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Let GC S,. Let 5 bke a character on G. For A = (¢,;) an
n-square matrix, define

d3(4) = 3 9(g) TT tue -
geqG t=1

A general identity for idempotents in group algebras is
proved. A very special example of the consequences is this:
If X is a linear character on G and H a normal subgroup of
G, then [G: H]d¥(A) = X »(1)d5(A), where the summation is
over those irreducible characters » of G whose restriction to
H contain X as a componrent.

1. Introduction. In this note we prove two theorems involving
idempotents in group algebras. The first is a very general identity
between the central idempotents of a group algebra and similar items
involving only elements of certain conjugate subgroups.

For nonnormal subgroups, Theorem 1 is not especially pretty.
The second theorem gives a more appealing inequality for the non-
normal case.

Applications of these results to matrix functions improve and
unify earlier results of Williamson [10], Merris [7], Freese [4], and
Merris and Watkins [8].

2. Relations in the group algebra. Let H be a subgroup of
the finite group G. Let X be a (not necessarily irreducible) complex
character of H. By KG we mean the complex group algebra of G.
Define

HH ) = % 5, Uhyhe KG,

where o(H) is the order of H. Denote by I(H) the set of irreducible
complex characters on H. We know that {{(G, ©): ne I(G)} is a set
of mutually annihilating idempotents which spans Z(KG), the center
of KG [1, p. 83], [2, pp. 233-236]. (Moreover, (G, ) generates the
simple two sided ideal in KG to which 7 corresponds, and >}, ;¢ (G, )=
1eG.)

THEOREM 1. Let
L ={ge NAH): X(97'hg) = X(h): Vhec H} .
Let g, +++, 9, be right coset representatives for L in G. Let X, be
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the character on g;7'Hy, defined by X(g:'hg;) = X(h) for all he H. Then

13, yye s XD s
(1) r gl t(g% -ng X'L) 77;(16) 77(1) t(Gy 7]) ’

where (X, )y 1s the inner product,

_ 1 .
M = s 35 KO0

Proof. Let
t= ;,1 t(9:'Hy;, X,) .
We first show that ¢e Z(KG). Let geG. Then

(2) gty = 20 > > X(h)g™'githgsg -

o( H ) =1 h=H
Now, Lg;— Lg,9 is a permutation of {Lg,;:1 <1 <r}. Say Lg,g =
Lg,;. Thus, there exists I, L such that g,9 = l.9,, 1 < ¢ < 7. Eag-
uation (2) becomes

—1g X(l) S —LI-hl.qg...
g tg = O_(I_{_j-; h;i X(h)ga(z)l«u hltga(t)

B O(H) gf heZH X(l’ hlz)g"(“ % h‘lzgau)

1) &
o(H) =
t

> XM hgs
he H

It follows that te Z(KG). From our previous remarks, there
exist complex numbers o4, 7€ I(G), such that

t= > G, 7).

7el(G)

Since the ¢(G, 1) are annihilating idempotents, it follows that
(3) (G, 7) = UG, 7) -

We now view ¢ and #(G, ) as linear operators on KG. For example,
to obtain ¢(g), just multiply ¢ on the left by ¢, i.e., t(9) = tg. Then,
from (3),
_ (G, ) |
Tt (G, )

Let o be the character of the regular representation of G. Then
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tr 4G, 1) = 28 5 5(9)0(9) = 701

o(@) 7
Similarly, compute
= 5 G, )
_ x(1) .
= e T (3.3 5 1w he)
A(1)

YTEYNE 2 W7ATY X(h TR,
T Do(E)o(@) S 3 3 Mok ea)o()

= _H) <5y
o 31 3, 1)

_ XO)r y )

(We have used the fact that tr (g) = p(g) =0 if g = 1, and o(1) = o(G).)

REMARKS. Suppose H is normal in G. Let & be a character of
G and let X = &|H. Then L =G, r =1, and (1) becomes

(4) D =11) 3, LB i@, 7).

If & happens to be an irreducible character of G, then
X=re\ + -+ + N,

where A, = \ is an irreducible component of X and A, ---, A, are the
inequivalent conjugates of A. The integer e is the index of ramifica-
tion of & with respect to H [3, p. 53]. In this case, (4) becomes

(1)
ML)

where the summation is over those irreducible characters, 7, of G
whose restriction to H contains N as a component. Expression (5)
reveals that t(H, X) is essentially idempotent when H A G and X ¢ I(G).
(This can, of course, be verified directly.)

If A and B are positive semidefinite hermitian operators on an n
dimensional complex inner product space, then A = B means that
A — B is positive semidefinite.

(5) oH, X) = e 3. 1G, 1) ,

THEOREM 2. Let H be a subgroup of G. Let X be an irreductble
character on H. Then

(6) tH, X) = 3G, 1),
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where the summation is over those irreducible characters of G whose
restriction to H ts a multiple of X.

Proof. With respect to the inner product on KG which makes
G an o.n. basis, ¢{(H, X) and (G, 7) are hermitian. Since they are
idempotent, they are orthogonal projections and hence are positive
semidefinite. It is proved in [7, Corollary 2.4] that t(H, X) = t(G, %)
if and only if 7| H is a multiple of X. Since (G, ) € Z(KG), and since
any two of them annihilate each other, the result follows.

3. Applications to matrix functions. We now assume that G
is a subgroup of S,, the symmetric group of degree n. We still take
X to be a character on the subgroup H of G. Let » be a fixed but
arbitrary integer in [1, #]. For the generic n-square complex matrix
A = (a;;), define

(4 = T8 S IO B w1+, )
where K, is the rth elementary symmetric function.

When r = n, 67 is X(1)/o(H) times the generalized matrix func-
tion, di, of Schur [4], [5], and [9]. (If H = S, and X is the alternat-
ing character, d7 = determinant. If H = {1} and X = 1, d = k, the
product of the main diagonal elements. If H=S, and X =1, df =
permanent.)

When » = 1, 67 is X(1)/o(H) times the generalized trace function,
t? [6]. (If H={1} and X =1, t¥ = trace. If H=(1,2, -+, n)
and £ = 1, t¥(A) is the sum of the entries of A.)

The case for general » has also been discussed. See, for example,

[7].

COROLLARY 1. Let H be a normal subgroup of G. Let & be an
wrreductble character of G and X = &|H. Then

(7) 51(A) = ’ﬁ% S 0%(4) ,

where the notation and summation are as they were 11 (5).

REMARrKkS. If H = {1}, then (7) becomes
(8) Efay, -+-, a,) = 3, 67(A).

nel{@)

When » = n, (8) was obtained by Freese [4, eq. (8)].
If

H=0G={geG: 9| =&},



AN IDENTITY FOR MATRIX FUNCTIONS 561

and r = n, equation (7) was obtained in [8].

When &| H remains irreducible, (7) is a significant generalization
of a result of Williamson [10, Theorem 1]. He showed that if &(1) =
1, then

(9) di(4) = [G: H]d:(A)

for all positive semidefinite hermitian A. Equation (7) shows what
has been discarded to obtain (9). In a similar way, equation (7) im-
proves some of the results in [7].

A more general corollary could be obtained using the full power
of Theorem 1. For simplicity, we use only (5).

Proof of Corollary 1. We begin by obtaining an alternate ex-
pression for 5. First, some notation: Let {P(9): g € S,} be the stand-
ard representation of S, by n-square permutation matrices, i.e., the
1, J element of P(g) is 0,,,. Let P.g) be the rth Kronecker power
of P(g9). Let D,, be the set of one-to-one functions from {1, 2, ---, 7}
into {1, 2, ---, n}. (In particular, D,, = S,.) Let Q,., be the subset
of D,, of order preserving one-to-one functions, i.e., Q., is the set

{a=(a@), -, ar):1=al) <a@) <--- <alr) =n}.

Now, observe

! ‘;(((If) ) su(a) = 35 20) 3 T Gaigars

= g%g X(9) >, H Qi) gt i)

aeD,., i=1

=3 U9 > ﬁ (055 garti i)
geH a,feDyy i=1
> X)) X
geH a,BeD
= g;y X(g) « ,9;1‘) (Pr(g)ﬂlxKr(A)aﬂ)
(10) = trace (C,(H, X)K.(4)),
where K,(A) is the rth Kronecker power of A4,
CAH, %) = 3, H)P.9) .

II1 (P(@)s 0 @atipa)

rn ¥

and primes indicate the principal submatrices corresponding to D, ,.

Now, g — P,(g9) is a representation of S,. Thus, we may extend
it linearly to a homomorphism, P, of KS,. To complete the proof,
apply P, to equation (5), restrict the resulting equation to the prin-
cipal submatrices corresponding to D,,, and exploit the linearity of
the expression (10).
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A similar corollary is available for Theorem 2. Since the proof
is very similar, we will omit it.

COROLLARY 2. We have
07(A) = 3 05(4)

for all positive semidefinite hermitian A. The notation and sum-
mation are as they were in Theorem 2.
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