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In this paper a class of locally convex algebras of entire
functions is considered: For fixed p > 0, 6 >0, and n a positive
integer, let E[o, o; n] denote the space of all entire functions
f in n variables which satisfy | f(x + 7y)| = Ofexp [A(|| z||? +
Hy O] for some A > 0. Sufficient conditions are given in
order that the local ideal generated by a family in E[p, o; n]
coincides with the closed ideal generated by the family.

For 2 =uo+ty = (v, + 2y, @ + Wy, -+, &, +1y,) € C", write ||z}’ =
NP+ llylP= e (@ + 92). For fiC"— C and A> 0, let ||fll.=
sup {|f(2) |exp [ A(l{z ||” + [[¥]|)]: ze C"}. The space E = E[p, 0; n]
is a locally convex algebra over C, with the natural inductive limit
topology from the Banach spaces {f entire: ||f|l, < =}, 4> 0.

For .7 a family of functions in E, write .#(7), .# (97), and
S0 T), respectively, for the ideal, closed ideal, and local ideal in
E generated by .&. The local ideal .7, (7" ) consists of all He K
such that in a neighborhood of each z,e C*, H has the form H = 3., h;F;
for some I, F,, --., F,e 7 and h, h,, ---, h, analytic in a neighbor-
hood of 2. The ideal .7, (97)is closed in E and contains .77 hence
A IYVe F(9)& A7) The problem to be considered is:
Under what conditions is (9 ) = . 7% (7") in the space E =
Ejp, a; n]?

Problems of this type have been studied in various algebras
by many authors, among them: L. Ehrenpreis {2, 3], L.. Schwartz
[14], H. Cartan [1], L. Hormander [5, 6], B. A. Taylor [15], J. J.
Kelleher and B. A. Taylor [7, 8, 9], J. Metzger [11], I. F. Krasickov
[10], P. K. Ragevskii [13], and K. V. Rajeswara Rao [12].

Let & € E = Elp, 6;n]. It is known (see B. A. Taylor [15])
that for n =l and p=021, 7 (9 )= . %(7 ) in E for any 7.
If p=0and 9 = {F}, but »n is arbitrary, then 7 (F) = .7 (F) =
o (F) (see L. Ehrenpreis [2]). In [11] this author proved that if
n=1and 0=1or 0 =1, then #(F) = . (F) for any FeFE, if
in addition o = o, there exists an Fe E for which #(F) = 7 (F).
Concerning the more general case where » is arbitrary, and 0 and ¢
do not necessarily agree: KEhrenpreis’s Quotient Structure Theorem
(see [3]) implies that if p > 1 and ¢ > 1, and if 9 = {F, F,, -+, F,}
consists of polynomials, then “(97)=..7(9 )= _%(9) in E.
Also, a result of Hormander [5] implies that when 0 =1 and 6 = 1,
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a family 9~ = {F,, F,, ---, F,} in E satisfies (7 ) = E if and only
if there exist ¢ > 0 and A > 0 such that

3 Fi) | z cexp [ Al + ljy )]

for all ze C~.
In this papar the following result is proved:

THEOREM 1. Let n be a positive tnteger, 0 >0, ¢ > 0, and 7 =
max (0, 0) = 1; and let 9 < Elp, 0;n]. If F(T )= S(T) in
Elz, t;n], then (7 ) = A7) wn Elp, o, n].

Since A (F') = 7, (F) in E[r, t; n], a consequence of Theorem
1 is:

COROLLARY. Let n be a positive integer, p >0, o >0, with
max (0, 0) = 1. Then 7~ (F)=_7%[(F) in E = Elp, o6;n] for any
FeE.

This corollary generalizes to several variables the result proved
by this author in [11] for the case of one variable.

Theorem 1 follows immediately from an approximation theorem
which is proved in the next section. In the third section Theorem 1
is applied to several examples.

2. The main theorem. The approximation theorem stated
below, Theorem 2, yields Theorem 1 as an immediate corollary. The
proof of Theorem 2 is based on a technique of L. Hormander given
in [6], which in turn involves the solution of the 6 equation (see [4,
Chapter IV]).

THEOREM 2. Let 021, and H, F,, F,, ---, F,, G, G, -+, G, be:
entire functions in n variables, with H = >, G;F; and

(1) |Gi(z)| = Cexp (A ]|2]]9)

for all zeC", 7 =1,2, --- r, where A, C denote positive constants.
Then there exist positive constants B, K, and M, and entire functions
0 0 <t <1, 5=1,2 --- 7, such that:

HE) = 3, 0:,(IF )|

< K+ |21 H@) | + [ 5 176) lexp (BllwlP) |}

for all zeC", 0 <t <1, and

(2)
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(3) 195:(2) | = L)AL + [[2[])" exp (B[ ¥ ||)

for all zeC", 0 <t <1,5=12 ---, 7, where L(t) > 0 may depend
on t but not on z.

The proof of Theorem 2 is facilitated by the following:

LEMMA. Let n and N be positive integers, with N even. There
exist « > 0 and ¢ > 0 such that: If ze C" with allx|| = ||y, then
Re (") =z ¢ ||z ]|".

Here 2V = 3., (@ + )"
Proof. Write ¢ = N/2; then
q
Re[(mk + iyk)N} = x?cq + Zl amx?c<q~m)y?cm

for all x, + iy, e C, where a, a,, --+, a, are integers depending only
on N. Hence for z¢ C~,

Re(s") = 30" — 31 an | (3 ot wi")
k=1 m=1 k=1
q
2 27 [w [ — 3 ] @ [y P
m=1

The required condition is then satisfied with ¢ = 2 l»—tie=I~a=2 " and
0 < a <1 sufficiently small that 3%, |a, | a®™ < 27l Denl7,

Proof of Theorem 2. Let N be an even integer, N > ¢. By the
lemma there exist a = a(n, N) >0 and & = &(n, N) > 0 such that
alle|l =z ||y|l implies Re (z) Z ¢|[[z][". Set S=({zeC:allz| =yl
and Re(?¥) = 1}. The bounds (1) imply that for some B> 0 and
KL > 07

(4) |Gi(z)| = K.exp(Bllyl)

for all zeC"\S, j=1,2, -+« r.
Let #: R— R be a C= function such that

)y =0 if <0,
=1 if =1,

and 0 Pu) <1if 0<u=<1. For 0 <t<1landzeC" set
,(z) = [P(Re (2"))] exp [—(z")] + [1 — # (Re (2"))] .

Each o, is a C= function on C*; and |w,(2)| <1 for all ze C", while
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|lwf(z)| < exp(—¢||2z]||¥) for all ze S. Together with (1) and (4), this
implies that for some K, > 0,

(5) |0.(2)G(2) | = K, exp (Bl|y]])

for all zeC", 0<t<l1, j=1,2,---,7. Since |1 —¢'| = || if
Re =<0, and since |2¥| < n||z[|", it follows that |1 — w,(2)| <
in||z||¥ for all ze C*, 0 <t < 1. Consequently,

(6) H(z) — JE:ll (0()GHNF(2)| < tn | 2|7 | H(2)|

for all ze C*, 0 <t < 1. Thus the functions w,G; satisfy conditions
of the form (2) and ().

As is done by Hormander, the functions @,G; will now be altered
to obtain the desired analytic functions g;,. First of all, dw, = 0 if
Re (z") < 0, and || 9]e(Re (zY)] || £ K, || 2||"* everywhere on C*; there-
fore, ||0w,(2) || < tnK, ||z || forallze C*, 0 <t < 1. Also, a(a) G ) =
(0w,)G;; and dw, =0 on S. By (4) then, for 0 <t <landj= , Ty

(7) || o(w(2)G () || < tK, || 2| exp (Blly )
for all ze C*, and thus
Scn | 0w ()G (2)) |~ ¥ dMz) < t°K;

where (2) =2B ||y ||° + N + n)log (1 + || 2|*), and X denotes Lebesgue
measure.

By applying Theorem 4.4.2 of Hormander [4], functions v;, of
class C* on C* may be chosen such that av;, = 3(®,G,) and

SC” [v;,(2) P exp [—(2) — 2log (1 + || 2][)]ld\(z) = t°K,
for 0 <t<l, j=1,2 ---,r. Together with (7), this implies (see
Hormander [6, p. 314]) that
(8) [v;,42) | < tK(1 + [[2][)" exp (B ||y ||°)

for all zeC", 0 <t <l,3=1,2 -+, 7, where M= N+ 1 + (1/2)n.

Each of the functions g¢;, = 0,G; — v;, is then entire. Fur-
ther, (8) is satisfied because of (5) and (8). Lastly H— 3., g;.F;=
[H - > (wG)F;] + 35, v;,.F;, and thus (2) follows from (6) and (8).

3. Examples and applications. In this section several examples
are given where . (9" ) = .%,(.2") in spaces of the form E[p, o; n].

ExampLE 1. Let E = E[p, 0; n], with 7 = max (o, 0) = 1, and let
Fe E. The corollary to Theorem 1 implies that .7~ (F) = _Z (F)
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in E. Also, AF)=/ 7 "(F)=_4%,F) in E[z, 7;n]. However, it
need not be the case that #(F) = .7 (F) in E; indeed, if p=~ o0
then (see [11]) there exists an Fe E for which #(F) = .7 (F).

ExAMPLE 2. Let n=1, and E= EJp, o0; 1], with 7 =max (p, 6) = 1.
Let .~ S E and suppose some F,c E has only finitely many zeros.
Then . (9) = %, (7 ) in E. To prove this, write F, = PH where
P is a polynomial and He E has no zeros. There exists a polynomial
Q such that .7 (77) in F is {Ge E: G/Q is analytic}. Set P = PQ,
so that F, = PQHe 9 =.”(7). The factors of P, can bo divided
out (see Taylor [15]) to yield QHe . (Z7) in E. Since 1/He E[z, 7;1],
it follows that Qe .”(.27) in E(z, t;1), which implies that .7 (9") =
e T7) in Elzr, 7;1], Then by Theorem 1, . (9 ) = F (9 ) in
E = EJp, 0; 1].

Note that if 1/He E—e.g.,if p=1, 0 =1, and F} is an exponential
polynomial F(z) = P(z)e**—then Qe . (7" ) in E and thus .~ (9) =
F(T) = A, () trivially. On the other hand, if 1/H¢ E then
#(77) need not coincide with .7 (.77) in E—for instance, if o =1,
g=2,and .9 = {e*, ¢* — 1}.

ExamMPLE 3. Let 1< p <o and E = E[p, 0;1]. Choose 7, p <
v < o;lete, = exp (—(2™)), @, =2™ b, =2"+ ¢, m=1 2 ---; and

let
(1-2)

(-5

for all ze C. Each F; is an entire function of order 0 and thus is
in E. Clearly 7, (F, F,) = E. It is easily argued that for o < o’ <7,
| F,(2™) | = O[exp (—(2™"))] as m — . Consequently 1¢ . 7 (F, F,) in
E. On the other hand, letting v < ¢’ < 0 and using standard estimates
on infinite products yields:

8

F1(z) =

I

8

Fy(z)

[l

I

m

(Fi(2)| = dexp (—|z|") if zeU{z:]zwaml <—;—sm},

|Fi2)| = 6exp(—|z|”) if z@l_mj{z:sz- b, | <%sm},

where 60> 0. Thus |F.(?)| + |Fu?)| = dexp(—|z|”) for all zeC.
It then follows (Hormander [5]) that 1e .7 (F,, F,) in E|o, 0;1]. Hence
SF,F) = 7"(F, F,) = _%(F, F,) in E[o, 0;1], while #(F,, F,) &
FF, F) = A(F, F,) in E = Flp,g;1].
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