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If E is an extra-special 2-group, it is known that Aut (Z)/
Inn (F) is isomorphic to an orthogonal group. We prove that
this extension is nonsplit, except in small cases. As a con-
sequence, the nonvanishing of the second cohomology groups
of certain classical groups (defined over F,) on their standard
modules may be inferred. Also, a criterion for a subgroup
of these orthogonal groups to have a nonsplit extension over
the standard module is given.

1. Introduction. Let E be an extra-special 2-group of order
2+t ;> 1. That is, E' = Z(E) and E/E’ is elementary abelian.
Any extra-special group may be expressed as a central product of
dihedral groups D, of order 8 and quaternion groups @, of order 8,
with the central subgroup of order 2 in each factor amalgamated.
The expression of E as such a central product is not unique in
general because Dyo Dy = Qy0 Q.. However, the number of quaternion
central factors is unique modulo 2 for any such expression (see [9]
or [12]).

The commutator quotient E/E’ may be regarded as a vector
space over the field of two elements F, equipped with a quadratic
form ¢, where ¢(zE') = a*c E', for x ¢ E (we identify E' with the
additive group of F,). The bilinear form b associated with ¢ is defined
by b(xE’, yE') = q(xE")q(yE')q(xyE’) (in multiplicative notation, and,
in fact b(xE’, yE') = 'y 'zy = [z, y] is the commutator of z and y.
Clearly, any automorphism of FE induces an automorphism of E/E’
which preserves this quadratic form. Hence, as Inn (E) consider
with the group of central automorphisms of K, Aut (F)/Inn(E) is
isomorphic with a subgroup of some orthogonal group 0*(2n, 2).

On the other hand, it is not difficult to see that of the full
orthogonal group may be lifted to automorphisms of F ([12], 13.9).
However, as we shall prove, there is usually no subgroup of Aut (&),
(Aut (E')) isomorphic to the relevant (simple) orthogonal group com-
plementing Inn (E). For the case |E| = 2°, the argument is surpris-
ingly easy, and gives a criterion for a subgroups of 0°(2n, 2) to have
a nonsplit extension over the standard 2n-dimensional module.

With similar considerations, one can see that, if E is an extra-
special 2-group of order 2! Y = Z,, the group Eo- Y (with a group
of order two amalgamated) has Z, x Sp (2%, 2) as the outer automor-
phism group (the isomorphism D, Z, = Q,- Z, is useful here; [12],
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p. 361).

We argue as follows. Since Y = Z(F-Y), Y is characteristic in
E-Y. There is an automorphism « of EoY which inverts Y and
centralizes E. Thus, B, the centralizer of Y in Aut (¥ Y) has index
2 in Aut(E-Y). Now Inn(E-Y) has order |E/E’'| = 2. Also,
Inn(E-Y)= M, the group of central automorphisms, and |M| =
|Hom (K- Y), Y)| = 2. It follows that M =Inn(E-Y) x {a).
Note, BN M = Inn (F- Y).

Since B preserves the alternating form FEoY/Y X E-Y/Y— E'
induced by commutation, B/Inn (E- Y) is isomorphic to a subgroup
of Sp(2n, 2). To get B/Inn (E-Y) = Sp (2n, 2), we must show that
every symplectic transformation on Fo Y/Y can be lifted to E-Y.
But, a variation of the argument of [12] showing Out (F) is isomor-
phic to the full orthogonal group can easily be made. The relevant
fact is that every coset of Y in E contains involutions and elements
of order 4.

So, we have (B, a) = Aut (E- Y). But clearly <B, a)/Inn (E- Y) =
Z, X Sp (2n, 2) because {a) covers M/Inn(E-Y) <{Out(E-7Y) and we
already know B is normal in Out (E- Y).

By the well-known connection between equivalence classes of
group extensions and elements of the relevant second cohomology
group [13], our results on automorphism groups may be viewed as
statements about nonvanishing cohomology. Some related results are
presented as well (Theorems 2, 3, 4, 5). Unfortunately, our methods
do not indicate how big these nonzero cohomology groups are.

The corresponding question about extra-special p-groups leads to
split extensions. More precisely, if E is isomorphic to an extra-
special p-group of order p™*', n = 1, p an odd prime, then

(i) if E has exponent p, Out(E) = Sp(2n, p)H, where H is
cyclic of order p — 1 and H effects an outer automorphism of order
2 on Sp (2n, p).

(i) If E has exponent p* Out(E) = WSD, where W is a normal
extra-special group of order p™%, exponent p, S=Out(W) =
Sp(@2n — 2, p), and D= Z,_..

In either case, Aut(E) is a split extension of Out (F) by Inn (E).
The splitting in (i) follows from an argument as in [12], p. 124.
Case (ii) is technically more complicated. The details are omitted.

The author thanks J. McLaughlin for many helpful conversations
and, particularly, for contributing Theorem 3. The author also thanks
J. G. Thompson for pointing out that the centralizer of an involution
in Conway’s group-1, [4] is a nonsplit extension of an extra-special
group of order 2° by the simple orthogonal group 2+(8, 2) = D,(2),
and for raising the general question which led to Theorem 1.
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2. Notation and assumed results. Most group-theoretic notation
used is fairly standard (see [9] or [12]). In particular, ¥,, resp. 4,
denotes the symmetric, resp. alternating group of degree u; Sp (2%, 2)
denotes the symplectic group of dimension 2n defined over the field
of 2 elements; 07(2n, 2), resp. 07(2n, 2), denotes the orthogonal group
of dimension 2n defined over the field of 2 elements stabilizing a
quadratic form of index =, resp. # — 1 (i.e., for which there is a
maximal isotropic subspace of dimension %, resp. » — 1); 27(2n, 2),
resp. £27(2m,2) denotes the subgroup of index 2 in 07(2n, 2),
resp. 07(2n, 2), for which Dickson invariant is zero ([6], p. 64)-it is
the commutator subgroup of the orthogonal group, except for 2+(4, 2),
and excluding 2+(4,2), it is generated by products of two orthogonal
transvections ([6], p. 36) (here, we are differing slightly from common
practice in which 2%*(2n, 2) is defined to be 0%(2n, 2)").

We assume the reader is familiar with elementary properties of
symplectic and orthogonal groups in characteristic 2 [6]. To get
subgroup structure, it is often useful to use the isomorphisms of
these groups with groups of Lie type [3]:

2(2n, 2) = D,(2) 2-(2n, 2) = *D,(2)
Sp(2n,2) =B,2) =C,(2), for n=2.

We collect some of our most often used results below.

PROPOSITION 0. (i) For m =2, 2%(2n,2) is simple, ewcept for
02+(4, 2) = SL(2, 2) x SL(2, 2).

(ii) For n = 8, Sp (2n, 2) is simple, and Sp (4, 2) = D.

(i) For n = 2, 2*(2n, 2) acts transitively on nonsingular vectors
and on nonzero singular vectors.

(iv) For m = 8, the stabilizer in 2*(2n, 2) of a nonsingular vector
s isomorphic to 0(2n — 1, 2) = Sp 2n — 2, 2).

(v) For m =3, the stabilizer S in 2*(2n, 2) of a nonzero singular
vector is a split extension of 0y(S), elementary abelian of order 277
by S/0.(S) = 2*(2n — 2, 2).

We present notation used in Theorem 1. We set
E = D,
E,,=E,oF,n=12-.- where F,= D,
V.= E,/[{e) where <e) = K,
and, in the obvious way, we regard

EcCcFKE,c..-CEH,
V.cV,c...CV,.
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We call E, an extra-special group of positive type, order 2¥+:, The
other isomorphism type, the negative type, of extra-special group of
order 2:*! is denoted by 7T,. We have

T, = Qs
T,..=ToE, =T, oE, for nx=1.

We use the bar convention for image under E,— V, and for other
homomorphic image when specified. We use = to denote preimages.
All our central products will have amalgamated central subgroup of
order 2.

Some general references for cohomology of groups are [1], [11],
[12], and [14].

3. Statement of results. We momentarily identify the two
groups Out (E) and 0°(2n, 2).

Out (E) = 0°2n, 2) .

Also, we identify E/E’ with Inn (£), thus making Inn (¥) the standard
module for Out (E). Let G be a subgroup of Out (£). Consider (*),
the extension of G by Inn () induced by Aut (E):

1—Inn (E) — Aut (E) — Out (E) — 1

R J )

*» 1—ImmE)— B — G —>1.

THEOREM 0. Let W be a subspace of Inn (E), | W| =4, so that
the nontrivial elements of W consists of two singular wvectors w,y
and one nonsingular vector z. Suppose G has a subgroup K satisfying

(a) K fixes the vector z:

(b) K contains an involution t with o' =y, y' =z, 2" = 2:

(e¢) K has no subgroup of index 2.
Then, (*) is a nonsplit extension.

THEOREM 1. Let E be an extra-special group of order 2+, n = 1.
We identify Out (E) with the relevant orthogonal group 0°(2n, 2),
€ = . Consider the exact sequences of groups

(*) 1— Inn (B) — Aut (E) = 0:2n, 2) — 1,
1— Inn (B) — A(E) — 2*(2n,2) — 1,

where A(E) is the preimage of 2°(2n, 2) in Aut (E) under w.
(a) If E is of positive type, the sequences of (*) are mnonsplit
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when n = 3, split when n =1, 2.
(b) If E is of negative type, the sequences of (*) are monsplit
when n = 3, split when n =1, 2.

COROLLARY 1. The second cohomology groups H*(0%*(2n,2), V)
and H*(2*(2n, 2), V) are nonzero for m =3, where V is the usual
2n-dimensional space on which 0*(2n, 2) acts. Also, H*(07(4,2), V) =0
and H¥Q+(4,2), V) = 0.

COROLLARY 2. Let E be an extra-special group of order 2+
and let Y be cyclic of order 4. Then Out (E-Y) = Z, X Sp(2n, 2).
The extensions

1—Inn(E-Y) — Aut (B0 Y) — Z, x Sp (2n, 2) — 1,

1—>Inn(E-Y)— A(E-Y) —-Sp (2n, 2) — 1,
where A(EoY) is the centralizer in Aut (E-Y) of Y, are nonsplit
for n = 3. Consequently, the second cohomology group H*Sp (2n, 2), V)
is monzero for n = 8, where V is the standard 2n-dimensional module
for Sp (2n, 2).

THEOREM 2,

H*(0~(4,2), V) =0
and
H2°(4,2),V)=0,

where V is the usual 4-dimensional module on which 0~(4,2) acts.

THEOREM 3. (J. McLaughlin) H*(Sp (4, 2), V) 0, where V is the
usual 4-dimensional module. More precisely, the cup-product

H'(Sp(4,2),Z) x H'Sp(4,2), V) —> H'(®p(4,2), V)

is not the zero pairing.
THEOREM 4. H*Sp 4, 2), V) =0, V the standard module.

THEOREM 5. (a) Let E be an extra-special group of order
2+l oy > 1, type € = +. There 1s a group H having the properties
0,(H) = E, Z(H) = Z(0,(H))
H/0,(H) = 0°(2n, 2), H/Z(H) = Aut (E)

and H has a faithful, ordinary, irreducible complex representation of
degree 2".
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(b) Let E be as above and let Y = Z,. There is a group H,
having the properties

0.(H) = Eo Y, Z(H,) = Z(E)
H,/0.(H,) = Sp (2n, 2), H,/Z(H,)) = A(E-Y)

and H, has two faithful, ordinary irreducible complex representations
of degree 2. These are interchanged by the action of Aut (E-Y) on
A(E-Y) and by complex conjugation.

(c) Let F be a splitting field for E or EoZ, (e.g. F = Q, the
rationals, will do for E,, and Q(V —1) will do for T, or EoZ).

(i) If W=H or H, then the 2"-dimensional representation,
when restricted to W', may be written in F.

(i) If W= H, H'E, H, or HJE then every faithful irreducible
character of y of W, has the form y = &y, where E 1is contained in
the kernel of & and 0 is the character of a 2"-dimensional representa-
tion from (@) if W,= H or H'E, or from (b) if W,= H, or HJE.

COROLLARY 3. The exact sequences of Corollary 2 are monsplit
for m = 2.

Note that Corollary 3 implies the first assertion of Theorem 3.

4. Proof of Theorem 0, and for n = 4, proof of Theorem 1 (a),
(b), and Corollary 1. Assume the hypotheses of Theorem 0. Let W*
be the preimage of W in E. Then W* = D,. Assume (*) is split.
Then, there is a complement to Inn (F) in B, which we may as well
identify with G. Now, tec G effects an outer automorphism of order
2 on W*. The structure of Aut(W?*) implies that ¢ inverts the
maximal cyclic subgroup U of W*. But K acts on U, and since K
has no subgroup of index 2, K must centralize U. This gives a
contradiction, since te K. Therefore, the complement does not exist,
and the Theorem is proven.

We can now get the assertions of Theorem 1 (a), (b) and Corollary
1, for n = 4. Let G = Out (&) or Out (E)’. Choose any W as in the
Theorem and let K be the stabilizer of the nonsingular vector in
Out (E)'; we have K= 02n — 1,2) = Sp(2n — 2,2). Since n =4, K
is simple. One can easily find an involution ¢ with the required
properties. Theorem 0 now implies the assertions of Theorem 1, and
Corollary 1 as well.

If » = 3, the arguments are different and will be given in §§5
and 13. Here K = Y, the symmetric group. The trouble is, since
|K: K'| = 2, we are not immediately led to a contradiction, for ¢ may
not lie in K'.
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ExampLE. It may be easy to check the hypotheses of the Theorem
in some cases. Let G be Conway’s group 1. Let A Dbe the Leech
lattice, and set V = 4/24. The quadratic form on A induces an F,-
valued quadratic form on V which is nondegenerate. Also, G preserves
the form on V. Consider a triangle in 4 of type 322. We take for
W the union of 0 € V and the image in V of the edges of this triangle.
Let K* be the stabilizer in .0 of the subgroup of 4 generated by
the edge of type 3; K* = .8 X Z(.0). Let K be the image of K* in
G. It is not difficult to find an involution ¢* of .0 which switches
the two edges of type 2 in our triangle. Finally, set ¢ equal to the
image of ¢* in G. Since K is simple, all parts of the hypothesis of
our Theorem are satisfied. It follows that there is a nonsplit exten-
sion of G by V (we have embedded in G in Out (E), E extra special
of order 2%, and identified V with E/E’ to get this). Of course, we
also get H*(.1, 4/24) == 0.

5. Proof of Theorem 1 (b}, Corollary 1, the case n = 3.

It suffices to show that
11— Inn (T) — Aut {T)) — Out (T\) — 1
is a nonsplit extension. In this case, Out (7,) = 27(6, 2) = U/(2).

We assume the extension splits. The considerations of §4 allow
us to assume the following: there is a coset x{e) of <(e¢) = T, with
2’ =¢ and 2¢ = xe for de K — K’, where K = > is the stabilizer of
2{e) in the complement. We may write T, = T, F, where xe¢ F' = FE,.
There is an automorphism « of order 8 which centralizes ¥ and acts
nontrivially on T, = @,. Let @ be the subgroup of K’ which is con-
gruent to (&> modulo Inn (T,). Any subgroup of order 3 in K = >
is centralized by some d € K\K’. Thus (@, d) = Z; acts on T, = [T}, Q].
But Aut (7)) = >, implies that d centralizes T,. So, choose ye T,
ly| = 4. Then ¥? =y, whence (ay)? = xey = (xy)e. But 2y = yx
implies xy is an involution. The stabilizer of the singular vector
aydey in the complement is isomorphic to a perfect group which is
an extension of 27(4, 2) = A, by an elementary abelian group of order
2', Since this perfect group must centralize every element of the coset
zy<ey, we have a contradiction to (xy)¢ = zye. Thus, the complement
does not exist in the case n = 3 either.

6. Proof of Theorem 2.

LEMMA. Let V be the wusual 4-dimensional Fye-space on which
24, 2) acts.
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Then V is a projective and injective F,Q7(4, 2)-module. Con-
sequently, H(2 (4,2), V) = 0 for all 7 = 1.

Proof. We claim that V is absolutely irreducible. Let k& be a
field of characteristic 2 containing the |G |th roots of unity, where
G = 24, 2). It is well-known that kG has four irreducible modules
of dimensions 1, 2, 2, and 4. It suffices to show that £ Q V has no
l-or 2-dimensional constituent. If there were a 1-dimensional con-
stituent, an element of order 5 in G would have 1 as an eigenvalue
on kX V, hence alsoon V. This is impossible as | V| = 16. Assume
no trivial constituent occurs and suppose the 2-dimensional modules
are the constituents. But on each of these, an element of order 3
in G has no fixed points, although it stabilizes both singular and
nonsingular vectors of V, contradiction.

Thus, V is absolutely irreducible. Since & & V has dimension 4,
the full 2-part of the order of G,k @ V lies in a block of defect 0
(see [2], especially (6A)), hence is projective and injective for kG.
As V is an F,G-summand of k& V, V is projective and injective.

Since cohomology vanishes on injectives in positive degree (see
[11] or [14]), the last assertion is immediate. The lemma is proven.

Now consider an extension

(+)1 V E 0-(4,2) —> 1

of 07(4, 2) = >; by its usual 4-dimensional F,-module. By the lemma,
(+) restricted to 2-(4, 2) is split because H*(2°(4,2), V) = 0. Fur-
thermore, H'(27(4, 2), V) = 0 implies that all subgroups of E isomor-
phic to 27(4, 2) are conjugate.

We can now show H*07(4,2), V) =0 by applying the Frattini-
like argument suggested in [12], page 124. Namely, let D denote a
subgroup of E isomorphic to 27(4, 2). Since all such D are conjugate,
E = VN D). Now, NzD)n V =1 because 2-(4, 2) fixes no vector
in V% Thus NzD) complements V in E. Consequently,

HY0~(4,2), V) = 0.

7. Proof of Theorem 1, and Corollary 1, the case n =1,2.
Consider part (a). For 7 = 1 the result holds, as Aut (D) = D,
For » =2, Out(F,) = 074, 2) is isomorphic to a wreath product
>l Z,. Now consider any extension

1—— Inn(B) — B— 07(4,2) — 1

with the same action as Out (E,) on Inn(E,). Let P be a Sylow 3-
subgroup of B; P 0,,(B). By the Frattini argument, B = Inn (E,) -
N (P). But P acting faithfully on Inn (E,) may not have a nontrivial
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fixed point. Thus, Inn (E;) N Nu(P) = Cuuw,y(P) = 1. Thus, Nx(P)
complements Inn (E,) in B, whence the extension is split. A similar
argument shows that any extension of 2+(4, 2) by Inn (£, is split.

Next, consider part (b). For n = 1 the result holds, as Aut (@) =
>y and >, < S, complements the normal four-group Inn (Qg). For
n=204,2=>, and 24, 2) = 4,. The splitting in this case
follows from Theorem 2.

The last assertion of Corollary 1 follows from the above.

8. Proof of Corollary 2. To prove Corollary 2, we choose » = 3
and work for a contradiction under the assumption that

1——Inn(EeY) — A(EoY) —> Sp (2n, 2) — 1

is split. We claim that D, the subgroup of A(E. Y) leaving invariant
the subgroup K < Eo Y is isomorphic to Aut (E). Namely, any auto-
morphism of Aut (E) can be extended to one of EoY by letting it
act trivially on Y. Furthermore, every element in D is of this form,
for if «, Be D induce the same automorphism on FE, then ag™ is
trivial on EF and on Y, hence ag™ = 1. C(Clearly, DoInn(E.Y),
which may be regarded as Inn (E) under our identification. Our
hypothesis implies that the extension of D by Inn (E-Y) is split.
But this contradicts Theorem 1. The corollary is proven.

9. Proof of Theorem 3. Let k be a perfect field of characteristic
2, V a finite dimensional vector space over %k, and b a nonsingular
alternating form V x V— k. Let G be the symplectic group associated
with b. In this section, we write functions and group actions on the
left.

Recall that a derivation (or, a l-cocycle) from G to V is a func-
tion d: G — V satisfying d(xy) = d(z) + 2d(y), all 2, yeG. If qgis a
quadratic form on V whose associated bilinear form is b there is a
derivation d: G — V, where d(f) is defined by the condition

bt(v), d(t)) = 1V q(v) + q(t(w)), for all ve V.

Note that, for fixed ¢, the right side is a linear functional in v. Since
b is nonsingular, it identifies V' with its dual, whence a unique vector
d(t) is determined by the above condition.

We show that this d is a derivation. Let s,te G. By definition
of d, we have

b(st(v), d(st)) = V' q(0) + a(&E@) , all veV
b(s(v), d(s)) = V q(@) + q(s(@)) , all veV
b(t(v), d(t)) = V q(v) + q(t(@)) , all veV.
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In the second equation, replace the variable v by t(v), and in the third
expression, replace b(t(v), d(f)) by b(st(v), sd(f)). Adding the three new
equations, we get b(st(v), d(st) + d(s) + sd(f)) = 0 all veV, whence
d(st) + d(s) + sd(t) = 0, as required. We shall see that in most cases,
d is not a coboundary.

For xe V,x 0, let ¢, be the transvection at z, i.e.,

t.(v) = v + by, v)x .

Then,
q() + q(t.(v)) = q(v + £.(v)) + b(v, £.(v)
= q(b(v, 2)x) + b(v, v) + b(v, b(v, )x)
= b(v, 2)*(1 + q(%)) ,
whence

dt) =vV I+ @ .

If d were a coboundary, there would be a fixed me V with
d(t) = t(m) + m, all te G. Assume k| > 2 or dim (V) = 4. Suppose
0+yeV,qly) =0. From above, y = d(t,) = t,(m) + m = b(m, y)y,
whence b(m, y) = 1, for all such y. Now, suppose ¢ has isotropic sub-
spaces of dimension 1/2dim (V). If |k|> 2, choosecek,c =+ 0,1, and
choose y = 0 with ¢(y) = 0. Then q¢(cy) = 0, but b(m, cy) = ¢b(m, y) =
¢ # 1, contradiction. If dim (V) = 4, there are singular vectors z, y
with ¢(x) = q(y) = ¢( +y) = 0. Then b(m, x + y) = b(m, 2) + b(m, y) =
1+ 1= 0=1, contradiction. Thus, we may assume by changing ¢
if necessary that d is not a coboundary if |k| > 2 or dim (V) = 4.

Now, take k = F,, V of dimension 4. Since G = 3, we have a
nontrivial homomorphism 4: G— F,. Define f:G x G—V by

f(s, t) = h(t)d(s); s, te G .

We show that this 2-chain is a 2-cocycle. We calculate (in charac-
teristic 2)

S(s, 1) + f(st, r) + sf(¢, v) + f(s, ¢r)
= h(@)d(s) + h(r)d(st) + h(r)sd(t) + h(tr)d(s)
= h(t)d(s) + h(r){d(st) + sd(®)} + {k(t) + h(r)}d(s)
= h@){d(s) + d(s)} + h(r){d(st) + sd(t) + d(s)} =0,
so that f is a 2-cocycle.

We want to show that f is not a 2-coboundary, from which
H*Sp (4, 2), V) == 0 will follow. Suppose there were a g:G— V so
that f(s, t) = g(st) + sg(t) + g(s). Note that 0 = (1) -d(1) = f(1,1) =
g(1) + g(1) + g(1) implies g(1) = 0.
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Let 0= ze V have q(x) = 0. Then d(t,) = © from above. Also,
t,¢ G, so h(t,) = 1. So,

& = h(t,)d(t.) = f(t, t.) = g(1) + t.9(¢) + 9(t.)
= (¢, + Do(t.) = b(w, g(t.)= .

Thus, b(z, g(t.)) = 1 and g(¢,) ¢ {&>* (where' denotes annihilator with
respect to b).

Now, take ¢ to be a quadratic form for which there are isotropic
subspaces of dimension 2. Let %, ¥ be distinct nonzero singular vectors
with b(x, y) = 0. Then ¢, and t, commute. Now

d(t,) = h(t)d(t,) = g(t.t,) + t.9(t,) + g(t.) .
We then get

a(t.) + t.gt,) + 9(t.) = g(t.t,) = g(4,t.)
= d(t,) + t,9() + 9(t) ,

or
dt.,) + (¢ + Dg(t,) = d(t,) + (¢, + Dg(t.) ,

or
(1 + b=, g(t)2 = (1 + b(y, 9(2.))y -

Therefore, b(y, g(t,)) = 1, since x and y are linearly independent.

Let W be the span of x and g¢(¢,) in V. Then W*<<(x)'. But
z¢ W+ since g(t,) € W and g(t,) ¢ (w)*. It follows easily that W is
nonsingular under b. Since V has isotropic subspaces of dimension 2,
there is a nonzero singular vector y € W+*. But then b(y, g.)) = 0
contradiets the last paragraph.

Therefore, f is not a 2-coboundary, as required. McLaughlin
remarks that the cocycle d appeared in a different form in Dickson’s
work [7]. Now H'(Sp (4, 2),V) =0 and H'(Sp (4, 2), Z,) = Hom (Sp (4, 2),
Z) = Z,. Our definition of feZ*Sp,2), V) as f(s, t) = h(t)d(s) is
a cup-product construction [1], based on the (obvious) pairing Z,Q V— V.
Note that the cocycle f restricted to G’ is identically zero.

10. Proof of Theorem 4. We consider an arbitrary extension

(#£)1 —> V—B—Sp(4, 2 — 1

of Sp(4,2) = 4, by V, the usual 4-dimensional F,-vector space on
which Sp (4, 2) acts. We will show (=) is split.

We know by Theorem 2, that (s£) restricted to 2~ (4, 2) is split.
Let D be a subgroup of E mapping isomorphically onto 27(4, 2) C



414 ROBERT L. GRIESS, JR.

Sp (4, 2)'. Since V is F, D-projective and injective. (By the Lemma
in §6), V is likewise for F,D,, D, any subgroup of D. If we take
| D} = 2, and remark that all involutions of Sp (4, 2)' are conjugate,
we get that () is split when restricted to any subgroup of order 2
in Sp (4, 2)'.

Let I be a maximal isotropic subspace of V, | I| = 4. The stabilizer
K, of I in Sp (4, 2)’ is isomorphic to 3\.. Let K be the preimage of
K, in B, and let R = 0,(K). Note that a Sylow 3-subgroup P of K
acts fixed point freely on R.

We claim R/I is elementary abelian. Now, P acts fixed point
freely on R/I also. Since V/I is central in R/I, commutation is
biadditive. Since |R/V| = 2}, we have [(R/I)| < 2. But since (R/I)’
is characteristic in R/I and P acts fixed point freely, (R/I)’ =1 follows.
Thus, R/I is abelian. As pointed out above, every coset of V/I in
R/I contains involutions. Thus, R/I is elementary abelian.

We have PC 0,5(K) and [K:0,,(K)| = 2. By the Frattini argu-
ment, we choose a 2-element te Ng(P),{t€0,,(K). By the structure
of K,,#eV, so ?eCy,(P)=1. Thus (P, ) = >..

Since V/I is an irreducible (P, t)-module of dimension 2, the 2-part
of |{P,ty|, V/I is projective and injective over F,(P,t) ([2], (6A)).
So take W 0,(K) so that W/I is a F{(P, ty-complement to V/I.

Since I is central in W, we may repeat the above arguments to
get W elementary abelian and we may obtain an F,{(P, t> complement
T to Iin W. Clearly (P, t, T) intersects V trivially and covers K/V.

Thus, () splits when restricted to K,. Since [Sp (4, 2)": K,| is
odd, Gaschiitz’ Theorem implies that (s) is split. The theorem is
proven.

11. Proof of Theorem 5. (a) Let M = C[E] be the complex group
algebra of E. It is well-known ([9], 5.5.4) that E has precisely one
faithful irreducible representation and it has dimension 2°. Let N
be the simple constituent of M corresponding to this representation.
Now, Aut (E) permutes the irreducible representations of E, but N
must be left invariant because it is the only faithful one. Thus,
Aut (E) operates as automorphisms on the matrix algebra N. By the
Skolem-Nother Theorem, every automorphism of N is inner. ([13],
p. 24).

For a e Aut (E), let m(a) e N induce the same automorphism of
N as a. We have m(@)m(B) = m(ap)e(a, B), for a, 5 Aut (E), where
c{a, B) is a scalar matrix. Thus

o — m()

gives a projective representation of Aut (F). Conjugation by elements
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of EC M on N has the same effect as the action of the m(a), ae
Inn (E). Since the representation E — N is irreducible and faithful,
and not projectively equivalent to an ordinary representation of E/E’,
a+— m(a) is not equivalent to an ordinary representation of Aut (E).

By Schur ([15] (1907) or [12], 24.3), there is a covering group
K of Aut (E), a subgroup CE Z(K) N K', and an isomorphism ¢ so
that the diagram below commutes

K/IC —% . GL(2*, C)

l |

Aut (E) ——~—— PGL(2", C) .
We shall show that, for » = 5, C = 1 and that K is our desired group
H. Following this, the case n < 4 will be treated.

Let G = Aut (E) and suppose n=5. Set A= Z(K). Then,
AZK' and K/A=G. Let R = Inn(E) <] G, and let R be the exten-
sion of R induced by K. Set B= ANR and let L = K/B. Now,
0°(2n, 2) has trivial multiplier ([17] and preliminary result (11) of
[10]). Also, H'(0(2n, 2), V) = 0for n = 4 and V the standard module
[16]. Since V is self dual, this last fact implies that Ext(V, Z,) =
Ext(Z,, V) = H'(0°(2n, 2), V) = 0. All this, together with the irre-
ducibility of G/R on R, implies that (A/B)N L' = 1. Since AS K',
we get A = B. Since the multiplier of an elementary abelian group
is elementary abelian [12], B is elementary. We wish to show
|B| = 2.

Suppose B, is a hyperplane of B. Then the squaring map from
R/B, into B/B, = Z, induces a quadratic form ¢, on RB/B = R which
is preserved by G/R. Let B, and B, be distinet hyperplanes and ¢,
and ¢, the associated forms. We claim that ¢, and ¢, are “distinct”,
i.e., that the following does not happen: for every ze R, q,(x) = 1 if
and only if g,(x) = 1. Namely, if the latter does hold, then the
squares in R generate a proper subgroup of B, contradiction. This
shows that if 0°(2n, 2) preserves a unique quadratic form on V, then
|B| < 2 follows.

Suppose ¢ and ¢’ are quadratic forms with the same associated
bilinear form &. Then, the groups which preserve ¢ and ¢ are
subgroups of the symplectic group associated with b, and they
are equal if and only if ¢ = ¢’ (as is well-known). So, to get |B| < 2,
it suffices to show that 0°(2n, 2) preserves a unique bilinear form,
i.e., that dimy;, Homy @, (V® V, F;) = 1. But since V is a self
dual module, we have (dropping subscripts), Hom (VR V, F,) =
Hom (V, Hom (V, F,)) = Hom (V, V), and the latter object has dimen-
sion 1, because (for » = 2) V is an absolutely irreducible module (as
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is easily proven, say, by induction on %; or see [18]).

We now have |B| =< 2. Since Z(K) # 1, this forces C =1 and
shows that the covering group K = K(n, €) has the properties required
of H, forn = 5,¢ = . We turn to the case n < 4. Fix K, = K(m, /),
for m = 5, and some sign 6. Choose a nonsingular subspace W of
R = Inn (E), so that the annihilator in R of W has order 2, type
e. Let W be the preimage of W in K,; W is an extra-special group
of type 5. Let J be the centralizer of W in K,. We have JN W =
Z(R) = Z(W), JW = R, and J induces the identity on W and the full
orthogonal group on J N R/J N Z(R). This suffices to show that we
may take J to be our H for this pair =, e.

For n = 5, it is clear that K(n,¢) has an irreducible, faithful
complex representation of degree 2. For n < 4, we argue using the
notation of the last paragraph. The representation of degree 2™,
when restricted to W, is the direct sum of 2" equivalent faithful
irreducible representations of W, each of dimension 2™ ". Thus,
J = CKO(W) acts in 2" dimensions, and this action is easily seen to be
faithful and irreducible.

(b) Every irreducible representation of E-Y may be expressed
as a product of such of F and of Y. ([9], 3.7.1). Now, E has pre-
cisely one irreducible faithful representation of dimension 2", and Y
has two such, each of degree 1. Thus Eo Y has precisely two faithful
irreducible representations, each of dimension 2".

By imitating the argument of part (a), A(F-Y) permutes the
irreducible constituents of C[E- Y], hence permutes the two constit-
uents N,, N, corresponding to faithful representations. But since
A(E-Y) centralizes Y, it leaves each N; invariant. As in (a), this
gives a projective representation of A(Eo Y) of the required degree
and the group H, is constructed in a similar way (we need the fact
that Sp (2n, 2) has trivial multiplier for » = 4 [17]).

It is clear from the construction that these two representations
are related by the action of Aut(E-Y) on the normal subgroup
A(E-Y). Also, complex conjugation interchanges these two represen-
tations, since each restricted to E has rational trace.

(¢) Our argument may be refined as follows. Let F' be a splitting
field for X = E (resp. EoY). We may replace C[X] by F[X] to
get a projective representation of W = Aut (X) (resp. A(X)) over F,
i.e., our map m can be made to satisfy m(a)m(g) = c(«, B)m(aR), where
the m( ) are matrices with entries in F' and c¢(a, 8) € F. Thus, the
image m(W) in PGL (2", C) actually lies in PGL(2", F') = PGL(2", C).
Then, from the diagram, ¢(W) < C*- GL(2", F'), where C* is identified
with the scalar matrices.

Now, we have ¢(W') = ¢(W) = (C*-GL(2", F')) = SL(2", F'). Thus,
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on 2*-dimensional linear representation for W’ may be written in the
field F.

Now, let W, be H or H'E. If + denotes the character of the
unique faithful representation of E, then, evidently, if y is irreducible
character of W, for which y|; is faithful, x|, is a multiple of .
For such yx, a theorem of Clifford states that y = &7, where &, 7 are
projective characters of W, and E < ker (&), (1) — v(1). In fact, the
proof of (a) and the proof in 5] (page 351) shows that we may take
¢ and 7 to be characters of ordinary representations, and we may
even take 7 to be the character of the 2"-dimensional representation
we have constructed. If we let & be a variable running over the
irreducible characters of W,/E, we can see that all the &7 are distinct
and form the set of faithful irreducible characters of W, by using
the fact that | W,| is the sum of the squares of the degrees of the
irreducible characters of W,.

Similar arguments prove the statement for W, = H, or H;E.
There are two choices for 7 to consider in this case, however.

12. Proof of Corollary 3. It suffices to prove the second exten-
sion does not split. Suppose it does. Let GC A(E-Y), G = Sp (4, 2) =
S By Theorem 5(b), there is a group H, and an exact sequence

1—> Z, H —5 A(E-Y)—>1.

Let G, be the preimage of G in H,. Since H, has a faithful complex
representation of degree 4, so does (.

Since > has no faithful ordinary irreducible representations of
degree less than 5 [5], G, is isomorphic to a covering group of >
(see [12], 24.3).

We identify Eo Y with 0,(H,). Denote images modulo Y by bars.
Note that Inn (E - Y) inherits from Eo Y an alternating form stabilized
by G. Let I be a subgroup of E-Y containing Y isomorphic to
Z, x Z, x Z,. Then I is a maximal isotropic subspace of Inn (Eo- Y)
and |I| = 4. The stabilizer K in G of I is isomorphic to 3, X Z.
Let K, be the preimage in G, of K. Since the Sylow 2-subgroups of
G, are quaternion of order 16, we have K/ = SL (2,3). Note,
|0,(K,) | = 16.

Now, K, acts on I while centralizing Y. Since K, induces SL(2, 2)
on I,0,(K,) stabilizes the chain I>Y>1l. We claim that 0,(K,)
stabilizes the chain 1> E' > 1. First, notice that every coset of Y
in I contains an element of order 2. Now, let we0,(K,), ue I, and
write w = vy, where ye Y and v* = 1. Since I is abelian, and 0,(K,)
centralizes Y, we have [u, w] = [vy, w] = [v, w]'[y, w] = [v, w] and
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[u, wp = [v, w]* = [+*, w] = 1. Thus, [, 0,(K,)] is contained in E’,
the subgroup of order 2 of Y. This proves the claim. Commutation
induces a map 0,(K,) — Hom (I/Y, E’), and the latter group has order
4. So, the kernel R of this map has order at least 4. Note that
RNIS0,(K)NI=E'. Let R, be an abelian subgroup of R of order
at least 4. Then, (R, I) is an abelian group of order

RN IR = %'4-16 — 2.

Since R/R N E’ is elementary abelian, (R,, I)/E' is elementary abelian
of order at least 2!, whence (R, I) contains a subgroup L which is
elementary abelian of order 2%

We claim that in our representation of degree 4, every element
of H, acts with determinant 1. Since G, covers H,/H, = Z,, it suffices
to prove the statement for elements of G,. Suppose there are elements
of G, acting with determinant —1. Since G contains an elementary
abelian group of order 8, the Sylow 2-subgroups of G, are not
(generalized) quaternion. But, as those of G| are, there is an involu-
tion u € G\Gi. If the matrix representing w is diagonalized, it has
+ 1’s on the diagonal. Since % acts with determinant —1, these
eigenvalues are

{1, -1, -1, -1} or {-1,1,1,1}.

Now (u)w e G has centralizer {(w)z) Xx M, Mc G', M = >,. Let M,
resp. M, denote the preimage in G, of M, resp. M’'. Since (w)xw
centralizes M, v induces a central automorphism of M,, but centralizes
M, = SL (2, 3).

Since M, commutes with w, M, preserves the eigenspaces of u.
This foreces M, to have a 1-dimensional constituent, whence M, acts
trivially on this constituent. However, E' < M; and E’' acts as the
scalar —1 in this 4-dimensional representation, contradiction.

We have just shown that every element of H, acts with deter-
minant 1. The same must hold for L < H,. But it is impossible for
an elementary abelian group of order 2* to act faithfully with deter-
minant 1 in 4 dimensions.

This final contradiction proves that the complement G does not
exist. The corollary is established.

13. Proof of Theorem 1 (a), the case n = 3. Let H be the group
of Theorem 5(a), associated with £ = E,. Set H, = H'. We identify
E with 0,(H,) = 0,(H). We have E' = Z(H,) = Z(H), H/E = 27(6, 2) =
A, H/E' = A(E).

Suppose that
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(") 1 E/E’ H,/E' H,/E 1

is the split extension. Take H,C H, so that H, = EH, and N H, =
E'. Then H,= Z, x A; or AS, the covering group of A..

Let a{t) ¢ H, be a representative fort e H,/E'. We assume a(l) = 1.
In the case H,= A, x Z,, we take all the a(f) to lie in H,. Every
g € H, may be expressed uniquely as a product g = za(?), 2 € E, a(t) € H..
If ¢ = 1, exactly one of the possibilities below must hold:

(i) =1 at)y =1
(ii) =1 lat)| = 2
(iii) x=c¢e at)y =1
(iv) x=e la(®)| = 2

(v) |a] =2 x¢e B = a(t)y =1
(vi) |z| =2, x¢<e = la®)| = 2
(vil) |o| = 2,xe e at = we a(t)y) = e
(viii) |x] =4 o= at) = e
(ix) |z =4 xt = xe la(t)] = 2

For any group G that follows, let s(G) = |{yeGy* =1}. We
count s(H)) in two different ways. First, we analyze the contribution
types (i) through (ix) to s(H,). In particular, we show that the
contribution of each of types (i) and (iii) is 1 and that of each other
type is a multiple of 5. We point out that for all x¢c E, and all
a(t) € H,, we have that Cy (va(t)) & Ny, ({a(t), €), and in case H, = A, X
Z;, we have Ny ({a(?), e)) = Cy,(a(t)).

Assume H, = A; X Z,; then H] = {a(t)|t € H,/Z(H,)}. For types
(i) and (iii), we get one g each. For each of (ii) and (iv), we get as
many ¢ as involutions in A, the total is 2{3-5-7 + 2-3-5-7}. For (v),
(vi), and (vii), note that there are 2.35 involutions xze€ E\{(¢). Let
m be the number of a(f) ¢ H, centralizing & with |a(t)| = 2. There
are no ¢ of type (vii) since H, = A,. Thus, the contribution of
types (v}, (vi) and (vii) is 70{1 + m}. No g of type (viii) occurs
since H, = A,. For (ix), note that there are 2-28 elements of order
4 in E. The involutions a(t) € H, inverting x lie in D, the subgroup
of H, stabilizing a<e). Since D = Sp (4, 2) = >, every nonidentity
2-element in D has D-conjugacy class of size divisible by 5. Since
the set of a(t) inverting « is a union of D-conjugacy classes, the
number of such a(t) is divisible by 5.

Adding up these contributions, we get s(H,) = 2(mod 5) in the
case H, = A; X Z,.

Assume H, = ffs. Using Schur’s generators and relations for A,

[15] (1911), we find that an involution in A, is represented in A, by
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an element of order 4 if and only if it can be written as the product
of two disjoint transpositions. For types (i), (iii), we get one g each.
For each of (ii), (iv), we get 3.5.7 involutions. The contribution of
types (v), (vi) and (vii) is a multiple of 70. For each of (viii) and
(ix), the contribution is a positive multiple of 5.

So, adding the contribution, we get s(H)) = 2 (mod 5) in the case
H, = A, as well.

Next, we count s(H,) in a different way, using a theorem of
Frobenius and Schur, [8], §3. Namely, if G is a finite group, then
s(@) = X, v()x(1), where the sum ranges over the irreducible charac-
ters y of G,

v(y) = [—Gl—[ZX(yz) (sum over all ye @), and where v(y) =1
if- and only if y is afforded by a real representation, v(y) = —1 if
and only if y is real but not afforded by a real representation, v(y) = 0
otherwise.
The proper normal subgroups of H, are K = 0,(H,) and E’. We
have

S(H) = N+ ft

where

A= pxd) and pe= 3 v(0x(1)

E’&ker

iin

so that \ = s(H,/E").

Consider those y occuring in p#. Since x|z is a sum of characters
faithful on E, the arguments of §11 show that y = &7, where 7 is
the character of the 16-dimensional representation constructed in §11,
and ¢ is any irreducible character of H, with kernel containing E.

Now, by the results of §11, 7 is afforded by a rational (hence,
real) representation, and so v(y) = +1. A study of [8], §3, shows
that we can get v(x) = v(&n) = v(&). Therefore,

p= 2 20 = 3 »©iL7d)
= 7(1) X v(§EQA) = 16 s(H,/E) = 16 5(4,)
=16 {1 + 3:5-7 + 2-3:5-7) = 16 (316) .

We now have the value of g#. We next calculate the value of
A = s(H,/E’) under the assumption that (*) splits.

Denote images under H, — H, = H,/E' by bars. We have H, =
EH,, a semidirect product. Note that H, = A, has two classes of
involutions, represented by, say, & and k. We choose notation so
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that, in the usual representation of A, on 8 letters, & fixes no letter
and k fixes four. Then |Cgz,(h)| = 2°-3, |Cy,(k)| = 2°-3. In particular,
h is central in a Sylow 2-subgroup and % is not.

We claim that, for any involution ye H,, |Cz(y)| = 2'. Let ve &
be a nonzero isotropic vector. Replacing % by a conjugate if necessary,
we may assume ke 0,(S), where S is the subgroup of H, stabilizing
{v). Since 0.(S) is elementary abelian of order 16, it does not act
regularly on the 8 letters. Thus, we may assume k € 0,(S) as well.

Let E, be the annihilator of <(v) in £ under the bilinear form.
Then 0,(S) acts trivially on E,/{v). Thus, any ye0,(S)* centralizes
a hyperplane of E,, whence |Cz(y)| = 2. On the other hand, H,
contains no elements which act as orthogonal transvections on E.
Thus, |Cz(y)| = 2.

Setting ¥y = h or k, we get our claim.

We can now calculate s(H,). Every ge H, can be written g = xy,
vxcE yecH, We have ¢°=1 if and only if 2*=¢*=[z,9] = 1.
We have shown that if ye H, is an involution, |Cz(y)| = 2'. Since
the classes of involutions of H, are represented by % and k we have

s(H) = |E| + 248.5.7 + 2.3.5.7} = 16{4 + 105 + 210}
= 16 (319) .

It follows that s(H,) = \ + ¢ = 16 (319 + 316) = 16(835).

From our first count, we have s(H,) = 2(mod 5), but here we have
shown that s(H,) = 0 (mod 5). This contradiction shows that (*) is
not split. Therefore, Theorem 1(a) holds in the case n = 3 as well.

This completes the proofs of all the Theorems.
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