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ON EXACT LOCALIZATION

RoBERT A. RUBIN

In this paper we consider certain aspects of exact local-
ization (idempotent kernel functors having Property (T) in
the language we shall be employing). The major result is
that for commutative noetherian rings, every idempotent kernel
functor has Property (T) if and only if the Krull dimension
of the ring is less than or equal to 1.

1. Preliminaries. The terminology and notation in this paper
are that of Goldman [1], with which familiarity is assumed. In par-
ticular, if 4 is a ring we denote by K(4) (respectively I(4)) the set
of kernel functors (respectively idempotent kernel functors on the
category of left A-modules) belonging to 4. If oe K(4), we denote
by 7, the associated filter of left ideals; i.e., .7, is the set of left
ideals 91 of 4 such that A4/ is o-torsion, and such an ¥ is called a
o-open left ideal. Finally by the term “module” we mean a left
module over the ring in question.

Our primary concern will be with kernel functors satisfying any
of the conditions of Theorem 4.3 of [1], which we restate for easy

reference.

THEOREM 1.1. For any oec I(4), the following conditions are
equivalent:

(1) QM) ~ Q,(4) @, M for every module M;

(ii) Q,(AD)i) = Q,(A) for every e .7, where i is the canonical
map A — Qy(4);

(ili) Every Q,(A)-module is faithfully o-injective as a A-module;
i.e., given a Q,(4)-module X, A-modules B <= A with 0(A/B) = A/B and
a A-homomorphism f: B — X, there is a unique A-homomorphsim g:
A — X extending f;

(iv) Ewvery Q,(A)-module is o-torston-free as a A-module;

(v) The functor Q, ts right exact and commutes with direct sums.

An idempotent kernel functor satisfying any of the above condi-
tions is said to have Property (T). Each of the conditions in (v)
above has a useful equivalent (Theorems 4.3 and 4.4 of [1]) which we
also list.

THEOREM 1.2. For oec I(4), the following are equivalent:

(i) Q, is a right exact functor;

) Iffeg, f M LM s an epimorphism of o-torsion-free
modules, and if f: W — M" is a homomorphism, then there exists B e
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T, with B= U and g: B — M such that wg s the restriction of f
to B.

THEOREM 1.3. For oe I(4) the following are equivalent:

(1) Q, commutes with direct sums;

(i) Given any countable chain of left ideals whose union is o-
open, then some member of the chain is o-open.

REMARKS. (i) The condition of Theorem 1.2 (ii) is described by
saying that every o-open left ideal is o-projective, while that of
Theorem 1.3 (ii) is given by: ¢ is wnoetherian.

(ii) Since for ¢ with Property (7') every g-open left ideal contains
a finitely generated o-open left ideal, it has been asked whether, for
o noetherian, every o-open contains a finitely generated o-open. We
give an example, due to G. Bergman, that supplies the negative
answer. Let G be a nondiscrete ordered group in which the identity
¢ is not the inf of any countable set of elements greater than e (e.g.,
let G be an uncountable product of the integers ordered lexicographi-
cally). Let K be a field and let S={ge G|g > ¢}. If R = K[S], the
semigroup algebra of S over K, let I be the ideal of R generated by
all ge S. Then I is a maximal ideal and I* = I. Hence .7~ = {I, R}
defines pte I(R). Let J,=.J,& --- be a countable chain of ideals with
J;# I, R for each 4. Then for each ¢ there is ¢g;e S with e+ g;¢J,.
Since e = inf g;, there is ge S with e+ g < g, for each 7. Theng¢ UJ,,
and so UJ;¢.7. Thus g is noetherian, but I does not contain a
finitely generated t-open ideal.

In considering Property (T') we shall at times make simplifying
assumptions that entail no loss of generality. The first such is that
the ring be torsion-free for the kernel functor under investigation.

Let oe¢ K(4), and consider {/o(4)|Uec. 7, and A 2 a(4)}. It is
routine to check that this defines a kernel functor of A/o(4), which
we denote by o,, and that o, is idempotent if o is.

PRrOPOSITION 1.4. Let oe I(4) and let o, € I(4/o(A)) be defined as
above. Then ¢ has Property(T) if and only if o, has Property (T).

Proof. It is immediate that if o is noetherian, so is o,. Using
the fact that for ¢ idempotent, 2L + o(4) o-open implies ¥ is o-open
we see that if o, is noetherian, so is o.

Now since o-torsion-free A-modules may be identified with o,-
torsion-free A/o(4)-modules, and since whenever we have %T.—f—»M
with M o-torsion-free, f factors through U + o(4)/o(4) ~ A/A N o(4)
we see that every o-open left ideal of A being o-projective is equivalent
to every o.-open left ideal of 4/a(4) being o,-projective. Thus Theorems
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1.1 (v), 1.2, and 1.3 give the result.

We now consider certain classes of rings for which it is possible
to decide, using familiar concepts, when every idempotent kernel
functor has Property (7). The first such class we shall consider is
the class of rings for which every idempotent kernel functor has a
minimal open ideal.

LEMMA 1.5. Let o¢e I(A) be such that .7, has minimal elements.
Then there is a unique idempotent two-sided ideal, L,, such that 7, =
A= 4/A2 L,

Proof. Since .7, is closed under intersections, it has a unique
minimal element, a left ideal we denote by L,. Now the uniqueness
and minimality of L, guarantee that 7, = { & 4|A 2 L,}. Further-
more, .7, is closed under residual division, whence L, is two-sided,
and under products of left ideals, from which it follows that L, is
idempotent.

THEOREM 1.6. Let o€ I(A) be mnoetherian, and suppose that 7,
has a unique minimal element L,. Then ¢ has Property (T) if and
only if L, + a(d)/a(A) is a projecitive Alo(A) ideal.

Proof. Form o, e I(4/o(4)) as for Prop. 1.4, Then .7,, has
unique minimal element L, + o(4)/o(4). Hence by Prop. 1.4 we may
assume that o(4) = 0. Suppose now that o has Property (7). Let
F be a free module mapping onto L, by p. Since a(4) =0, o(F) =
o(L,) = 0. Thus by Theorems 1.1 (v) and 1.2 the identity map on
L, splits p, and L, is projective. Conversely, suppose that L, is a
projective ideal. Then clearly the condition of Theorem 1.2 (ii) holds,
and together with the noetherian hypothesis, this implies that ¢ has
Property (7).

REMARK. The example following Theorem 1.8 gives an example
of an idempotent noetherian kernel functor whose filter has a unique
minimal element, yet which fails to have Property (7).

COROLLARY 1.7. Let A be left artinian, and suppose that every
idempotent two-sided ideal of A is projective. Then every o c I(A) has
Property (T).

Proof. If L is a projective ideal of 4, then for any ideal I,
(L + I)/I is a projective ideal of A/I.

COROLLARY 1.8. Let R be a commutative artinian ring. Then
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every o€ I(R) has Property (T).

We now turn to the class of commutative noetherian rings. The
crucial fact for these rings is that Property (T') is a local property.

If R is a commutative ring and X a multiplicative subset of R,
we define g, via: if M is an R-module, ¢ (M) = {me M|xm = 0 for
some x€ X}. Then p; e I(R), an ideal A of R is py-open if and only
if ANX <+ @, and for any module M, Q, (M) = My(or X*M). As
the next lemma shows, we may also localize kernel functors.

LEMMA 1.9. Let R be a commutative ring, X a multiplicative
subset of R, and pe I(R). Then {Ay|Aec 7,} = F defines an idem-
potent kernel functor of Ry, which we denote by Px.

Proof. That & defines a kernel functor, oy, of R, is routine,
following from the extension and contraction properties of ideals under
localization. (See [5] p. 46, for instance.) For an ideal K of R; let
K N R denote the inverse image of K under the canonical map from
R to Ry. Now if K & L are ideals of R, with L 04-open, and L/K
Ox-torsion, let A=L N Rand B=KNR. Then Ais p-open, and A/B
is o-torsion. Hence by [1], Theorem 2.5, B is p-open. But K = By,
so K is py-open. Then [1], Theorem 2.5 applies again to show that
Oy is idempotent.

PROPOSITION 1.10. Let R be a commutative ring, X a multiplica-
tive subset of R, and pe I(R) an tdempotent kernel functor such that
every p-open ideal contains a finitely gemerated p-open ideal. Then
Sfor any R-module M, [Q.(M)]x = Qr(My).

Proof. Since an easy calculation shows that (o(M))y, = 0(My)
(the finiteness condition is needed here) we may assume that o(M) =
0x(My) = 0. Then it is well-known that Q,(M) = lim,. -, Homg, (4, M),
and we may take the A’s to be finitely generated. (See [3] p. 11
for instance.) But

(Q(M))x = By @z lim, Homy(A, M) = lim, [Ry @ Hom,(4, M)]
= lim, [HomRX(AX, My)] = Qo (My) ,

since surely this limit is the same as that taken over A,. (We have
used here the commonly known facts that tensor product commutes
with direct limits and Hom commutes with localization when the
domain is finitely generated.)

As usual, when P is a prime ideal of R, we shall write o, instead
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of Op_p.

THEOREM 1.11. Let R be a commutative noetherian ring, and let
o€ I(R). Then o has Property (T) if and only if for every prime
tdeal P of R, op€ I(Rp) has Property (T).

Proof. Suppose o has Property (T), and let V be an Ry-module.
Then Q,.(Br) @z, V = [Q(R)]» @2,V = (Q,(R) @rV)r = (Q(V))r =
Q.,(V). Thus o, has Property (7). Conversely, suppose that for
every prime ideal P, o, has Property (T), and let M be an R-module.
Then there is a homomorphism «: Q(R) Q: M — Q,(M) (this is just
the statement that Q,(M) is a Q,(R)-module). Then for any prime
ideal P, ap: (Q,(R) @z M)r — Q,(M),. But

(Qo(R) @z M)p = Qup(E) @z, My »

and Q,(M), = Q,,(M;) by Prop. 1.10. Since g, has Property (7) for
every P, a, is an isomorphism for every P, and so « is an isomorphism.

REMARK. An examination of the proof yields that ¢ has Property
(T) if and only if o, has Property (T) for all maximal ideals m. Now
if P is a prime ideal of R and P¢.7,, then % e .7, implies A & P,
and so every og-open ideal meets R — P. Hence o, = 0; i.e., .7, =
{R,}. Thus o has Property (T) if and only if o, has Property (T)
for every maximal ideal me 7.

We are now prepared to investigate the condition that every o e
I(R) has Property (T).

Recall that if R is a commutative ring, and P a prime ideal of
R, the height of P, ht(P), is defined to be the sup of the length of
chains of prime ideals: P,c P,c ++-« < P, = P. Furthermore, if I is
an ideal of R, ht(I) = inf {ht(P)|P is a prime ideal containing I}. It
will be convenient for our purposes to declare ht(R) = oo.

NoTE. When we are dealing with integral domains, by the term
“minimal prime ideal” we mean a prime ideal minimal among the
collection of all nonzero prime ideals. Thus for integral domains a
minimal prime ideal is the same thing as a height 1 prime ideal.

LEMMA 1.12. Let R be an integral domain, with quotient field
k, such that R =\, R,, where P runs through some collection of
prime ideals all with height < some fized integer n. If I1is an ideal
of height > n, then I'* = R, where I"* = {ack|al & R}.

Proof. Let aeI™ and let @ be any prime ideal of height =< n.
Now al< R, and since ht(I) >n, I¢ Q. So thereis zel with 2 ¢ Q.
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Butaxe R < R, and since x ¢ @, « is a unit in B,. Thus a = (ax)z ¢
R,, and « is in R, for every prime ideal of height < n. Since R is
an intersection of such rings, ¢c¢ B. So I''& R. But certainly R <
I and we are done.

LEMMA 1.13. Let R be a commutative ring, n a nonnegative
integer, and F = {I< R|ht(I) > n}. Then defines an idempotent
kernel functor; i.e., there is o ¢ I(R) such that & = 7,.

Proof. Hit(I) > n means the same thing as I is contained in no
prime ideal of height < n. Thus we have:

(i) if Ie#, and J2 I, then J cannot be contained in any
prime ideal of height < %, for then I would as well; so Je &;

(ii) if I,Je & and P is a prime ideal of 2t < n, then IJE P
implies I & P or J & P, a contradiction; thus IJ, and so INJ, ¢ . &;

(iii) let Ie & and J = I be such that for any xe I there is a
Ke . with Kz S J, and suppose that J & P for some prime ideal
P with mt(P) = n. Now I& P, so there is zel with x¢ P. But
there is Ke # with Kx S J & P, and so K & P, contradicting ht(K) >
. Thus Je &#. Hence & defines an idempotent kernel functor.

Recall that an integral domain R is called a Krull domain if (i)
R =), R, where P runs through the minimal prime ideals;

(ii) for each minimal prime ideal P, R, is a discrete valuation
ring; and (iii) if ack, the quotient field of R, « is a unit in all but
finitely many of the R,, P a minimal prime ideal. See [2, 4] for more
about Krull domains.

In the following theorem we shall have need of the following
well-known fact (see [2] Ex. 2. p. 83 for instance): an integral domain
R is a Dedekind domain if and only if R is a Krull domain and every
nonzero prime ideal of R is maximal.

THEOREM 1.14. Let R be a Krull domain. Then every e I(R)
has Property (T) if and only if R is a Dedekind domain.

Proof. Suppose that every o< I(R) has Property (T), and let
re I(R) be defined by .7, = {I & R|ht(I) > 1}. Now for any integral
domain D and any pe I(D), Q(D) = Uyser, I 80 QuR) = Urer, I
But by Lemma 1.12, for each Ie.7,, I"*= R, and so Q.(R) = R.
But ¢ has Property (7), and so Q.(R)I = Q.(R) for any Ie 7,; i.e.,
forany Ie.7, RI = R. Thus .7, = {R}, and the only ideal of height
> 1 is R itself. Hence every nonzero prime is of height 1; i.e., every
nonzero prime ideal of R is maximal, as so by the remark preceding
the theorem, R is Dedekind.



ON EXACT LOCALIZATION 479

Conversely, if R is Dedekind, R is an hereditary noetherian ring,
and be the discussion on page 31 of [1] every ¢ € I(R) has Property (T).

THEOREM 1.15. Let R be a commutative noetherian integral
domain. Then every o e I(R) has Property (T) if and only if every
nongero prime ideal of R is maximal; (i.e., Krull dimension of R < 1).

Proof. Suppose that every nonzero prime ideal of R is maximal.
Since R is noetherian, Theorem 1.11 holds, and we may assume that
R is local. If R is a field, I(R) = {0, =}, both of which have Pro-
perty (T), and we are done. So suppose that R is not a field. Then
the set of nonzero ideals defines ¢ e I(R), and since ¢ = 1y, where X
is the set of nonzero elements of R, ¢ has Property (7). Now let
occI(R),0 #0, . Then 0¢.7,, and for some A=R, Aec. 7,. Since
NS # and ¢ is idempotent, Z"c. 7, for any # =0. Let J be
any nonzero ideal of R. Since R is noetherian, J contains a power
of its radical which, due to a lack of other candidates, is .~ Thus
J2 #" for some n, and so Je.7,. Hence ¢ = #, and so every
o € I(R) has Property (7).

Conversely suppose that every ¢ e I(R) has Property (T). Again
by Theorem 1.11 we may assume that R is local (with maximal
ideal _#), for the condition that every nonzero prime is maximal
is itself a local property. Let S be the integral closute of R in its
quotient field Z. Then S is a Krull domain (p. 82 of [2]). Define
ceI(R) by 7,={0<SR|U2_#" for some n}. Then Q,(R)=U,.~Z""
where Z "= (#Z""={ack|aZ"< R} (Q,(R) is also known as
the ideal transform of _#). Consider the set X¥ of prime ideals of S
that contain _Z = _#S. By Theorem 33.10 of [4], ¥ is finite, and
by Theorem 44 p. 29 of [2], ¥ consists entirely of maximal ideal of
S. WriteX={~+7, ---, 43, P, ---, P,} where all the ideals are distinct
and the P,’s are all the minimal ideals of S that contain _Z Since
S is Krull, each S,; is a discrete valuation ring, and so N, Pt =
for each j. So for each j =1, ..., » there is n; = 1 such that _#7 &
Pri but 7 & Ppit'. Since the P;’s are distinct maximal ideals,
- Ppio = N, Pri2 AZ. Set A=T[;.,P. Now by Exercise 7, p. 83
of [2], if P is a minimal prime ideal in a Krull domain, PP 2 P.
Hence for each j =1, ..., r, P; is invertible (i.e., P;P;* = S). So A is
invertible and AA™ = S. Consequently .Z = S.Z = (AA™) 7 =
A(A™ 7). Let B= A~'_# Then since .Z = A, B< S, and BA =
_#. TFurthermore since A" 2 S, B2 _# Let P be a height 1 prime
ideal of S and suppose that B< P. Then .Z < P""' so that
P = P; for some j, and .#Z = BA < P;(Il;-, P}4) S P;, a contradic-
tion. Thus ki(B) > 1, and by Lemma 1.12, B = S. Similarly B =
S for all w = 1. Now BA & A, so that (BA)™ 2 A™'. Let ae(BA)™.
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Then aBA = S, and for any x€ A, asB< S. So aAZ B =S, and
hence A7 = (BA)™. Thus .#Z = (BA)™ = A™, and similarly, for
any n =1, #Z "= A~". Now suppose that ¢ has Property (7). Then
by Theorem 1.1 (ii) .ZQ.,(R) = Q,(R), and so for some t,le _# _#"".
But #t< #~ andsole Z. .7 '= _#Z(A™). Since SS _ZA™
and A is invertible, A* < .#Z. Consequently there are no .#7’s in %.
Thus .# is contained only in minimal ideals of S. But then Theorem
44 p. 29 of [2] tells us that _# is a minimal prime ideal of R, and
the proof is complete.

The preceding theorem is the means by which we can determine
when every idempotent kernel functor has Property (T) for an arbitrary
commutative noetherian ring. The following lemma is rather inter-
esting by itself. Recall that if P is a prime ideal in a commutative
R, then p,eI(R) is given by 7, ={IS R|IZ P}, and Q, (M) =
M,~ R, ®, M for any module M.

LemMA 1.16. Let R be a commutative ring, and let P, +++, P,
be prime ideals of R. Then inf;t, = tty, where X = N, (R — P)
and inf, o, is defined by (inf, o0, ) M = na o.(M) M any module, or equi-
valently T i, = Na T, for any {0} & K(R).

Proof. Let o =inf;p,,. If Ae 7, then Ae.7, for each i=
1, .--,7n, and so AEL P; for each 7. But then AL U P, (see Theorem
81 p. 55 of [2] for instance). So there is ¢ €2 such that e e N, (R —
P thus AN X+~ @, and 0 < ;. Butif Be. 7,,, there is b e B with
b¢ P, for each v. Then certainly B &£ P; for each ¢, so that ¢, < o.
Hence inf; ¢1,, = py.

CorOLLARY 1.17. If R is a commutative ring and P;, «+-, P, are
prime ideals, then inf; pt,. has Property (T).

THEOREM 1.18. Let R be a commutative noetherian ring. Then
every 0 € I(R) has Property (T) +f and only if every mnonminimal
prime ideal of R is maximal (i.e., if P is a prime ideal of R, htP <1).

Proof. Since both of the conditions are local properties we may
assume at the outset that R is local, with maximal ideal _#Z Suppose
that every nonminimal prime ideal is maximal. Since R is noetherian,
a primary decomposition of 0 exists, from which we conclude that R
has only finitely many minimal prime ideals. Thus the set of prime
ideals of R consists of _# and finitely many minimal primes P,, ---, P,.
Now ¢, =0 (i.e., 7, ,={R}), and if 0, co = o € I(R), then by the
discussion on page 34 of [1], ¢ = inf {tts;, + =+, ts;}, Which, by Corollary
1.17, has Property (T). Since 0 and o« both have Property (T), all 0 ¢
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I(R) have Property (T). Conversely suppose that every o€ I(R) has
Property (T) and let P # _# be a prime ideal of R. Then the ring
R/P is a local noetherian integral domain. Furthermore, it is easy
to check that: K(R)-- K(R/P), induced by R — R/P, is onto. Then
using Theorem 1.1 (iv) one can show that every o € I(R/P) has Property
(T), and so by Theorem 1.15, _# /P is the only nonzero prime ideal of
R/P. Hence P is a minimal prime ideal of R, and the proof is
complete.

Finally we give an example to show that the noetherian hypothesis
is essential in the preceding theorems. Let X be the following sem-
igroup: as a set, X = {x*|« is a positive real number}, and z*-2° =
x*tf, If K is a field, let S = K[X], the semigroup algebra of X on
K. Then _#, the ideal generated by all the z* (i.e., the ideal consisting
of elements with no constant term), is a maximal ideal of S. Let
R =S_,. Itis routine to check that the ideals of R are linearly
ordered and that _#Z R and 0 are the only prime ideals of B. Furthe-
more (#Z Ry =_#R. Thus { # R, R} defines some oe I(R). But
since _# R is not finitely generated ¢ cannot have Property (7).
Thus R is an integral domain for which every nonzero prime ideal is
maximal, yet not every idempotent kernel functor has Property (7).

The author wishes to express his gratitude to Paul Eakin for his
generous expenditure of time and information.
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