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FUNCTIONALS ON CONTINUOUS FUNCTIONS

J. R. BAXTER AND R. V. CHACON

Let € (M) be the space of continuous functions on a com-
pact metric space M. In a previous paper a class of nonlinear
functionals @ on <°([0, 1] X [0, 1]) was constructed, such that
each ¢ satisfied:

(1) limy =~ @(f) =0,

(ii) o(f -+ 9)=0(f) + d(g) whenever fg =0, and

(iii) o(f + o) = @&(f) + d(a) for any constant a.

In this paper we show that the dimensionality of [0, 1] x
[0, 1] is what makes the construction work. More precisely,
we show that if @ is a functional on & (M) satisfying (i), (ii),
and (iii), and if the dimension of 1/ is less than two, then ¢
must be linear.

1. Introduction. Let M be a compact metric space. Let &(M)
be the space of continuous real-valued functions on M. In this paper,
we will prove the following result:

THEOREM 1. Let @: (M)— R (R = the real numbers) be a func-
tional such that:

(1) limy0 () =0, (1 f |l = supcex | f(2)])

(ii) O(f+ g) = O(f) + P(9) whenever fg =0

(iii) o(f + a) = O(f) + () for all fe €M), acR.

Then tf M has dimension no greater than one, @ must be linear.

The additivity properties (ii) and (iii) may also be expressed by
one condition:

(i) O(f + g) = O(f) + 9(g) whenever g is constant on {z | f(x) = 0}.

It is also easy to see that we must have @(a) = a®@(1) for all
ac R.

It has been shown in [2] that there exist nonlinear functionals
@ on Z(|0, 1] x [0, 1]) which are bounded, continuous, monotonic, and
satisfy conditions (ii) and (iii). Thus Theorem 1 does not extend to
spaces of dimension greater than one.

In [1], a proof of Theorem 1 is given for the special case M =
[0, 1]. We will use this case of Theorem 1 to prove the general case.
In §2 it is shown that Theorem 1 is equivalent to the following
result:

THEOREM 2. For each fe & M), let &, ={f(K)|EESR, E
Borel}. Suppose a measure t; on B is given, for each fe & (M),
such that:
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(i) the measures t; are uniformly bounded in total variation,
and

(ii) the measures tt; are consistent, in the semse that if &, = 7,
then tt; = Y, on .

Then if M has dimension no greater than one, a measure !t on
the Borel sets of M can be found, which is the common extension of
all the p,.

Theorem 2 is obvious if M is the unit interval, but not if M is
the unit circle. Theorem 2 will be proved in §38.

2. Construction of a set function. For each fe & (M), let &
be the space of continuous functions g€ & (M) which are measurable
with respect to <. It is easy to see that ge & if and only if
g(x) = g(y) whenever f(x) = f(y), and that this means g is of the form
hof, where h is a continuous function on R.

LeEMMA 1. @ satisfies conditions (i), (ii), and (iii) of Theorem 1 if
and only if:

(i) @ is bounded, that is, there exists k such that |@(f)| < k|| ]l
for all fe &(M),

(ii) @ is linear on each space ;.

Proof. Assume O satisfies (i), (ii) and (iii) of Theorem 1. Fix
fe &(M). Let I be a compact interval containing f(M).

Define @* on & (I) by the equation &*(h) = @(ho f). Clearly 0*
satisfies conditions (i), (ii), and (iii) of Theorem 1. By the special case
of Theorem 1 that is proved in [1], #* must be linear. It follows at
once that @ is linear on &7

Since @ is continuous at 0, there exists # > 0 such that

| fII <r implies |O(f)| < 1.
Then for any fe &(M), f + 0,

ULy rf ] <L )
001 = Llo(LL) | < i1
Thus @ is bounded.

Now assume @ satisfies conditions (i) and (ii) of Lemma 1. Then
condition (i) of Theorem 1 clearly holds.

To prove that condition (ii) of Theorem 1 holds, let us first assume
that f and ¢ are in &(M), with f=0,9 <0, and fg =0.

Then f=(f+9)Vv0 and g =(f+ ¢g) A0, so that f and g are
both in <7,,. Hence @(f + 9) = O(f) + &(9).
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Now assume that f =0, g = 0, and fg = 0. Then by the preceding
argument f and g are both in &5, so again @(f + g) = O(f) + 9(g).

Finally, for arbitrary fand g in &(M) with fg =0, let =7V 0,
fi=fN0,9,=9gV0,9,=9A0. Then

Of+9) =0(f; + o + 9.+ 92)
= &(f, + g.) + O(f, + g.) by the first case,
= O(f) + 9(g,) + O(f,) + &(g.) by the second case,
= O(f, + f,) + @(g9, + g,) by the first case,
= &(f) + @(g9) . Thus condition (ii) of Theorem 1 holds.

Condition (iii) of Theorem 1 clearly holds, so Lemma 1 is proved.
Using Lemma 1 and the Riesz representation theorem it is easy to
see that for each functional @ satisfying conditions (i), (ii), and (iii)
of Theorem 1 we can find a system of measures ¢, satisfying con-

ditions (i) and (ii) of Theorem 2, and such that @(f) = S fdp, for each

fe & M). Conversely, if Y fe €M), is a system of measures
satisfying conditions (i) and (ii) of Theorem 2, then Lemma 1 implies

that the functional @ defined by @(f) = S fdp, must satisfy conditions

(i), (ii), and (iii) of Theorem 1. It follows at once that Theorems 1
and 2 are equivalent.

In what follows we will use both @ and the corresponding system
of measures f;.

LEMMA 2. Let f and g be in & (M). Let K be a closed set in
Fr N Fy. Then pAK) = p(K).

Proof. f(K) is a compact set in R. It is easy to see that one
can find a sequence of continuous functions %, on R such that 0 <
h, =<1, h, =1 on a neighborhood of f(K), h, =1 on the support of
h,y,, and the intersection of the supports of the h, is f(K).

Let f, = h,of. Then clearly 0 <f, <1, f. =1 on a neighborhood
of K, f, =1 on the support of f,,,, and the intersection of the sup-
ports of the f, is K.

Let g, = p,og be a sequence having the same properties as the
fa- Fixf,. Then f, = 1 on a neighborhood, A, of K. Since the inter-
section of the supports of the g, is K, it follows that for sufficiently
large m the support of g, will be contained in A. Hence, by choosing
subsequences and relabelling, we may assume that, in addition to the
properties mentioned above, f, and ¢, are also such that f, =1 on a
neighborhood of the support of ¢, and g, =1 on a neighborhood of
the support of f,.,..

Since the f, are uniformly bounded, and f, — yx pointwise as



358 J. R. BAXTER AND R. V. CHACON

n—> oo, we have O(f,) = S fudtty— t{K) as n— oco. Similarly 0(g,) —
Y (K) asn— . Suppose t(K)> t,(K). Choose ¢ > 0,0 < yo(K) —
2(K). For sufficiently large » we must have &(f,) > &(g,) + 6. By
relabelling we may assume that &(f,) > @(g,) + 6 for all «.

Let u, be a continuous function on M such that 0 £ %, <1,
%, = 0 on the support of g,, and u, =1 on {x]| fu(x) <1}. Let

Uy :fn - %nf'n - gn .

It is easy to check that 0 < », <1, and the support of v, is contained
in

o] fu@) =1} — {z]gu() =1} .

Hence &(—w, + f,) = (—v,) + @(f,), by the additivity property (ii)’
of @. That is, @(w.f, + 9.) = O(—v.) + D(f,). Since u,f, =0 on the
support of g¢,, we have @(u,f, + 9.) = @(u.f.) + @(g) by the additivity
of @ again. Thus @(u.f.) + ¢(9.) = @(—v,) + @¢(f,). Hence O(u,f,) >
P(—v,) + 6, and so 37, O(%,f,) > Siney O(—v,) -+ mo, for all m.

It is easy to check that the supports of the wu,f, are pairwise
disjoint, as are the supports of the v,. Hence

o Sunfs)> 0 (=) + mo,

by additivity, for all m.

The functions >\7., u,f, and >,™,(—w,) are uniformly bounded
in m. Hence the last inequality contradicts the boundedness of @.
Hence our original supposition, #,(K) > t,(K), was false. This proves
Lemma 2.

Since M is a metric space, it is easy to see that every closed set
E and every open set E occurs in some <Z;.

DEFINITION 1. Let us write ¢ E) = ¢#(E) for E closed or E open,
since the number has been shown to be independent of f.

LEMMA 3. The set function tt is bounded and additive wherever
defined.

Proof. p is bounded because the total variation of the z,’s is
uniformly bounded.

Let E, and E, be sets, with E, N E, = 4, such that p(E)), /(E)),
and #(E, U E,) are defined. We may have E, E, open, E, E, closed,
E, open, F, closed, and E, U E, open, or E, open, E, closed, and E, U E,
closed. In each of the four possible cases it is easy to find a function
fe & (M) such that K, and E, are in <&;. This proves Lemma 3.
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LEMMA 4. Let G, be a monotone increasing sequence of open sets,
with union G. Let F, be a sequence of closed sets such that G, = F, =G
for all m. Then MG,) — MG) and K(F,) — (G) as n~— co.

Proof. Suppose ¢(G,) 4 t(G) or #(F,) 4 (G). Then there exists
a 6 >0 and a subsequence n; such that

| MGny) — (@) | + | (Fn) — t(G) ] > 6

for all j. Since the F, are compact we can choose n; so that
F, &G, . Itisthenastraightforward matter to construct fe = (M)
such that G,Lj, E, e &% for all j. This contradiction proves the lemma.

3. Proof of the theorems. In this section we will prove:

THEOREM 3. Let /¢t be a real-valued set function defined for closed
subsets and for open subsets of M, such that:

(i) p is bounded and additive wherever defined, and

(ii) f has the continuity property described in Lemma 4.

Then +f M has dimension no greater than onre, [t can be extended
to a measure on the Borel sets of M.

We can apply Theorem 3 to the set function /¢ constructed in the
previous section. The Borel measure 72 which is an extension of x
agrees with each measure Y, on all closed sets in <%. Since each p;
is obviously regular, /# must be an extension of (¢, Thus Theorem 2
is proved, and hence Theorem 1 also.

From now on let # be any set function satisfying conditions (i)
and (ii) of Theorem 3.

LEMMA 5. Let F, be a monotone decreasing sequence of closed sets,
having intersection F. Let G, be a sequence of open sets such that
F,.2G,2F for all n. Then pF,)— ptF) and (G, — 1(F) as

" —> co,

Proof. Follows from condition (ii) by taking complements and
using the additivity property.

DerFINITION 2. For any set E & M, define
v(E) =sup {(F)|F S E, F closed} .

Since /¢ is bounded, so is v. Clearly v is monotone.

LEMMA 6. Let E, and E, be disjoint subsets of M. Then v(E, U
E) = v(l) + v(E,). If E, and E, are either both open or both closed,
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then v(E, U E,) = v(E) + v(E,).
Proof. Follows from the additivity of s.
LEMMA 7. Let G be open. Then
v(G) =sup {#(H) | H<S G, H open} .
Proof. Follows from the continuity of .

We pause now for a general topological lemma.

LEmMmA 8. Let X be a locally compact separable metric space of
dimension 0. Then X is a countable union of monotone increasing
sels that are both compact and open.

Proof. From the definition of dimension 0, each point 2 has
arbitrarily small neighborhoods G, which are both closed and open.

By choosing G, small enough, it can therefore be made both com-
pact and open.

Since X = U,.x G, and X has a countable base, we can find
&y, @y, -+ such that X = U.. G,,. Let K, = U} G.;. Then each K,
is both compact and open, and K, ] X.

Now we return to M, %, and v.

LEMMA 9. Let G beopen. Let E be open, E = G, such that 0E N G
has dimension 0. Then G) £ v(E) + VG — E).

Proof. Let D =0ENG. Let H=G — E. Then the sets E, D,
and H are mutually disjoint, and G = KU DU H.

Since D is a closed subset of the locally compact separable metric
space G, D is a locally compact separable metric space also.

By Lemma 8, we can find sets K, which are both compact and
open in D, such that K, 1 D.

Let K, = A, N D, where A, is open. Since K, is compact we may
choose A, such that A, £ G. By taking unions if necessary we may
choose the 4, to be increasing.

Let E, and H, be open sets such that E, & E, H, < H for all n,
E,1Eand H,1 H LetG,=E,UA,UH, ThenG,isopen G,<=G,
and G, 1 G. Then y(G,) — i(G) as n — o, by continuity.

But for all #,G, = (G. N E)U(G.ND)U (G, N H)
=(G.NE)UK,U(G.NH).
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Thus #(G.) = (G, N E) + (K,) + (G. N H), by additivity,
=v(G. N E) + v(K,) + vG, N H)
< u(E) + (D) + v(H) < »(E) + vG — E) .

This proves Lemma 9.

LEMMA 10. Let G be an open set. Let E be open, E = G, such
that 0EN G has dimension 0. Then v(G) = v(E) + (G — E).

Proof. Let ¢ > 0 be given. Choose H open, H < G, such that
M(H) = v(G) — e. This is possible by Lemma 7.

Then (ENH)NH=0ENHZO0ENG. Hence (ENH)NH
has dimension 0. By Lemma 7, #(H) S v EN H)+vH—-ENH) =
v(F) + v(G — E). Hence v(G) £ v(F) + v(G — E).

The reverse inequality holds by Lemma 6, so Lemma 10 is proved.

From now on in this section, let M have dimension at most one.

LEMMA 11. Let G, and G, be open, with union G. Then v(G) =
@G + UG»).

Proof. G, — G, and G, — G, are disjoint and relatively closed in
G. G is a separable metric space of dimension no larger than 1.
Hence by Theorem 1 in [3], section 27II, page 290, we can find an
open set B < G such that E2 G, — G, EN (G, — G) = @, and 6EN G
has dimension 0.

By Lemma 10,

V(@) = v(E) + v(G —- E) £vG,) + v(G,) .

LEMMA 12. Let G, be a sequence of open sets. Let G = (U=, G.,.
Then v(G) = 3= v(G,).

Proof. Let ¢ >0 be given. Choose F' closed, FF < G such that
H(F) Z ¥(G) — ¢

Then there exists n such that F < |Ji, G;. Hence 32, v (G;) =
SavGy) = v(Uj-. Gy, by Lemma 11, = #(F') by definition.

This proves Lemma 12.

DeFINITION 3. For any set E < M, define v*(&) = inf {v(G) |E &
G, G open}. Clearly v*(E) = v(E) when E is open.

LEMMA 13. v* is an outer measure.

Proof. Follows from Lemma 12.
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LEMMA 14. Every open set is measurable with respect to v*, in
the sense of Caratheodory.

Proof. Let G be open. Let E be any set. We know
YYE) S v(ENG) + vE -G,
since v* is an outer measure. We must show that
YNE) Zv'(ENG) +v(E-G).

Choose any open set H such that E< H. Let ¢ > 0 be given.
Choose F' closed, F'< G N H, such that v(F) = v(GN H) —¢e. Then
v(H)Zv(F) + v(H— F), by Lemma 6, =GN H)—¢+v(H—-F)=
V(ENG) — e+ v*(E — G) by definition,

Hence v(H) =2 v*(ENG) + v*(E — G). By definition, then, v*(E) =
v(E N G) + v*(E — G), and Lemma 14 is proved.

Because of Lemma 14 we know that v* defines a measure on a
o-algebra of sets that includes the Borel sets of M.

Proof of Theorem 3. First suppose that # is nonnegative. Let
G be open. By Lemma 7, #(G) < v(G). On the other hand, for any
closed subset F' of G, ((F') < (F) + (G — F) = 1(G). Thus p(G) =
Y(G). v* is a measure on the Borel sets of M which agrees with z
on open sets and hence on all sets in the domain of p.

Now let ¢ be arbitrary. Consider the set function w = v* — p,
defined for closed subsets of M and for open subsets of M. o is
nonnegative by Lemma 7. By what has already been proved, @ can
be extended to a Borel measure. But then g =yv* — © can be
extended also, so the theorem is proved.
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