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Let X be a complex linear space endowed with a semi-
inner product [-, -]. An operator 4 on X will be called
Hermitian if [Az, 2] is real for all ze€ X; A is said to be
adjoint abelian if [Ax, y] =[x, Ay] for all x and y€ X. Since
every Banach space may be given a semi-inner product (not
necessarily unique) which is compatible with the norm, it is
possible to study such operators on general Banach spaces.
This paper characterizes Hermitian and adjoint abelian opera-
tors on certain Banach spaces which decompose as a direct
sum of Hilbert spaces. In particular, the Hermitian operators
are shown to have operator matrix representations which are
diagonal, with the operators on the diagonal being Hermitian
operators on the appropriate Hilbert space. The class of spaces
studied includes those Banach spaces with hyperorthogonal
Schauder bases.

The notion of semi-inner product is due to Lumer [4] who also
introduced the concept of numerical range of an operator on a Banach
space in terms of a semi-inner product. This led to the definition of
Hermitian operator given above as an operator with real numerical
range. Another approach to the idea of numerical range appeared
about the same time in the work of Bauer [1]. A good account of
developments in the theory of Banach space numerical ranges is given
in [3].

In connection with this work on isometries of reflexive Orlicz
spaces, Lumer [5] has shown that the Hermitian operators on a
reflexive Orlicz space over a nonatomic measure space are essentially
multiplications by real L=-functions. Tam [10] obtained this same
result for Hermitian operators on discrete, symmetric Banach function
spaces with absolutely continuous norm.

A recent paper of Schneider and Turner [7], making use of
Bauer’s approach to numerical ranges, characterizes Hermitian matrices
(on finite dimensional spaces with absolute norm) in terms of a certain
equivalence relation on the coordinates. The results of that paper
have motivated the present work. The property of a norm being
absolute can be expressed as a property of the basis; indeed to say
that a norm is absolute in the sense used in [7] is to say that the
natural unit vector basis is hyperorthogonal. By utilizing the notion
of hyperorthogonal Schauder basis we are able to extend the results
of [7] on Hermitian operators to Banach spaces with this type of basis.
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Our methods are slightly different in that we make use of an explicit
representation of the semi-inner product. Our results also extend
Tam’s theorem [10, Theorem 2] by removing the symmetry condition.

In §2 we consider a class of Banach spaces which have what we
call Hilbert-decompositions and which have semi-inner products with
certain nice properties. We then characterize Hermitian operators
on these spaces [Theorem 2.6] and obtain some corollaries concerning
normal operators and products of Hermitian operators. In §4 we
show that the class includes Banach spaces with hyperothogonal
Schauder bases, thus obtaining the results mentioned in the preceding
paragraph.

Stampfli [9] introduced the concept of adjoint abelian operator
on a Banach space. Our definition depends on the particular choice
of semi-inner product and therefore agrees with Stampfli’s definition
on smooth Banach spaces. In §3, we characterize these operators
on Banach spaces which are [,-sums of Hilbert spaces 1 < p < oo,
(p # 2). The class of adjoint abelian operators is generally distinct
from the class of Hermitian operators, although in some cases it may
be a proper subclass. We do show that if a Banach space X is
isomorphic to Hilbert space then the classes of adjoint abelian and
Hermitian operators coincide if and only if X is isometrically iso-
morphic to Hilbert space. In particular, the two classes are always
distinct on finite dimensional non-Euclidean spaces.

2. Hermitian operators.

DEFINITION 2.1. A semi-inmer product (s.i.p.) on a linear space
X is a mapping [-, -] from X x X into the scalar field which satisfies

2.1.1) [x + vy, 2] = [, 2] + [y, 2] for all x,y,2zec X,
(2.1.2) [Nz, ¥] = Az, y] for \ a scalar,
(2.1.3) [, ] > 0 for £ 0.

(2.1.4) e, vl =< [, #][y, y] for all o, ye X .

Lumer has shown that if (X, v) is a Banach space and ¢ is a duality
map from X into X* with dual norm v* such that v*(¢z) = v(z),
sx(w) = [¥(@)]} then [z, y] = sy(x) defines a s.i.p. on X which is com-
patible with the norm; i.e., v(x) = [«, #]"% Such duality maps always
exist but are generally not unique unless the space is smooth [4]. In
addition one can assume that grxz = Xgx for each x.

DErFINITION 2.2. Let (X, [, -]) be a complex semi-inner product
space. If A is an operator on X then the numerical range W(A4) of
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A is defined by W(A) = {[Ax, «]: [», x] = 1}.

If X is an inner product space then it is well known that A is
self adjoint or Hermitian if and only if W(A) is real. Lumer [4] has
shown that if X is a Banach space and A is an operator on X then
the numerical ranges of A relative to s.i.p.’s which are compatible
with the norm must have the same convex hull. Thus if W(A4) is
real for a given s.i.p. which is compatible with the norm, then W(4)
is real for every such s.i.p. This makes the next definition possible.

DEFINITION 2.3. An operator A on a Banach space X is said to
be Hermitian if [Ax, x] is real for every x, where [-, -] is a s.i.p.
compatible with the norm.

Our purpose in this section is to characterize Hermitian operators
on Banach spaces which are direct sums of Hilbert spaces and which
possess s.i.p.’s which can be represented in a natural way.

DEFINITION 2.4. A Banach sequence space (F, () has an absolute
norm if given {x,} € K and {y,} with |y,| = |«;| for each 7 then {y}e &
and 2({y;})) = #({*}). A Banach space (X, v) is said to have an
H-decomposition if there exists a sequence of subspaces {X,}, each a
Hilbert space, and a Banach sequence space (E, ) with absolute norm
such that (i) the X,’s form a decomposition of X, i.e., every x € X can be
represented uniquely as x= >, x, € X, (ii) if v =3 x;, then {||z;|}c E
and v(z) = £({|| z;]l}) and (iii) #({u,}) = 1 for any sequence of the form
u, =1 for k = ¢ and u, = 0 for k # 4.

REMARKS. If a Banach sequence space (F, ££) has an absolute
norm, then if {x}, {y}e F and |y.,| < |x,| it follows that p({y}) <
t({z}). An example of a Banach space with an H-decomposition is an
l(o>p=1) sum of a sequence {X;} of Hilbert spaces. Other
examples will be given in §4.

DeFINITION 2.5. Let (X, v) be a Banach space possessing an
H-decomposition ({X3}, (E, #)). A semi-inner product [-, -] on X will
be called “sufficiently [, -like” if there exists a sequence of nonnegative
functions {a;} defined on X with the properties: For =32, v =, 9.

(2.5.1) au(z) = ay(y) for each k if ||z, || = ||v. || for every 4,
(2.5.2) a.,(Mz) = ax) for every nonzero scalar X\,

(2.56.3) for every pair k # j there exist z, € X, z;€ X, such that for
T =, + x5 a(x) = ax) = 0,

(2.5.4) for every pair k == j there exists xe X with z,+ 0, z,+ 0
such that a,(x) = a;(),
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(2.5.5) [&, y] = 3 <w;, yoa(y) where (-, -> denotes the s.i.p. on X,.

ReEmMArRk. If X is an [,-sum of Hilbert spaces {X.} where 1 <
P < oo(p %= 2), then an example of a semi-inner product which is
sufficiently [,-like in the sense of 2.5 is given by: [#, y] = >, <{®:, ¥.ya.(¥),
where

aw) = (LA™ for uii+0.

In fact in this case the s.i.p. is unique.

If (X, v) is a Banach space which has an H-decomposition ({z.},
(E, 1)) then every operator on X can be represented by an operator
matrix. For each positive integer k& define the projection operator
P, by Py = x;,. Then for each pair of positive integers 4, j define the
operator A;; from X; to X, by A,; = P;A; where A; is the restriction
of A to X;. Now A can be represented by the operator matrix

Au sz"'
(Aw') = | Ay Ap -

whose action on a vector x = 3; %, is interpreted in the obvious way.
In the remainder of the paper, we will say a Banach space belongs
to the class & if it has an H-decomposition and possesses a suf-
ficiently 7,-like semi-inner product.

THEOREM 2.6. Let (X, v) be a Banach space which possesses an
H-decomposition and suppose (X, v) possesses a sufficiently [,-like
s.7.p. Amn operator A on X with operator matrix (4;;) s Hermitian
iof and only if (4:;) is Hermitian for each © and A; =0 for i+ j.
Furthermore, v(A) = Sup; || A.;|| where v, denotes the operator norm.

Proof. Let {X;} denote the family of Hilbert spaces which decom-
pose X and let (-, -3, || - || denote the inner product and the associated
norm respectively on X,.

First suppose A satisfies the condition given in the statement of
the theorem. If x= 3, 2,€ X then [Ax, x] = 3 (4., ) a:(x) where
the a,’s satisfy the conditions given in 2.5. Since A4,, is Hermitian
for each & and the a,’s are real, [Ax, «] is real. Thus A is Hermitian.

Suppose now that A is Hermitian. Let ¢ be given and x; an
arbitrary nonzero element of X;. Then

[Az,, z;] = (4w, ziya(x) = (Aux, )

must be real. It follows that A, is Hermitian as an operator on X,.
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Now let k, 7 be given with ks 7 and x,, ; be arbitrary elements
of X, and X; respectively. Let # = 2, + «;. Then

[Az, €] = {Au, (@) + (A, Tay(®)
+ CAu, pa(®) + (Aj%;, vai ) .
The first and last terms have already been shown to be real. Since
[Az, ] is real we have for all choices of x,€ X, and z;¢€ X,
(2.6.1) <Aix;, voau®) + {A;x, 2a;(x) is real. We proceed to show
that 4,;, =0 and A,;, = 0. From (2.6.1) we get
CAwixs, wpan(x) + {Auv, 0 ()
= (Api%s, Ba®) + (Auxy, T)ai(®) .

If we let & = iz, + x;, then a,(2') = a,(x) and a;(z’) = a;(z) by (2.5.1).
The substitution of %’ into (2.6.2) yields

(2.6.2)

— 1AL, Tryay(®) + 1<A T, Tia(x)
= 1AL, Tppa(®) — T1CART, Tpaw) .

Dividing through (2.6.3) by 7 and adding to (2.6.2) leads to

(2.6.3)

(2.6.4) <Az, zai®) = (Arx;, 2pa(x) which holds for all choices
of ,€ X, and z;¢€ X;.

It follows from (2.5.3) that there exists «, € X, and ze X; such
that au(¢’) = ai(2’) # 0 for © = x;, + 2}. If =, x; are arbitrary non-
zero elements of X, and X; respectively and z = ||z} || (/]| %)) +
[|2;]] (/| z;]]) it follows from (2.5.1) that a.(x) = a,(x) = 0 and from
(2.6.4) we have

(2.6.5) CAwiws, By = (A, 5 -
Combining (2.6.5) and (2.6.1) we see that

(2.6.6) <A.x;, xa(x) + <A x.a;(x) is real for all choices of #, € X,
and 2;¢€ X;.

It is clear that (2.6.6) will be contradicted if there exists € X,
z;€ X; with {4,;x;, x,) = 0 and a,(x) # a;(x) where x = x, + ;.

Suppose then that a,(xz) = a;(x) for every x = x, + x; such that
(A2, 2y = 0. If A,; # 0, then there exists x,¢ X, and «;€ X; such
that {A,x;, 2,) = 0. If y = y, + y; is given, then {(A,;z;, 2,y # 0 where
zi = |lyill @i/l i D), 2e = llwell @i/l 2, |)). By (2.5.1) and our assump-
tion, ax(y) = ai(y).

Hence, in order that (2.6.6) fail to be contradicted if A,; = 0, we
must have a,(z) = a;(x) for all x =z, + 2.

More generally, from (2.6.5) we have
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[Az, 97] = 1§§<q[<quxq; xp>a’p(x) + <quxq, xp>aq(x)]

is real for all z = > #,€e X. For a given j, we may group the terms
involving j and replace x by «' =@, + 2, + -+ + e“x; + --- to obtain

(2 6 7) ew( 1§ZP<J_<AMWJ'7 wp>ap(x) + g.<Aa'qxq; wj>aq(x))
- + e 3 (i, Tya,@) + 3, (A, w:3ai(z)) + Y

is real for all choices of 6, 0 < 6 < 27w where v is independent of 4.
From the lemma of Tam [9, p. 236], and after some straightforward
computation, we may conclude that

Z .<Am'xjy wp)(ap(m) - aj(x)) + Zx <Aiqxqr xi)
(2_6.8) 1=p<j a>3
X (@q() — as(®)) =0

for any « with z;5 0. By (2.5.1) we may replace each term in (2.6.8)
by its absolute value, and can therefore conclude that (A;x;, xya.(x) =
(A.;%;, x)a(x) for any choice of z. If {A4,x;, x,) # 0 we conclude
that a.(x) = a;(x). It follows that a.(x) = a;(x) for all x if A,; = 0.
But from (2.5.4) we know that a,(x) # a;(x) for some z and conse-
quently A,; = 0. It now follows from (2.6.5) that A4, is also zero.

To complete the proof, we must show that v,(4) = sup, || 4. ||
Let M = sup; || 4;;||. Then for any z,

v(Ax) = p({l| A 1) = (Il A ]l - N2 |1}) = Mee({l] ([} = My(e)

Hence y,(4) < M. Since it is obvious that y,(4) = M, we obtain
equality and the proof is complete.

In each of the following corollaries, X will denote a Banach space
which satisfies the hypothesis of Theorem 2.6.

COROLLARY 2.7. Let A, B be Hermitian operators on X. Then
AB is Hermitian if and only if AB = BA.

Proof. This follows from the characterization of A and B as
having diagonal operator matrix representations and from the corre-
sponding result for Hilbert spaces.

The conclusion of Corollary 2.7 does not hold in general [2,
p. 106].

COROLLARY 2.8. If A is a Hermitian operator on X, them A"
18 Hermitian for every positive integer n.

Again this result does not hold for general Banach spaces [4,
p. 84].
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Following Lumer [5, p. 79], we say an operator T on a Banach
space X is normal if T = A + 7B where A and B are Hermitian and
AB = BA. The next corollary characterizes normal operators in our
particular class of spaces.

COROLLARY 2.9. Let T be an operator on X. Then T is normal
if and only if T is represented by an operator matriz T = (T);) such
that Ti; = 0 for k + j, and for each k. T, is normal on an operator
on the Hilbert space X,. '

Proof. It is well known that an operator K on a Hilbert space
is normal if and only if K = R + ¢J where R, J are Hermitian and
RJ = JR. The desired result follows readily from the characterization
of Hermitian operators on X.

An operator S on a Banach space (X, v) is called a scalar operator

if there exists a spectral measure E(-) such that S = S 2d E().

COROLLARY 2.10. If X s reflexive them every mormal operator
18 a scalar operator.

Proof. This follows from a theorem of Berkson [6, p. 79] and
Corollaries 2.7 and 2.9.

3. Adjoint abelian operators. Stampfli [9] defines an operator
on a Banach space to be adjoint abelian if there is a s.i.p. compatible
with the norm such that [Ax, y] = [#, Ay] for every z, y in the space.

DerFINITION 3.1. An operator A on a s.i.p.s (X, [, -]) is said to
be adjoint abelian if and only if [Ax, y] = [x, Ay] for all &, ye X.

The above definition differs from that of Stampfli in that it is
defined relative to a given s.i.p. The following example shows, in
contrast to the situation for Hermitian operators, that an operator
may be adjoint abelian with respect to one s.i.p. but not with respect
to another, even though both are compatible with the norm. This
ambiguity does not occur in the case of a smooth Banach space which
has a unique s.i.p. compatible with the given norm.

ExampPLE 38.1.1. Let X be a two dimensional complex space with
the [” norm. Let )\ be chosen with 0 <X <1. Let ¢, denote the
map defined on X into X* by

(7, 0) if [y1|> [
$:(y) =10, %) if [w. ] <|wl
7y, @ —N7) if [y ] = v -



74 RICHARD J. FLEMING AND JAMES E. JAMISON

It is easy to verify that [[¢:(y)[l, = ||l and ¢y(y) = ||¥]||~. Hence
we may define, for each ), a s.i.p. on X by [x, y]. = sw(x) such that

[%, y]. is compatible with ||-||l.. Let A = [g (1) . It is clear that

[Az, y]; = [%, Ay], for all choices of z, v if and only if A = 1/2. Hence
A is adjoint abelian relative to [-, -], for A = 1/2 but not adjoint
abelian relative to [-, -], for »n= 1/2.

We now wish to characterize adjoint abelian operators in a
manner similar to that for Hermitian operators. We shall assume
here that the Banach space is an [,-sum of separable Hilbert spaces,
where 1 < p < o, p = 2 and the Hilbert spaces may be of varying
dimension finite or infinite.

In this case, the semi-inner product is given by

— A |y >~
(8.1.2) [z, y] = 3. <@, ¥ TG

where ¢ = >, 2, ¥ = >,%; and v is the norm on X.

THEOREM 3.2. Let X be an l,-sum of Hilbert spaces X, where
1< p<oo,p+#2, with norm v and semi-inner product given by
(3.1.2). Amn operator A = 0 on X with operator matrix representation
(4,;) is adjoint abelian if and only if the following conditions are
satisfied:

3.2.1) A,; =0 if X, and X; have different dimension.
(8.2.2) For each k, there exists one and only one j such that A,; = 0.
(3.2.3) If Ak]‘ * 0, then Akj = A;kk.

(8.2.4) There is a constant A > 0 such that if A,; # 0, then A,; = AB,;
where B,; 1s an isometry.'

Proof. We first prove that the conditions (3.2.1), (3.2.2), (3.2.3),
and (3.2.4) are sufficient for A to be adjoint abelian. Let z = Jx,e X
and y = >, ¥.€ X be given. Since there is exactly one nonzero operator
per row and column (in the operator matrix) we obtain

_ Nyell?
2.5 A = Ay, Y+ —
(3.2.5) (45, 9] = 3 CAugrs, -l

where j is the unique index corresponding to k& guaranteed by (3.2.2).
On the other hand,

! We are indebted to the referee for pointing out that Theorem 3.2 has been
proved for the case X =17, 1 < p < oo, p#2, by Twum Owusu Ansah in his doctoral
dissertation, Hermitian operators of meromorphic type on Banach spaces, University
of Toronto, June, 1972.
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e ky 41k5Y 3§ i
( ) [CU, y] zkl <x Y > [ ( l )]p 2

Since A;, = A}; we have (A.;x;, vy = <&;, A;yy for each pair %, j.

Furthermore,
[y - [

It follows that the sum (3.2.6) is a rearrangement of the sum (3.2.5)
and since each is absolutely convergent, we must have [Ax, y] = [z, Ay].

Next suppose that A is adjoint abelian on X. Let %, 7 be given
positive integers and wx,€ X, y;€ X;. Since A is adjoint abelian we
must have [4dz,, y;] = [x,, Ay;] and [4y;, z.] = [v;, Az,]. From these
equalities we obtain

L NP

(3.2.7) CAsen, Yy = @4, Arsts) DAy I and
N — A | Az |7

(328) <Ak:y1; a’k> <ya> Aakxk> [”(Axk)]p—z °

If we take complex conjugates in (8.2.8) and substitute into
(8.2.7) we obtain

(3.2.9)  {Aum, ¥i» = {Aul, y]>[”:(1;{?y/])” :Ip—z[l[;zlzc;ck)”:r—z .

Suppose there exists z,<€ X, and positive integer n such that
(3.2.10) Ankwk # 0 and A,-,,xk #0.

If there exists y;e X; such that {4z, y;> # 0 it follows from
(3.2.9) and the fact that p = 2, that || A,;;]] = ¥(4y;) and || 42| =
v(Ax;). Since v(Ax) = G |l Amix||?)?, we must have A,,x, =0 for
all m == j which contradicts (3.2.10). Hence <{A;x;, y;» =0 for all
y;€ X; which implies that A;x, =0, again contradicting (3.2.10).
Therefore, if x,€ X,, and # is given we must have

8.2.11) Az, =0 or Ajx, =0. Thusif Aj == 0, there exists ¢ X,
such that A;x,-= 0. By (8.2.11) A,x, =0. If A, =0, then by
(3.2.11) there exists y,€ X, such that A;,y,=0. If welet z,=u, +
Ui then A2, = Ay + Ante = Auyi = 0 and Az, = Ajw, + Aje =
A;x. % 0. Hence we have 4,,2, = 0 which contradicts (3.2.11). We
conclude that

8.2.12) if A;, =+ 0, then A,, =0 for all n == j.

A similar argument would show that if 4,; 0, then 4,, =0 for
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all n = 7.
This information, together with (3.2.7) implies that if A4;, = 0,
then

(3.2.13)  {Aj@, ¥ip = <&, Ay for all o, e X, y;€ X;.

Next we show that there exists A > 0 such that
(3.2.14) v(Ay)=w(y) for all ye X. To see this,let a=> 2, y=,v:
be elements of x, then

0200 0= 1o - 3 o (7 )

where we have used (3.2.13) and the fact that the sums can be
rearranged. By choosing appropriate «;’s, we can show that for each £,

Uwell?  1AsslP™ _ o when A4,, %0
Il Ay 0 when A,; # 0

Hence for any & such that y, + 0 we have
(8.2.16) v(dy) _ [Auwull .
v(v) (19l

From this we may conclude that v(Ay)/v(y) is constant. To see this
let y, z be nonzero elements of X. Then there exist integers k, »
such that y, and z, are not zero. Let

_ YAy _ Al g o - 242 _ [ Awsll

v(y) | vl () 1A
If k+n, let w=1y, + 2,. By (38.2.16), we conclude that
VAw) _ [ Asyell _ [ Anazall
v(w) 1AL IEA

and hence » = 0. A similar argument for the case k£ = n also gives
= 0. Therefore, v(Ay)/v(y) = constant for all y=0. In fact,
v(Ay)/v(y) = v,(A) whenever y %= 0 and this proves (3.2.14).
Again from (3.2.16) we have

3.2.17) | Ayl = M| well for all y,e X,. It is clear from (3.2.14)
that every row and column in (4,;) must have at least one nonzero
entry. This fact together with (3.2.12) establishes (3.2.2).

Suppose now that X, and X, have different dimensions and
without loss of generality, suppose dim (X,) < dim (X;). Then A,;
cannot be one-to-one as a map from X; to X,, which contradicts the
fact that {|| A.z;]) = N]|2;]] if A,; + 0. We conclude that A4,; =0
which establishes (3.2.1).
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If A4,;#0, then X, and X; are essentially the same space and
(3.2.3) follows from (3.2.13).
Finally, if A,; + 0, then (3.2.17) implies that A 7'4,; is an isometry.

REMARK 3.3. The conclusion of Theorem 3.2 holds for operators
on a Banach space X as described in §2 with some additional assump-
tions on the a,’s which occur in the representation of the s.i.p. as
given in 2.5. Those conditions are:

(i) au@)aix) =1 if and only if a,(x) = a;x) = 1.

(ii) ax(x) =1 if and only if aix) =0 for j # k.

(iil) ax(®) = ai(y) implies [|x,||/v(x) = [l y;||/v(v).

REMARK 3.4. Let X be an [, sum of a sequence of Hilbert
spaces {X;} where 1 < p < o and p = 2 and let H be the I, sum of
these spaces. If A is an operator which is adjoint abelian on X and
if A is defined on H then A is Hermitian on H.

REMARK 3.5. If no two X,’s have the same dimension, then an
adjoint abelian operator on X has a diagonal matrix representation
and therefore is Hermitian by Theorem 2.6.

If, for example, X is the [, sum of a one dimensional and a two
dimensional space, then every adjoint abelian operator is Hermitian,
but not conversely.

1 00 1 0 0
Thus{0 O ’L) is adjoint abelian on that space while <0 0 i/2>
0 —20 0 —¢2 0
is Hermitian but not adjoint abelian.
If instead we take X = X, + X, as the [, sum of two 2-dimen-

0 0 -7 0
sional Hilbert spaces where p = 2, then 2 8 8 8 is an adjoint
0 —2 0 0

abelian operator which is not Hermitian. (Here we are considering
the matrices as representing an operator relative to the natural
coordinate basis vectors.)

It is of some interest perphaps to consider spaces on which the
classes of Hermitian and adjoint abelian operators coincide. This
happens, of course, on Hilbert spaces. The next theorem shows that
this cannot happen on non-Hilbert spaces which are isomorphic to
Hilbert spaces. In particular, the two classes are always distinct on
finite dimensional spaces.

Let (X, [+, -]) be a semi-inner product space. The algebra of
bounded operators on X will be denoted by B(X). H(X) and A(X)
will denote the Hermitian and adjoint abelian operators respectively.
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THEOREM 3.6. Let (X, v) be a Banach space which s isomorphic
to Hilbert space. If thereis a s.i.p. [+, -] on X, compatible with v,
Jor which A(X) = H(X) then (X, v) 1is isometric with Hilbert space.

Proof. Suppose [-, -] is a s.i.p. on X compatible with v for
which A(X) = H(X). Let Te H(X). Then Te A(X) and by Lemma 2
of [8] T%e H(X). By Theorem 3 page 59 of [3], J = H(X) + 1H(X)
is a Banach* algebra and furthermore it follows from Theorem 5
page 78 of [3] that J is a B* algebra.

Since X is isomorphic to Hilbert space, there is an inner product
{+, +> defined on X which induces an equivalent norm. Define
S = {Te B(X):{Tx, yp = {x, Ty) for every =, y}. Let C =S + iS.
Then C is a B* algebra with respect to the involution defined by
{Tz, y> = <{x, T'y) and C contains the identity. Again by Theorem 5
page 78 of [3] CcJ. But C = B(X). Hence by Theorem 6 page 78
of [3] X is a Hilbert space.

4. Spaces with hyperorthogonal bases and the class &% A
sequence {¢,} in a complex Banach space (X, v) is called a Schauder
basis if for every xc X there is a unique sequence {a;} of scalars
such that x = 3, a,e;. Associated with the sequence {e;} is the sequence
{ef} in the dual space X* defined by e}(e;) = d;; for each pair 7, j of
positive integers. Thus ef(z) = @, and = = > ef(®)e;. A basis is
sometimes indicated by writing the pair ({e;}, {¢}}). A basis is shrink-
ing if {ef} is a basis for X* and normal if v(e;)) = v*(¢e}) =1 for each
1 where v, v* denote the norm on X and the dual norm on X* re-
spectively. The basis {e;} is said to be hyperorthogonal if v(3, a.e;) =
v>. |a;le) for each x = 3, ase;€ X [8. p. 558]. If, for o = >, ae;
we let |2| = 3. |a:]| e, then the above is expressed by saying y(x) =
Y(x|) for each xe X. It may be readily shown that in this case v
is monotone relative to {e;}; that is if |a;| < || for each ¢ and
SiBe.e X, then v (X ave)) = v (3 Bies) [8. p. 558].

Let N denote the set of positive integers or the set {1, 2, 3, - .-, n}
for some n. We now define an equivalence relation on N in a way
suggested by Schneider and Turner [7].

DeFINITION 4.1. If 4,j€ N we say 4 is equivalent to j relative
to the norm vy and the hyperorthogonal basis {¢;} for X if |a;|* +
la;|=1B:*+|B; I and |, | = | B:| for k= 1, j imply that v (3 aie,) =
v(3, Bwer). In this case we write ¢ ~ j.

It has been shown that “~7” defines an equivalence relation on
N where N is finite [7], and the proof is exactly the same in case
N is infinite. We now show that this equivalence relation gives rise
to a decomposition of the space in the sense of 2.4.



HERMITIAN AND ADJOINT ABELIAN OPERATORS 79

For the remainder of this section, {¢;} will denote a normalized
(i-e., v(e;) = 1 for each %) hyperorthogonal basis for the Banach space
X with norm v. The sets N,, N,, --- will denote the equivalence
classes in N determined by the equivalence relation of 4.1. We
will treat the N,’s as if there are infinitely many of them and each
N, is infinite. The necessary adjustments in finite cases are obvious.
The elements of N, are denoted by ., D, --- in increasing order.
If 2 =3 ae and 3 |a, P < oo, we write ||z]| = ) |a; )"

LEMMA 4.2. Let X, v, {e;}, N, N,, --- be as described above. Then
there exists a sequence of subspaces {X;} of X, each being isometric
with 1, and a sequence space (E, tt) such that ({Xi}, (E, 1)) is an
H-decomposition of X.

Proof. For each positive integer 7 let X, denote the closed linear
span of the basis vectors {e,,:pie NJ}. If v =S e e X, let o, =
2 0yyy,- Then x,€ X; and it is readily shown that » = >, 2. For
if ¢ >0 is given, choose n, such that v (... awer) <e for n = n,.
Choose %, so large that {1,2, --+, n} C Ui, Ni. Then v () =
v (Slsr ase;) < € for k = k,. Thus the sequence of subspaces {x.} is
a decomposition of X.

Let o' =« — x,. Since p, ~ p,, We have
”(9') = v(xl + (} &y, 12 + lamz lz)llzepu + Z &p,160.) »

By induction it follows that for every =, &k = 3.

(4.2.1) y(x) = v(a' + (k; |y, 1) e, + k% Oy, o11) -

By the monotone property of v we must have

v(@) 2 A(S |y, [)0e,,) = (3] [

for each n. We conclude that 37 |a,, | < . If x=u, then
y(@) = ||x,|] and it is obvious that X, is isometric with [, Since
Y (Xezn Xpylp) — 0 as m— co we may conclude from

(4.2.1) that
(4.2.2) v(@) = (@' + ol e,,) -

By exactly the same arguments, we may show by induction that
if » is a positive integer and 2" = 2" — 2,

(4.2.3) v(@) = oo + Sl all ey, -
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Since

WS Nallen) =2(Sa),  Slalle,eX

and by the monotone property of v together with the fact that
y(z") — 0 we conclude that

(4.2.4) o) = u(S || @]l e5,) -

Let E be the space of all scalar sequences {a;} such that X ase, € X
and define ¢ on E by ¢({a;}) = v(3 aie,,). The natural unit vector
basis {u,} where u,= (0,0, ---,0, 1,,,, 0, ---) is hyperorthogonal and
M(u;) =1 for each 2. Moreover, {||z;]|} € E for each x¢ X and v(x) =
v{llz; [I}) by (4.2.4). Therefore, the sequence of subspaces {X;} together
with the sequence space (F, #) forms an H-decomposition of X.

COROLLARY 4.3. If i ~j for all 4,7 then X 1is isometric with
Hilbert space.

REMARK. If the basis for (X, v) is also shrinking then it can be
shown that ¢ ~j for v implies ¢ ~ j relative to v*. Furthermore, it
follows that (X*, v*) has an H-decomposition consisting of the sub-
spaces {X}. The associated sequence space is a subspace of (E*, v*).

COROLLARY 4.4. Let (X,v) and ({X}, (E, ) be as in Lemma
4.2. Then mo pair of distinct integers 1,J can be equivalent
relative to .

Proof. Suppose there exist positive integers 4, j such that 7 ~j
relative to p¢. It is straightforward to verify that if ne N, and
m e N; then m ~ n relative to v. But this contradicts the fact that
N,.N N, =@.

We now wish to show that if a Banach space (X, v) has an
H-decomposition ({X}, (F, ¢#)) then the existence of a sufficiently
l,-like s.i.p. on the sequence space implies that there is a sufficiently
l,-like s.i.p. on X. First we clarify what we mean by a sufficiently
l,-like semi-inner product on a Banach sequence space (E, ) with
absolute norm g.

DEFINITION 4.5. We will call a s.i.p. [+, -] on (&, ) sufficiently
l,-like if there exists a sequence of nonnegative real-valued functions
{a;} defined on X such that:

(4.5.1) ay(a) = ai(B) for each k if |a;| =|B;]| for each 1,
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(4.5.2) a,(Ma) = a,(a) for every scalar \ % 0 and positive integer £,

(4.5.3) For every pair of positive integers k # j there exist scalars
a,, a; such that a.(a) = aj(@) # 0 whenever

(k) (7)
a=(0,0---a,0.0. a;0---),

(4.5.4) For every pair of positive integers k # j, there exists ae F
with @, # 0, a; # 0 such that a,(a) # a;(a),

(4.5.5) [a, B] = X% aigia’i(ﬁ) .

REMARK. An example of a Banach sequence space with absolute

norm which possesses a sufficiently [,-like s.i.p. is I, 1 < p < oo (p # 2).
— \ p—2
In this case [a, B] = > a.B: 8] .
<]l B Hp)

LemMA 4.6. Let (X, v) be a Banach space with an H-decomposition
(X}, (B, ). If (E, ) possesses a sufficiently l,-like semi-inmer
product then (X, v) possesses a sufficiently l,-like semi-inmer product.

Proof. Given a = {a}, 8 = {8} € E, let [a, B] = 3, a;B:a.(B) repre-
sent a sufficiently /,-like s.i.p. on E. We first show that the s.i.p.
on I yields a s.i.p. on X. Let x = 3\ a,, y = 3, : be elements of X,
then a ={||a.|}, 8 ={llv:I} e E. We define [z, y] = 3 <{x;, y>A:(¥)
where A,(y) = a,(B). It is obvious that [-, -] is linear in the first
argument and [z, ] = V*(x). Furthermore,

[, Y1 =1 <2y v A P = (Z ol : [l a(B))
=|la, BII" = a)UB) = v(x)(y) .

Thus, [-, -] is a s.i.p. on X compatible with v. We now proceed to
show that the s.i.p. is sufficiently 1,-like in the sense of 2.5.

It is obvious that (2.5.1), (2.5.2), (2.5.5) hold. To see that (2.5.3)
holds, let k-7 be given. There exists a sequence «=(0,0, ---, a;, 0, - - -,
a; 0,0)e E such that a.(a) = aj(@). Let x, x; be nonzero elements
of X, and X respectively. Define z = a, (/|| z ||) + aj(zs/|| #;]]). Then
A,(?) = axla) = A;(2). A similar argument proves (2.5.4) and this
completes the proof of the lemma.

THEOREM 4.7. Let (X, v) be a Banach space with a normalized
hyperorthogonal basis. Then X has a sufficiently l,-like semi-inner
product which is compatible with the norm.

Proof. Since X has a hyperorthogonal basis, it follows from
Lemma 4.2 that X possesses an H-decomposition ({X}, (E, ). By
Lemma 4.6 it is sufficient to prove that the sequence space (Z, )
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has a sufficiently [,-like s.i.p. compatible with g.

In what follows, the dual of E will be denoted by E* and the
associated norm will be denoted by g#*. Since g is absolute, ¢* is
also absolute.

Let ¢ be a duality map ¢: E— E* with the properties

1N (g(@) = pa), s(a)(@) = tH(a), and $(ra) = Ng(a) .
A semi-inner product compatible with z is given by

4.7.1) [a, B] = #(B)(@). We proceed to show that this s.i.p. is suf-
ficiently [,-like in the sense of Definition 4.5.

Since E has a basis we can associate with the linear functional
#(a) a sequence of scalars {s;(a)} such that for any Be K, ¢(a)(B) =
>, Bip(). From the absoluteness of the norms g and ¢#* we have
L ({l ) ) = ¥ ({g@)}) = ). It follows that

(@) = g(a)(a) = 3 apla) < 3| gi@) ||l
= *({l g.() Dl e 1)) = ¢(a) .

From (4.7.2) we may conclude that ¢,(a)a; = |¢(a)||a;| and conse-
quently ¢,(a)/@; is real for every % such that o, # 0. If we define,

(4.7.2)

#4a) ir g 20
(4.7.3) afa) ={ @&

0 if a, =0 then,

4.7.4) [, Bl = S aip(B) = 3, a.B:a:(B) for any choice of «, Se E.
To show that this s.i.p. is sufficiently 1,-like we must now verify
that the a,’s satisfy the conditions of Definition 4.5.

It is obvious that (4.5.1), (4.5.2), and (4.5.5) hold. It follows from
Corollary 3.2 of [7] that given a pair of positive integers %, j there
exist positive scalars «a,, «; such that a,(a) =a;(@) if a=(0, 0, ay, 0, a;,
0, ---). Thus, (4.5.3) is satisfied.

To show that (4.5.4) holds, let k, j, k + j be given and suppose
a(a@) = a;j(a) for all ae E. Consider the subspace E, of E spanned
by {w, %, +--, u,}, » = max {k, j}. A s.i.p. on E, compatible with g,
the norm 2 restricted to E,, is given by [a, 8l. = 3, @.B.a(8). Let
B be the matrix (b,,) defined by b,; =%, b;, = —% and b,, = 0 for all
other choices of p, q. It is readily verified that B is Hermitian and
by the theorem of Schneider and Turner [7, Theorem 6.2] k ~j
relative to f,. A limiting argument shows that k ~ j relative to x
which contradicts Corollary 4.4. Hence there must exist o€ E such
that a,(a) # a;j(a) and the proof is complete.

As a consequence of Theorem 4.7 we know that any Banach
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space (X, v) which has a normalized hyperorthogonal basis is a member
of the class .&” discussed in §2. These results as applied to a Banach
space with a normalized hyperorthogonal basis are summarized in the
next theorem.

THEOREM 4.8. Let (X, v) be a Banach space with a normalized
hyperorthogonal basis. Then

(i) there exists a sequemce of swbspaces {X,}, each a Hilbert
space, which decompose X.

(ii) every limear operator A on X may be represented by an
operator matriz (A;;) where A,;: X; — X,.

(ili) an operator A = (A:;) on X is Hermitian iff Ay is Her-
mitian on X, for each k, A,; =0 for k + j. Furthermore, the norm
of A is sup, || Awll.

(iv) the product of two Hermitian operators is Hermitian if and
only if the operators commute.

(v) every power A™ of a Hermitian operator A is Hermitian.

(vi) an operator A = (A.;) 18 mormal if and only if A; =0 for
k+#37 and A, is a normal operator on the Hilbert space X,.

REMARKS. If A is regarded as an infinite matrix (a,;) of scalars,
and A is Hermitian on X, then

(i) a;; = @; for each 1, j.

(ii) a;; =0 if 7 + 7.
This extends the theorem of Schneider and Turner [7]. Also, our
results on Hermitian and normal operators are valid in any discrete
Banach function space with absolutely continuous norm and therefore
extend the results of Tam in that we do not require symmetry of the
norm.
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