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Global reflection is considered for a class of closed Jordan
curves I': [x(9), y(@)], 0 = 0 < 2= where x(f) and y(6) are trigo-
nometric polynomials. Every curve of this form is algebraic
and global reflection across it reduces to investigating an
algebraic function and its critical points. The reflection
function is picked to be that solution of the algebraic equa-
tion that maps I": [x(0), ¥(9)] pointwise into [x(9), —y()]. This
function is defined and analytic except on a finite set of points
inside I', and at each of these points it is continuous.

1. Introduction. Reflection across an analytic arc which is a
generalization of inversion in a circle and reflection across a straight
line, goes back to Schwarz. Because of the current interest, see e.g.
[1], [3], [4], [5], in reflection of solutions of plane elliptic differential
equations across analytic arcs, it seems appropriate to analyze the
global reflection across a fairly general class of closed Jordan curves.

We shall investigate the class of Jordan rectifiable curves I of
the form

1.1 x(9) = ,f{i a, cos kf -+ b, sin k6
=0
0sod<en,n=m
1.2) w(6) = kﬁg a, cos k0 + (3, sin k6

with 2"%(0) + y'*(0) # 0, (@., b,) #= (0, 0) = (&n, B») and if m = n then
either a2 + B2 = a% + b or a,a, + B.b. # 0.

The investigation will be reduced to analyzing a certain algebraic
equation M|z, {] = 0 arising from (1.1) and (1.2) (see (2.5)-(2.8)).

Let R be a simply-connected region bounded by a curve I' of
the form (1.1) and (1.2). Let S be the finite set of points made up
of zeros of the resultant polynomials

P(z) = R[M|z, C], M,[z, C]] =0
and
Q) = R[MI[z, ], M.[2,{]] =0.

Let L, be a rectifiable Jordan arc in R containing {e, -+, ¢} = RN S.
Then for one of the functions
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£=G(

defined by M|z, {] = 0 we have
1 G(?) is defined and analytic on B — {e, .-, ¢},
G(?) is single-valued on R\L, U I,
G'(2) # 0 on R\L, U 7.
For z on I', Z = G(?).
m N R\Lz = Q.
About each ¢; (1 < j < s) we have either
(i) G(») is defined, single-valued and analytic on a neighborhood
of ¢; with

Sy U = WY

G(2) = (z — €)’'G™(2)
G*(z) analytic and thus G’(¢;) =0 or
(ii) on some neighborhood of e;

G@) = SAVE— e, 1=p< (@ of (1),

Jfi» constant, or

(iii) G(z) is defined, single-valued and analytic on a neighborhood
of ¢; and G'(e;) = 0.

In the event M|z, (] is irreducible 6(iii) is excluded. We shall
denote for z in R\L,

2=G@®.

G(z) is the reflection function and Z is the reflection of z across I'.
7 G(z) can be extended to be defined and analytic and single-
valued on

. o~
{R\L} U I U{G(R\L))} = {R\L;} UI" U{R\L}
with
~ TN
Z=2z for zin {R\L} U I U{R\L} .
It is the proof of 6(ii) that gives the most difficulty.

2. Geometrical reflection. To begin our investigation of reflec-
tion across a rectifiable Jordan curve I" of the form

@.1) @(0)= 3 a, cos kf + b, sin ko
k=0
0<6<2T,m=m
2.2) y(0)= ki a,cos kO + B, sin ko
=0

we let
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t =e? =cosf + isind

and express (2.1) and (2.2) in terms of ¢ and ¢, then (2.1) and (2.2)
become:

2.3) 22 = 2a, + Gt + ¢,f + Gyt? + ¢, f2 + o+ + Gut" + ¢ b”
and
(2.4 2y =20, + TVt + Nl + T2+ Vb2 A+ ove F Tt A Yt
with

¢, = @y + by, Ve = @ + 18 .

If we multiply (2.8) by " and (2.4) by {™ we see that (2.8) and (2.4)
are equivalent respectively to:

JO)V=Cp G bt oo + 0" L 2(ay — X))+ 0 E" A oo 0, 0" =0
and
I =T+ Vsl + oo e FTE" T+ 2~ Y™ + VT oo +7,0"=0.

Thus the curve I' is given by exactly those ¢ for which f(¢) = 0 and
g() =0, i.e., by the common roots of f(¢) and g(¢). But a necessary
and sufficient condition for f(¢) and g(¢) to have common roots is that
Sylvester’s determinant D(f, g) of order (2n + 2m) X (2n + 2m) vanish.
If we let

a@) =2(a, —»), By =2a —y)

then

(€, Coe CLOCy »e Cus€Ca 0 0 0cee 0 07)—

05'6‘ R CLac »- Cp1Cy 0 0-c- 0 0
(2.5) 00 CuGpuoyvre  Coo,--- Cn1Cn0 -+ 0 0 |2m
D(f,9) =det| 00 Coey Cn|
Fom Tmer *** 711371... Yorei Vm 0 0.--.-0 01—

Vmﬁ?m—l"' 716’\/1"' fym—l,\/m 0"‘0 O
’7m'7m—-1"' 71,871"' FYm—l’Ym“'O 0 2n
‘0 0 0""_)77”7",—1 ’71371"' ’Ym—-lﬂ/m_,_

provided ¢, = 0 = 7,.. Since f and ¢ are fixed, we define

dla(z), B(y)] = D(f, 9) -
Then I is given by the algebraic equation:
dlax), B =0, a=2(a, -2, B=2a—y-.
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We now consider the algebraic equation of order 2n in {:

Mie 1 = (59, A5
= 0u(R)C" + G20 iR + o0 + G(R)C + 0.(R) + 94(2) =0

and investigate the Riemann surface that this equation defines over
the z = © + 4y plane.
First we prove:

LEMMmA 2.1.
(i) If w>m and ¢, = 0 = v, then
9(?) = (21) ' Ic,,, [™ = constant = 0 .
(ii) If n =m and ¢, % 0+~ 7, and ¢, + 17, % 0 # €, + 7., then
9:4(2) = = (2 ) ———(¢n + 17.)"(€, + 17,)" = constant = 0 .
Proof. First we note that
g2n() (2 )' aczn { C]Q' =0

In order to differentiate M|z, ], it will be convenient to introduce
the notation:

Cn Cp—1 cn—z 2 Cpm ’Y,m ,Ym—l ’Y,,,Ng e 71

O Cn cn—l M Cn—m-H O 7m 'Ym—l e ’72
C=(Cm™" =0 0 Cn ***Cpomis Y [ =Imxm | 0 0 Y+ Vs

00 0 --c, 00 0 ...,
Then

min — m 2m n—m|m

m|C| 4 |%, A4, |0 a=2a,—(2+0)
m|0| B, “al B |CT
Mz, = m|[|B
[2, C] 8
T 0 (2n—m
on—m| 0 L B=2a,+i(z—0)
g I'"|'m
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where, as indicated, A, B, A, B, are matrices of size n — m X m.
Thus

cio 0{0
— 1T
010 0|C"
aZn .
WM[Z’ = r 0
] —I
0 I
clo 0
I
00 0|C'
(‘7\271,
M ==
s M = 1p 0
i
0 I

Next we perform the following set of operations

(i), multiply the m + 1 column by 77, and add it to the first
column

(ii), multiply the m + 1 column by 4¥,.., and add it to the
second column

(iii); multiply the m + 1 column by 4¥,_, and add it to the
third column ete. to m

(1), multiply the m + 2 column by 47, and add it to the
second column

(ii), multiply the m + 2 column by 47,.., and add it to the
third column ete. to m — 1

(i), multiply the 2m column by 4%, and add it to the mth
column. This yields the following result:

Clo 00
I
00 0|CT
I M, ()=
o™ 2T 0
il
0 =

where if n — m < m, i.e.,, n < 2m then
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and if n — m > m

717:, /Tm.-l '7m—2 e
0 7m 77;;—1 cee

0 0 Vn

C=C.

Next we perform the following set of operations
(i), multiply column 2n + m by 47, and add it to column

2n + 2m

(ii), multiply column 2n + m by %v,_, and add it to column

2n +2m — 1

(iii), multiply column 2n + m by %7,_, and add it to column
2n + 2m — 2 ete. to m
(i), multiply column 2% + 2m — 1 by 77, and add it to column

2n + 2m — 1

(ii), multiply column 2% + m — 1 by ¢7,_, and add it to column
2n + 2m — 2 ete. to m — 1

(i), multiply column 2% + 1 by 4v, and add it to column
2n + m + 1. This yields the following result:

azn .
WM [2 (] =

Clo 0|0
I

00 0|C*

M 0
il -

0 0

where if n — m < m, i.e., n < 2m then

C* =C" + 14

000 - - -0
000 - - -0
Ym 0 O

* Ymer Ym O

* Vo1 Tmer Tm

n—m| mxXm
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and if » — m > m
C*=C".

The next set of operations is as follows:

(i) multiply row # + m + 1 by ¢ and add to row 1

(ii) multiply row » + m + 2 by ¢ and add to row 2

(iii) multiply row 7 + m + 3by % and add to row 3

(@m) multiply row n + 2m by ¢ and add to row 2m.
This yields:

Clo 00
0
010 0 |C*
ﬁczn [7C] _—0_. 0
il -
0 0

Since ¢, = 0 and if » = m, ¢, + 17, = 0 # ¢, + 17, the above determi-
nant, with appropriate column operations, is also given by:

Dlo 00
0
010 0 (D*
2 Mz, ¢ = Gy
acm 0 0
| I
0 0
where
¢, Imxm if n>m
D
(€, + 7 )" if n=m
T ke if n>m
D* =
(¢, + tY)I™™ if m=m.
Thus

@Mkﬂzﬂmmmifn>m
= £(C, + 17)"e, + V)" i n=m

which proves the lemma.
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If we write
Mle, 0 = 4 (2 35), 8(5 5

= hon(D)2" + Rono(O2 ™ + oo + B(O2 + R(0) =0,

then we also have:

LEMMA 2.2.
(i) If n>m and ¢, # 0 # 7,, then

1
“emr

(ii) If n =m and ¢, = 0% v, and ¢, — v # 0 %= ¢, — 17, then

| e, |*™ = constant == 0 .

2n(C)

Proof. As in Lemma 2.1

hool2) = (2 BT LMLz, e

and the proof proceeds as in Lemma 2.1.

We now recall some well-known facts from the theory of alge-
braic functions and Riemann surfaces, see e.g., [2].

We restrict ourselves to the case where M|z, (] is irreducible.

A point z, is called a critical point of M|z, {] if either

(1) 9wm(2) =0 or

(ii) Mz, C] = 0 has multiple roots.

THEOREM (i). If z, is a point such that 9..(z,)+ 0 and &, is a
root of Mz, C] of multiplicity 1, 1 <1 < 2n, then there ewists an
e>0 and 0() > 0 such that if 2, # 2, lies in the disc D(z, 0) of
radius 6 about z, them M(z, w) =0 has exactly 1 distinct roots in
D(, ¢). [1], p. 122.

If 2, is a point such that g,.(z,) = 0 and M|z, ] has no multiple
roots, M|z, ] = 0, then from the above theorem [ =1 and for every
z = 2, in D(z,, 0), there is exactly one root of M|z, ] =0. Thus on
D(z, 6) M|z, ¢] = 0 defines a single-valued continuous function { = ¢,(z)
for which &, = g,(z,).

THEOREM (ii). ¢,(2) is an analytic function of z on D(z, 0).

In the case g,,(2) = constant == 0 then there are at most a finite
number of critical points.
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Let e, e, -+, e, be the critical points and join these and <« by
L, any nonintersecting smooth arc and half line. Cut the plane
along L,. Then on the cut plane, Mz, {] = 0 defines 2n single-valued
analytic functions G,(?), - - -, G,.(?).

THEOREM (iii). About each critical point e we have the following
expansion in a netghborhood of e

GR) = 3 fu(Va—o)"
where
(1) 1=p=2n
(2) there are at most a finite number of negative powers
(3) if gou(e) = 0 there are mo negative powers.

We shall also need

LEMMA 2.3. Let

(1) ™) + y*(0) # 0

(2) (am, b)) # 0+ (a,, B.)

(8) either & + B2 =+ b2 + a2 or a,a, + b,6. # 0
then for mo point z of I' (1) 1s L = Z a multiple root of Mlz, C]; (ii)
18 91.(2) = 0.

Proof. Since
(Vo — i€s) = (@, + 1Ba) — U(an + 1b,) = @, + by + 1By — @)
(T — i) = (@ — iB,) — U@, — ib,) = &, — bs — UBs + €4)
then
(Vn — 1€,)(Vn — 9C,) = &, + B3 — (a; + b}) — 2i[a,a, + 0,8.] # 0 by (2).

Thus we see by Lemma 2.1 that ¢,,(z,) is never zero. For z on I,
i.e., for z = x(d) + 1y(d), 0 < 0 < 2w, we have

M[x(0) + ty(9), x(0) — y()] =0, 0=0<2r.
Thus if we differentiate with respect to 6, we see since (1) holds,
that

(" + 1) _ M:[z, 7]

= #0 on I'.
x4y M, [z, 7]

Thus M|z, ] # 0 for L on I, i.e., for { = %, and the proof is complete.

LEMMA 2.4, Let
(1) (a, b,) #= 0+ (@, B,) and
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(2) either a + B +# a% + b2 0r ., + Bub, # 0
then there are at most a finite number of z for which

Mz, ] =0 and M,z (] =0.

Proof. z is a point at which the result of the lemma holds if
and only if for { fixed

Milz] = Mz, {]
has a multiple root. Thus

Mi[2] = ho(Q)Z*" + hou (D27 4«0 + Ry(D)
M/[2] = 20k, (0)2"" ™ + « o+ + h(0)

and from Lemma 2.2 and the assumption of the lemma
hy(8) = constant = 0 .

But a necessary and sufficient condition for M,[z] to have a multiple
root is that the resultant

RIM, M]]=0.

As this is a polynomial in {, the conclusion of the lemma follows.

LEMMA 2.5. Let the hypotheses of Lemma 2.3 hold, then for no
point z of I' do we have for { =2

Mz, ] =0 and M,z C =0.

Proof. From the proof of Lemma 2.3

Mz 2 _ (& — )
e =0
M.[z, 7] x + Y

which is the conclusion.

We shall assume that for I” we have

(1) 2"(0) + y"™(0) # 0

(2) (am b,) # 0 (@, Ba)

(3) either a2 + B% = (b% + al) or a,a, + b,8, # 0.
Assume, moreover, that M[z, {] is irreducible. Lete, ¢, -+, €, be the
set of critical points of M[z,{] =0 and let e, €. -+, €, (by
Lemma 2.4) be the set of z for which

Mle;, {] =0 and M,le;, {] =0
and let
S={e:1=j=s).
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Let 2, be a point of I" and Mz, %] =0. By Lemma 2.3, { =%, is
not a multiple root of M|z, {] and thus M|z, ] = 0 defines a single-
valued function of 2, { = G(2) in some neighborhood N, of 2z, with
G(z,) = %,. Moreover, for each point 2 on ' N, we have

z = G(2)

by Lemma 2.3. Analytically continuing G(z) around I we return to
G(z). Since if we arrive at G,(2) where G(z) and G,(z) are defined
on a common neighborhood of z, then for z on I, 2(6) = x() + 1y(8)
and {(f) = 2(0) is a periodic function and thus

G(@) =G(z) on I'.

Therefore, they agree on the common neighborhood. From this it
follows that G(z) is single-valued and analytic on a neighborhood of I'.

Let S, = {e, +--, e,} be that subset of S (renumber if necessary)
that is contained in the interior of I" and let S, = S\S,, then G(z) is
analytic on R\S,. Moreover, if we join each e¢; of S; by a Jordan
arc L, then G(z) is analytic and single-valued on

R, = R\L, U neighborhood of I'.
Since on R, we have G(z) is single-valued and analytic then

Gr(z) — __M,[z, C]

Mz, Clleeoin

which is %0 for z on I" and { =% on I’ by Lemma 2.5, and also
# 0 for z on R\L, since all of the points M,[z, (] |;—sy = O lie on L,
by eonstruction. Thus we have partially proved the

THEOREM. M]Jz, {] = 0 defines a function
£ =GR

which 1s determined by having 2z, on I’ correspond to Z, = G(z,).
For this G(z) we have

(1) G(2) is defined and analytic on B — {e, ---e,} U neighborhood
of I.

(2) G(z) s single-valued on R\L,\ neighborhood of I.

(3) G'(z) # 0 on R\L, U neighborhood of I.

(4) For z on I, Z = G(2).

(5) GIR\LJnR\L, = Q.

(6) About each ¢; (1 <7 < s) we have either

(i) G(2) is defined, single-valued and analytic on a neighborhood
of e; with
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G(2) = (2 — ¢,)’G*(?)

G*(2) analytic and thus G'(e;) = 0 or
(ii) on some meighborhood of e;

G@ = S AIVE =l 1sps2m,

J» constant, or
(7) If we let 2 = G(z) then G(2) can be extended to be defined
analytic and single-valued on
. S
(i) {R\L;} U I U{R\L}
with
(ii) Z =z there.

Proof. (1)-(4) have been proved.

(5) Since G(I') = I" and since G is continuous on R\L, we know
either G[R\L,] c R or G[R\L,] N R\L; = @. We shall have proved the
result if we can show that for one point ze R\L,, G(z) ¢ R.

Since x(d) and y(6) are analytic functions for real  with «"(6) +
Y'*(6) = 0 they can be continued as analytic functions z(z) and y(7)
of the complex variable ¢ = 6 + 4% on some circle |7| < o for which,
on 7] < p, 2'(t) + 1y'(r) # 0. Then

9(7) = () + y(7) el <p

maps T = 6 + in, 7 = 0 onto a subare I, of I" and thus maps [7]| < p
1-1 onto a neighborhood of I',. Consider

H(z) = Glg(7)]

for 7 such that g¢(r) < domain of G. Since G(z) is defined and G'(z) == 0
on a neighborhood of I" then H(z) is defined on a neighborhood N
of 7] < p, » =0 with » = 0 mapping onto I, and H(r) establishes
a 1-1 correspondence between points of N and H(N). Thus that
portion N of N for which » < 0 maps onto the region E_ of one
side of I, and N,, that portion of N for which » > 0 maps onto the
other side R, of I',, Without loss of generality let R_N R\L; + @,
R, NR\L, = @ and let z,¢ R_N R\L, be such that if g(z,) =2, then
To€ N.. Then ¢g(T,)c R.. Note that on that neighborhood of » =0
where everything is defined

g [Gle(]I,
is analytic with

g7Gl@N =979 =7 =7

for 7 on 7 = 0 and thus is the identity map. Hence
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g(z_'o) = G[g(fo)] = G[zo]

and G(z,) € R, where as z,e R\L,. This completes the proof of (5).
(6) (i) and (ii) follow immediately from Theorem (iii) and Lemma
2.1.
(7) (i) follows from (3) and (5). (ii) follows from the fact that

2 = GIGR)]
S
is an analytic function on {R\L,} U I" U {R\L,} with
2=z on I’
and thus
A S
Z=2z on {R\L}UI U{R\L}

and the theorem is proved.

In the event M|z, ] is not irreducible then the analysis and the
theorem will hold provided we decompose M|z, (] into its irreducible
factors and (1) study that factor which determines I” and (2) prove
that for this factor we have the coefficient of the highest order
term in { is constant and the coefficient of the highest order term
in z is constant. We shall be possibly excluding an unnecessary
number of points e¢; where G(z) may be analytic single-valued and
G'(z) + 0. To see that the coefficient of the highest order term of
¢ and z are constants we let

Mlz, (] = Qi OQ:(7, O) - -+ Q.(2, )

where the Q;(z, {) are irreducible. Then if

Qi(2, O = €55, + ¢35, ()T + + -+ + gi(2)
we have s, + s, + --- + s, = 2n. Moreover,

g;s,(#) = constant = 0 for all j=1,2 .-, r,
since

015,(2)*Q25,(2) *+* Q10 (2) = 2(2) = constant .

Similarly if we write

Qi(z, Q) = 05 (D27 + pjs; (D2 + o+ + P30
we see that

p;s;({) = constant = 0 for all j=1,2, -+, 7.

It would be of interest to find conditions on the ¢, and 7, so
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that M|z, (] is irreducible. This would eliminate the calculation of
an unnecessary number of points.
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