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Let f be L-integrable and periodic with period 27, and let
1.1 i“ n(b, cOS nX — @, Sin NX)
n=1
be the derived Fourier series of the function f with partial
sums s, (x). We write

Vo(t) = flw + t) — flo — t);

)
90 = Tonz -

In this paper, the following theorems are established.
THEOREM 1. Let A = (@n.) be a regular infinite matrix of

real numbers. Then, for every zc[— =, z] for which g.(f) is
of bounded variation on [0, z],

(1.2) lm S Grnsi(@) = g.(0 +)
M= 41
if and only if
(13)  lim 3 amsin(n+1/2)t =0 for all tef0,z].

Mmooy

THEOREM 2. Let A = (@w.) be an almost regular infinite
matrix of real numbers. Then, for each z<c[— =, =] for which
g(t) is of bounded variation on [0, z],

N A =
lim = 3t (&) = g0 +)
D j=o0

pP—roo

uniformly in m if and only if

lim < $ S Gpessin(n + 12t =0 for all ¢e[0,7],

P P =0 a=1

uniformly in m, where

(@) = 3 Gunsi(®) .

2. Proof of Theorem 1. We have

su.()

_71; S:q/fx(t)(ki_l k sin kt) dt

S:%(t)'g?[ sin (n + 1/2)t]dt

(1) - 2 sin £/2

1
T
I, + % S sin (n + 1/2)tdg. () ,

I
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where

S sin (n + 1/2)¢ ,,.
2.2 In__S L () SR T /2 gy
22) T 9(® tan t/2
(2.3) 5% 0@ = 3 anl, + 2 [ Lo@)da.®)
where
(2.4) L) = 3, Gy sin (n + 1/2)t .

Since g.(t) is of bounded variation on [0, 7] and tends to g¢,(0 +) as
t—0, g.(t) cos t/2 has the same properties; so, by Jordan’s convergence
criterion for Fourier series,

(2.5) I,— g, (0+) as % — oo .

By the regularity of our method of summation, it follows that

(2.6) im S a,.1, = g,(0 +) .

m-—soo =1

Hence we have to show that, if (1.3) holds, then
2.7) lim S”Lm(t)dg,(t) -0,

and conversely.

By a theorem on the weak convergence of sequences in the Banach
space of all continuous functions defined on a finite closed interval
(see Banach [1], pp. 184-135), it follows that (2.7) holds if and only if

(2.8) L) <K for all m and for all tel0, 7]

and (1.3) holds, where K is a constant.

Since (2.8) is automatically satisfied by one of the regularity
conditions on A, it follows that (2.7) holds if and only if (1.3) holds.
Thus the proof of the theorem is completed.

REMARKS. (a) We observe that, for each g,(2) of bounded varia-
tion on [0, 7], we have a corresponding odd function fe L [— 7, 7]
given by

F(@) = 1/29(t) = 2g,(t)+sint/2 on [0, x].

(b)y If a,, = 1/m for n < m and zero for n > m, then the condition
(1.8) is obviously satisfied.
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3. Note. A bounded sequence {s,} is said to be almost con-
vergent to s if

(3.1) limSe E S F 00 Sep
P p

uniformly in n (see Lorentz [4]).

It is easy to see that a convergent sequence is almost convergent
and the limits are the same.

Let A = (a,,) be an infinite matrix of real numbers. A bounded
sequence {s,} is said to be almost A-summable to s if the A-transform
of {s,} is almost convergent to s, and the matrix A is said to be almost
regular if s, — s implies that the sequence {¢,} of the A-transforms
of {s,} is almost convergent to s.

Necessary and sufficient conditions for the matrix A to be almost
regular are as follows (see King [3]):

m+ 1

(3.2) sup (i 1 ajn> <Mm=12 .--; M=a -constant);

Pzl \n=1 p

o

i=m
.1 mizt . . .

(3.3) lim= 3} a;, =0 uniformly inm (=12, -..);
poo p Jj=m

(3.4) lim — mi—liajn =1 uniformly in m .

p—ooo p J=m @n=i

We establish the following

THEOREM 2. Let A = (a,.) be an almost regular infinite matriz
of real numbers. Then, for every xcl—m, ] for which g,(t) is of
bounded variation on [0, 7],

(3.5) lim L5 ¢ ) = 0.0 +)

P p =0

uniformly in m if and only if

(3.6) lim 1 Ei CuiinsSin(n + 1/2)t =0 for all te|0, ],

P p 7=0 n—1
wniformly in m, where
£(2) = 3] pnsi(@)
n=1
si(x) being the partial sum of the derived Fourier series (1.1) of f.

Proof. We have, by (2.1),
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1 gl ] 1 =t
—_ tm+a(x) = — Z am“’j’”s”(x)
p j=0 p =0 n=1
p—1 o T p—1 oo
@D~ LSS usnls + Z[[2 85 ansasin 0 + 1/2)¢ [d0.0)
P i=0n=1 T JoL P j=0n=1
= J1 + Jz,
say.

By (2.5), A being almost regular,
(3.8) J,— 9,0 +) uniformly in m as p—> o .
So we have to show that (3.6) holds if and only if

J,—— 0 uniformly in m as p— .

Now,
‘% :12 Qs jyw SID (0 + 1/2)73‘
= \-1— i ln (n + 1/2)t Z Ayt jom
(3.9) p A=t
= ii‘, sin (n + 1/2)t| |Z Ctgyn
p n=1
< 2_;_ >, Gussa| < M for all p and m, by (3.2) .

Hence the remainder of the proof is similar to that of Theorem 1.

I thank Professor A. Meir for his useful comments in the pre-
paration of this paper.
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