centralizes Z and thus we

have CGι(z) 3 (Wo, y
m). Furthermore, GJWQ is infinite cyclic and

2/e Wo since x£ Wo so clearly [Gx: CGι(z)] < °°. Hence [G: CG(z)] < oo
and we have zePΠ A{G). Again by assumption (**), P Π J(G) = <1>
so z = 1. Finally Λx = ΛW2/ = hzy — h so xe CGl(h) and the result
follows.

Let ~~ denote the natural map G0—>G0^ GJP and we extend this
to the map K[G0] ->K[G0]. Thus for β= Σ ? = i ^ ^ as given before
we have β = Σ?=i α ^ We now represent Go as an L-linear group
as in Lemma 3.1 (i) so that LG0 is semisimple.

LEMMA 3.5. We can embed LGQ in the matrix ring Lu in such
a way that tr, the matrix trace map on Lu> yields a nondegenerate
symmetric bilinear form LGQ. Futhermore, if for each i Φ j we define
Ti} by

then Tij is a proper L-subspace of LG0 — LGX.

Proof. The first part follows immediately from Lemma 3.1 (i)
and Lemma 2.3. The second part about T{j follows from the nonde-
generacy of the bilinear form and the fact that g{ Φ gό by Lemma
3.2 (ii). Finally LG, = LG, by Lemma 3.1 (i).

LEMMA 3.6. Let x e Gλ — Wo and let β be as above. Suppose
that βx8 e iΓ[Gi] is nilpotent for all integers s (positive or negative)
with possibly finitely many exceptions. Then for some i Φ j we have

Proof. Since xe (?! — Wo and GjW0 is infinite cyclic we see that
ζx) is infinite. We consider <#> as an L-linear subgroup of GQ.
Let V denote the finite set of exceptional integers in the above and let

S = {xv\ve V) .

Then S is a finite subset of <£> so clearly [<£>: S] = oo. Now let s
be an integer not in V. Since

βx* = J
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is nilpotent we conclude from Lemma 2.2 that for some i Φ j and
some integer t ^ 0

Thus since similar matrices have the same trace and since char
L = p >0 we have

(trgβY = tr (gβY = tr {gβY = (tr gβ*)** .

Hence tr gβ8 = tr gβs and xs e Tiό.
We have therefore shown that

<χ> = s u U «^> π τi3)

and since [(x): S] = c>o, Lemma 2.1 implies that

<̂ > - u «^> n τi3).

This shows that x G Γ^ for some i ^ j and the lemma is proved.

We now come to the main result of this section.

PROPOSITION 3.7. Let G be a group satisfying (**). Then JK[G]
is nilpotent.

Proof. We use all the above notation and show first that
JK[GQ] — 0. If this is not the case then all of the above lemmas
and notation apply.

Let xe Gι — Wo and let s Φ 0 be an integer (positive or negative).
Since GJWΌ is infinite cyclic, the element x~s has infinite order
modulo Wo. Since 7 6 JK[G0] Π K[W0], Lemma 21.3 of [2] implies
that for some integer r — r(s) >̂ 1 we have

Now 7 = otβ so this yields

aβax~sβx~sax~2s . . . ax~rsβx~~rs = 0 .

By Lemma 3.2 (iii) 7 centralizes K[P] and hence since P <\G, T~xs

also centralizes K[P\.
We use this latter fact to rearrange the terms in the above

product. First since the product is

77X~S . . 7«~ ( r ~ 1 ) s ^*~ r s β x ~ r s

we can shift the ax~rs factor past all the Ίz~%s and obtain
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We next shift the ax~ir~~1)s term all the way to the left and continu-
ing this process we clearly obtain

Let σ denote the above first factor and τ the second. Suppose
that σ Φ 0. Now P is an abelian p-group and char K = p so JK[P]
is the unique maximal ideal of K[P]. This implies that every element
of K[P] — JK[P] is a unit in K[P]. If we now write r a s r = Στiyi

with τi e K[P] and the yi in distinct cosets of P, στ = 0 and σ Φ 0
therefore implies that τ^JKlP] and hence r e (/#[P])2f [<?<>]. But
this ideal is precisely the kernel of the homomorphism K[G0] —> iΓ [Go]
and therefore τ — 0. Thus

0 = f = ββ~x~sβ*~2s £*"•" = ()Sίc ) r + 1ίc- r

and ( / β^ s ) r + 1 = 0.

We have therefore shown that for each s Φ 0 either

aa*~sax~2s . . . αβ" r β - 0

for some r = r(s) ^ 1 or ^xs is nilpotent. If the first fact occurs for
infinitely many s then by Lemma 3.4, xe CGι(h) for some he T. If
this first fact occurs for only finitely many s, then βxs is nilpotent
for all but finitely many s and Lemma 3.6 yields x e T{j for some i Φ j .

Observe that the above holds for any xeGx — Wo. Thus we see
that

Gx = SU U(GiΠ Ti3)

where

S= WQU \JCGι{h).
heT

We apply Lemma 2.1 and there are two possible conclusions. First
there exists a subgroup H of Gt of finite index with LH Φ LGX.
But [Go: GJ < oo so [Go: 5 ] < oo and Lemma 3,1 (i) then yields
LGX — LG0 — LH, and contradiction. Secondly we have [G^ S] < oo
and this says that G1 is a finite union of cosets of the subgroups
Wo and CGl(h) for all k T . Then by Lemma 1.2 of [2] we see that
one of these subgroups must have finite index in Gx. Since GJWQ is
infinite cyclic we, therefore, have for some heT, [Gx: CGι(h)] < oo.
Moreover, [G: GJ < oo and Cffl(A) 3 P s o this yields [G: Cβl(λ)] < oo.
Thus h Φ 1 and he P C) d(G), a contradiction since G satisfies (**).

We have therefore shown that JK[GQ] = 0. Since [G: Go] < oo,
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Lemma 16.8 of [2] implies that JK[G] is nilpotent and the proposi-
tion is proved.

4* The main theorem* In this section we prove our result.
However, we first need a few additional facts about groups satisfying
condition (*).

LEMMA 4.1. Let G satisfy (*) and suppose that P Π Δ(G) is
finite. Then JK[G] is nilpotent.

Proof. Let Q = P Π Δ{G) < G and consider G/Q. Then G/Q has
a normal series

G/Q 2 W/Q 2 P/Q 2 ZQ/Q

and it is trivial to see that G/Q has property (*). In addition G/Q
satisfies (**) as follows. Let heP with hQ/QeΔ(G/Q). Then the G
conjugates of h are contained in only finitely many cosets of Q.
Since Q is finite this implies that hePf] Δ(G) = Q and hQ/Q = 1.
Thus P/Q Π Δ(G/Q) = <1> and Proposition 3.7 implies that JK[G/Q]
is nilpotent.

Consider the natural map K[G] —>K[G/Q\. Since Q is a finite
p-group the kernel of this map is the nilpotent ideal (JK[Q])K[G]
Moreover, we have

JK[G]/(JK[Q])K[G] s JK[G/Q]

and since both JK[G/Q] and (JK[Q])K[G] are nilpotent, the lemma
is proved.

LEMMA 4.2. Let Q be a periodic normal subgroup of a group G
with Q g Δ(G). Let g,yeG and suppose that gQ/QeΔ(G/Q). Then
there exists an integer m ^ 1 such that ym centralizes g.

Proof. Since hQ/Q e Δ(G/Q) it follows that some power ym' of y
with m' ̂  1 centralizes gQ/Q and thus (ym\ g) e (?. Moreover, since
Q is a periodic normal subgroup of G contained in Δ(G)9 there exists
a finite normal subgroup H of G with (#w', #) e H. This implies that
ym' normalizes the finite coset Hg and therefore some possibly bigger
power ym of y centralizes g.

At this point we could completely determine the structure of
JK[G] if G satisfies (*). However, we will content ourselves with
observing the following key fact. If aeK[G] we let
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p-Supp a — {heSupp a\h φl has order a power of p)

PROPOSITION 4.3 Let G satisfy (*) and let xeG. Suppose that
aeJK[G] with leSuppα. Then there exists hep-Sup])a and an
integer n^l such that xn centralizes h and hP/Pe JP(W/P).

Proof. Let Q = P Π Δ{G) <\ G and consider G/Q. Then G/Q has
a normal series

G/Q 2 T7/Q 2 P/Q 2 ^Q/Q

and it is trivial to see that G/Q also satisfies (*). Suppose zeZ
with zQ/QeA(G/Q) and choose i/eG with G = <TF, j/>. Then Lemma
4 2 applies and we conclude that ym centralizes z for some m ;> 1.
Since s G Z we therefore have CG{z) 2 < TΓ, ?Γ> and hence

[G: CG(z)] < o o , 2 6 P ί l 2/(G) = Q and ^Q/Q = 1 .

We have shown that the group G/Q satisfies (*) and in addition
ZQIQ Π A{GIQ) = <1>. Since [P/Q: ZQ/Q] < oo w e therefore conclude
that P/Q n 4(G/Q) is finite and hence by Lemma 4.1, JK[G/Q] is
nilpotent

Write a as

with ^ 6 K[Q] and with ^ = 1, g2, , flft in distinct cosets of Q in G.
Since 1 e Supp a we can assume that 1 e Supp at for all i and hence
& 6 Supp a.

Suppose first that ^eJKlQ]. Since l e S u p p ^ it follows that
there exists h e Supp aγ s Supp a with Λ ̂  1. Then Λ has order a
power of p and & e J(G) so certainly xn centralizes h for some n.
Finally fcP/P =leJp(W/P).

Now assume that a^JKlQ] and let — denote the natural map
K[G\ —+ K[G/Q], Since Q is an abelian p-group we see that the
kernel of ~ is (JK[Q])K[G] and therefore for each iy ά{ — a{L for
some α̂  e K and by assumption αx Φ 0. Then

has 1 in its support. Furthermore, JK[G/Q] is nilpotent so Theorem
20.2 (i) and Lemma 3.5 of [2] imply that for some i Φ 1, & e AP(G/Q)
and & has order a power of p. Since Q is a p-group we see that gi

has order a power of j> and by Lemma 4.2, xn centralizes gt for some
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n Ξ> 1. Now gt has finite order a power of p and G/W is infinite
cyclic so gi e W. Moreover, giQjQ has only finitely many conjugates
in GIQ so certainly giP/P has only finitely many conjugates in WjP.
Thus giP/PeΔp(W/P) and the proposition is proved.

The following is well known.

L E M M A 4.4. Let G be a group and let H be a normal Δ-subgroup

of G. Suppose that there exists an element heH of order p with

[G: CG{h)\ = IJ Then JK[G] n K[H] Φ 0.

Proof. Let h and H be given as above and let iϊ* = (h)H be
the normal closure of (K) in H. Then if* is a finite normal subgroup
of H whose order is divisible by p. We show that JK[H*} £ JK[G].
Since JiΓfίP] ^ 0 and JK[H*\ S # [ # ] this will yield the result.

Since JET* is finite, it clearly suffices by Lemma 17.6 of [2] to
show that if S is a finitely generated subgroup of G with S 3 £Γ*
then J iΠίP] S JϋΓ[S]. Now by definition [S: C5(Λ)] < oo so since
Cs(h) clearly normalizes H* we have [S: iVs(JEf*)] < °°. Let N denote
the core of NS(H*) in S, that is the intersection of all conjugates of
NS(H*). Then [S: N] < oo and iV < S. Since H* S S Π £Γ < S and
Sf]HQ NS(H*) we have if* £ S n if S iV and clearly H* < ΛΓ. By
Lemma 19.4 of [2], JK[H*] SJK[N] and by Theorem 16.6 of [2],

«7JSΓ[S]. Thus Jiί[iϊ*] S Jiί[S] and the result follows.

We can now prove our main theorem.

Proof of the Theorem. Let G be an L-linear group. Suppose first
that there exists an element h e £f(G) of order p with [G: CG{h)\ — l.f.
Then by Lemmas 1.3 and 4.4 we have JK[G] f] K[^f{G)} Φ 0 and
hence JK[G] Φ 0.

Conversely let us assume that JK[G] Φ 0. There are three cases
to consider.

Case 1. OP(G) = <1>.

By definition, £f(G) = Δ*(G) here and by Proposition 2.3, JK[G]
is nil potent. Thus by Theorem 20.2 there exists an element h e ΔP{G)
of order p. Since h e AV{G) we have [G: CG{h)\ < oo and hence
[G: CG{h)] = l.f.

Case 2. G has a finite normal nonidentity p-subgroup.

Let this subgroup be Q. Then Q £ OP(G) so Q £ Δ(09(G)) S J2 (̂G)
Let Λ be an element of order p in Q. Then again A e Δ{G) implies
that [G: CG(h)] < oo and hence [G: CG(h)] = l.f.
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Case 3. P = OP(G) Φ <1> and G has no finite normal nonidentity
p-subgroups.

Set G* = DG(P). Since JK[G] Φ 0 and P is nilpotent by Lemma
1.1 (i), it follows from results of [5], that JK[G] Π K[G*] Φ 0. Thus
we may choose ae JK[G] Π K[G*] with l e S u p p α . We set T =

Since P is nilpotent and P Φ <1) we have A(P) Φ <1> and hence
by assumption A{P) is infinite. On the other hand, Lemma 1.2 (i)
implies that [A{P): (Δ{P) n Z(G*))] < oo. Thus we can choose Λo G
J(P) n Z(G*) to be an element of order p. We show now that in
the notation of [3]

G =

Let xeG and suppose first that xG*/G* has infinite order. We
consider the group G = <G*, x) and show that it satisfies condition
(*). First we have the normal series

GΏG* a Δ{P) 2 ^

where ^ = Δ{P) Π Z(G*). By assumption G/G^ is generated by £G*/G*
and is therefore infinite cyclic. This yields condition (1). Now
G* n P = Λ(P), and since G/G* is infinite cyclic we have G Π P =
G * Π P = ^(-P) Thus since G/P is an L-linear group by Lemma 1.1
(ii) so is G/J(P) ^ GP/P £ G/P. Again since G/G" is infinite cyclic,
O,(G) = OP(G*) <\ G so OP(G) S P n G = Δ(P) and therefore OP(G/Δ(P)) =
<1> so condition (2) is satisfied. Moreover, Lemma 1.2 (i) clearly yields
(4). Finally Δ(P) has a center of finite index so by Lemma 2.1 of [2],
Δ(PY is finite. Then this is a finite normal p-subgroup of G so by
assumption Δ(P)' = <1>, Δ(P) is abelian and condition (3) holds.

Thus G satisfies (*). Now aeJK[G] n 2ΠG] £ JίΓ[G] by Lemma
16.9 of [2] so Proposition 4.3 implies that there exists Λep-Suppα'
and an integer n ^ 1 such that a;w centralizes h and hΔ(P)/Δ(P) e
ΔP(G*/Δ(P)). Note that the latter condition really says that h e
Thus heT and

x e U

Now let ^ 6 G with xG*/G* of finite order. Then xneG* for some
w ;> 1 and hence by the choice of h09 xneCG(h0). Therefore, in this
case also we have

x e VCJJϊoJ s VCjhύ U U VCjfi) .
heT

Thus we have show that
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G = VCjfrύ U U
hT
U

heT

Therefore, since G is a linear group, Proposition 7 of [3] implies that
for some g e {h0} U T we have [G: CG(g)] — l.f. Now by definition
{h0} U Γ i ^ ( G ) and hence g Φ 1 is an element of £f{G) of order
a power of p. Finally if h is an element of order p in <#>, then
h e £f(G) and Cβ(h) B Cσ(flr) so [G: CG(Λ)] = l.f. and the theorem is
proved.

5. Comments* The preceding proof is complicated by having
to handle a number of small details. In each case if our knowledge
of the situation was only a little more complete, a simplification of
the proof would occur. For example, the unpleasantness of the place
argument in Proposition 2.5 could be avoided if we knew that JK[G]
was a nil ideal. In addition much of the work in § 3 would be sim-
pler if we could assume that P <ϋ Δ(W) or in other words if we knew
that for an L-linear group G, Δ{P) £ Δ(G*) where P = OP(G) and
G* - DG{P).

Actually even a greater simplification would occur if only we
could handle the equation

G = \jVHi UU(Gn T,)
ΐ=i i=i

where the Hi are centralizer subgroups of G and the Tά are proper
L-subspaces of LG where G is an L-linear group. We would of course
want to conclude from the above that either [G: Hi] = l.f. for some
i or else that some subgroup of finite index has smaller linear span
than G. However, this does not appear to be true at least in this
generality. For example we have

EXAMPLE 5.1. Consider the 2 x 2 linear group over the complex
numbers C given by

G =
a b

Then G has a normal subgroup i ϊ

"1 0

a

α, 6 € C and 6 is a root of unity [ .

aeC

isomorphic to C+, the additive group of C. Note that C+ has no
proper subgroups of finite index and thus if G is a subgroup of G
of finite index then G 3 ί and it follows easily that CG — CG.

Let
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HΠhH
Then T is a proper C-subspace of CG and fZ"S T. Now suppose
xeG — H. Then x = Γl 01 for some b Φ 1 and thus clearly the

U &J
matrix x is similar to Γl 01. Since 6 is a root of unity, this implies

LO δj
that x has finite order and hence certainly xei/Cβ(g) where

^ = Lo - i j
We have therefore shown that

and certainly [G:CG(g)\ is not locally finite since CG(g) f] H — <1>.
Thus we see that we cannot conclude from such a decomposition of
G what we would like to.

Finally it would appear from the main result here and also the
result for solvable groups given in [5] (or see [3] for a description
of this fact) that JK[G] Φ 0 must imply in general that G has a
nonidentity normal J-subgroup. However, this is unfortunately not
the case as we see below.

Let p be a prime and let A = Zp be the cyclic group of order p
if p > 2 and A = Z, if p = 2.

LEMMA 5.2. Let H be an infinite p-group and let G be the
Wreath product G = A I H. If N is a normal Jsubgroup of G then
N is contained in the normal abelian subgroup of G which in ΣA

Proof. Write G = WH where W = ΣA is the direct sum of copies
of Ay one for each element of H. If N £ W choose x e N — W with
xp e W. Then N 3 (x9 W) but we see easily since H is infinite that
[(x, W): C{x>w){x)\ = oo, a contradiction.

EXAMPLE 5.3. Let Gx be an infinite locally finite p-group and
define Gx S G2 a G3 S inductively by Gn+1 = A\Gn. Then G =
U"=i G» i s a locally finite p-group. If N Φ <1> is a normal Λ-sub-
group of G choose n so that Nπ Gn Φ <1>. Then JVnGvH is a
normal J-subgroup of Gn+1 — A I Gn not contained in ΣA, a con-
tradiction by the above lemma.

Thus G has no nonidentity normal zί-subgroup. On the other
hand, if K is a field of characteristic p then JK[G\ is the augmenta-
tion ideal of K[G\, since G is a locally finite p-group. Therefore,
JK[G] Φ 0.
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ERGODICITY IN VON NEUMANN ALGEBRAS

CHARLES RADIN

We investigate the ergodicity of elements of a von Neumann
algebra % under the action of an arbitrary cyclic group of
inner ^-automorphisms of %. A simple corollary of our results
is the following characterization: A von Neumann algebra %
is finite if and only if for each A e % and inner ^-automorphism
a of a, there exists Ae% such that 1/N X S α*(A)-^— ^A

in the weak operator topology.

1* Introduction* Our purpose is to explore in a new direction

the ergodic theory of von Neumann algebras presented by Kovacs
and Szucs [2]. In [2] the essential contribution was the introduction
of a certain restriction (called G-finiteness) on a group of ^automor-
phisms of a von Neumann algebra, fashioned so that all elements of
the algebra behave ergodicly with respect to the group. Instead we
consider the action of a natural class of (cyclic) groups of ^automor-
phisms, namely the inner ones, and investigate which elements of the
algebra behave ergodicly with respect to all such groups.

2* Behavior of infinite projections* From the ergodic theory
developed in [2], we note the following simple consequence.

THEOREM 0. (Kovacs and Szϋcs). Let Wi be a finite von Neumann
algebra. For each A e 31 and each inner *-automorphism a of 2t,
there exists Ae2I such that l/iNΓΣί=o an(A)~- >A in the strong

iV—>oo

operator topology.

Our first result is a complement to this and provides a new
characterization of finiteness for von Neumann algebras.

THEOREM 1. Let %be a von Neumann algebra. For each nonzero
infinite projection P e §1 there exists an infinite projection θ e §1,
θ ^ P, and a unitary U e 91, such that 1/N Σί=o Unθ U~n does not con-
verge in the weak operator topology.

First we need the following lemma.

LEMMA. There exists a nonzero properly infinite projection
P' ^ P.

Proof. Let S be the set of all central projections E of 21 such

235
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that EP is finite. 0 6 S so S is not empty. Let {Ea} be an orthogonal
family of elements of S. If Σ« EaP ~ Q £ Σ« ^«P (where - is the usual
equivalence relation for projections in 21), then EaP ~ EaQ ̂  J?aP so
that EaQ = EaP and therefore Q ̂  Σ« #«Q - Σ« #«-P. Therefore, Q =
Σ« -̂ α-P a n ( i Σ« #«J° is finite. It follows easily that there exists a
(unique) maximal element F in S. From [1, III.2.3.5] it follows that
(I—F)P is nonzero and infinite. Assume it is not properly infinite.
Then from [1, IΠ.2.5.9] there exists a central projection G such
that QΦG(I~F)P is finite. But then from [1, IΠ.2.3.5] F<F +
G(I— F) e S, which contradiction proves our lemma with P' = (/— F)P.

Proof of Theorem 1. From [1, III.8.6.2] there exists a set
{Pn\ne Z) of nonzero projections Pn e SX such that PnPm = δn,mPn and
Pn~Pm for all m,neZ, and such that Σ i m ^ P* * P' in the

strong operator topology. Therefore, there exist Vn e §X such that
Vn*Vn = Pn and VnVn* = Pn+ι for all neZ, so that Pn+1Vn - F Λ
and P n 7 n * - Vn*Pn+1 for all w e Z. Define for each/e 3έ* (the Hubert
space of definition of SI),

Uf - (norm lim Σ VnPJ) + (I - P')/ ,

where the limit exists since HFΛ/H - \\PJ\\ and F K P K / = P»+ 1FJ"
so that {VnPnf\neZ} are pairwise orthogonal and

In fact U is clearly a linear and norm preserving surjection, and
therefore unitary. Now since

( Σ F.PΛnorm lim Σ P«/ = Σ VnPuf
\\k\<ιl / m->oo \n\ί*m \n\Sl

it follows that Ut = I — Pf + Σ VkPk has U as a strong operator limit

as Z-> oo. Therefore, Ue%. It also follows that UPnU~ι = P w + 1 for
all % e Z , and so by induction UmPnU~m = P u + m for all m,neZ.
Now define g: N-+ {0, 1} by

1 if 32m ^ iz, < 32 m + 1 for some m G N
g(n) =

0 if 32 m + 1 ^n< 32 m + 2 for some m e N.

Then define θ as the strong operator limit as

i f - - co of Σ 5 U , ί 7 ( - m ) P m ,

and let f be a unit vector in PQ£ίf. Now consider
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Ψ, VN
w=0 I w=0

= 1/N5! Σ g(-m)U,Pn+mPoψ
0 \n=0 m=—o

It is easy to see that for all Me N, l/32Λf+1 S ί ™ " 1 g(n) ^ 2/3 yet
l/3 ϊ J f + t ΣΪΓo"4"8"1 flr(^)^l/3, and the theorem is proven.

Using Theorem 0, we have immediately,

COROLLARY 1 (resp.2) A von Neumann algebra % is finite if
and only if for each A e 21 and inner *-automorphism a of 21, there

exists A e 21 such that l/N^jζ~Q an(A) >A in the weak (resp. strong)

operator topology.

3. Finite elements* Theorem 1 raises the question of the ergodic
behavior, under arbitrary inner *-automorphisms, of "finite elements"
of infinite von Neumann algebras. The following theorem gives some
information in this direction.

THEOREM 2. Let % be a von Neumann algebra and τ a faithful
normal semi-finite trace on 2I+ invariant under the *-automorphism
a of 21. Then for each A e 2t such that r(A*A) < oo, there exists A e 21
such that WΣS^ W (A) >A in the strong operator topology.

Proof. First we define the following (standard) objects: see e.g.
[1, 1.6.2.2]

|| | | 2 :AeSt > [τ(

Let L2 be the abstract completion of Λ" in the norm || ||2, and extend
|| ||2 to L2 in the usual way. Let i be the isometric embedding of
<sK into L2. L2 is a Hubert space with the obvious addition and
scalar multiplication, and inner product <, > defined as the extension
to L2 x Lz of

^ x ^ > τ{A*B) .

We note the simple inequalities

|J5| |2 for all B ,

IBII for all B e ^ T , Be%.
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We then define the C*-representation π of SI on L2 by

π(A)i(B) = i(AB)

and noting that || π(A)i(B) ||2 = || AB\\2 ^ || A || | | J? | | 2 so that 7r(-4) ex-
tends uniquely to L2 by continuity. It is easy to see that π is faithful
and normal and that

U: i(B) > i(a[B]) for B

extends to a unitary operator on L2. Defining, for B e 21,

1
B v = — Σ #%(B)> we know by von Neumann's

N =̂°

mean ergodic theorem that for each Ae^V,i(AN) is || ||2-Cauchy.
Define for each

DA: i(B) > norm lim π(AN)i(B)

which limit exists since

| | π(AN - Au)i(B) | |2 £ || AN - Ax | |2 \\B\\ .

DA is obviously linear. Furthermore,

|| DΛi(B) ||2 = lim || π(AN)i{B) ||2 ^ || A \\ || B |

so D^ extends uniquely to a bounded operator on L2 by continuity.
It is easy to see that π{AN) converges to DA in the strong operator
topology. Since π is normal, ττ(2C) is strong operator closed [1, 1.4.3.2]
so there exists Ae2C such that DA — π(A). Since π is faithful,
AN — > A in the strong operator topology [1, 1.4.3.1].

COROLLARY 1. Let % be a countably decomposable von Neumann
algebra. For each finite projection Pe% and inner *-automorphism
a of 2t, there exists P e St such that

1 N~1 —
— Σ ocn(P) * P in the strong operator topology .
N M=0 iV—>0O

Proof. Let

A 6 21 > A, 0 A2 e % 0 2t2

be the canonical decomposition of 2C into its countably decomposable
semi-finite and purely infinite components. From [1, 1.6.7.9] we know
that any finite countably decomposable von Neumann algebra has a
faithful, normal, tracial state. Inserting this fact into the proof of
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[3, 2.5,3], we see that there exists a countable faithful family
{τn I n e N} of normal semi-finite traces on Stί" with pairwise orthogonal
supports such that τίl(P1) < co for all neN. Define

τ' = Σ TJlτΛPd + 2]

on Stί; it is faithful, normal and semi-finite. Since a is also inner
for Stj. and therefore leaves τ' invariant, we may apply Theorem 2 to
SCi. Since P2 = 0 from [1, ΠI.2.4.8], we are finished.

In the countably decomposable case, Theorem 2 gives us an es-
sentially different proof of Theorem 0, namely

COROLLARY 2. Let 21 be a finite countably decomposable von
Neumann algebra. For each A e 21 and inner ^-automorphism a of 21,
there exists A e 21 such that

1 N—l _

— X OL%(A) > A in the strong operator topology .

Proof. Just combine the existence of a faithful finite normal
trace on 2I+ [1, 1.6.7.9] with Theorem 2.
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ON THE SINGULARITIES OF THE FUNCTION
GENERATED BY THE BERGMAN OPERATOR

OF THE SECOND KIND

P. ROSENTHAL

Let f(λ9 y) — P 2(/) be Bergman's integral operator of
the second kind with domain of definition

Let f(q) = (q-A)-1, AeW. In this paper it is shown
that f(λ, y) has singular points z = 2A, 2A(1 — w), where
w = A~xλ and z — λ + iy.

Let

dt
ψ(z9 z*) = P2(/) = [ E(z, z*9 t)f (± (1 -

be Bergman's integral operator of the second kind. P%{f) maps
functions / analytic in one variable in the neighborhood of the origin
into solutions of the linear partial differential equation

(Ψ. + Ψz*) = 0, z = \ + iy , z* = \-iy ,

N(X) = -(l/12λ)(l + δ i (-λ) 2 / 3 + •••) is analytic for -oo < λ < 0 and
singular at λ = 0. E(z, z*,t), called the generating function of the
operator, is analytic in the three variables z, z*, and t providing
I z + 2* I < I t2z |, I is some rectifiable Jordan curve in the upper com-
plex t-plane connecting the points —1 and 1, [1], [3]

In a previous paper [7] we obtained some results on the singu-
larities of P2(/) where / is meromorphic and z, z* were treated as
independent complx variables. In this paper we let z* — z (conjugate
of z) and N(X) — — l/12λ (Tricomi case). With these assumptions,

, y) = P E(u) f® - dt , where u = — ,
J-i V I - f 2λ

z — λ + iy ,

E(u) = H(\)(Fw(u) + Fm(u)), Fω(u) = C.u-^F^l/β, 2/3,1/3,
F™(u) = Ctu-+ι Ft(5/6, 4/3, 5/3; 1/u), Fj is the hypergeometric function
3 = 1, 2, Jϊ(λ) = C3λ-"6, C3 are constants, j = 1, 2, 3, (λ, y) e W =
{(λ, y) I 31'21 λ | < y, λ ^ 0, y > 0},

241
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I (the path of integration = {ί | ί = eiθ, 0 ^ θ ^ π), [4, p. 107] .

THEOREM. Let f(q) = (-4 — g)"1, A = λ0 + i#0 € W, X/A = w =

8 + iσ, z = X + iy, S, = {{w, z)\z = 2A, ττ/2 ^ arg w ^ α ,̂ π/2 > ^ x > ττ/3,
0 < δ, ^ I w I ^ 1/4 - <?2, 1/4 > δ,, δ2 > 0, 1/4 > δ, + δ2},

S2 = {(w, z) I z = 2A(1 — w), same conditions on w as in SJ ,

Sz = {(0, 2y0)}. Let T — Sγ U Sz U S3. T&ew T is a singular set for
at least one of the branches of ψ(w, z) defined in (1).

Proof. We consider first the case where E(u) = H(X)F{1)(u).

Domain considerations. (3), (4) imply ψ(w, z) is analytic function
of the two complex variables w, z for disc neighborhoods satisfying
0 < I w I < 1/4, I A/2 I < I z \ < \ A |, where we have extended λ to the
complex variable Aw. Note (1) implies we must specify branch cuts
in our definition of ψ(w, z). Since z — λ + iy (see (1)), we must also
consider the extension of λ, y to complex values subject to the above
inequalities. Thus we can also obtain nonempty neighborhoods Nδ(X),
Nδ(y) such that ψ(\ y) is an analytic function in λ, y, where λ, y
now have been extended to complex values.

In what follows we treat ψ(w, z) as an analytic function in z for
fixed w.

Consider the function obtained from (1) where we have used the
series definition for Fx(u),

TJ \L ~~ τ)

ap = (Γ(p + l/6)Γ(p + 2/S)/Γ(p + lβ)Γ(p + 1)), Γ is the Gamma
function, | z \ < A, | 2 λ | < \z\. From (2) we obtain two series,

I « | < I A I , I 2 λ | < I 2 I .

We will limit ourselves to the first series in (3) for our analysis of
t h e s i n g u l a r i t i e s o f P2(f). W h e n \ X \ ^ \ A / 2 \ - δ, \ z \ < ί \ A \ - δ,
I A/21 > δ > 0, the operations of summation and integration (with
respect to t) can be interchanged in the first series of (3), our inte-
grals are in the improper Riemann sense. Integrating the first part
of (3) by parts, then using the formula,
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fy+llβ d t ( 1 e 2 = i 'fy (1 e )

[2, p. 33], we obtain the function

(4) Uw, z) = Σ βA™

where

p + 1/2)

Γ ( A ; + m r ( k + 1 ) Γ ( p + 5 / 6 ) >

A

(5) can be rewritten as

/ 6 ) β(w)-ae(w) a - Γ(l/β)Γ(l/2 + p)
{b) β,{w) - α,Cp(W) , α, - Γ ( 1 / 3 ) Γ ( 6 / 6 + p ) '

, 1/2 + p, 1/3; w), F 8 a hypergeometric function. Using
the asymptotic formula for Fz for large p [6, pp. 235, 241 (23)], we
can write cp(w) as

cp(w) = a^vήe^R, + ap(w)(l -

a,(w) = ( r ( - l )

> sufficiently large, w e T, = {w \ 0 < δ, ̂  | w \ <: 1/4 - δ2, 1/4 > <?2,
^ > 0, 1/4 > δ, + δ2, ττ/2 ̂  arg w ^ α1? π/2 > αL > π/3},

Λyίp, w) = 1 + ^ } ( p , w) ,

ίp, w) = hj(w) Φ 0 uniformly for we Tlf j = 1, 2. Using
(6)> (7), we can rewrite (4) as

fι(w,z)= Σ a*Cp(w)\51u + Σ ci(P> w)zι + Σ c2(p,w)zξ,
(8) p=s0 P~Po+1 P~Po+1

— z — Π — \~γ z

and

( 9 ) cx(ί), w) = apap{w)ei1ΐlQRι , ca(j), w) = αpαp(w)(l —

see (6) for the definition of ap9 (7) for αp(w)
From (9) we obtain

(10) p =
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the radius of convergence of the second and third series in (8), and
— ε < arg c3(p, w) < ε, 0 < ε < π/2, p sufficiently large, w e Tu j = 1,
2.

Proof of (10). From (7) we obtain

1 + e ^ I Rd(p9 w) I ̂  1 - ε > 0 ,

1 > ε > 0, p sufficiently large, w e 2\. So we can take the pth. root
(say principle branch) of c3{p, w), j = 1, 2, cf (9).

Using the asymptotic formula (Γ(p + A)/Γ(p + B))~pA~B, we
conclude the first part of (10). Since l i m ^ (1 + Rίj)(p, w) = 1, w e Tlf

see (7), the second part of (10) follows.

(11) z = 2A and z = 2A(1 - w) , weT, ,

are singular points of (8).

Proof of (11). (10) satisfies the hypotheses of a theorem of
Dienes [5, p. 227]. From this theorem we conclude z = 2A and 2 =
2A(1 — w) are singular points respectively of the second and third
series in (8). Further, c3(p — ξ — pe*+, w) (see (9)) is an analytic
function in ζ in the half-plane xx ^ 1, ζ = χt + iyly and

I c3(l + pe*+, w) I < eΐp , ε > 0 ,

and arbitrarily small, p > 0 and sufficiently large, and —π/2 ίίψtί π/2,
w e TΊ, j — 1, 2. This follows from a definition of the remainder
term R{

o

j) (p, w) of (7), see [6, p. 235]. Hence by a theorem of Le Roy
and Lindelδf [5, p. 340], we conclude the only possible singular points
of the second series in (8) are the points on the ray φ = φo> φ0 =
arg2A, joining 2A to infinity and the only possible singular points
of the third series in (8) are the points on the ray φ — ΘQ,
θ0 — arg2A(l — w), weTly joining 2A(1 — w) to infinity. Further,
arg2A Φ arg(2A(1 — w)), we ϊ\. Hence the singular points z = 2A,
z = 2A{l — w), weT19 of the second and third series respectively
are not removed upon addition of these two series in (8). This com-
pletes the proof of (11).

(12) (0, 2yQ) is a singular point of ψ(w, z) .

Proof. Let w = λ/A = λ0 = 0. (3) then reduces to the first
series, and (4) reduces to the hypergeometric function F4(l, 1/2, 5/6;
(y/2y0)) times a constant. F4 is singular at the point y = 2y0, so (12)
holds.

From (11), (12) we conclude T is a singular set (see Theorem for
the definition of T) of φ(w, z) for the case F,.
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Proof. We note the second series in (3) when integrated with
respect to t gives rise to a function fz(w, z) which is regular at the
points in T.

For the case F2 (see (1)) we use the formula

r 5 ' 3 (Λ i*\»w d t - 1 (1 p-«*w\ /X

[2, p. 33].

Proceeding as above, we then conclude T — {(0, 2yQ)} is a singular
set for the case F%. (1) thus can be written as the sum of two
functions,

(13) ψ(w, z) = - L (g(w, z) = z^P^w, z) + P2(w, z)) ,

where P3 is singular at the points in T — {(0, 2yQ)}, j = 1, 2. This
follows from the linearity of the operator P2(/)

At least one of the branches of g(w, z) of (15) is

singular for points in T — {(0, 2y0)} .

Proof of (14). z2'3 can be one of the three branches,

We form the sum

Σ
i

We note Σ U «Λ(w, «) = 0, | w | < 1/4; \A/2\<\z\<\A\ (see (3)).
So if all the branches of ψ(w, z) in (13) were regular at the points
in T — {(0, 2y0)}, then P2(w, z) would be regular at the same points,
a contradiction. For w = X/A = λ0 = 0, P2(0, z) = 0, hence (0, 2̂ /0) is
a singular point for all branches (13) (see (12)). This completes the
proof of our Theorem.
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MULTIPLICATIONS ON HOMOGENEOUS SPACES,
NONASSOCIATIVE ALGEBRAS AND

CONNECTIONS

A. A. SAGLE AND J. R. SCHUMI

In this paper we show how nonassociative algebras over
the real numbers arise from multiplications on certain homo-
geneous spaces; that is, an analytic function μ: M x M —> M.
Then these algebras are used to obtain an invariant con-
nection V on the homogeneous space and we give some appli-
cations of nonassociative algebras to these topics. Conversely
every finite dimensional nonassociative algebra over the real
numbers arises from an invariant connection and a local mul-
tiplication on a homogeneous space. Thus, analogous to the
theory of Lie groups and Lie algebras, much of the basic
theory of nonassociative algebras can be formulated in terms
of multiplications and connections and conversely.

l Introduction* Let G be a connected Lie group with Lie algebra
g and let if be a closed subgroup with Lie algebra h. Then the pair
(G, H) or (g, h) is called a reductive pair if there exists a subspace
m of g so that g = m + h (subspace direct sum) and (AdH){m) c m .
The corresponding homogeneous space G/H is called a reductive homo-
geneous space which is an analytic manifold. An analytic function

μ:G/H x G/H > G/H

such that μ(e, e) = e — eH is called a multiplication on G/H; for
example, Lie groups, Moufang loops and certain iί-spaces are reductive
homogeneous spaces with a multiplication.

The nonassociative algebras arise from studying the local behavior
of a multiplication μ on G/H which we now consider. Thus let π:
G —> G/H be the natural projection and let g = m + h be a fixed
(reductive) decomposition. From [1, p. 113] we know that for the
map ψ = exp | m there exists a neighborhood U of 0 in m which is
mapped homeomorphically into G under ψ and such that π maps ψ( U)
homeomorphically onto a neighborhood iV* of e in G/H. Thus by the
analyticity of μ and πoψ there exists a neighborhood D of 0 in m
contained in U so that for all X, Ye D

μ(π exp X, π exp Y) = π exp F(X, Y)

is in AT* where F: D x D —> U is a function which is analytic at θ =
(0, 0) G m x m. Thus μ is determined locally by F which has the Taylor's
series expansion [5] F(X, Y) = F(θ) +f1(θ)(X, Y) + l/2F\θ){X, Y)2 +

247
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•••for X, YeD. We will show that F(θ) = 0 and the function

a(X, Y) = F\Θ)[(X, 0), (0, Y)\

is bilinear. Therefore the multiplication μ on G/H determines a
nonassociative algebra with linear space m and composition a: m x
m~+m and we denote this algebra by (m, a).

Next we require that for all ueH the mappings

τ(u): G/H > G/H: yH > uyH

are automorphisms of the multiplication μ on G/H, and call the pair
(G/H, μ) with τ(H) c Aut (G/H, μ) a multiplicative system. We show
that τ(H) c Aut (G/H, μ) implies Ad H is in the automorphism group
of the algebra (m, a) and this allows us to use the result [6] which
gives a bijective correspondence between G-invariant connections V on
G/H and nonassociative algebras (m, a) with Ad Ha Aut (m, a). Thus
a multiplicative system (G/H, μ) induces a G-invariant connection via
the algebra (m, a). Conversely, we show that every such algebra
comes from a local multiplicative system. In particular, any finite
dimensional nonassociative algebra A over R can be regarded as an
algebra (g, a) for a Lie algebra g of suitable dimension and conse-
quently A arises from a local multiplicative system defined on G and
also from a G-invariant connection defined on G.

The above multiplicative systems (G/H, μ) are too general and
not particularly related to the action of G on G/H. We will now
describe an "invariance" restriction for the multiplicative system (G/H,
μ). The multiplication μ defines a function /(μ, X): G/H-+ T(G/H)
from G/H to the tangent bundle of G/H as follows; (see [9] for the
case of Lie groups). Let T(G/H, a) denote the tangent space at αe
G/H; thus T(G/H, e) ~ m. Let T denote the differential of a function,
then for each l e m w e set

/(μ, X)(a) = [Tμ(ά, e)J(O, X) for (0, X) e T(G/H, a) x m .

That is, s(μ, X)(a) is the differential of μ evaluated at (a, e) on (0,
X). The function /(μ, X) is a vector field if and only if (G/H, μ)
has e as a right identity element; also the vector field is analytic and
depends linearly on X. For Γ a subset of τ(G) containing τ(e), whose
precise definition will be given in §4, we say that μ is jΓ-invariant
if for all Xem, /(μ, X) is a vector field invariant under all the maps
τ(a):G/H-+G/H:x-+ax for all τ(ά)eΓ. That is, for all τ(d)eΓ,
and all Xem, /(μ, X) satisfies

Tτ(a)(ey(μ, X)(e) - /(μ, X)(τ(a)e) .

In particular if (G, μ) is a Lie group, then Γ can be taken to be
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L(G) = {L(d):aeG} and s{μ, X) is the usual left invariant vector
field generated by X, so our results are consistent with Lie theory.
In the case of a Γ invariant multiplication μ, we obtain the connection
induced by μ is given by the algebra (m, a) with α(X, Y) = F\Θ)[(X,
0), (0, Y)\ = 1J2[XQY] where Q is the endomorphism of m given by
Q:m~>m: Y—• F^XO, Y). Although we have used a global multipli-
cation in the above discussion, most of the results concern the algebra
(m, a), thus it suffices to consider local multiplications on G/H. However
the globalization of these local results present many topological pro-
blems. For example, every sphere is a reductive homogeneous space
G/H and consequently has in a suitable neighborhood of e = eH a
local multiplication with e as an identity element. Thus any sphere
is a local iϊ-space but only S\ S3, and S7 are global Jϊ-spaces.

2* Multiplications* Using the notations of §1 we have for X,
Y in a suitable neighborhood D of 0 in m that

μ(π exp X, π exp Y) = π exp F{X, Y)

where F: D x D —> U is analytic at (9 = (0, 0) € m x m and ί7c Z) is
a neighborhood 0 in m for which πoexp = πoψ is a diffeomorphism.
Thus analogous to local Lie groups we have a local multiplication system
(U,F).

We now consider the Taylor's series for F near the origin θ =
(0, 0) e m x m. Thus for Z = (X, Γ) 6 m x m and Z* = (£,•• , Z)
fc-times we have for t in a suitable interval (— δ, δ)aR that

F(tX, tY) = F(θ) + tFι(θ)Zι + f/2F2(θ)Z2 + .

where jPfc(^) = D * ^ ) is the feth derivative of F at 0 and is regarded
as a symmetric ^-linear function on (m x m)h into m [5]. In particular
since μ(e, e) = e, F{θ) = F(0, 0) = 0. Next writing Z = (X, 0) + (0,
Y) we see that

DF{Θ)Z = 2W)[(X, 0) + (0, Γ)]
= [DF(Θ)](X, 0) + [Z)F(0)](O, Y)

where [DF(Θ)](X, 0) is regarded as a linear function of Xand denoted
by PX with P an endomorphism of m and similarly [ZλFχ#)](O, Y) —
QY.

Using the symmetric bilinearity of D2F(Θ) we obtain for Z — (X, Y)

1/2[F2(Θ)](Z, Z) - 1/2F2(Θ)[(X, 0) + (0, F), 2]

[(X, 0), (X, 0)] + l/2F2(θ)[(0f Y), (0, Γ)]

+ F2(Θ)[(X, 0), (0,+ F2
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Now we note that for X, Yem

a(X, Y) = F\Θ)[(X, 0), (0, Y)\

defines a bilinear function a on m x m into m as follows. For ae R
and X, Y, Zem

a(aX +Z,Y)= F\θ)[(aX + Z, 0), (0, Y)]

= F\θ)[(aX, 0) + (Z, 0), (0, Y)\

= F2(0)[(αX, 0), (0, Y)] + F2(0)[(Z, 0), (0, Y)]

= aa(X, Y) + a(Z, Y)

and similarly a is right-linear. Thus m with the bilinear function
a becomes a nonassociative algebra denoted by (m, α:).

Note that the converse is true locally. Thus given a nonassocia-
tive algebra (m, a) we can find a neighborhood D of 0 in m so that
μ(πexpX, πexp Γ) = π exp (X + Y+ a(X, Y)) defines a local multipli-
cative system on some neighborhood AT* of e; this is analogous to
formal Lie groups. Furthermore note that this multiplicative system
has e as a two-sided identity and for F(X9 Y) — X + Y + α(X, F) we
have 1/2F2(0)(X, F)2 - a(X, Y).

If the multiplicative system (G/H, μ) has e = eH as a right identity
(μ(a, e) = α), then in the above notation

P = I and JP(0)(JΓ, 0)fc - 0 .

For if ί is in a suitable interval (— δ, δ) of i2 we have for J e m that

π exp tX — μ(π exp ίX, π exp 0) = TΓ exp F(tX, 0)

and since π oexp suitably restricted to m is a diffeomorphism as pre-
viously discussed wτe have

t X = F(tX, 0) - t PX + —F\Θ){X, 0)2 + . . .

for ί in a suitable interval about 0 in R. Differentiating this formula
at t = 0 gives the results. A similar result holds if (G/iϊ, μ) has e
as a left identity. Thus if (G/H, μ) is an if-space; that is, e is a two-
sided identity, then F(X, Y) = X + Y+ a(X, Y) + . . . .

3* Automorphisms* From the bijective correspondence between
Cr-invariant affine connections on G/H and nonassociative algebras
(m, a) [6, 8] we see that Ad H must be in the automorphism group,
Aut (m, a), of the algebra (m, α) We shall show in this section that
this condition is implied by τ(H) c Aut (G/H, μ); thus we want to
consider multiplicative systems (G/H, μ) with τ(H) c Aut (G/H, μ).
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DEFINITION, An analytic diffeomorphism rj\ G/H —> G/H is an
automorphism of (G/H, μ) if η(e) = e and ημ(x, y) = μ(ηx, rjy) for all
x, y e G/H. We denote the set of such automorphisms by Aut (G/H,
μ). An endomorphisms SeGL(m) is an automorphism of the algebra
(m, α) if Sa(X, Y) = α(SX, SY) for all X, Γe m. We denote the set
of such automorphisms by Aut(m, a).

For Ύ] e Aut (G/H, μ) and for Xem sufficiently near 0 in m we
can write

(3.1) η(π exp X) = π exp (<P(X))

where φ:m—*m is analytic at 0em and φ(0) — 0. Thus for X, Y
sufficiently near 0 in m we can also write

ημ(π exp X, π exp Y) = )?(7Γ exp JP(X, Y)) = TΓ exp (φF(X, Y))

and

(̂3?(7Γ exp X), η(π exp Γ)) = μ(π exp (φX), TΓ exp (φ Y))

But since ^ e Aut (G/H, μ) we can conclude for X, Y sufficiently near
0 in m

φF(X, Y) =F(φX,φY)

that is, φ is an automorphism of a suitable local multiplicative system
(U,F).

We shall now expand ψ and F in their Taylor's series to find
conditions on ηe Aut (G/H, μ) so that the differential (Tη)(e) is in
Aut(m, a). First we note from (3.1) and the chain rule we have for
X e m

Tη(e)(X) = [Γ(τ
=[Tπ(e)oTexγ>(0)oTφ(0)](X)

= Tφ(Q)(X)

because Texp(O) is the identity on g and Tπ(e) is the identity on m.
From the Taylor's series

F(X, Y) = PX+ QY+ ^y&(X, Γ) 2 -h •••

Δ

and

φ(X) = φ\Q)X +

we have for X, Y sufficiently near 0 in m
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φ(F(X, Y)) = Ψ\ϋ)F{X, Y) + l/2φ2(0)(F(X, Y), F(X, Y)) + . .

= φ\ϋ)(PX+ QY+ 1/2F\Θ)(X, Y)2 + .. .)

+ l/2φ2(0)(PX + QY+ -- ,PX + QY+ •••)+ •••

= φ\ϋ)PX + <p\O)QY

+ l/2φ\0)F\θ){X, YY + l/2φ\0)(PX+ QY, PX + QY)

+ £3

where ε3 is of order three. Also

F(φX, ψY) = Pφ(X) + Qφ(Y) + l/2F2(θ)(φX, <?Yf + .

= P(φi(0)X + 1/2?>2(O)X2 + ...) + Q(<P\0)Y + l/2φ2(0)Y%

+ •••)
+ ll2F\θ){φ\ϋ)X + ., ^(0) Y + )2 +

= Pφ\0)X + Qφ\Q) Y + l/2Pφ\0)X2 + l/2Qφ2(0) Yz

+ l/2F2(θ)(φ\0)X, φ\0) Y)2 + ε3 .

Since φF(X, Y) = F(φX, ψ Y) we compare terms of the same degree
to obtain

), P] = [φ\0), Q] = 0

and

ll2φ\ϋ)F\θ){X, Yf + l/2φ\0)(PX + QY, PX + QY)

= l/2Pφ2(0)X* + l/2QφΎ2

+ l/2F\θ)(φι(0)X, φ\0) Y)2 .

From (2.1) and this last equation we obtain by considering the ex-
pressions in both X and Y (i.e. replacing X by sX and Y by tY)\

φ\Q)F\θ)[{X, 0), (0, Γ)] - F2(e)^(0)X, 0), (0, φιφ)Y)]

= - φ\0){PX, QY) .

Recalling a(X, Y) = F\Θ)[{X, 0)(0, Y)] and equation (**) and by definition
Tη{e) is nonsingular we obtain the following.

LEMMA 3.1. Let {GjH, μ) be a multiplicative system given locally
by μ(πexp X, π exp Y) = π expF(X, Y) where F(X, Y) = PX + QY +
l/2Fψ)(X, Y)2-\ and let η e Aut(G/H, μ)given locally by rj(π exp X) =
π exp (<P(X)). Then

(1) [P, Tη{e)\ = [Q, Tη{e)\ = 0
(2) Tr0) e Aut (m, a) if and only if φ2(0)(PX, Q Y) = 0 for all

X, Yem.

Now for u e H and for xeG with πx = xHe G/H we have
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τ(u)π(x) — uxH = uxu~\uH) — πσ(u)(x)

where σ(u): G-+G: x~>uxu~ι is the inner automorphism of the group
G defined by u. Next recall [1] that [Tσ(u)](e) = Aάu and for an
automorphism σ of G that σ (exp J ) = exp (Tσ(e)X). So we assume
for u e H that η — τ(u) e Aut (G/H, μ). Then the local representation
gives

π exp (φ(X)) = η(π exp X)

= (r(^)o7r)(exp X)

= TΓ exp (Ad u{X)) .

Since (G, H) is a reductive pair we have Ad H(m) c m and consequently
for all X in a suitable neighborhood of 0 in m we have

φ(X) = Adu(X) .

Thus since φ = Adu is linear we have from this equation, and (**)
applied to 57 = τ(u) that

(3.2) Γr(w)(β) = Tφ(0) = Aάu .

Since 9> = Ad u is linear, its second derivative is zero; that is,
<P2(O) = 0. This and Lemma 3.1 yield the following.

PROPOSITION 3.2. Let (G/H, μ) be a multiplicative system so that
τ(H) c Aut {GjH, μ). Let μ be given locally by μ(π exp X, π exp Y) =
π exp F(X, Y) where F(X, Y) - PX + QY+ l/2F2(θ)(X, Y)2 + . . . απώ
Zeί (m, α) be the algebra determined by F2(θ). Then

(1) [P, Ad u] - [Q, Ad u] - 0 αίi ueH.
(2) Adi ϊcAut(m, α).
(3) The algebra (m, a) defines a G-invariant affine connection

on G/H.

4. Invariant multiplications* Let (G/H, μ) be a multiplicative
system defined on the reductive space G/H and let g = m + h be the
corresponding fixed decomposition. For X e m and for T(G/H) the
tangent bundle of G/H define functions

S(μ, X): G/H > T(G/H):a >[(Tμ)(a, β)](0, X)

and

*(μ, X): G/H > T(G/H): a > [(Tμ)(e, a)](X, 0)
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where Tμ is the differential of the function μ: G/H x G/H-> G/H
which is evaluated, for example, at (a, e) and acting on tangent
vectors (0, X) e T(G/H, a) x T(G/H, e).

Next note /(μ X)(resp. *(μ, X)) is a vector field if and only if
μ(a, e) = α(resp. μ(e, a) — a). For if /(μ, X) is a vector field and
μ(ά9 e) = b, then /(μ, X)(d) e T(G/H, b) which is the tangent space of
G/H at b. But /(μ, X) being a vector field means

a — idy (a) = p°s(μ, X)(α) = b

where p: T(G/H) —> G/H is the corresponding projection map. Con-
versely μ(ά, e) = a easily implies po/(μ, X) = idy; that is, /(μ, X) is
a vector field. Similarly for *(μ, X).

Also it is not difficult to see that in this case /(μ, X) and *(μ, X)
are analytic vector fields which depend linearly on the parameter X.
Since the results for +(μ, X) are similar to those for /(μ, X), we
restrict ourselves to /{μ, X).

We now define the concept of an invariant multiplication which
reduces to the familiar notion in Lie groups. Recall [4] if X: M—>
T(M) is an analytic vector field on a manifold M where T{M) is the
tangent bundle over M and if / : M —• M is an analytic diffeomorphism,
then X is /-invariant if

Tf(p)(X(p)) = X(/(p))

for all peM where Tf(p): T{M, p) -> T(M, f{p)) is the differential of
/ a t p.

DEFINITION. Let (G, H) be a reductive pair with g — h + m the
corresponding decomposition for # and let G/ff be the homogeneous space
of left cosets. Let (G/H, μ) be a multiplicative system with τ(H) c
Aut (G/H, μ) and let Γ — Mexp A ) : A G Om} where Om is a neighborhood
of 0 in m on which exp is one-to-one and (exp Om) Π H — {e}; [1, p. 113].
Let e — eH be a right identity for (G/H, μ); that is, j«(α, e) — α, then
j« is called Γ-invariant if for all J e m the vector fields s(μ, X) are
invariant relative to the functions in Γ as follows:

A)e)

for all 4 in Om.

REMARK. (1) Before considering the general case we first consider
the system (G, μ). In this case Γ can be replaced by all of L(G) ~
{L(a): ae G) where L(a): G —> G: x —> ax, the multiplication in the group
G. In particular we see that if e is a right identity of (G, μ), then
the vector field /(X) is Γ-invariant if and only if TL(a)(p)*/(μ, X)(p) —
Aμ, X)(L(a)p); that is, the .Γ-invariance at e is actually global. Also
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it should be noted that when μ is the Lie group multiplication in G,
then the L(G)-invariant vector field /{X) equals the usual left (?-
invariant X; note remark (3) below.

EXAMPLE l Let / : G —» G be an analytic function on the Lie
group G so that f(e) — e, then the multiplication

μ(x, y) = m{x, f(y)) = xf(y)

is L(G)-invariant where m is the Lie group multiplication in G. First
μ(x, e) — xf(e) — x for all xeG so that s(μ, X) is a vector field on
G. From remark (1) we have m is a L(G)-invariant multiplication
so that

[(Tm)(a, e)](0, U) = /(m, U)(a) = TL(a)(e)[(Tm)(e, β).(0, U)\ .

Thus noting μ(x, y) — [mo(idy x f)](x, y) we have using the chain rule

•(/£, X)(a) = [(Tμ)(a, β)](0, X)

= [T(mo(idyx f))(a, e)](0, X)

- [Tm(a, e)o(Tidy(a) x T/(e))](0, X)

- [Tm(α, e)](Tΐ#(α).O, Tf(e)-X)

= [Tm(afe)](O,Tf(e).X)

= TL(a)(e)[Tm(e,e).(Tidy(e)*O, Tf(e) X)]

= TL(a)(e)[T(mo(idy x /))(β, β) (0, X)]

= TL(a)(e)[(Tμ)(e,e).(O,X)]

= TL(a)(e)s(μ, X)(e)

so that μ is left L(G)-invariant. Other examples can easily be con-
structed where the multiplication need not have the "separation of
variable property". Thus locally an L(exp ^-invariant multiplication
μ can be given by μ(exp X, exp Y) = exp F(X, Y) where

F(X, Y) = C(Xy f(X, Y))

with f:g x g-+g analytic at (0, 0), and f(X, 0) = 0, and C(X, Y) =
X + Y + 1/2[XY] + is the Campbell-Hausdorff formula. We leave
it as an open problem to see if this is the most general way of obtain-
ing the local expression for an L(G)-invariant multiplication on G.

REMARKS. We shall soon give the local formula for a /Mnvariant
multiplication on G/H. But first we give a few remarks and formulas.

(2) If (G/H, μ) is a Lie group; i.e. H normal, then since τ(a)x =
axH we have μ(a, x) = L{a)x. Thus locally μ is L(G/jff)-invariant
(as a group) if and only if μ is /Mnvariant (as a homogeneous space).
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Also when H is a normal subgroup with μ(a, b) — abH, then τ(H) c
Aut (G/H, μ) because for u e H we have

τ(u)μ(a, b) — uabH

— (uau~ιubu~ι)H

= uau'Ή ubu^H

— μ(τ(u)a, τ(u)b) .

(3) Let (G/H, μ) be a multiplicative system with μ given locally by

F(X, Y) = X + QY+ a(X, Y) + l/2F2(θ)(0, Y)2 + . . .

as in §2, where θ = (0, 0) and a(X, Y) = F2(Θ)[(X, 0), (0, Y)]. Then
the vector field /(μ, X) satisfies

S{μ, X){e) = QX.

For from μ(τroexpX, π oexp Y) = π<>exι>F(X, Y) we obtain μo(πoexp x
TΓoexp) = 7ΓoexpojP. Using Γ(7Γoexp)(0) = idy on m and the chain rule
we obtain

/(μ, X)(e) = l(Tμ)(¥, β)](0, X)

= T[(πoexvoF)(0, 0)](0, X)

= T(τroexp)(0)(0 + QX)

= QX

recalling [(TF)(0, 0)](J7, F) = i7+ QF.
(4) We must restrict ourselves to the set Γ = {τ(exp A): A e

Om] and not the group generated by r(exp Om) because this group is
frequently G since m frequently generates g. For example, if g is
simple, then m + [mm] is an ideal of g and therefore equals #.

However if for the system (G/H, μ) we have μ is r(G)-invariant,
then it is τ(iJ)-invariant. This with τ(H) c Aut (G/H, μ) yield the
following computations which indicate that τ(G)-invariance is too strong
of a condition. With μ given by F(X, Y) = X + Q Y + as in
remark (3) we see from Proposition 3.2 that τ(H) c (G/H, μ) implies
[Ad u, Q] = 0 for all ueH. From μ being τ(iϊ) invariant we have

Tτ(u)(e).s(μ, X)(e) = S(μ, X)(τ(u)e) = S{μ, X)(e) .

But from formula (3.2) we have Tτ(u)(e) = Ad^ and from remark (3)
we have /(μ, X)(e) = QX; thus

(Aάu)(QX) = QX.

This gives, since [Ad u, Q] = 0 that Q(Ad w - /)X = 0 for all u e H
and Xem. Thus for % = exp U with ?7e ft and using Ad (exp U) = e*άU



MULTIPLICATIONS ON HOMOGENEOUS SPACES 257

we obtain

0 = (Qoad U)(X) = (ad UoQ){X) .

If Q is nonsingular we obtain (ad h){m) = 0 so that h is an ideal in
g; this is usually not the case.

We now obtain sufficient information concerning the multiplication
μ from the Taylor's series for F(X, Y); note the converse statement
in Proposition 4.7.

THEOREM 4.6. Let (G, H) be a reductive pair with (G/H, μ) a
multiplicative system with τ(H) c Aut (G/H, μ). Let μ be Γ-invariant
and for X, Yem in a suitable neighborhood of 0 in m let μ be given
locally by μ(π exp X, π exp Y) — π exp F(X, Y) where F is given by the
Taylor's series

F(X, Y) = X + QY + a(X9 Y) + 1/2F2(0)(O, Γ)2

+ Σ l/nϊ Fn(θ)(X, YY .

Then
(1) a(X, Y) = 1/2X. Q Y( = 1/2[X Q Y]m)

(2) lί πf = Tπ(e) and if

Fn = Fn(U, V) - F*(Θ)[(U, 0), , (U, 0), (0, V)]

where (U, 0) occurs (n — ϊ)-times and n > 2, then for FL = ί̂ ί-X", Y) =

0 = π'[/φ, 0)F. + ^(^, l)ad X{Fn_,) + ...
i - l)(ad X ) - 1 ^ ]

/(π, &) = (— l)fc/(^ + 1)! (w — A — 1)! Thus we have an iterative
formula for part of the Taylor's series for F which is the best possible
obtainable from the Γ-invariance condition.

(3 ) For each ue H and n = 2,3, •

(Adu)-F*(θ)(X, Y)n = F"(θ)(Aάu.X, Adu Y)n .

In particular (Aάu)-Fn(X, Y) = Fn(Aάu-X, Adu, Y).

Proof. We have τ(a)oπ = πoL(a) and from remark (3)

[μo(π x ττ)o(exp x exp)](X, T) = [ττoexpoF](X, Y) .

Using this equation and the chain rule we obtain for a = πexpXand
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e — π exp 0 that

l(Tμ)(a, 8)](0, Y) = [T(7ΓoexpoF)(X, 0)](0, Y)

which is used in the fifth equality below.
From [1, p. 95] we have for A in a suitable neighborhood of 0 in

g that

Γ[L(exp(- A))oexp](Λ) = J *"*"
ad A

where (I - e-*)/P = Σ?=o(- P)7(fc + 1)!. Also from τ(arι)<>τ(a) = idy
on G/H we obtain

which gives the inverse for Tτ(ά)(e).
We now use the above formulas and the chain rule to obtain for

X, Y in a suitable neighborhood of 0 in m and a — exp X,

- \Tτ{a){e)\-V{μ, Y){a)

= Tτ(a-%a).[(Tμ)(a,e)](O, Y)
= \T{τ{crι)oμ)(a, g)](0, Y)

= Tπ(e) T(L(exp(- X))oexp)(X)-[(TF)(X, 0)](0, Y)

aάX

where

ί, 0)](0Γ)

= lim i-[F(X, tY) - F(X, 0)]

ta(X, Y) + t2j2F2(θ)(0, Y)2 + X]

(X, 7) + Σ —^-—Fn{X, Y) .
n=3 (U — 1 ) !

To see this last equality just note that by induction we have

F*(Θ)(X, tY)n = Fn(θ)(X, Or + ntFn(X, Y) + o(f)

= ntFn(X, Y) + o(f)

using Fn(θ)(X, 0)n = 0 since (G/H, μ) has e as a right identity.
From the series for (/ - e~~adX)/ad X we obtain
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adX™,

AQY+ a(X, Y) + ± FJ(n - 1)!
L n=8

l/2(aά X)(QY+ a(X, Y) + Σ **./(

α ( I , Γ) - l/2(adX)(QY)

π'a{X, Y) - ξ-(

Thus since Q F and a(X, Y) are in m and TΓ' | m is the identity, we
obtain

cc(X, Y) = ζ

(Recall [?7F]Λ is the component of [UV] which is in h). Similarly by
noting Fk(X, Y) is homogeneous in X of degree k — 1 we combine
those terms of degree n — 1 in X to obtain

0 =
(n - 1)! 2 v \n -2 ! ) (k + l)l(n - k - 1)1

where Fλ = QY.
Equation (3) in the theorem follows from Proposition 3.2 and the

remarks preceding it. Thus for η e Aut (G/H, μ) we wrote locally
η{π exp X) = π exp (Φ(X)) and showed φF(X, Y) = F(φX, φY). In par-
ticular for η = τ(u) we showed φ — Adu for ue H so that from the
Taylor's series for F and the linearity of φ = Aάu we obtain (3).

EXAMPLE 2. These formulas can also be used to construct examples
locally. Thus let G be nilpotent so that adX is nilpotent for all
Xeg; that is, there exists n so that for all Xeg, (adX)% = 0.
Let the function Fk be given by the iteration formulas: Fo =
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Y) = QY, 0 = π'[μ(2, 0)F2 + μ(2, lJadXPJ, etc. Set K{X, Y) =
Σ?=o Fk{X, Y)/kl which is a finite sum by nilpotency of G. Note that
K is analytic and for the Λ-th derivative Kk{θ){X, Y)k = Fk(X, Y) =
Kk{X, Y). Thus K has the above Taylor's series and we can define
locally μ(ττexpX, πexp Y) = πexpK(X, Y). This is (locally) Γ-in-
variant because K, in terms of its Taylor's series, satisfies the iteration
equations of the theorem and the process of the proof is reversable.

Next by induction using the iteration equation we also obtain
φFk(X, Y) = Fk(φX, φ Y) for φ = Adu with ueH. This uses Proposition
3.2 as follows: φF,{X, Y) = AάuQY = Q(AάuY) = F,(X, φY) = F(φX,
φY) since "X" does not occur in the formula for Fx. Also reductivity of
the pair(G, H) is used to commute πr and Adu: for Yem, (TΓΌAdu)(Y) =
Adu(Y) = (Aduoπ')(Y). Thus since K(X, Y) = Σ ί W ^)/&! we have
^iΓ(X, F) = K{φX, φY) so that using the results of §3 and the definition
of φ by τ{u){π exp X) = π exp (^Z) we have locally τ(H) c Aut((?/iJ, j«)
as follows:

τ{u)μ{π exp X, π exp F) = τ(u)(π exp if(X, F))

= πexv(φK(X, Y))

= πexvK(φX,φY)

and

μ(τ(u)(π exp X), τ(u)(π exp F)) = /i(τr exp (^F), TΓ exp (̂  F))

, φY) .

We extend the above notions in the following result to obtain
a converse to Theorem 4.6.

PROPOSITION 4.7. Let ((?, iϊ) be a reductive pair with fixed de-
composition g = m + h. Let Fk: mxm—>m for k = l,2, be a sequence
of multilinear functions which satisfy the iterative equation (2) and
equation (3) of Theorem 4.6; that is, for all ueH, (Adu) Fk(X, Y) =
Fk(Adu'X, Adu Y). Then for all X, Y in a suitable neighborhood
of 0 in m the series X + Σϊ=i Vkl Fk{X, Y) converges absolutely and
uniformly to a function K(X, Y) which is analytic at θ = (0, 0) e m x
m and the multiplication μ(πexipX, πexpF) = 7rexpίΓ(X, F) defines
a local multiplicative system (G/H, μ) so that μ is locally Γ-invariant

Proof. Using the obvious extension of the results in example
(2) above, it suffices to prove the series converges to an analytic
function K so that the derivatives Kk(θ)(X, Y)k = Fk(X, Y). To show
that the series converges absolutely and uniformally for X, Y in a
suitable neighborhood of 0 in m, we let Bk = Fk+1/kl for k = 1, 2,
and let S = π' and T = ad X. Then from the iteration formula we
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obtain F, = SQY and

ST>

^Bt ^B, +

f ItB, f I t §^> + + ^ 9

Now let || || denote either the operator or the Euclidean norm, then
we have | |S | | = 1. Let r = 1 and let c be a fixed number with c >
5 e where β = 2.71 . . . . Then for F, = SQY with XeSz? = {Xe m:
||ad X | | < r} and Ye^ = {Yem: \\QY\\ < 1} we have || Γ|| = ||ad X | | <
r = land HftH - 1/21151^11 ^ 1/2||S||.|| Γll ll-Fill < 1/2 < c. Assume
for all k < n that Σ U | |5i | | < c, then for k = n we have from the
equations for the B's

\sτ
ST*

nl

S -rr + r r + ••• +

c +
2! 3!

using the induction hypothesis and || Γ|| < r . But if d(Λ, r) =Xf=1rV(i +1)!,
then
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rd(k, r) + l + r = l + r + ^ 7 + - . + —-——- < er = e
2! (k + 1)1

since r = 1. Thus d(k, r) < (2.8 - 2)/l - .8. Therefore Σ?=i ii-SJI <
.8 + .8c = .8(l + c)<c because c>5e. Thus the series ΣBk(X, Y) converges
absolutely for all {X, Y) with Xe s>f and Ye &r to a function fc(X, F).
Since | |β f c ||/ά + 1 < || Bk\\ we see that Σ #*/(* + 1) converges absolutely
to a function k(X, F).

This series converges uniformly on j^f x ^ to k(X, Y) as follows*
On jzf x ^ the partial sums Σί=i -B* a r e bounded by c > 5e. Thus
since 1/k + 1 —> 0 we have from a standard result that the series
Σ BJk + 1 converges uniformly on s>f x .^. But JBJΛ + 1 = ^+1/
(k + 1)1 so that X + Σ Fk{X, Y)/kl converges uniformly on s^f x &
to K(X, Y). Using this we see from [2, §3] that K is analytic at
θ - (0, 0) and Kk{θ){X, Y)k = î /c(X, Γ) as desired.

5* Connections and holonomy• From [6] there is a bijective
correspondence between G-invariant connections on the reductive space
G/H and non-associative algebras (m, a) with Ad Ha Aut (m, α). Thus
if this algebra (m, α) is induced by a multiplicative system (G/iϊ, μ)
we obtain a connection "induced by μ" and v̂ e discuss such connec-
tions and the corresponding holonomy algebra (Lie algebra of the
holonomy group). Thus for X, Y9 Zem let

a(X):m->m:Y-+a{X, Y) and R{X, Y): m -> m: Z —> R(Y, Y)Z

where R(X, Y)Z = α(JSΓ, α(F, Z)) - a(Y, a(X, Z)) - a(XY, Z) -
y)Z] is the curvature evaluated at β = eiJ in G/ίί [6]; recall that
XY= [XY]m(τesp.h(X, Y) = [17],) is the projection of [17] in g
into m(resp. h). From [7] the holonomy algebra, denoted by hoi (a), is
the smallest Lie algebra hoi (a) of endomorphisms of m so that R{X,
Y) e hoi (a) and [a{X), hoi (a)] c hoi (a) for all X, Ye m.

We shall say that the holonomy group acts irreducibly on G/H
in case hoi (a) act irreducibly on m. This can be stated in terms of
the algebra (m, a) as follows. A left ideal of the algebra (m, «) is
a subspace n of m such that a(m, n) c 7̂ .. Thus from the formula
for R(Xy Y)Z we see that a left ideal n v/hich is invariant under
&άh{iny m) = {adfe(X, F): X, Fern} is hoi (α)-invariant. Therefore the
holonomy irreducibility of G/H implies (m, a) has no left ideals which
are adΛ(m, m)-invariant.

We now consider the connection of the first kind which is a well
behaved, easy to construct connection. From [6] we see that on the
reductive space G/H there exists a unique G-invariant connection
which has zero torsion tensor and such that a 1-parameter subgroup
x(t) — exp tX of G generated by X em projects by π: G —> G/H: x(t) —>
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x(t) into a geodesic x(t) in G/H. In this case α(X, Y) = 1/2XF and
the connection is called the connection of the first kind relative to a
fixed decomposition g = m + h.

Thus since this multiplication a{X, Y) — 1/2XY is anti-commuta-
tive, a left ideal is a two sided ideal; therefore holonomy irreducibility
implies (m, a) has no ideals invariant under ad h{m,m). But using
the Jacobi identity, ad h{m, m) is contained in the derivation algebra
of (ra, a) so that the algebra (m, a) must contain no proper ideals or
mm = 0; that is, the holonomy irreducibility implies (m, a) is the zero
algebra or simple. This uses a result in [8] which states if a finite
dimensional nonassociative algebra over R which is not the zero algebra
has a proper ideal, then it has a proper ideal invariant under its
derivation algebra.

If the connection on G/H induced by (m, a) is pseudo-Riemannian,
then from [6] there exists a nondegenerate symmetric bilinear form
C: m x m—>R satisfying

C(ad £/ X, Y) + C(X, ad U-Y) = 0

and

C(a(Z)-X, Y) + C(X, a(Z) Y) = 0

for all X, Y, Z in m and Z7 in Λ; that is, the endomorphisms ad U
and α(jZ) are C-skew symmetric. Also for this connection we have
[6], 0 = Tor (X, Y) - a(X, Y) - a(X, Y) - XYand the multiplication
function a is determined by

(5.1) 2C(Z, a(X, Y)) = C(Z, XY) + C(ZX, Y) + C(X, ZY) .

We shall denote the algebra m with multiplication a(X, Y) = 1/2XY
by (m, 1/2XY) and we shall denote the algebra (m, α) with a non-
degenerate from C inducing a pseudo-Riemannian connection (i.e.
satisfying the above equations) by (m, a, C). In particular, if C is
positive definite so that it induces a Riemannian connection, then
from the deRham decomposition [4] the original connection is built up
from its irreducible components.

We next use the algebra (m, a) obtained from a multiplication
to obtain a connection. Thus let (G/H, μ) be a multiplicative system
as before and let

μ(π exp X, π exp Y) = π exp F(X, Y)

where we have

F(X, Y) = PX+ QY+ a{X, Y) + . . .

with a(X, Y) = F\Θ)[{X, 0), (0, Y)] a bilinear multiplication on ra so
that Ad Ha Aut (m, α). For a /^-invariant multiplication we obtained
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in §4 (using the notation XY = XΎ)

a(X, Y) = 1/2X-QY

thus if L(X):m-->m: 7 - > I 7 we have for all Xem and Ueh that

a(X) = l/2L(X)oQ and [ad U, Q] = 0

using the results of §3.

LEMMA 5.1. Let (G/H, μ) be a multiplicative system as above and
let μ be Γ-invariant. Then the kernel of Q is an ad h-invariant left
ideal of (m, a).

Proof. Let n = ker Q, then since [ad /&, Q] = 0 we see that w is
ad/i-invariant. Also α(m, π) = l/2m Qn — 0 so that a(m, n) c π; that
is, n is a left ideal.

LEMMA 5.2. Le£ (G/H, μ) be a multiplicative system as before
which induces a nonzero algebra (m, a) and a corresponding connection
on G/H. Let μ be Γ-invariant and let hoi (a) be irreducible, then Q
is nonsingular.

Proof. Suppose μ is /^-invariant and hoi (a) is irreducible. Then
from the remarks at the beginning of this section, the algebra (m, a)
has no left ideals which are ad h(m, m)-invariant. But from Lemma
5.1, the kernel of Q is such an ideal. Thus the kernel of Q is zero
since we are assuming a(X, Y) = 1/2X- Q Y is not identically zero.

We use these lemmas in the next two results where we compare
an irreducible connection induced by a multiplication with the irreducible
connection of the first kind.

THEOREM 5.3. Let (G, H) be a reductive pair so that for the
decomposition g = m + h we have [m, m]m Φ 0. Let (G/H, μ) be a
multiplicative system as before so that μ is Γ-invariant and let the
connection induced by μ via the algebra (m, a) be a holonomy irreducible
pseudo-Riemannian connection. If the algebra (m, 1/2XY) is simple,
then a(X, Y) — 1/2XY; thus the connection by μ is of the first kind.

Proof. First assume μ is /^-invariant, then from a(X, Y) =
1/2X-QY and

0 - Tor (X, Y) = a(X, Y) - a(Y, X) - XY

- 1/2J .Q7- 1/2.QX- XY

we obtain
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L{X)oQ = L({21- Q)X) .

Thus from a(X)Y = a(X, Y),

(5.3) 2a(X) = L(X)oQ = L((2I - Q)X) .

Next by Lemma 5.2 and the hypothesis of irreducibility we see that
Q is nonsingular. From this we obtain 21 — Q is nonsingular as
follows. If ( 2 7 - Q)A = 0, then using (5.3)L(A)oQ = 0. But since
Q is nonsingular, L(A) = 0. Thus if A Φ 0, this means that the one
dimensional subspace RA is an ideal in the simple algebra (m, XY);
consequently ,4 — 0. Since 21— Q is nonsingular, (21— Q)m = m and from
formula (5.3) we obtain α(m) = L(m). Next recall that the elements
of α(m) are C-skew so that the elements of L(m) are also C-skew; thus

C(ZX, Y) + C(X, ZY) - 0 .

But from formula (5.1) which uniquely determines a in terms of C
and (m, XY) we obtain

2C(Z, a(X, Y)) •= C(Z, 1 7 )

that is, a(X, Y) = 1/2XY. Since (m, 1 7 ) is simple, this also implies
Q = I.

COROLLARY 5.4. Let the reductive pair (G, H) and the multipli-
cative system (G/H, μ) be as in Theorem 5.3. // the corresponding
Lie algebra g is simple and h is semi-simple and g = m + h where
m = h1 the orthogonal complement relative to the Killing form, then
the connection induced by μ is of the first kind.

Proof. This uses the result from [8] that if g = m + h as above
and \mm\mΦ 0, then the algebra (m, H2XY) is simple.
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EXISTENCE OF DIRICHLET FINITE BIHARMONIC

FUNCTIONS ON THE POINCARE 3-BALL

LEO SARIO AND CECILIA WANG

In an earlier study we discussed the existence of quasi-
harmonic functions, i.e., solutions of Δn = 1. We showed,
in particular, that there exist Dirichlet finite quasiharmonic
functions on the Poincare 3-ball

Ba:{\x\ <l,ds = (l-\x\2)a\dx\}

if and only if αe(-3/5,1). We now ask: Is the existence
of these functions entailed by that of Dirichlet biharmonic
functions? This is known to be the case for dimension 2.
We shall show that, perhaps somewhat unexpectedly, it is
no longer true for dimension 3.

For preparation we first solve the problem, of significance in its
own right, of the existence of Dirichlet finite biharmonic functions.
In the notation of No. 1 below, we give the complete characterization

The problem also offers considerable technical interest, as the gener-
ating harmonic functions can not be presented in a closed form, but
only by means of expansions at the regular singular point of the
related differential equation. This makes the estimates somewhat
delicate. Also, the four cases a ;> 1, α e ( — 3/5,1), a < -3/5, and
a — —3/5 must be treated separately, each with its own approach.

To deduce the above result (Theorem 1), we first expand a
harmonic function on Ba in terms of spherical harmonics with respect
to our non-Euclidean metric (Theorem 2). As important applications
of Theorem 1 to the classification theory we obtain a decomposition
of the totality of Riemannian 3-manίfolds into three disjoint nonempty
subclasses induced by OQD and OH2D (Theorem 3), and establish the
existence of parabolic 3-manifolds which carry ίPD-functions and of
hyperbolic 3-manifolds which do not carry H2D-ΐunctions (Theorem 4).

An interesting open problem is whether Ba g OR2D if and only if
a> -3/(N+ 2).

1* A function u is harmonic or biharmonic according as it satisfies
Aλu = 0 or Δ\u — 0, where Δλ is the Laplace-Beltrami operator Δλ —
dδ + δd with respect to the metric ds = X(x) \dx\. Denote by H2 the
family of nonharmonic biharmonic functions, by D the family of

267
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functions / with finite Dirichlet integrals D(f) = \ df A *d/< °o,

and set H2D = H2 Π D. Let OH2D be the class of Riemannian manifolds
which do not carry iPD-f unctions. We assert:

THEOREM 1. Ba g OHiD *=>a > —3/5.

The proof will be given in Nos. 2-7.

2* We start by expanding a harmonic function on Ba in spherical
harmonics. We recall that a function Sn{θ\ θ2), in polar coordinates
(r, θ\ θ2), is called a spherical harmonic of degree n if rnSn(θ\ θ2) is
harmonic with respect to the Euclidean metric. Every such function
is a unique linear combination of 2n + 1 linearly independent funda-
mental spherical harmonics Snm of degree n. The class {Snm; n =
0,1, 2, •; m — 1, 2, , 2n + 1} is not only an orthogonal system

with respect to the inner product (/, g) = \ fg dS, with ω the 2-sphere

and dS the surface element, but also a complete system with respect
to the family of IΛfunctions. For every harmonic function h in Ba,
we have a Fourier expansion

oo 2w + l

Z Σ '
=0 m = l

(1) h(r,ff) = Σ Σ dnm{r)Snmψ)
0 l

with (9 = (01, 02).

By virtue of

A + ^.)/'(r) - n(n + l)r-γ(r))Snm(θ) ,

and λ'λ"1 = -2ar(l — r2)"1, the function f(r)Snm(θ) is harmonic on Ba

if and only if f(r) satisfies the differential equation

( 2) r2(l - r2)f"(r) + r[2(l - r2) - 2ar2]f'(r)

- r2)f(r) = 0 .

We shall denote the solution of equation (2) for each n by Mr).
Since all coefficients in (2) can be expanded into power series of r,
the point 0 is a regular singular point of the equation. Thus there
exists at least one solution of (2) in the form

(3) Mr) =r^±Cnir
i ,

cn0 Φ 0. On substituting in (2) we have
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( 4 ) Σ [(P. + i - 1)(P + i) + 2(p» + i) - n(n + l)]cnir"-+i

- Σ {(P. + ί - 3)(p, + ί - 2) + (2 + 2α)(pB + i - 2)
i=2

- w(w + l)}cn,i_2r
p»+< = 0 .

To determine pn we equate to 0 the coefficient of rPn and obtain
the indicial equation

(pn - l ) p n + 2pn - n ( n + l ) = 0

which gives p% — n or pn — —(n + 1). Since OeB f f, pn can not be
negative, and therefore pn — n.

We then equate to 0 the coefficient 2(n + l)cnl of rPn+1 and obtain

Cm = 0.

To find cΛi, i ^ 2, we equate to 0 the coefficient of rPn+ί:

On letting pw = ̂  and c%0 = 1 we have

(5) c.,M = π \n + ?>-

for i ^> 1, and cw>2ί+1 = 0 for i ^ 0.

The limit of /Λ(r) = ΣΓ=o <V2*T%+2i as r —> 1 exists since the eu,2ί

are of constant sign as soon as i is sufficiently large. Furthermore,
this limit can not be zero, for otherwise l im,^/ Λ S n w = 0, and conse-
quently fn Ξ 0, contrary to cn0 = 1. In a similar fashion we see that
fn(r) Φ 0 for 0 < r < 1. Hence for arbitrary but fixed r0, 0 < r0 < 1,
there exist constants anm such that anmfn(r0)Snm = ώ%m(r0)S%m, and

(6) ΣΣ^^ΛWS.J^)

is a series of functions harmonic on Ba which converges absolutely
and uniformly to Λ(r0, θ) on the 2-sphere of radius r0. Now let
n < ^' < 1; then by the same argument there exist constants a'nm

such that

( 7 ) Σ 2 Σ <L'*~fJr)S.Jβ)

converges to h on the ball of radius r\ Hence (6) and (7) are identical

on the ball of radius r0, so that anm = a'nm for all (n, m).

We have proved:
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THEOREM. Every harmonic function h(r, θ1, θ2) on the Poincare ball
Ba has the expansion in terms of the fundamental spherical harmonics

(8 ) h(r, θ\ θ>) = £ 2 Σ anm Σ cn,u
n = 0 m = l i = 0

where the cn>2i are given by (5).

3* After this preparation, we proceed with the proof of Theorem
1. An essential aspect of the proof is that the cases α ^ l , α e
(-3/5,1), a < —3/5, and a = —3/5 all require a different treatment.

We first establish the following crucial estimate:

LEMMA 1. If a ;> 1, then

fi(r) = Σ c1)2ir
ι+2i - O((l - r)-2a) as r > 1 .

Proof. By (5),

e - Π (2j ~ 1 ) ( 2 i + 2 α :) - 2

Π
M (2i + l)(2i + 2) - 2

= π 2j + 2« - 1 # 20-1 + (2j - 3)/(2j + 2a - 1) #

M 2j 2j + 3

We claim that

(9) cιM<ύ2i + ^-1

or, equivalently,

In the case a ^ 1 under consideration this is clearly so for all j ^ 1.
Consequently

m < r + Σ (Π ^ ± | ^

We compare this with the expansion

= r + Σ _

2j

and obtain the lemma.
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4* We shall make use of Lemma 1 to prove:

LEMMA 2. Ba £ 0H2D for a :> 1.

Proof. A necessary and sufficient condition for the existence of
an H2D-ΐunction u is that the Laplacian An — h satisfies

(11) I (h, φ) I ̂  KVW)

for all φeC~ and some constant K independent of φ (Nakai-Sario [5])
Let h=f1(r)Sn =/i(r) cos θ\ and take any φ e C~(Ba). By Lemma 1

and the Fourier expansion

^ Σ Σ Km{r)Snm{θ\ θ2) ,
n=0 m = l

we obtain

ψ) const Γ bn{r)f(r)r2(l - r2yadr
Jo

Γ 1

< const I δu(r) | (1 —
Jo

By Schwarz's inequality,

I (h, φ) |2 ^ const f1 (1 - r)adr (' b2

n(r)(l - r)adr
(12) J ; J o

= const b\x{r){l - r)adr .
Jo

On the other hand,

D{φ)

(13) - ( I grad φ \2 dV ^ const f r~2(l - r

2)"2a(^)r2{l - r2fadr

^ const Γ b2

n(r)(l - r)adr .

5* Denote by Q the class of quasiharmonic functions u, charac-
terized by Δλv, = 1. We recall (Sario-Wang [9]) that Ba g OQD if and
only if ae (—3/5,1). Since QDczH2D, we have trivially:

LEMMA 3. Ba£ OH%Ώ if ae (-3/5,1).

6* Next we consider the case a < —3/5.

LEMMA 4. Ba e OHiΌ if a < -3/5.

Proof. Suppose there exists an £Γ2D-function u on Ba, that is,
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Δu = h satisfies (11). By Theorem 2, h has the expansion

oo 2W + 1

h — V V
n~o m = l

If α%m ^ 0 for some (n, m), choose for our testing functions φt,
0 < t ^ 1,

9>t(r, θ) - pt(r)Snm(θ), pt(r) =

where g(r) is a fixed nonnegative C~-function with suppg c (/3, 7),
0 < /3 < 7 < 1. Since lim^Λίr) Φ 0,

S i—jβί Γr

pt(r)dr = ί
i-rί J i S

and (1 - r2)3α > 23α(l - τfn ^ 23α(7ί)3α for a < 0, we have for sufficiently
small t,

I (h, φt) I - const I Γ~'7 (r)ft(r)r2(l - r 2 ) 3 ^

^ const (1 - 7)2(7ί)3α \ pt(r)dr = const fa+1 .
Ji-rt

On the other hand,

D(φt) = \ | g r a d ^ | W

~βt (1 - rA)'Za{c1{(/{r)Y + c2r-2ρ2(r))r2(l - r2)dadr

< const {Ίt)a \ (cάf/ir))* + c2ρ\r))dτ
h-rt

= dj"-1 + d2t
a+1 < dta~ι ,

a < 0, where dl9 d2, and d are independent of t. If a < —3/5, then
(11) is violated as ί —> 0, a contradiction. Thus 5 α e OH-Ό for α: < —3/5.

7. It remains to consider the case a = —3/5.

LEMMA 5. S_3/5 6 OHzD.

Proof. We choose a decreasing sequence of real numbers t3- e (0,1]
tending to 0 such that 1 — βt3- < 1 — Ύtj+1 and (14) is satisfied for
each t3: Set q5 = ί73α~V~1#sign (h,φtj) and take for the testing
functions 9V = Σ*= 1 g^^.. We obtain by (14)

(h, Ψn) I - > const
J-ί
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and by (15)

D(Ψn) = Σ q)D{φt) < const ΣΓ8(ί7βf t"8) .

For a = -3/5, we have D{φn) < const ΣΓi~2> which stays bounded as
w—*co whereas [ {h, φn) \ —* oo. Thus (11) is violated, and we con-
clude that B_3/5 G 0 ^ .

The proof of Theorem 1 is herewith complete.

8* Since Ba £ 0QD if and only if a e (-3/5,1), Theorem 1 has the
following applications to the classification of Riemannian manifolds,
with 0 standing for the complement of 0:

THEOREM 3. The totality of Riemannian S-manifolds has the
decomposition

{R} = 0H2D U (0QD n 0H2D) U 0QD

into three disjoint nonempty subclasses.

THEOREM 4. There exist parabolic Riemannian ^manifolds which
carry H2D-functions, and hyperbolic Riemannian 3-manifolds which
do not carry H2D-functions.

For dimension 2, this was shown in Nakai-Sario [5], but for
higher dimensions it has been an open problem.

For the proof of Theorem 4, let 0G be the class of parabolic
Riemannian manifolds. It was proved in Sario-Wang [9] that Ba e 0G

if and only if a ^ 1. As a consequence,

Bae0Gf] 0H2D <=> a ^ 1 ,

Ba e 0G n 0H2D <=>a^ - J . .
5

We shall return to the classification of higher dimensional
Riemannian manifolds in further studies.

We are indebted to Mr. Dennis Hada, who preused the manuscript
and made his valued comments.
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ON A GENERALIZATION OF MARTINGALES DUE TO
BLAKE

R. SϋBRAMANIAN

It is shown that any uniformly integrable fairer with time
game (stochastic process) converges in Li.

l Introduction* Let (£?, ̂ , P) be a probability space and { ^ h ^
an increasing family of sub σ-algebras of %S. Let {Xn}n^ be a sto-
chastic process adapted to {̂ »}»̂ i (see, [2, p. 65]). Following Blake [1]
we refer to {Xn}n*i as a game and define

DEFINITION, The game {Xn}n^i will be said to become fairer with
time if for every ε > 0

P[\E(Xn/ίiSm)-Xm\>ε]->0

as n, m —> oo with n ^ m. Any martingale is, trivially, a fairer with
time game and thus this concept generalizes that of martingales,
Blake, in [1], gave a set of sufficient conditions under which any
uniformly integrable fairer with time game {Xn}n^ is convergent in
Lx. We show that these sufficient conditions are not needed; in fact,
we show that any uniformly integrable, fairer with time game con-
verges in Lx.

2 THEOREM 2.1. Any uniformly integrable fairer with time
game {Xn}n^ converges in Lx.

Proof. To facilitate understanding, we break up the proof into
a few important steps numbered (SI) through (S5). For every m and
n ^ m define Ym,n = E(XJ%fm). Let Γ stand for the family {Ym>n,
for all m and n ^ m}.

(SI) J7 is uniformly integrable.
Since {Xn}n^ is uniformly integrable there exists a function /

defined on the nonnegative real axis which is positive, increasing
and convex, such that

and s u p . # [ / o \Xn\]< oo. (See [2, I I T 22].) Now,

i]
^/m)] (since / is nondecreasing)

E[fo\Xn\].

275
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Therefore,

sup E[fo\Ymtn\]£SvpE[fo\Xn\] < oo .

Another application of II T 22 of [2] ensures that Γ is uniformly
integrable. Hence (SI).

(52) Given ε > 0, there exists M such that for all m ̂  M, one
has

E(\ Xm - Γw,w I) S 2^ for all n^m.

Since i"1 is uniformly integrable given ε > 0 there exists δ > 0

such that P(A) < <5 implies ί | Ym>% \ dP ̂  ε/2, for all Γm,Λ G Γ. Choose

M so large that m^Mand %^ m implies P[| Xw - E(XJUm)\ >ε] < δ.
Then, it is not difficult to see that

E[\ Xm - Ym>n |] £ 2ε f o r a l l m ^ i l f a n d n ^ m .

(53) For every fixed m, the sequence {Fw>»} converges in Lx to
an ^<w measurable random variable Zm.

Let m ̂  n < n'.

E[\ YM

- JET[| E({E(Xn - X .

Now from (S2) it follows that given ε > 0 for all sufficiently large
n and nf

E[\ Ym,n - YM. |] ̂  E[\ (Xn - Γ...0 |] g 2ε .

Hence, for m fixed, the sequence {Ym,n} is Cauchy in the I/^norm.
So, there exists, an integrable random variable Zm9 such that,

Ym,n —-* Zn Without loss of generality we can take Zm to be ^m

measurable. (Note that each Fm > n is ^m measurable and there is a
subsequence {Γm,%,} converging almost surely to Zm.)

(S4) {Zm, %fm}m>i is a uniformly integrable martingale.
The fact that {Z^m^γ is uniformly integrable follows trivially

because the closure in Lx of a uniformly integrable collection is
uniformly integrable. (See, [2, II T20].) To show {Zm, %fm} is a mart-
ingale it is enough to show that for every m, E(Zm+ί/%Sm) = Zm a.s.
Since



ON A GENERALIZATION OF MARTINGALES DUE TO BLAKE 277

= E[\E{(Ym+un-Zm+1)/^m}\]

= E[\ Ym+1,n -Zm+1\] > 0 as n

there exists a subsequence n' of {n: ή^tm) such that

We can assume (—if necessary, by choosing a further subsequence, —)

that Ym,n,-^Zm. Now,

E(Zm+J^n) = lim E(Ym+un./^m) a.s.

= lim E({E(Xn>l^m+1)}/^m) a.s.

= lim E{Xn,l%fm) a.s.

= lim Γw,n, a.s.

= Z w a.s.

Hence (S4). (S5) {JP»}ŵ i converges in L :.
Since {̂ M, ^»}» î is an uniformly integrable martingale, there

exists an integrable random variable Z^ such that Zn —^> Z^. We

shall show that X% — ^ ϋL From (S3) and (S2) it is easy to check
n—>oo

that given ε > 0 there exists M such that for all m ^ Jfcf

Therefore, for sufficiently large m.

say. Hence (S5) and the theorem.
Since any game (stochastic process) {Xn}n^ converging in Lt can

be taken to be a game fairer with time, by setting ^ n = <%f in n,
we get the following corollary.

COROLLARY 2.1. Let {Xn}n>i be a game. It converges in Lι if
and only if it is uniformly integrable and fairer with time with
respect to some increasing family of sub o-algebras {^J^i to which
it is adapted.

Let p > 1.
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THEOREM 2.2. Let {Xn}n^ be a fairer with time game with
{| Xn \p}n^ι uniformly integrable. Then { X J ^ converges in Lp.

Proof. Noting that the function / defined on the nonnegative
real axis by f(t) = tp is positive, increasing and convex and
l i m ^ {f{t)It) = + oo, in view of II T 22 of [2], it is clear that {Xn}n3ίl

is uniformly integrable. Hence by Theorem 2.1 it converges in L±;
in particular, {Xn}n^ converges in probability. Therefore, {Xn}n^
converges in Lp. (See Proposition II 6.1 of [3].)

COROLLARY 2.2. The game {Zn}wil converges in Lp if and only
if {\Xn\

p}n>ι is uniformly integrable and {Xn}n^ is fairer with time
with respect to some increasing family of sub σ-algebras {^n}%^ι to
which it is adapted.

REMARK. In view of our Theorem 2.1, the second convergence
theorem of Blake in [1] becomes redundant.
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ON STRONGLY NONLINEAR ELLIPTIC
VARIATIONAL INEQUALITIES

Bui AN TON

The existence of bounded solutions of nonlinear elliptic
variational inequalities is shown. The nonlinear second order
elliptic operator involved has at most an exponential growth in
u and a polynomial growth in Du. The regularity of the
solutions is studied.

Let K be a closed convex subset of a reflexive Banach space V
and let A be a pseudo-monotone coercive operator from V into F*
Then for any / in F* it is known that there exists u in K such that:

{Au — f, v — u) > 0 for all v in K.

The existence of solutions of nonlinear elliptic variational inequal-
ities has been shown by Brezis [1], Browder [4], Lions-Stampacchia
[10] and others. The regularity of the solutions when A is a linear
second order elliptic operator written in divergence form has been
studied by Brezis [2], Lewy-Stampacchia [8], Lions [9] and an abstract
regularity result has been obtained by Brezis-Stampacchia [3] when
A is nonlinear.

It is the purpose of this paper to show the existence of bounded
solutions of nonlinear variational inequalities when A is a pseudo-
monotone coercive operator defined on V Π L°°(G) and mapping V Π L°°(G)
into F*. V is a given closed subspace of TFl2)(G) with Wi*p(G)czVc:
W1>P(G). The nonlinear elliptic operator A may have an exponential
growth in u and a polynomial growth in Du. Abstract existence
theorems are proved in §2. The applications and the regularity of
the solutions are studied in §3. The notations and the basic assum-
ptions are given in §1.

1* Let G be a bounded open subset of Rn with a smooth boundary
dG. Set: Dd = d/dxd, j = 1, , n and

WU9(G) = {u: u in LP(G), Dάu in LP(G), j = 1, . , n} .

WUp{G) is a real reflexive separable Banach space with the norm:

n yip

Wi>p(G) is the completion of C?(G), the family of all infinitely differen-
t i a t e functions with compact support in G, in the || ||1>p norm.

279
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Let V be a closed linear subspace of Wι'p{G) with Wi p(G)<zVc:
Whp and let H = L\G). The pairing between V and its dual F* is
denoted by ( , •)•

Let W be a closed linear subspace of W'^iG) with PFo1>p+*(G) c
WaWι'p+n{G). The Sobolev imbedding theorem gives WaC(c\G).
The pairing between W and ΫF* is denoted by ((•, •))• Throughout
the paper we shall assume:

(a) WdV.
(b) If u is in W then \u\s~2u is also in W for all s with 2 <

s < oo. The assumption is verified if F = TF0

1?)(G), TΓ = ^ ' ^ " ( G ) and
if v = fl^G) with T7 = T71 ̂ +%(G).

C°'a(G), 0 < α: < 1, is the family of all functions u which are
Holder-continuous with exponent a on any compact subset of G.

Set:

F = F n £~(G) .

In this paper nonlinear operators A(u, v) mapping FxV into F*
satisfying the following assumption are considered.

Assumption (I): (i) A(u, v) maps bounded sets of F x F w
bounded sets of F*.

(ii) If un-~*u weakly in V, un—+u in the weak*-topology of L°°(G)
and lim sup (A(wΛ, wΛ), u w — u) < 0

lim inf (A(un, un), un - v) > (A(^, u), u - v)

for all v in V.

The pseudo-monotone operators from F into F* satisfy all the
conditions of Assumption (I).

Let A(u, v) be the operator defined by:

(A(u, v), w) = Σ ( (1 + Φ)
i=i JG

% is in JP, v, w in F, c(α?) and δ(a?) are two nonnegative bounded func-
tions on G.A(u9 v) is the prototype of operators considered in this
paper. It is not difficult to check that A(u, v) satisfies all the condi-
tions of Assumption (I).

In the proof of the existence theorems we need the following
auxiliary nonlinear monotone operator:

A2v = - Σ DjdDjV^-Wjv) + v .
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2* In this section the existence of bounded solutions of nonlinear
elliptic variational inequalities is shown.

The following theorem gives a generalization of a result of Browder
[4], Hartman-Stampacchia [6] and others when V is a closed linear
subspace of Wι>p{G).

THEOREM 1. Let A(u, v) be a nonlinear operator mapping F x
V into F* and satisfying Assumption (I). Let K be a closed convex
subset of V with 0 e K and let β be the penalty operator associated
with K. Suppose that:

( i ) {A{u, u),u) ^ c\\u\\v for all u in F.
(ii) (A(u, u), \u\8~2u) > c| | tt | |I. ( σ ) for all u in W and all s with

2 < s < oo. The positive constant c is independent of s.
(iii) (β(u), I u \a~2u) > 0 for all uinW and all s, 2 < s < oo. Then

for any f in L°°(G) there exists u in F Π K such that:

(A(u9 u) — / , v — u) > 0 for all v in K.

THEOREM 2. Let A(u, w) be as in Theorem 1 and let K be a
closed convex subset of both V and W with 0 e K. Let β be the penalty
operator associated with K considered as a subset of W. Suppose all
the hypotheses of Theorem 1 are satisfied with (iii) replaced by:

((β(u),u))/\\u\\w > + oo a s | |^ | |T F > + oo .

Then for any f in L°°(G) there exists u in F Π K such that:

{A{u, u) — f,v — u) > 0 for all v in K.

For a smaller class of nonlinear operators A(u, v) we have the
following theorem which extends a result of Dubinskii [5].

THEOREM 3. Let A(u, v) be a nonlinear operator mapping bounded
sets of L°°(G) x V into bounded sets of V*. Suppose that:

( i ) (A(u, v) — A(u, w), v — w > 0 for all u in L°°(G) and all v, w
in V.

(ii) For fixed u in L°°(G), A(u, •) is continuous from the strong
topology of V to the weak topology of F*.

(iii) For fixed v in V, if un-+u a e on G and un-+u in the
weak*-topology of L°°(G) then: A(un, v) —> A{u, v) in F*.

(iv) (A(\u\*~2u, u),u) > C| |M| |? for all u in W and all s with 1 <
s < oo.

(v) (A(\u\s~2u, u), \u\r-2u) > c\\u\\r

L

+rs

+?-2iG) for all u in W with
1 < s < oo and 2 < r < oo. The constant c is independent of r.

Then for any f in L™{G) there exists u in L°°(G) with \u\tt~2u in
V such that:
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a is any number with 1 < a < oo.

Proof of Theorem 1. (1) Let 0 < η < ε < 1 and let j^(u, v) be
the nonlinear operator:

j^(u, v) = Ύ]A2v + A(u, u) + ε~ιβ{u) .

j*f(u, v) maps bounded sets of W x W into bounded sets of TF*
and is coercive. Being the sum of a monotone operator and a pseudo-
monotone operator, sf is a pseudo-monotone operator from W into
W*. It follows from the theory of coercive pseudo-monotone operators
that there exists uεη in W, solution of the equation:

It is clear that:

C is a constant independent of both ε and η.
Since uεV is in W, \uεV\

8~2uεV lies also in W for all s with 2 < s <
Thus:

εη, \uεV\
s-2uεη)) + (A(^e,, wβ7), \uεη\

s~2uεη)

+ e~ι(β(utη), 1 ^ 1 - ^ . , ) = (/, \uεη\
s-2uεη) .

An elementary computation gives:

((A2uεη, \uεV\
s-*uεV)) > 0 .

From the hypotheses of the theorem, we get:

\\uεV\\Ls{G)<C\\f\\L~{G).

Since uεη is in W hence in L°°(G) we may let s —* + °o.
So:

II^IU^) <C\\f\\L~(G).

C is a constant independent of both ε and η.
(2) From the weak compactness of the unit ball in a reflexive

Banach space we obtain by taking subsequences if necessary: uεη —• uε

weakly in V, uε7]-+uε in the weak*-topology of L°°(G),7}llP+nuεV-+0
weakly in W, A(uεV, uεη) —> gε weakly in F * and β{uεV) -* hε weakly in

as 3
So:

\uε\\v + ||ttβ|L~(G> < C .
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Moreover:

gε + ε-% = f .

We show that gε = A(uε, uε) and hε — β(uβ).
We have:

lim sup (A(ueη, uεη) + e^β{usη), uεV) < (gε + e~%, ue) .

On the other hand:

(A(u8V, uεv), uεV - uε) = (A(uεV, uεV) + e-'βiuv), uεV - uε)

- erι{β(v,eη) - β{nε), uεV - uε) - ε~ι{β(uε), uεη - uε) .

Taking into account the monotonicity of the penalty operator, we get:

(A(uεV, ueη), uεη - O < (A(uεη, uεη) + e - 1 ^ ^ ) , uεV - uε)

- ε~\β(ue), uεη - uε) .

Thus:

lim sup (A(ueV9 uεV), uεη — uε) < 0 .

Assumption (I) gives:

A(u£ί uε) = g& .

It is now easy to show that hε = β(uε)<.
( 3 ) Again from the weak compactness of the unit ball in a

reflexive Banach space we get by taking subsequences if necessary:
uε—+u weakly in V, uε —>u in the weak*-topology of L°°{G) and A(ue,
uε) —• g weakly in 7 * as ε~> 0.

Since:

A(uε, nε) + ε - 1 / ^ ) = /

it is clear that

β(uΛ) > 0 in F* as ε • 0 .

The penalty operator β is a monotone hemi-continuous operator
from V into V*. A standard argument gives:

β{u) = 0 i.e., ueK.

We have:

(A(ue, u8), ue-u) = (f- s~^(u£), uε - u)

= (/, uε- u) - e~ι{β(u?) - /SO), uε - u) .

Thus:
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(A(us, ut), u ε - u) ^ ( / , u ε - u) .

Hence:

lim sup (A(uε, ue), uε — u) <: 0 .
ε-»0

Assumption (I) gives:

A(w, w) = #

and

lim inf (A(uε, uε), uε — v) > (-A(w, %), w — v) .
£-»0

Let t> e K and we have:

(A(uε, uε) - / , i; - O = - ε-^/S^e), t; - ^e)

= S""1^^) - βM, V -Uε) .

So:

(A(wβ, uε) — f, v — O > 0 for all v in i f .

Let ε —* 0 and we obtain:

(A(u, u) - / , v - u) ^ 0 for all v in 12".

The theorem is proved.

Proof of Theorem 2. The proof is similar to that of Theorem 1,
we shall not reproduce it.

Proof of Theorem 3. (1) Let 0 < ε < 1 and consider the nonlinear
operator j^(u9 v) defined by:

j^f(u, v) = εA2v + A{\u\a'~2u, v)

u and v are in W and I/a + \ja! — 1.
Szf is coercive and maps bounded sets of W x W into bounded

sets of W*. Being the sum of a monotone operator and a pseudo-
monotone operator, sf is pseudo-monotone Therefore, there exists
ve in ΫF, solution of the equation:

εA2vε + A(\v.\"'-2vt, vε) = / .

It is easy to show that:

e||v.||δr+ + | | v . | | F < C .

C is a constant independent of ε.
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Since vε is in W, \vε\
s~2vε lies in W for all s with 2 < s < °o#

Thus:

e((A2v£y \vε\Γ2vε)) + (A(\v.\*'-*vn vε), \v£\*~2v£) = (/, \vε\
s~%) .

An elementary computation shows that the first term of the left
hand side of the above equation is positive. It follows from the
hypotheses of the theorem that:

Since vε is in W we may let s—> + <*>. Hence:

IKIU-cs) < M

M is independent of ε.
( 2 ) The weak compactness of the unit ball in a reflexive Banach

space gives by taking subsequences if necessary: vε~+v weakly in
F, vε-+v in the weak*-topology of L°°(G), ε1/p+nvε —>0 weakly in W,
\/ve\"'~2'vβ—>h weakly in La(G) and

A( I vε \
tt'~~2vε, vε) > g weakly in F * as ε > 0 .

Since the injection mapping of V into H is compact, the Lebesgue
convergence theorem yields:

vε > v in LS(G) for any s with 1 < s < ^=> .

Thus:

Iv t\
a r~2vε > Iv\af~2v a.e. on G and h = \vf~2v .

We have:

limsup {A{\vε\
a'~2vε, vβ), vε) < (g, v) .

So:

lim sup {A{\vε\
a'~2vε, φ), vε - φ) < (gr, v - 9?)

for all φ in F .

It follows from the hypotheses of the theorem that:

(g - A(\v\a'-2v, φ), v - φ) > 0 for all φ in F .

Hence:

Set:
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Then:

u e L~{G) and v = \u\a~2u e V .

Moreover:

A(u, \u\a~2u) = / .

The theorem is proved.

3. We shall now give some applications of the theorems proved
in the previous section and study the regularity of the solutions.
First consider the case when the constraint is in G.

THEOREM 4. Let V = WQ

ι'p(G), K={u:u in LP(G), u^O a.e. on G}
and let A(u, v) = — ΣJ=IDJAJ(X9 u, Dv).

Suppose that:
( i ) For each j , A3 (x, u, Dv) is continuous with respect to x, u, Dv.
(ii) \Aj(x,u,Dv)\ < C{1 + exp ( N ) + IDvl^expQul)}.
(iii) Σ?=i (Mx, u, Dv) - A, (x, u, Dw)){Dάv - Dάw) > 0.
(iv) Σ?=i Aj(x9 u, Du)DjU > c Σ?=i IDju\*.

Then for any f in L°°(G) there exists u in K Γl V Π L°°(G) such that:

(A(u, u) — / , v — u) > 0 for all v in V f] K .

Moreover:

A(u, u) e L~(G) .

Proof. (1) K is a closed convex subset of V and OeiL Let
β(v) — — \v~\p~~2v~ where v~ = 0 if v(x) > 0 and V — — v(x) otherwise.
It is easy to check that β verifies the hypothesis of Theorem 1. Let
0 < 7] < 1 and consider the operator:

Ax{u, v) = A(u, v) + ΎJU .

A1(uf v) and rjA2v + Ax{u, v) satisfy all the hypotheses of Theorem 1.
Therefore, from Theorem 1, we get:

r]A2u,η + ASuίη, uεη) + ε""1/?^) = / • 0 < 9 < s < 1 .

Moreover, from the proof of Theorem 1 we have:

V\\U£ηW
n + \\utη\\v + Ύ)\\utη\\L-m < C .

C is a constant independent of both ε and η.
Since uεη is in W and hence in C(cl G) we get:

ess sup I utη I = 0 .
dG
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It follows from Theorem 7.1 of [7], p. 287 that \\uεV\\L°°(G) is majorized
by \\uεη\\v, C> the L°°(G)-norm of / .

Hence:

C is again a constant independent of both ε and η.
( 2 ) We have:

y((A2uεV, -

<

s is any number with 2 < s < oo.
It is not difficult to see that the first two expressions of the left

hand side of the above inequality are nonnegative.
Hence:

Since uϊηeL~(G), we may let s—> + °o and get:

ε-1ll^il2^)<C.

C is independent of both ε and η.

( 3 ) Let Ύ]~->0 and the proof of Theorem 1 gives:

A(uε, u£) + ε^β(uε) = f .

Moreover:

l|tt,||L~(β) + \\uε\\v + e- ι||wrll£=U < C.

uε is the weak limit in V of ^e^ as η —»• 0.
Let ε—*0 then again the proof of Theorem 1 gives:

ι, u) — / , v — u) > 0 for all v in K V.

Since ε~ιβ{uε)~+g in the weak*-topology of L°°{G), we have:

A(^, u) = f — g *

The theorem is proved.

With some further hypotheses on A, f we have a regularity result.

THEOREM 5. Let V, K be as in Theorem 4 and let

A(u9 v) = — Σ DjAjix, u, Dv) .

Suppose that:
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( i ) Aj(x, u, Dv) is continuously differentiable with respect to x,
u and Dv.

(ii) (1 + |Zto|)( |A y(&,tt, Du)\ + \dAs/du\ + \Aίk(x, u, Du)\) +
dA5jdxk\ + e x p ( N ) + I D ^ I ^ e x p {\u\)).

Ajk(x, u, Du) = dAj(x, u, Du)/δ(Dku) . j , k = 1, , n .

(iii) Σ i , ^ i Ay4(aj, u, Dv)DjvDkv > c Σ ? = 1 (1 + IA^I3""2) I Dsv |2.
T/̂ ,β?̂  /or α^?/ / in L°°(G), there exists u in K f] V f] L°°(G) such

that:

(A(u, u) — / , v — u) > 0 for all v in K V.

Moreover:

w e σ «{G) n c 1 ^ ^ ' ) n TF2^'(G) .

0 < a, 7 < 1 cmώ G' is any subset of G with cl Gf c G.

Proof. With the above hypotheses on Ajy A (u, v) is a semi-
monotone operator and satisfies all the hypotheses of Theorem 4,
Therefore, there exists u in K f]V f] L°°(G) such that:

(A(u, u) — / , v — w) > 0 for all v in F .

Moreover:

A(u, u)=f-gε L~(G) .

From the theory of second order elliptic equations, we get:

u e C°'a{G) .

E.g. cf. [7] Theorem 1.1, p. 251.
It has been shown by Dubinskii [5] that the solution of A(u, u) =

/ — g is in W2 P'(G) and moreover:

Σ { (1 + I gnιάu\)*-2\DjDku\2dx < oo .
3.k = l JG'

The above relation together with the Holder-continuity of u gives:

ί I grad^ \p+2dx < oo .
JG'

G' is any subset of G with cl G' c G.
It follows from [7] that ess sup^, | grad u \ < co and therefore

Theorem 6.2 of [7], p. 282 gives:

ι'λ(Gr) n W2>2(G') .



ON STRONGLY NONLINEAR ELLIPTIC VARIATIONAL INEQUALITIES 289

The theorem is proved.
If the principal part of A is linear, stronger results could be obtained.

PROPOSITION 1. Let V and K be as in Theorem 4 with p = 2.
Let:

A(u, v) = - Σ Dό{a5k{x)Dkv) + u exp (w) .

Suppose that:
( i ) α i fc e C2 (cl G)

(ϋ) Σi,*=i a^DjvDjtV > c Σ;=i I ^ Γ

Then for any f in L°°(G) there exists u in Kf]V Π W2'8(G) such that:

(A(u9 u) — /, v — u) > 0 for all v in K V

s is any number with 1 < s < °o#

Proof. We may write

A(u, v) = Jzfv + u exp (u) .

A(u, v) satisfies all the hypotheses of Theorem 4. Thus there exists
u in L°°(G) ΓiKΓiΎ such that:

(A(u9 u) - /, v - u) > 0 for all v in K V.

Moreover:

J Λ + % exp (u) = ̂ f e I

So:

= g — u exp (u) 6

It follows from the theory of linear elliptic operators that ue
W2'*(G) for any s with 1 < s < <*>.

THEOREM 6. Let V = W}'P(G), K = {u:u in V, | grad u | < 1 a.e.
on G) and let A(u, v) be as in Theorem 4 Then for any f in L°°(G)
and for any λ > 0, there exists u in K Π L°°(G) such that:

(A(u, u) + λ% — /, v — u) > 0 for all v in K .

Proof. K is a closed convex subset of both V and W with 0 e K.
Let

= - Σ J M ( l -
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β maps bounded sets of W = WitP+n(G) into bounded sets of W* and
is a monotone hemi-continuous operator. Cf. Lions [9].
Moreover:

((β(v), v)) > \\v\\&* - fe + c2 IMir-2) .

It is not difficult to check that β satisfies all the hypotheses of
Theorem 2. Thus the result follows from Theorem 2

Along the lines of Theorem 2, we may consider the case when

K = {u:u in Wi p(G), u ^ 0 a.e. on G, | grad%| < 1 a.e. on G} .

It suffices to apply Theorem 2 with

β(v) = _ |tr|*~V- - Σ A {(1 - I grad ^l"—1)-^*;}

We shall now consider the case when constraint imposed on the
solution is at the boundary of G.

THEOREM 7. Let V = TΓlp(G), W = W lp+ί l(G), i = { t t : i t m 7 , » >
0 a.e. on dG} and let A(u, v) be as in Theorem 5. Then for any λ > 0
and for any f in L°°(G) there exists u e C°'a(G) Π C^μ{Gr) Π K such that:

(A(u, u) — / , v — u) > 0 for all v in K .

Gf is any subset of G with cl G' c G and 0 < a, μ < 1.

Proof. (1) Let /3 be the penalty operator defined by:

(β(v), φ) = - I ^""^ da? , ^ in F

β satisfies all the hypotheses of Theorem 1. Cf. Lions [9]. Let
0 < ε < 1, then from Theorem 1 we have:

A{uε, uε) + Xuε = / on G, duε/dyA = — S^UT on dG .

Moreover, from the proof of Theorem 1 we get:

\\u.\\v + \\ug\\L-{β) < C.

C is a constant independent of ε.
(2) Let ε->0 then:

(A(u, u) + λw - / , v - u) > 0 for all i? e K .

Moreover:

A(M, ^) + Xu = f on G .
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u is the weak limit in V of us as ε —> 0.

Thus:

A(u, u) = f — XueL°°(G)

Hence:

ueC°'a(G) .

A standard argument of the theory of elliptic operators gives:

Σ ( (1 + I gradu\p-2)\DjDku\2dx < oo .

G' is any subset of G with cl G' c G.
The Holder-continuity of u together with the above relation implies
that:

\ I graάu\p+2dx < c>o .
:G'

Thus:

ueCι'»{G") where cl G" c G' c c l Gr c G .

The theorem is proved.
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A TOPOLOGICAL CHARACTERIZATION OF COMPLETE,
DISCRETELY VALUED FIELDS

SETH WARNER

It is shown that the topology of a topological field F is
given by a complete, discrete valuation if and only if F is
locally strictly linearly compact. More generally, the topology
of a topological division ring K is given by a complete, discrete
valuation and K is finite dimensional over its center if and
only if K is locally centrally linearly compact, that is, if and
only if K contains an open subring B, the open left ideals
of which form a fundamental system of neighborhoods of
zero, such that B, regarded as a module over its center, is
strictly linearly compact.

In [5], Jacobson showed that the topology of an indiscrete, totally
disconnected, locally compact division ring is given by a discrete
valuation (that is, a valuation whose value group is isomorphic to the
cyclic group of integers). Consequently, an indiscrete topological
division ring K is locally compact and totally disconnected if and only
if its topology is given by a complete, discrete valuation whose residue
field is finite [4, Prop. 2, p. 118, Prop. 1, p. 156]. From this, it follows
rather readily that the center C of K is indiscrete, that K is finite
dimensional over C, and that C is either a finite extension of the
p-adic number field for some prime p or the field of formal power
series over a finite field [4, Theorem 1, p. 158].

Our purpose here is to generalize Jacobson's theorem by character-
izing those topological fields whose topology is given by a complete,
discrete valuation, and more generally, those topological division rings
K such that K is finite dimensional over its center and the topology
of K is given by a complete, discrete valuation.

For this purpose, we assume some familiarity with basic properties
of linearly compact and strictly linearly compact modules and rings,
as developed in [10] or [3, Exercises 14-22, pp. 108-112]. We recall
that a (left) topological A-module E (it is not assumed that E is
unitary) is linearly topologized if the open submodules of E form a
fundamental system of neighborhoods of zero; E is linearly compact
if E is Hausdorff, linearly topologized, and every filter base of cosets
of submodules has an adherent point; E is strictly linearly compact
if E is linearly compact and every continuous epimorphism from E
onto a Hausdorff, linearly topologized A-module is open (equivalently,
if E/U is an artinian A-module for every open submodule Uof E). A
topological ring A is respectively linearly topologized, linearly compact,

293
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or strictly linearly compact if the associated left A-module A is.

DEFINITION. A topological ring A is locally strictly linearly compact
if A has an open subring B that is strictly linearly compact for its
induced topology.

To handle the noncommutative case, we need the following defini-
tion:

DEFINITION. A topological ring B is centrally linearly compact
if the open left ideals of B form a fundamental system of neighbor-
hoods of zero and if B, regarded as a module over its center CB, is a
strictly linearly compact C^-module. A topological ring A is locally
centrally linearly compact if A contains an open subring that is
centrally linearly compact for its induced topology.

Thus a commutative topological ring is (locally) centrally linearly
compact if and only if it is (locally) strictly linearly compact. Note
that if B is a centrally linearly compact ring, then for any subring
Bo of B that contains the center CB, B is a strictly linearly compact
I?0-module (in particular, B is a strictly linearly compact ring); indeed,
since the open left ideals of B form a fundamental system of neigh-
borhoods of zero, B is a linearly topologized J30-module, and since a
J50-submodule is also a C5-submodule, every filter base of cosets of
J50-submodules necessarily has an adherent point.

By a topological division ring (field) K we mean a topological ring
that is algebraically a division ring (field); that is, we do not assume
that x!—> x"1 is continuous on the set K* of nonzero elements.

LEMMA 1. If B is an open, centrally linearly compact subring
of an indiscrete topological division ring K, then there is an open,
centrally linearly compact subring B1 of K that contains 1.

Proof. Let Bι be the closure of the subring generated by B and
1. The open left ideals of B then form a fundamental system of
neighborhoods of zero in B^ each open left ideal α of B is a left ideal
of B19 for as α is closed, {x e B^. xa ξΞ= a] is a closed subring of B1

containing B and 1 and hence is all of Bλ.
Since B is open, B Φ (0); let b be some nonzero element of B,

and let e be its inverse in K. Then, Bt — BJJC £ BLBc, so Bx £ Be
since, as we saw above, B is a left ideal of Bx. Thus Be Ξ> 1^3 B,
so Be is a linearly topologized C^-module, where CB is the center of
B. Hence Be is a strictly linearly compact C£-module, as it is the
image of the strictly linearly compact C^-module B under the con-
tinuous homomorphism xv->xc. Consequently, the closed Cβ-submodule
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Bt of Be is strictly compact; as CB is contained in the center of Bu Bt

is a fortiori strictly linearly compact over its center.
We recall that an element α of a topological ring is topologically

nilpotent if lim an = 0.

LEMMA 2. Let K be a Hausdorff topological division ring, let B
be an open subring of K that contains 1, and let x be the radical of
B. If B is strictly linearly compact, then B is a (left) noetherian
ring, B/τ is a division ring, the topology of B is the x-adic topology,
and x is the set of all topological nilpotents of B.

Proof. As B is open and as y H-» yx is a homeomorphism for each
x e ίΓ*, Bx is open for every x e K*, and hence every nonzero left ideal
of B is open. Let δ = Π"=iχW Assume that 8 =£ (0). Then § is
open, so B/& is an artinian 5-module and hence an artinian ring.
Consequently, its radical x/3 is nilpotent, so there exists n such that
xn = $. Hence (0) Φ xn = xn+1 = , in contradiction to [10, Theorem
9]. Therefore, n~=i** = (0).

Since every nonzero left ideal of B is open and hence closed, B
is a (left) noetherian ring, B/x is an artinian ring, and the topology
of B is its x-adic topology by [13, Theorem 16]. Consequently, every
element of r is a topological nilpotent. Therefore, as B is complete,
B is suitable for building idempotents [11, Lemma 4; 6, Definition 1,
p. 53]. Thus every idempotent of B/x is the coset of x determined by
an idempotent of B [6, Proposition 4, p. 54]. But as K is a division
ring, B has no idempotents other than 0 and 1. Thus B/x is an
artinian, semisίmple ring whose only idempotents are 0 and 1. By
the Wedderburn-Artin theorem, therefore, B/x is a division ring. In
particular, if xίx, then x + x is not a nilpotent of B/x, so x is not
a topological nilpotent.

THEOREM 1. If K is an indiscrete, Hausdorff topological field,
then the topology of K is given by a complete, discrete valuation if
and only if K is locally strictly linearly compact.

Proof. Necessity. It is well known that a complete, semilocal noe-
therian ring, equipped with its natural x-adic topology, is strictly linearly
compact [cf. 13, Corollary of Lemma 2J. In particular, the valuation
ring of a complete discrete valuation is strictly linearly compact.

Sufficiency. By Lemma 1, there is an open, strictly linearly
compact subring B of K that contains 1. By Lemma 2, B is a com-
plete, local noetherian domain, and its topology is its natural m-adic
topology, where m is the maximal ideal of B. In particular, B is not
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a field since B is not discrete. Therefore, as B is open in the topological
field K, the topology of K is defined by a complete, discrete valuation
[12, Theorem 6].

THEOREM 2. If K is an indiscrete, Hausdorff topological division
ring, then the topology of K is given by a complete, discrete valuation
and K is finite-dimensional over its center C if and only if K is
locally centrally linearly compact; in this case, C is indiscrete, and
hence its topology is given by a complete, discrete valuation.

Proof. Necessity. As K is finite-dimensional over C, the valuation
induced on C by that of K is not the improper valuation; hence as C
is closed, the topology of C is given by a complete, discrete valuation
v. Let el9 , en be a basis of K over C such that eλ = 1, and let
Wi = Σ L i ^ i f c ^ Let λ e C be such that v(X) ^ 0 and v(X) ;> —
min {v(aijk): 1 ^ i, j , k ^ n). Let f1 — 1 and /* = λefc for 2 ^ fc ^ w
Let V be the valuation ring of C, and for each m ^ 0 let F m = {# e
F: v(a?) ^ m}. Let 5 = Vf1 + + Vfn, and for each m ^ 0 let bm =
F w / i + + V»/». Easy calculations establish that B is a ring and
that bm is an ideal of B for each m :> 0. By [2, Theorem 2, p. 18],
F: (λi, ••, λΛ) ι-> Σ?=i^ί/« is a topological isomorphism from the C-
vector space C* onto the C-vector space iΓ Hence 5 is an open subring
of K, and (ί>m)m^0 is a fundamental system of neighborhoods of zero in B,
each an ideal of B. We saw earlier that V is strictly linearly compact;
hence as B = F(Vn),B is a strictly linearly compact F-module and,
a fortiori, is a centrally linearly compact ring.

Sufficiency. By Lemma 1, there is an open, centrally linearly
compact subring B that contains 1. Let x be the radical of B. As
the x-adic topology is the given indiscrete topology of B by Lemma 2,
there exists a nonzero aeB such that lima n — 0. Let KQ be the
closed subfield generated by C and α, let JB0 = JBL"0 Π B, and let x0 be
the radical of Bo. Since the open left ideals of B form a fundamental
system of neighborhoods of zero for B, the open ideals of BQ form a
fundamental system of neighborhoods of zero for Bo. Moreover, the
center CB of B is simply C Π B; indeed, if ceCB and if x e K, then
anx e B for some n as lim anx — 0, whence {anx)c = c((Λτ) = (cα*)a; =
(anc)x, so aκ? = ex. Thus CB = C Π B ϋ Z"o Π B = Bo, so J50 is a closed
C^-submodule of B and hence is a strictly linearly compact Cβ-module
Consequently, Bo is a strictly linearly compact ring, so by Lemma 2,
the topology of Bo is the xo-adic topology, and x and x0 are respectively
the set of topological nilpotents in B and BQ, whence ro = ΐ Π Bo.
Hence fl"=i (ΪO B)~ S Π " = I ^Λ = (0). As the topology of B, is indiscrete,
x* φ (0), so x\B is open as it contains a nonzero left ideal of B. By
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[13, Theorem 10], x0B is a finitely generated I?0-module; let τQB =
•BO&L + + Boxm. Also as B is a strictly linearly compact CB-module
and as xQB is open, B/x0B is an artinian C^-module, hence an artinian
j?o-module; now B/x0B admits the structure of J50/x0-module, and BJxQ

is a field by Lemma 2; consequently B/x0B is an artinian, therefore,
finite-dimensional, and hence noetherian J50/x0-vector space; thus B/xQB
is a noetherian i?0-module. Let xm+1, •• ,xneB be such that B —
Bo%m+ι + + BQxn + xQB. Then B = BQxt + + Boxn. Consequently,
xlf , xn is a set of generators of the Ko-vector space K, for if
ze K, there exists t such that aιz e B, whence aιz = b^ + + bnxn

where 6* 6 BQ, and thus z = (flΓ'δi)^ + + (α"**δ»)a?» e KQxx + +
Koxn. By [1, Theorem 16], the centralizer K'o of Ko has degree ^ w
over C. But K[ 3 -K"o

 a s Xo is commutative. Moreover, the topology
of Ko is given by a discrete valuation by Theorem 1, as BQ is an open,
strictly linearly compact subring. Therefore, as [Ko: C] ^ n, the valua-
tion induced on C is not the improper valuation; hence the topology
of C is given by a complete, discrete valuation. As

[K: C] - [K: K0][K0: C\^n\

the given topology of K is the only topology for which K is a Hausdorff
topological vector space over C [2, Theorem 2, p. 18]; by valuation
theory, that topology is given by a complete, discrete valuation.

The idea of using [1, Theorem 16] is suggested by Kaplansky's
treatment of locally compact division rings in [8].

Jacobson's theorem concerning totally disconnected locally compact
division rings follows at once from Theorem 2. Indeed, if K is an
indiscrete, totally disconnected, locally compact division ring, then
K contains a compact open subring B [9, Lemma 4]; the open ideals
of B form a fundamental system of neighborhoods of zero [7, Lemmas
9 and 10], and therefore the compact ring B is clearly centrally linearly
compact; by Theorem 2, K is finite-dimensional over its center, which
is indiscrete, and the topology of K is given by a complete, discrete
valuation.
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COMMON FIXED POINTS OF TWO MAPPINGS

CHI SONG WONG

Let S, T be functions on a nonempty complete metric
space (X, d). The main result of this paper is the following.
S or T has a fixed point if there exist decreasing functions
<xu <*2» OLZ9 a49 a5 of (0, oo) into [0, 1) such that (a) 2<«i <*• < 1>
(b) aι=a2 or as=a4, (c) lim^o («i+«2)<l and limί

and (d) for any distinct x9 y in X,

d(S(x)9 T{y)) ̂  a,d(x9 S(x)) + a2d(y9 T(y)) + azd(x, T(y))

+ a4d(y, S(x)) + a5d(&, y),

where <Z; = «i (cί(α5,2/)). A number of related results are ob-
tained.

1* Introduction* Let (X, d) be a nonempty complete metric
space and let S, T be mappings of X into itself which are not neces-
sarily continuous nor commuting. Suppose that there are nonnegative
real numbers al9 α2, α3, α4, α5 such that

( a ) aL + α2 + α3 + α4 + α5 < 1 ,

(b) αx = a2 or α3 = α4 ,

and for any x, y in X,

(c) d(S(x), T(y)) £ M(α?, S(x)) + α2d(2/, Γ(i/)) + a>d(x, T(y))

S(α)) + aδd(x, y)

It is proved in this paper that each of S9 T has a unique fixed point
and these two fixed points coincide. Among others, a generalization
is obtained by replacing al9 α2, α3, α4, α5 with nonnegative real-valued
functions on (0, oo). This result generalizes the Banach contraction
mapping theorem and some results of G. Hardy and T. Rogers [5],
R. Kannan [7], E. Rakotch [8], S. Reich [9], P. Srivastava, and
V. K. Gupta [10] It also gives a different proof for these special
cases. Note that even if X = [0,1] and if T19 T2 are commuting
continuous functions of X into itself, Tu T2 need not have a common
fixed point [1], [2], and [6].

2* Basic results*

THEOREM 1. Let S, T be mappings of a complete metric space
(X9 d) into itself. Suppose that there exist nonnegative real numbers
al9 a2y α3, α4, α5 which satisfy (a), (b), and (c). Then each of S9 T

299
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has a unique fixed point and these two fixed points coincide.

Proof. Let x0 e X. Define

*&2n + l ~ &\%2n)i %2n + 2 ~ •*• \^2n + l) 9 % = U, 1 , ώ,

From (c),

xu x2) = d(S(x0), T(xJ)

<^ (a1 + aδ)d(x0, xγ) + a2d(xly x2) + a3d(x0, x2)

^ (αx + a5)d(x0, xλ) + a2d(xl9 x2) + as(d(xQ, xλ) + d(xλ, x2)) .

So

d(xl9 x2) ^ a' + α 3 + α 5 d(x0, x,) .
1 — a2 — α3

Similarly,

(2)

Let

_ a, + a3 + α5 _ _
/ — — > o —X Ct2 (Xg X (ΛI-^ Cθ£

R e p e a t i n g t h e a b o v e a r g u m e n t , w e o b t a i n , for e a c h n — 0, 1, 2, •••,

( 3 ) d(x2n+1, x 2 n + 2 ) ^ rd(x2n+1, x 2 n ) ,

( 4 ) d f e + 3 , ff2Λ+2) ^ sd(a; 2 n + 2 , x2 M + 1) .

B y (3), (4), a n d i n d u c t i o n , w e h a v e , f o r e a c h n = 0, 1, 2, •••,

( 5 ) d ( a w , ^2W+2) ^ r ( r s ) w ( ί ( ^ 0 , ^ ) ,

( 6 ) d(x2n+2, x 2 n + s ) ^ (rs)n+1d(x0, x,) .

Since rs < 1 and

Σ d(xn, xn+1) ^ (1 + r) Σ («)»d(a?0, αj ,

{xn} is Cauchy. By completeness of (X, d), {xn} converges to some
point x in X. We shall now prove that x is a fixed point of S and
Γ Let n be given. Then

d(x, S(x)) ^ d(a?, α;2%+2) + d(S(x), x2n+2)

= d(x, x2n+2) + d(S(x), T(x2n+1)) .

By (c),
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d(S(x), T(α?2n+i)) ^ <hd(x, S(x)) + a2d(x2n+1, α;2w+2) + azd(x, x2n+2)

+ a4d(x2n+1, S(α?)) + αβd(α?, a?2n+1) .

Combining (7) and (8) and letting n tend to infinity, we obtain

d(x, S(x)) ^ (αx + a4)d(x, S(x)) .

Since ĉ  + α4 < 1, S(#) = x. Similarly T(x) = x. Let y be a fixed
point of T. Then from d(x9y) = d(S(x), T{y)) and (c), we obtain

d(a?, /̂) <; (α3 + α4 + aδ)d(x, y) .

Since α3 + α4 + α5 < 1, d(x, y) = 0. So T has a unique fixed point.
Similarly, S has a unque fixed point.

When α3 = α4 = α5 = 0, S = T and Γ is continuous (or even
#—>ώ(α;, T(x)) is lower semicontinuous) on X, Theorem 1 can be ob-
tained by an earlier result of the author [11, Theorem 1]

From the proof of Theorem 1, we know that S, T still have a
common fixed point if conditions (a), (b) are replaced by the following
conditions:

( 9 ) (aL + a3 + aδ)(a2 + α4 + α5) < (1 - a2 - α3)(l - a, - α4) ,

(10) a, + α4 < 1 .

If in addition,

(11) α3 + α4 + α5 < 1 ,

then the common fixed point of S, T is the unique fixed point of S
(and T). Note that conditions (a) and (b) imply (9), but (a) alone
does not. Indeed, for any al9 a2, aδ in [0, °o) with ax Φ a2 and
a^ + a2 + aδ < 1, we can always find α3, α4 in [0, <*>) such that (a)
holds but (9) does not. This can be seen by considering the affine
function / :

f(x, y) = (1 - α2 - x)(l - a, - y) - (a, + x + αβ)(α2 + y + a5)

defined on the compact convex set

K = {(x, y) e [0,1] x [0,1]: a, + a2 + x + y + α6 ^ 1}

/ takes its minimum value at one of the extreme points of K.
With some computation, we conclude that

min f(K) = — I ax — a2 \ (1 — at — a2 — α5) .

Since a, + α2 + aδ> 1, min f(K) < 0 if and only if αx Φ a2. Thus if
di Φ α2, then by continuity of /, there exists a point (α3, α4) in
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v)eK: a, + a2 + x + y + aδ = 1}

such that /(α3, α4) < 0.

COROLLARY 1. R. Kannan [7, Theorem 1]. Let S be a mapping
of a complete metric space (X9 d) into itself. Suppose that there
exists a number r in [0,1/2) such that

d(S(x), S(y)) ̂  r(d(x + S(x)) + d(y,

for all x, y in X. Then S has a unique fixed point.

COROLLARY 2. P Srivastava and V. K. Gupta [10, Theorem 1].
Let Sf T be mappings of a complete metric space (X9 d) into itself.
Suppose that there exists nonnegative real numbers a19 a2 such that

(a) a, + a2 < 1

and

(b) d(S(x)9 T{y)) ̂  aid(x, S(x)) + a2d(y9 T{y))

for all x, y in X.

Then S, T have a unique common fixed point.

Srivastava and Gupta stated the above result in a more general
form with S, T replaced by Sp, Tg for some positive integers p9 q.
Since the unique fixed point of Sp (similarly Tq) is the unique fixed
point of S, this result is equivalent to Corollary 2.

For Corollaries 1 and 2, we have the following related result.

PROPOSITION. Let S9 T be self-maps of a nonempty complete
metric space (X, d). Suppose that there exist nonnegative real
numbers a19 a2 such that a1 + a2 < 1 and

( *) d(S(x), T(y)) ^ a,d{x9 S{x)) + a2d(y9 T(y)) , x9yeX.

Then either (*) is true when all of its S are replaced by T or (*) is
true when all of its T are replaced by S.

The following example proves that our result is actually more
general than that of Srivastava and Gupta.

EXAMPLE. Let X = {1, 2, 3}. Let d be the metric for X deter-
mined by

i , 8) = i-."
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Let S, T be the function on X such that

S(l) = S(2) = 5(3) = 1;

Γ(l) = Γ(3) = 1 , Γ(2) = 3 .

Let ax = 0, α2 = 0, α3 = 0, α4 = 5/7, α5 = 0. Then the conditions of
Theorem 1 are satisfied. However, no nonnegative real numbers
aίy α2, α3, αδ can be chosen such that α1 + α2 + α8 + α B < l and for
%,yeX,

d(S(x), T(y)) ̂  M(α, S(x)) + a2d(y, T(y)) + a,d(x, T(y)) + aδd(x, y) .

For if there exist such a19 a2, α3, α5, then

d(S(3), Γ(2)) ̂  ^ ( 3 , S(3)) + α2d(2, Γ(2)) + α3d(3, Γ(2)) + α6d(3, 2) .

So

5 <* 5 θ ! , 4α 2 , 4α δ ^ 5 ( , • χ 5

— ̂  ^ + ~γ + ~γ ^ — (at + a2 + aδ) < — ,
a contradiction.

COROLLARY 3. G. Hardy and T. Rogers [5, Theorem 1]. Let S be
a mapping of a nonempty complete metric space (X, d) into itself.
Suppose that there exist nonnegative real numbers a19 <z2, α3, α4, α5

such that

(a) ax + α2 + α3 + α4 + aδ < 1

(b) ώ(S(aj), S(»)) ^ α ^ ^ , S(α) + α^(y, S(y)) + azd(x, S(y))

+ ad{y,S{x)) + abd(x,y)

for all x9 y in X.

TΆen S Λαs α unique fixed point.

Note that in the above case, we may without loss of generality
assume that a1 = α2, α3 = α4 (replace α1? α2, α3, α4, αβ respectively by

5

if necessary). So the above result follows from Theorem 1. The
above example shows that there is no such symmetry (αx = α2, α3 = a4)
for the general case. Indeed, we cannot even assume α3 = α4. For
if α3 = α4, then for the above example, we have
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- | = d(S(S), T(3)) ^ A α, + i- α2 + α4 + y α5 .

5 4 1 1 4

5 5
< -=- («i + α2 + α3 + α4 + α5) < — ,

a contradiction.

2* Extensions and some ralated results* The following result
generalizes Theorem 1. Its proof is different from the one we gave
for Theorem 1.

THEOREM 2. Let S, T be functions on a nonempty complete
metric space (X, d). Suppose that there exist decreasing functions
a19 a2, a3, ai9 aδ of (0, ©o) into [0,1) such that

(a) ΣU«*< 1;
(b) ax = a2 or a3 = a,;
( c ) lim ί i 0(α2 + α3) < 1 and l i m ^ o ^ + a4) < 1;
( d ) for any distinct x, y in X,

d(S(x), T{y)) ^ aid(x, S(x)) + a2d(y, T(y)) + a3d(x, T{y))

+ a±d{y, S(x)) + abd{x, y) ,

where α̂  = a.i{d(x, y)).
Then at least one of S, T has a fixed point. If both S and T

have fixed points, then each of S, T has a unique fixed point and
these two fixed points coincide.

Proof. Let xQ e X. Define for each n — 0,1, 2, ,

aWi = S(x2n) , x2n+2 = T(x2n+1) , bn = d(xn, xn+1) .

We may assume that bn > 0 for each n, for otherwise some xn is a
fixed point of S or T. Let

(*) + Qf(t) + or(t) f ^ o
1 - <x2{t) -

β ( ί ) = flr(

Then r, s are decreasing. From (a) and (c), the limits

r0 = lim r(t) , sQ = lim

are nonnegative real numbers. Let
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f{t) = T(t)s(t) , t > 0 .

Then / is decreasing and f(t) < 1 for each t > 0. As in the proof
of Theorem 1, we have for each n — 0,1, 2, ,

(12) b2n+1 ^ τ{b2n)b2n ,

(13) b2n+2 ^ s(b2n+ί)b2n+1 .

Let w be given. Then

(14) b2n+s ^ r(b2n+2)s(b2n+1)b2n+1 ,

(15) δ 2 % + 2 ^ s(b2n+ι)r(b2n)b2n .

Since r, s are decreasing,

(16) 62w+3 ^ /(min {62%+2, 62n+1})&2%+1 ,

(17) b2n+2 ^ /(min {62%+ι, &2w})62w .

Since f(t) < 1 for each t > 0, {&2n+i}> {62J are decreasing sequences.
So {&2%+i}, {&2W} converge respectively to some points cί9 c2. We shall
prove that cx = 0, e2 — 0. From (12) and (13),

cx ^ r 0 c 2 , c2 ^ So^i .

So either both c19 c2 are zero or both cl9 c2 are not zero. Suppose to
the contrary that ct Φ 0, c2 Φ 0. Then from (16) and (17),

(18) bn+2 ^ /(min {ct, c2})bn , w = 0,1, 2, - .

By induction,

(19) b2n £ (/(min fe, c2}))nb0 n = 0,1, 2, . . . .

So c2 = 0, a contradiction. Therefore, cx ~ c2 = 0. This proves that
{&J converges to 0.

Now we shall prove that {xn} is Cauchy. Suppose not. Then
there exist ε€(0, oo) and sequences {p(n)}, {q(n)} such that for each

(20) p(n) > q(n) > n ,

(21) d(xp(n),xqίn)) ^ ε ,

and (by the well-ordering principle),

(22) dί&po-i, »ff( )) < e .

Let n ^ 0 be given, cΛ = d(αjp(Λ), a?ff(»,). Then
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(23) S - C "
^ d(xP{n), Xp(n)-ι) + d{xp{n)_u xq{n)) < δP(»)-i + e .

From ^ — c^ — 0, we conclude that {cn} converges to ε from the right
Let

11 = {n: p(n), q(n) are odd} ,

12 = {n: p(n) is odd, q(n) is even} .

J3 = {tt: p(^) is even, q(n) is odd} ,

J4 = {%: p(w), q(n) are even} .

Then at least one of I19 /2, /3, /4 is infinite. Suppose first that Ix is
infinite. Let

dn = dί^n,^, aw) , w = 0,1, 2,

Since {cn} converges to ε and {bn} converges to 0, we conclude from
(22) that {dn} converges to ε from the left. Thus

Jx = {nel,: xp{n)^ Φ xg{n)}

is infinite. Let neJu un = d(xp{n)^uxq{n)+1). Then

From (d),

d(S(xp(n)~i)> T(xqin))) ^

+ aA{dn)cn + aδ(dn)dn .

From (24) and (25),

cw ^ αxίdjδptn,-! + ^(djδ^n) + a,(dn)un + a4(dn)cn

+ a,(dn)dn + bq[n) .

Without loss of generality, we may assume that each a{ is continuous
from the left, for we can replace the α/s by

ft(ί) - lim atiis) , t > 0 , i = 1, 2, 3, 4, 5

and conditions (a), (b), (c), and (d) still hold. Thus

lim a,(d J - α«(6) , i = 1, 2, 3, 4, 5 .

So from (26),

ε £ (αs(ε) + α4(e) + α,(e))β < ε ,
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a contradiction. Now suppose that I2 is infinite. By a similar argu-

ment, J2 — {n e I2: Xp(n)-ι Φ aw>-i} is infinite. Let n e J2,

Vn = d(Xp{n)_l9 Xq{n)-l) , Wn = d(Xp(n), Xq(n)-l)

Then

(27) Cn

^ <Xι(Vn)Kn)-ι + oc2{vn)bq{n)^ + az(vn)dn + α4(vH)w. + # δ ( ^ K

Since {vn} converges to s (not necessarily from the left or right), we
obtain the same contradiction from (27). The other two cases are
similar to the above two except the roles of S, T interchange. Hence
{xn} is Cauchy. By completeness, {xn} converges to a point x in X.
Since bn > 0 for each -n, J = {n: x Φ x2n+1} or K — {n: x Φ x2n} is
infinite. Suppose that K is infinite. Let neK,

ln = d(x, x2n) , hn = d(a?, »2n+1) .

Then

^ d ( α , x 2 n + 1 )

= K + ΛίSfeJ, iχ»))
^ K + atfJhn + a2(ljd(x, T{x)) + az{ln)d{x2n, T{x))

hu + aδ(ln)ln

jbut + a2(ln)d(x, T{x)) + az(h)[h + d(x, T

So

d(x T(x)) < 1 + a<(ln) h +
d{X> T{X)) ^ 1 - a2{ln) - α 3 ( ϋ ^ + 1 - 0,(1.) - α t f j

( 2 8 ) +

F r o m (a) a n d (c), t h e sequences

( (

1 - a2(ln) - 0,(1.) ? 1 - α2(L) - α3(ϊ.) ' 1 - o,(I.) - 0,(1,,)

are bounded. So from (28), T(x) = x. Similarly, S(x) = x if J is
infinite. Hence S or T has a fixed point.

The following result follows easily from Theorem 2.

T H E O R E M 3. With the conditions of Theorem 2, if further,

d(S(x), T(x)) ̂  a [d(x, S(x)) + d(x, T(x))] , xeX
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for some «e[0,1), then each of S, T has a unique fixed point and
these two fixed points coincide.

We remark that the conditions of Theorem 1 imply the conditions
of Theorem 3. Also, G Hardy and T. Rogers [5, Theorem 2] gave
a different proof for the case S = T. Their proof cannot be modified
for the general case To see that the conclusion of Theorem 2 is
best possible, we note that if X — {0,1} with the usual distance and
if S, T are two distinct functions of X onto X, then S, T satisfy
the conditions of Theorem 2 (and Theorem 3 with a = 1), but one
has two fixed points and the other has none.

THEOREM 4. Let (X, d) be a nonempty compact metric space.
Let S, T be functions of X into itself. Suppose that S or T is
continuous. Suppose further that there exist nonnegative real-valued
decreasing functions aly a2, as, ai9 aδ on (0, oo) such that

(a) a, + a2 + a3 + a, + aδ ^ 1,
(b) aγ = a2 and az = a4,
( c ) for any distinct x, y in X,

d(S(x)9 T(y)) < arfix, S(x)) + a2d(y, T(y)) + asd(x, T{y)) +

a*d(y, S(x)) + abd{x, y) ,

where a{ = a{{d{x, y)).

Then S or T has a fixed point. If both S and T have fixed points,
then each of S and T has a unique fixed point and these two fixed
points coincide.

Proof. By symmetry, we may assume that S is continuous.
Let / be the function on X such that

f(x) = d(x, S(x)) , x e X.

Then / is continuous (we merely need the fact that / is lower semi-
continuous) on X. So / takes its minimum value at some xQ in X.
We claim that x0 is a fixed point of S or S(x0) is a fixed point of T.
Suppose not. Let

a?! = S(xQ) , x2 = T(xλ) , xz = S(x2) ,

60 = d(x0, xd, ί>! = d(x2, x3), b2 = d(x2f x8) .

Then &o > 0, bx > 0. From (c), we can prove that

(29) (1 - a2(b0)

Let
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p(t) = 1- a2(t) - oί,{t) , q(t) = a,{t) + α,(t) + aδ(t) , t > 0 .

From (a) and (b), p(bQ) > 0. So

(SO, * < * * * .

Similarly,

(oX) 02 \ 0ι ,

Ufa)

where

From (30) and (31),

It suffices to prove that (v(b1)q(b0)/u(b1)p(b0)) < 1, for then, b2 < δo> a
contradiction to the minimality of 60. Let 6 = min {60, 6i}. Then

vφMh) - Φdpφo) ^ v(b)q(b) - u(b)p(b) < 0

if at = α2 and α3 = α4. So S or T has a fixed point. Now suppose
that x is a fixed point of S and y is a fixed point of T. Then
# = 7/, otherwise, from (c),

d(x, y) = d(S(α?), Γ(i/)) < d(a?, y) ,

a contradiction.

The following result is stated without proof.

THEOREM 5. Let (X,d) be complete metric space. Let {Sn}, {Tn}
be sequence of functions of X into X which converge pointwise to
S, T respectively. Suppose that the pairs (Sn, Tn) satisfy the con-
ditions of Theorem 3 with the same au a2, cxs, a^ <xδ. Then S, T have a
unique common fixed point x and x is the limit of the sequence {xn}
of the fixed points xn of Sn.

THEOREM 6. Let (X, d) be a nonempty compact metric space.
Let {Sn}, {Tn} be sequences of functions of X into itself which converge
pointwise to the functions S, T on X respectively. Suppose that for
each n, there exist decreasing functions a*9 a2, at, αj, αf of (0, oo)
into [0, oo) such that
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(a) aΐ + at + at + a\ + α? ^ 1,
(b) at — at and at — aΐ,
(c) for any distinct x, y in X,

d(Sn(x), TM) < atd{x, Sn(x)) + <$d(y, Tn{y)) + aϊd(x, Tn{y))

+ a:d(y, Sn(x)) + a?d(x, y) ,

where

a? = a7(d(x, y)) .

Then S or T has a fixed point. Indeed, every cluster point of a
sequence {xn} of fixed points xn of Sn or Tn is a fixed point of S or
T.

Proof. By Theorem 4, for each n, either Sn or Tn has a fixed
point. By symmetry, we may assume that Sn has a fixed point for
infinitely many of n's. So there is a subsequence {Sn{k)} of {Sn} such
that each Sn{k) has a fixed point, say xk. By compactness, we may
(by taking a subsequence) assume that {xk} converges to some x in
X. We shall prove that a? is a fixed point of S or T. If xk Φ X for
only finitely many of k's, then

S(x) = \imSnik)(x)

= lim Sn(k)(xk)
k-*oo

= lim xk

k->oo

— X .

So we may assume that xk Φ x for infinitely many of k's. By taking
a subsequence, we may assume that xk Φ x for each k. Let k ^ 1
and bk = d{x, xk). Then

d(xf T(x)) ^ d(x, xk) + d(xh, TMk)(x)) + d(TMk)(x), T(x))
{ } = d{xf xk) + d(Sn{k)(xk), Tn{k)(x)) + d(TMk)(x), T{x)) .

From (c),

d(Sn{k)(xk), Tn{k)(x)) < a*(bk)d(x, Tn{k)(x)) + ak

3(bk)d(xk, Tn{k){x))
( } +

Combining (33) and (34) and letting k tend to the infinity, we have

d(x, T(x)) ^ lim sup {a\{bk) + ak

3(bk))d(x, T(x))
(35) k—

^ lim sup lim (al(t) + ak(t))d(x, T(x)) .

From (b), ak

2(t) + a%(t) ̂  1/2 for each t > 0, k = 1, 2, . So
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(36) lim sup lim (α*(ί) + αf (ί)) ^ -i-.
λ -oo ί 10 2

From (35) and (36), we conclude that T(x) = a?.
From the proof, we know that the same conclusion holds if in

Theorem 6, we replace (b) by the following weaker conditions:

al — eel or al = at,

and

lim sup lim {a\{t) + ak

z(t)) < 1 ,
fc-oo t i 0

lim sup lim (αΓ(ί) + α?(*)) < 1 .
fc-»oo < I 0

We note that, unlike Theorem 5, S, T in Theorem 6 need not
satisfy the condition required for the pairs (Sn, Tn).

THEOREM 7. Let (X, d) be a nonempty compact metric space.
Let {Sn} be a sequence of functions of X into itself which converges
pointwise to some function S on X. Suppose that for each n, there
exist decreasing functions α?, α?, α?, αj, al of (0, ©o) into [0, c>o)
such that

(a) < + al + α? + α? + α? ^ 1,
(b) for any distinct x, y in X,

d(Sn(x), SM) < M(*, Sn(x)) + a4(y, Sn(v)) + a3d(x, SΛ(y))

+ a4d(y, Sn(x)) + aδd(x, y) ,

where

a* = ai(d(x, y)) .

Then S has a fixed point. Indeed, every cluster point of the sequence
of fixed points of Sn is a fixed point of S.

The above result follows from Theorem 6 by averaging two ap-
plications of condition (b).

We shall now give a simple example to show that the conclusion
of Theorem 7 is best possible. Let X be a star-shaped [4] compact
subset of a normed linear space B. Then there exists a point z in
X such that for any y in X, the line segment

{tz + (l-t)y: te[O,l]}

is contained in X. For each n, let

Sn(χ) = λz + (l - ±λ x , xeX.
n \ n'
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Then {Sn} is a sequence of mappings of X into X which satisfy the
conditions of Theorem 7. {Sn} converges pointwise to the identity-
function S on X. Every point of X is a fixed point of S. So unlike
Theorem 5, it is too much to ask that S in Theorem 7 has a unique
fixed point.
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