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Oscillation and nonoscillation results are presented for
the operator

Loy = 3 (=10 X(puy =)

where p,(xz) > 0 on (0, o) and for £k =0,1, ---, n, p, is a real-
valued, n — k times differentiable function on (0, c0). Also,
y is an element of the set of all real-valued, 2n — fold con-
tinuously differentiable, finite functions on (0, co0).

In particular, a nonoscillation result is given for L,,
without sign restrictions on the coefficients. Oscillation re-
sults are given for L, without the requirement that p; be
negative for large x. Finally, the oscillation of

Loy = (=D (ry™)® + py

is considered for 7»(x) not necessarily bounded.

The oscillatory behavior of L, has been considered by Leighton
and Nehari [8], Barrett [1], and Hinton [4]. In general, L,, has been
considered by Glazman [2], Hinton [5], Hunt [6], and Hunt and
Namboodiri [7].

DEeFINITION 0.1. The operator L,, is called oscillatory on |[a, b]
provided there is a function y, ¥ = 0, and numbers ¢ and d for which
a<c¢<dZ b such that L,y = 0 and

y¥(e) = 0 = y®(d) for k =0,1, ---, n — 1.

Otherwise, L,, is called nonoscillatory on [a, b]. The operator L,, is
called oscillatory on [a, =) if for any given ¢ = a there is a d > ¢
such that L,, is oscillatory on [c, d].

DEFINITION 0.2. Given a positive integer » and a number a define
D,(b) for all b > a to be the set of all real-valued functions y with
the following properties:

(a) y™ is absolutely continuous on [a, b] for £ =0,1, ---, n — 1,

(b) y™ is essentially bounded on [a, b], and

() ¥y*(a) =0 =y"®(O) for k=0,1, ---, n — 1.

For y¢D,(b) define

1) = | 3 pe)@)do
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which is called the quadratic functional for L,,.
The following theorem has provided the primary motivation for
the results which are to follow.

THEOREM 0.1 (Reid [9]). The following two statements are
equivalent.

(i) The operator L,, is nonoscillatory on [a, b].

() If ye D,(0) and y = 0 then I(y)> 0.

Consequently, in order to show that L,, is oscillatory on (0, o),
given any a > 0, it will suffice to construct a ye D,(b) for some b >
a for which I,(y) is not positive and y == 0. This is the technique of
proof for all of the oscillation theorems which follow.

This method of proof is especially conducive to oscillation theorems
which require that integral conditions be met by the coefficients of
L,,. For example, Glazman [2, p. 104] showed that (—1)"y*™ + py

is oscillatory on (0, =) when rp = — oo (see Theorem 3.2).

Initially, the construction of y is suggested by the conditions of
the hypothesis on the coefficients of L,, and the corresponding quad-
ratic formula. For example, to establish the above result, Glazman
let y =1 over the major portion of the interval [a, b]. To show that

y” — (qy’)’ is oscillatory when rq = — oo (see Theorem 2.2) the author

let y(x) = * — a over a portion of [a, b]. Next, we construct y over
the remaining portion of [a, b] to insure that y e D,(b) and the integral
of p, ,-y™ ™" is bounded above for £ =0, 1, ---, n independent of b.

For other proofs using this method the reader should consult
Glazman [2, pp. 95-105] and Hinton [4].

1. The nonoscillation of L,,.

LEMMA 1.1 (Glazman [2, p. 83]).
(i) If g(a) = 0 for some a > 0 and g’ is continuous on [a, b}, then

[[o=e@yds = (52— ) | @@y

for m a positive integer. Moreover, if g = 0 on [a, b], the above in-
equality is strict.

(i) If g=#0, g'™ is continuous on [a, b], and gla)=---=9g"""(a)=0,
then
b —2m 2 2m 2Sb m)\2,
d m)da
Sax (9(=)) x<(1_3. T _1)) (g™yda
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A well known result in oscillation theory is a sufficient condition
for the nonoscillation of L, due to Hille [3]. A generalization of this
result for L,, is given in the next theorem.

THEOREM 1.1. For L,, defined above with px) =1 let Pix) =
(%) and

Pp@) = | Pt
for m an integer greater than or equal to one when
— oo < g Pr=(t)dt < o .

If for k=1,---,m and x=a we have —co <rP,Z"<00 Jor
m=0,1 ---, k—1, «Pf| < a, and Di.aM, <1 where

M, = k! 2%7(2k)!, then L,, is nonoscillatory on [a, b] for all b > a.

Proof. The proof is given only for » > 1. Suppose L., is oscil-
latory on [a, b]. Then, there are numbers ¢ and d and a function y
which is not identically zero such that L,y =0 and y™(c) =0 =
y*®(d) for k =0,1, .-+, m — 1. Since (L,,y)y = 0 then

n d B .
=3 0 waryery = ey = [wer

by integrating by parts = times. By integrating by parts n — k
times we find that

d d
— S (_1)n——k(pky(n—k))(n—k)y — _S pk(y(n—lc))z .
However, by integrating by parts k£ times and using Leibniz’s rule

we obtain

d (n—k)\2 ¢ 3 (n—kN\2Y (k) __ é k bk (n—F)\(k—3) [ 5, (n—k)\ (1)
ooy = =\ Pr@e7® = = e 3 (Do) @)

=0

s St Ly

o g

= a2 e o+ B ()] A e
celu b - O
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< ak[lly‘”’lli(l,g. 2“(2;0 - 1)>

SOzt
= a,C; Si[y(m]z

by Lemma 1.1 and the Cauchy inequality where

2k+1

G = 1-8- . -(2k — 1)

+ S<f>([13 cer (20 — 1)][??3 e 2k —9) - 1)]> '

A simplification shows that

C, = [2%K!/(2k)!] 2 @f) .

Since
o= - =2C0(F) = 2E) - ST
then
2= ga+ = g[HE) + 56T )] =26
Therefore,
C. = [2%7'kl]/(2k)! = M, .
Consequently,

d [
et = = 33 00 e yesy

>

k=1

I3 d % d d
=-2 Scm(y"“’”)2 <2 o&;,MkSc[y””]2 = Sc[y"”]z
which is a contradiction. Therefore, L,, is nonoscillatory on [a, b].

It will be useful in applying Theorem 1.1 to note that M,,, =
8M,/(2k + 1).

For the remainder of this paper we will assume that p,(x) is
identically zero for £ =1 to n — 2 and will denote p.(x), p,_.(x), and
2.(%) by (), q(x), and p(x) respectively. Similarly, Pk(z) and Py_.(x)
will be denoted by P.(x) and Q.(x) respectively.

If p(x) = kx™, r =1, and ¢ = 0, then L,y = 0 is the familiar Euler
equation. In this case, L, is oscillatory if and only if k < —9/16.
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Also, kb < —9/16 and p(x) = kx™* implies 2*Py(z) < —3/32. Theorem 1.1
shows that L,y = y” + py is nonoscillatory when «?| P(x) | < 3/32.

2. The oscillation of L, Using Theorem 0.1, Hinton [4]
showed that L, is oscillatory when S 1/r = o, ¢ £ 0, and S P = —co,
The same technique yields the following results.

THEOREM 2.1. Suppose that r(x) = N, q@) = M and Smp = — oo
Jor x>0, then Ly = (ry")" — (qy’) + »y is oscillatory on (0, ).

THEOREM 2.2. If 0 < 7(z) < M, S”q = — oo, and S“xzx p(@)| < oo
then Ly = (ry")”" — (qy') + py 1s oscillatory on (0, ).

Proof. Let &(x) = x%/2. Define y(x) as follows:

0 x<a

& — a) e <a+1l

x—a—1/2 a+1=Za<b

—~&x —b,) + b, —a bh<x<b==>0+1
y@) ={b —a by<w < b

—&x—b)+ b —a b, <x < b,

&by — b)) — b) + b, —a — &b, — b)) b, x < b

&x — b) b=z <b

0 b=,

It is easy to show that
S (") + py* < 16M + S by
if we require that b, — b, = b — b, < 1. There is a number ¢ such that
14160+ [Tetip i+ | awy + | a=o
for all = = e¢.
Let Yi(x) = S q(®)dt. Since Yi(z) tends to — e as & tends to o

there is a number b, which is the last zero of Y,(x). Hence,

by

| 0w = Y@y - 2 vy v <0

since Y.(b) =0=19'(d), ¥" = —1, ¥ =20, and Y, <0 on (b, bj].
Let Y,(x) = Sb g(t)dt and let b, be the last zero of Y,. Pick b,s0
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that —1/2< Y, (#) =<0 on [b, b] and b, — b; = 15' Since ' =0 on
[b;, b, —1 =9y =0 on [b, b], Y. <0 on [b, =), S:Q(y’)2 < 0 we have
that 1

b

b b
[ awy <[ awy = vwwrs, - 2 vy,
1 3 3
_ _2SZ‘y'(—1) Y, - zS: )Y,
by ’ by ’
< 2§ y'Y, < 2\ Y'Y, <1.
by Jog

Consequently,
b
I(y) = Sar(y”)z + 9’ + py’

by
q+1=0
+1

a

oo a4l
< 16M + S 2’| p| + S q(y')? + S

which completes the proof.
We now know that L, is oscillatory on (0, ) is for r bounded

either rp = —oc and ¢ <0 or wq = —co and p £ 0. These facts
suggest the results of the following theorem.

THEOREM 2.3. If rp - o, rq = — o, and 0 < 1(z) < M then
L, is oscillatory on (0, o).

Proof. Except for some changes in the parameters we may define
y(x) as in the proof of Theorem 2.2. As before,if b, — b, = b; — b, <

b
1 then S ") < 16M.
There is a number ¢ such that

1+ 16M + g“ aw') + S g <0

atl

for all x =¢. Let Y() = rq(t)dt and let b, be the last zero of Y(x).
Integrating by parts we obtain the fact that

b b
S o'y = —28 vy'Y
by b

since Y(b) =0 = y'(b). Since ¥y’ =0, ¥y’ = —1, and Y <0 on [b, b))
then

b

b
_25 ylyl/Y< __ZS ylyHY.
by by

Since y” = 0 on [b,, b;] and [b,, b;], ¥’ <0 on [b; 0], ¥’ =1 on [b, b],
and Y < 0 on [b; b], then
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b by by
___25 nyHY < _25 ylyHY — 25 yIY .
by by by
But, on [b, b], ¥’ < 1. Consequently,
b by by
[ awr<2|'vy=2l'v.
by b3 b3
Since gwp = — oo, there is a number d > b, such that for x = d
by x
g py2+(bl—a)2gbp<0.
e 2
Let W(z) = Sm p and b, = d be the last zero of W. Hence,
d
b b
S Pyt = —25 yy Wt < 0 .
By by
Let N =max{| Y(®)|:x¢c[b, b; + 1]} which we may assume is

greater than or equal to one. Pick b, so that b, — b, = 1/(2N). Con-
sequently,

13
J, awy <1.

Pick b, so that lim,_ ;- y(x) = (b, — b,)*/2 and pick b so that b — b, =
b, — b, We now have that

z b b
q+1+52py2+53(b1—a)2p<0-
+1 a b2

a

1) <16M + | ay + |

THEOREM 2.4. If 0 <r(@) =M, —oo < Swp < oo, rPl = — oo,

r] qla™ < oo, and g(x) — 0 as ©— oo then L, is oscillatory on (0, ).

Proof. Let &) = —(32® — 5a9)/2, a(®) = V' x, and B(x) = #°. Let

0 r<a

& — a) ase<a+1

a@ — a) a+l=sa<h

—B® — b)) + a(b, —a) + B(b, — b)) b =2z <b,
y@) = a(b, — a) + B(b, — by) b, < x < b

—B@ — b;) + y(by) b=z <b,

a(b — x) b, <b

§(b — x) b,<x<b

0 bx.
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Given b, and b, we choose b,, b, and b so that b, — b, = b, — b,, b; —
by="5b,—(a +1), and b = b; + 1. Actually, only b and b, will be
chosen for reasons other than symmetry and the continuity of ¥ and %’'.
First, note that since we are going to pick b, ---, b; so that

y e Dy(b) then

b b b ,

[ =Pyl + | Py = | Py .
Hence,

b
L) < | M@ + a@) + PG -

Calculations show that

SbM(y")z < M[281(5 —9m) 42+ %S”m—sdﬂ = M,
since ' being continuous requires that 0 < b, — b, = b, — b, < 1/4.

Since lim,... q(x) = 0 and ¢ is continuous then ¢ is bounded by
some number, B, on [a, «). Let

1 1 9 2
A:4BS u2+BS (= 2w+ 5u)du+1.
0 0 2
There is a number ¢ so that
a+1
M+ 2+ | @) + Py
+A+B+(@+1) S”+ o q@) | < —S’+ P.(t)dt
and |P(x)| <1 for all x = ¢ since P,— 0 as & — oo,
Let R(x) = YPl(t)dt and b, be the last zero of R(x). Pick b, so

that 1/2V'd, — a) = —2(b, — b,) which insures that 3’ is continuous
at b. We now have that

S:qu(y')z < Sbl @—a)lq| = Sbl oo — )2~ q]

a+1
b oo
<@+1|" a7lgl <@+ 1| ol
ati a+i
and
by bo
| awy = B[4 — by < B

since b, — b, £ 1/4. Also,
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by b by
| Py = 20w — 2] 10 + 1R = —2{ (YR
t ' by ¢, '
=-dro| wrn-['(rol @r)]
by b1 b2
123 ba
<2{"1poI| wr <1
since y'(b;) =0 = R(b), y" <0, y=0, and R <0 on [b, b)]. Pick b,

so that | P(x)| = [6y(b.)(b. — a)]™ and |g(x) | = 4(b, — @ — 1) for =
b,. Consequently,

[ oy = pay =2 =

since [y = y(,), |¥'| <83, and b~ b, =b, — a. Also,
[, oty = B[ st — b + @[ 6 — 97 0@)|
+ BS; [5(b, — %) — 9(b, — 2)%/2J°
<@A-D+H|1a1=4.

In conclusion,

a+1 oo
Lw) = M+ | a@y + @+ D] a7gl+ B+ 4
a a+1
a+1 by
+S Pl(yﬂ)'+S+Pl+1+1go.

The conditions of Theorem 2.4, r|ql/az < = and lim, .. q() = 0,
could be replaced by the conditions, rlql < o and q bounded, to
obtain the same result with a similar proof.

THEOREM 2.5. Suppose 0 < r(x) < M, Swp < o, SOQPl < oo, and

P(x) £ Cx™ for x> 0. If lim, . inf 2*P(z) < —7§1§M then Ly =

(ry”)’ + py 1s oscillatory on (0, ).
Proof. We will use the fact that for ¢ > 0
b
I(y) = S [r(¥") + 2yy'P]

for y given below. Let &(x) = —(82® — 52%)/2, a(x) = V' @, and B(x) =
2. For0<p<1,0<0=1,p0>0,and 0 < v < 1 define y as follows:
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0 x < po
(2 =5) po=m<p
T — Mo
o ——— §x<R
(oter) ?
R — pp
—Bx —(R+0)+pB0)+al——"-) RZ<x<R+o0
sy | B = B+ o)+ ) + of )
R — ppo
o) + a| ————— R+o=s=ax <N
£ + ol =)
—B(x — N) + y(B + o) N=Zxz< N+v
—2v(x — N — 7) + y(R + o) — B(7) N+vy=x<b—v
B — b) b—v=w<b
0 b x.
Calculations show that
1]
Sr(y")Z
ro
< (U100 — P T ML~ 197 + 4o ML — 1) + 8TMOL — )]
Since
.. = 1
1 fa?\ P —-71—M,
imin xL < 732M

there is a 6 > 0 and a sequence {p,> — « for which

. o 1
2 < (7L~
lim kaPkPl < (1M +20).
Pick 2 so close to zero that 7(1/32)M(1 — p)™* = 7(1/32)M + 76/8.
There is a positive integer N so large that po, > a, C(¢® — 1)/0, <
0/8, and
= 1
2 < —(7T— 0
ot P< — (100 + o)

for all k = N. Let p = p,.

Given R, we will pick o so that y'(x) is continuous at x = R. There-
fore,

o=1/(4V'p[1l — p(R — rp)) .

Since ¢ — 0 as R — « and P, is bounded on [a, «~) pick R so large that

pzsjpl < —(7%M+ 139/8) ,
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o < (9/8)/[4Mp*(L — )],
and o| P.| < 6/(80% for all x = K. On [R, R + o],
0 < y(@) = al(z — po)/(olL — £1)
and
0 < ¥'(e) = a'((x — #P)/(ol1 — 11)-1/(eIL — £])
which implies that 0 < 2yy’ < 1/(0[1l — p]) on [R, R + J].
On [#p, o] 0 < 2yy’ < 3/(0[1 — #]). Hence,
2 uwP. < 3001t — | P+ (ol — | P,
) AR PP Y
<3001t — )" ot + (ol — i) P,
+ (0/8)/(0°[L — )™ + 2S;Iyy' 1P

where P7(x) = P,(z) when P,(x) = 0 and zero otherwise.
On [N, 5] 0 £ y(») < y(R + o) and |y’ | < 2v. Since y is linear on
[N + v, b— ~v] we have that

[W(R + o) — 2v9/[b — N — 2v] = 2v
or
b— N=[y(R + o)/ + 7.

Since P(x) — 0 as £ — « we can pick N so large that
| P | = (6/8)/@ly(R + o)0*[1 — ¢])
for all # = N. Pick v so small that 27 [y(B + 0)]™" < 1 and
8MP[L — p] < 9/8.
Pick b so that
lim y(x) = 2.
- (b—7) 7

We now have that

2 1w 121 = & + )] 1

= 2v(b — N)-(9/8)/(y(E + 0)0°[1 — #])

= 2Y([y(R + 0)/@)] + 7)-(6/8)/(y(E + 0)0’[L — ¢])
= (3/8)/(0°[L — £1) + 27°(5/8)/(y(R + 0)0’[1 — p])
< (O/D/(O°[L — 1) .
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Consequently,
b , B
2] P < (0L — (0 — Do~ + | Py + 3918)

<@ - (o2 + o] P).

Hence,
b
1) = | @ + 200'P,
<@L — AT M+ 08 + 38 + 08 + 02 + 0] P) = 0

which completes the proof.
3. The oscillation of L,y = (—1)*(ry™)"™ 4+ py.
THEOREM 3.1. If p(x) £0, 0 < r(x) £ Mx* for a <2n — 1, and

lim sup x%—wr | p(t) ldt > MA2

Tx—00

where
A7 =120 =1 /[(n — 1)] g (—1)k—1(“,§ - i)(zn — k)
then L,y = (—1)"(ry"™)™ + p(x)y 1s oscillatory on (0, ).

Proof. Let &(x) be the polynomial of degree 2n — 1 such that
0) =&"0)=&"1)=0for £=1,2,---, —1 and £1) = 1. Given
a > 0, define y(x) as follows:

0 x < po

(e — pol/lol — M)]) posz<p
y(@) =41 p=x <R

§IvE —s)/[Rv - 1)) Rz <uR

0 VR<Z .

It can be shown that SL(EW’(x))zdx = A2.
0

A result due to Glazman [2, p. 100] considers the case when a <
0. Consequently, we will consider here only the case in which « > 0.
Since

S»Rr(y(m)z < Mpas" (y(n))z + M(”R)aS”R(y(”))z
e e R
= MA/[o"=(1 — p*]
+ MA?’L/[Rzn-I——a(vl—al(Zn——l) — ”—a/(Zn—l))Zn—ll



OSCILLATION AND NONOSCILLATION CRITERIA 233

and p(®) <0, then

L) = | @™ + py

1 { MA: MA o™= Zn—i—-agR
< —
= o \(1 gy (el palEn—i)m— 0 . |p [) .

There is a sequence {0,» — < and a number ¢ > 0 such that
lim pin~1~ag°° Ip|= MA2 + 4.
k—oo O

Choose £ > 0 so small that

MALIA — 7] < MAS + 6/4 .

There is & number K so that po, > a and
o= o] > MAL + 34

for all k= K. Set p = pox. Choose R so large that
o=l > AL+ o2

Choose v > 1 so large that
MA%MOZ%—-1—-&/[R2n—-l——a(v1—~a/(2%-—1) . v——a/(zn-—l))Zn—-ll < 5/4 .

We now have that I,x(y) < 0 which implies that L,, is oscillatory
on (0, «). '

THEOREM 3.2. If there are numbers M and a such that 0 < r(x) <
Mx® and if for some v > 1 and A, as in Theorem 3.1

lim (Kx““z”“ + S”p) = — 00
where K = MA /(v — 1)* " then L,y = (—1)"(ry™) + py is oscillatory
on (0, o).

Proof. For p, o, R, and v below, let y(x) be as in the proof of
Theorem 3.1. Pick ¢ and v so that 0 < ¢# <1 and v > 1. Pick p so
large that ¢0 = a. As in the proof of Theorem 3.1

SDR,’.(y(ﬂ))Z é MA%L( ‘Oa~27n+1 Ra-—Zn—H”a )
re

@ oD

There is a number ¢ such that
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pa—2n+l xa——Zn-}-lva

(1 _ #)27»—-1 + (v — 1)2%—-1

aas )+ | o+ (o <o

for all x =¢. Let T(x) = Szp. Since T(x) — — o as x— oo, there

is a last zero of T(x). Let R be the last zero of T(x). This implies
that

vR vR
S Py’ = ~2§R yy' T(x) <0 .

R

Since
vR 0 R
S py2<§ pyz+§ D
74 7o o
then I(y) <O.
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