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Let ψ be an irreducible Brauer character for the prime
p of the finite p-solvable group, G. By the Fong-Swan
theorem, there exists an ordinary character, χ, which agrees
with φ on ^-regular elements. This character is not, in
general unique. It is proved here that χ can be chosen to
be p-rational, i.e. its values lie in a field of the form Q[ε]
with εn = 1 and p Jf n. If p Φ 2, the character so chosen is
unique and every irreducible constituent of its restriction to
a normal subgroup is also p-rational and is modularly
irreducible.

1* Introdution* Let G be a finite group. We use the notation
Irr (G) to denote the set of ordinary (complex) irreducible characters
of G. For a fixed prime p, we write IBr (G) for the set of irreduci-
ble Brauer characters of G, chosen with respect to some fixed pull-
back of modular p'-roots of unity to the complex numbers. If χ is
an ordinary character, let χ* denote the restriction of χ to the set
of ^-regular elements of G so that χ* is a nonnegative integer
linear combination of φeϊBi (G).

Now suppose that G is ^-solvable. A theorem of Fong and
Swan (see [2], Theorem 72.1) asserts that if φeIBr(G), then there
exists χ e Irr (G) with χ* = φ. The character, χ, is not uniquely
determined by the equation χ* = φ. Furthermore, if N <J G and μ
is an irreducible constituent of φN9 then χN does not necessarily have
a constituent, ψ, with ψ* = μ. (An example is given in § 9.) The
main result of this paper is that if p Φ 2 and φ e IBr (G), then there
exists a unique p-rational character (as defined below) χ e Irr (G),
such that X* = φ. Also, χ behaves well with respect to normal
subgroups.

DEFINITION 1.1. Let χ be an ordinary character of G. Then χ
is p-rational provided that the values of χ lie in a field of the form
Q [ε] where εn = 1, p\n.

THEOREM 1.2. Let G be p-solvahle with p Φ 2 and let φ e IBr (G).
Then there exists a unique, p-rational χ e Irr (G) with χ* = φ.
Furthermore, if N <] G αm£ ^ is α% irreducible constituent of χ,v,

/Γ is p-rational and τ/τ* e IBr (JV).

In the situation of Theorem 1.2, if μ is any irreducible constitu-
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ent of φN, then there clearly exists a constituent, ψ, of χN such
that μ is a constituent of ψ*. Thus μ = ψ* and ^ is the unique
p-rational lift of μ.

If χ and ψ are as in the theorem and M <| N, then by appli-
cation of the theorem to N, we conclude that any irreducible con-
stituent, θ, of ψM is p-rational and satisfies θ* e IBr (M). Repeated
application of this argument shows that χ is "subnormally p-rational".

DEFINITION 1.3. Let ^ be a set of subgroups of G and let
χ e Irr (G). Then χ is ^-p-rational if for every Me ^ and irre-
ducible constituent, θ, of χ^, we have θ is p-rational. If ^ is the
set of subnormal subgroups of G, we say that χ is subnormally
p-rational. The set of subnormally p-rational characters of G is
denoted

THEOREM 1.4. Let G be p-solvable with p Φ 2, and let χe Irr (G).
T/iβ following are equivalent

( a ) χ is p-rational and X* 6 IBr (G),
(b) xeS*(G),
(c) χ is ^f-p-rational where ^ is a subnormal series in G

whose factor groups are p-groups and p'-groups.
Also, * defines a one-to-one correspondence from S^(G) onto IBr (G).

Note that in the situation of this theorem, it suffices to check
that χ is ^^-p-rational where ^ is the set of characteristic sub-
groups of G in order to prove that χ is subnormally p-rational. In
§ 7, we discuss some other conditions sufficient to guarantee χe £^{G).
We also raise some questions there. In § 8, the theory of characters
of solvable groups is invoked to obtain some partial answers.

This paper also contains a digression in which some of our
methods are applied to give a new proof of the Fong-Swan theorem
which does work when p = 2. This proof constructs p-rational
characters but it is not clear that they are uniquely defined.

2* Frobenius reciprocity• One of the most useful tools for
working with ordinary characters is Frobenius reciprocity. We dis-
cuss a situation where it works for Brauer characters. If H ε G
and φ is a Brauer character of H, we define φG by the familiar
formula

for p-regular geG, where φ°(y) = 0 if y#H. Clearly, if ψ is an
ordinary character of H, then (ψG)* = (φ*)σ.
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If φ is afforded by an F[.fiΓ]-module, W, for a suitable field, F, of
characteristic p, then φG is the Brauer character afforded by the
i^[G]-module, WG. (This fact is somewhat less trivial than the
corresponding relationship between induction of ordinary characters
and C[G]-modules. See §25 of [1].)

If F is any field and U and V are F[G]-modules, define

V) = dimF(komG(U, V)) .

The following result occurs in [3]. Its proof is routine.

LEMMA 2.1. Let Hξ^G and let F be any field. Suppose U is
an F[H]~module and V is an F[G]-module. Then

a, V) = I(U, VH) .

If μ and υ are Brauer characters of G, we may write

μ= Σ aφφ
9eIBr(<?)

and

v = Σ &?#>

We shall use the notation

ή = Σ <* A

so that I(μ, μ) = 1 iff μ e IBr (G) and in that case I(μ, v) Φ 0 iff μ is
a constituent of v. Note that if μ, v are afforded by F[G]-modules
[7and Frespectively, then I(U, V) need not equal I{μ, v). However,
if F is a splitting field and U and F are completely reducible, then
equality does occur.

In general, if Hg=G, μeΐBr(H) and ^eΙBr(G), we cannot
conclude that I(μσ, φ) = I(μ, <pH). If H <| G, then it is not hard to
see (using Clifford's theorem and Lemma 2.1) that I(μG, φ) Φ 0 iff
ί(Λ ^ ) ^ 0. More is true if p \ \ G: H\.

THEOREM 2.2. Let H<\G, μe IBr (H) and φ e IBr (G). Suppose
either p \ \ G: H\ or μσe IBr (G). ΓAeπ I ( ^ , φ) = I(μ, <pH).

Proof. Let f b e a splitting field for G and H with char (F) = p.
Let T7 be an i^iίj-module which affords μ and F an ^[GJ-module
which affords φ. Now V is irreducible and hence by Clifford's
theorem, VH is completely reducible and I(μ, φH) — I(W, VH). By
Lemma 2.1, it suffices to show that I(μG

9 φ) = I(WG, V) to complete
the proof. We do this by proving that WG is completely reducible.



174 I. M. ISAACS

Since WG affords μG, we are done if μGeϊBr(G) and so we
assume p)f\G:H\. Let U be a submodule of WG. In order to
show that U is a direct summand of WG, it suffices (by Theorem
2(a) of [4]) to show that UH is a direct summand of (WG)H. Since
H<\G, (WG)H is a direct sum of G-conjugates of W and thus is
completely reducible. The result nowτ follows.

3* p'-factors* It is well known that if p \ \ G |, then IBr (G) =
Irr (G). In this section we prove the following generalization.

THEOREM 3.1. Let N<j G with p\\G:N\. Let ψeΙrr(N)
and assume

( a ) π/r*GlBr(iV) and
( b ) ψ9 = <f for those geG with (ψ*)9 = ψ*.
Then * defines a one-to-one correspondence from <^ — {χe

Irr (G) I [χNff] Φ 0 onto & = {φ e IBr (G) | I(φNtf*) Φ 0}.

Proof. Write

and
= 2J

^elBrίβ)

Let ψ = ψl9 ψ2f , φt be the distinct G-conjugates of ψ and let
μ. = φ* e IBr (N). By Frobenius reciprocity, χe J& iff αχ ^ 0 and

By hypothesis (b), the μt are the distinct G-conjugates of φ*.
From Theorem 2.2, we may conclude that φ e ψ iff bφ Φ 0 and

^ = δ̂  Σ i"i for

Let cίχ̂  be the decomposition numbers so that

χ*= Σ ^ ^
^eΙBr(ff)

for χ G Irr (G). We have

Σ &,?> = (t*)G - (ΨΎ = ( Σ α,χ)*
ψ \ x /

- Σ ( Σ Mz9 V
9 \ X /

By the linear independence of IBr (G), we conclude that
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( 1 ) bφ = Σ a>ϊdzφ for 9? e IBr (G) .

Also, for χe<£f we have

(2) aχ Σ Λ = (αχ Σ ^ ) * - (χ*)* - (χ*)* - Σ*

If dZί0 9̂  0 with χe <£f, then it follows from (1) that bψ Φ 0 and
Thus (2) yields

α* Σ ft = Σ <^?v - ( Σ

and thus

(3) αχ = Σ M*? for χ e

Observe that (3) remains valid if the sum is taken over all φ e IBr (G).
Substitute (1) into (3) to obtain

aχ = Σ Σ αe(Z )̂dχ?,

Since Σ? dχφdξφ = /(χ*, f *), we conclude that

(4) α* = ΣItt*,f*K for

Now aξ^0 and J(χ*, ί*)^0 for all χ, f. Furthermore, /(χ*, χ*)^l
and α χ>0 for χ e <£?. We may now conclude from (4) that 7(χ*, χ*) = l
for χ e , ^ and J(χ*, ξ*) = 0 if χ, f e j r with χ ^ £. It follows
that * defines a one-to-one map from <%f into g .̂

Now let ^ e ^ , Then 69 9̂  0 and by (1) we conclude that
aχ Φ 0 Φ dχψ for some χ. Thus χe . ^ and ^ is a constituent of χ*.
Since χ* is now known to be irreducible, we have χ* = φ and the
proof is complete.

4* p-factors* Since we are interested in p-solvable groups,
every chief factor will be a p-group or a p'-group. We obtain
results for ^-factors which are analogous to Theorem 3.1.

LEMMA 4.1. Let H<]G with G/H a p-group. Let fe!ττ(H)
and T = {g e G \ ψ9 = ψ}. Suppose ψ is extendible to rje Irr (T).
Assume

( a ) τ/r*eIBr(iϊ) and
( b) if (f*)g = ψ*, ίfeew 5r e Γ.

ΓAe^ (ηψ is the unique φeΐBr(G) with I(φH, ψ*) Φ 0.

Proof. Choose φ e IBr (G) with I(φHf φ*) Φ 0. (Clearly, some
irreducible constituent of (iff3)* will work.) Now {ψ)H is the sum
of the distinct G-conjugates of ψ and so by (b) we conclude that
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{{VGT)H is the sum of the distinct conjugates of f*. By Clifford's
theorem, φH = e((r/°)*)H for some integer e.

Since all of the p-regular elements of G lie in H, it follows that
φ = e(ηG)*. We conclude that e = 1 since ψ is irreducible. The
result follows.

If H<\G, G/JS is a p-group and μeϊBτ(H)9 then even without
assuming the existence of ψ in 4.1, it is true that there is a unique
φeϊBr(G) with I(φH, μ) Φ 0. Also φH is the sum of the distinct
conjugates of μ. We will not need these facts, however.

In order to apply Lemma 4.1, we need conditions sufficient to
guarantee that ψ is extendible to its inertia group, T. There are at
least two such sets of extendibility conditions:

(El) p I ψ(l) and p \ o(ψ)
(E2) p Φ 2 and ψ is p-rational.

Here, o(ψ) is the determinantal order of ψ, defined as the order (in
the group of linear characters) of det (ψ), the determinant of a
representation which affords ψ.

In order to obtain a proof of the Fong-Swan theorem which
works for all p, we shall use (El). The condition p \ ^(1) causes
complications which can be avoided when p Φ 2 by using (E2). This
will lead to our stronger results in that case.

THEOREM 4.2 (Gallagher). Let H<\G with G/H a p-group.
Suppose ψ is invariant in G, p Jf ψ(l) and p \ o(ψ). Then ^ has
a unique extension, χ, to G with p \ o(χ).

Proof. First suppose \G:H\ = p. We may thus extend ψ to
r?e Irr(G). Let λ = det (η) so that λ/z = det(ψ*) has order m with
p X m. Let μ — λw so that H £ ker μ and μhrj is an extension of ψ
for any integer, b. Choose b so that ψ(l)mb = — 1 mod p. Let
χ = μbη. Then

det (χ) = μ^{l)bX = xΨ^™^1 .

Since μp = 1G, we have (Xp)m — 1G. Since p \ (ψ(l)mb + 1), we con-
clude o(χ) I m and thus p \ o(χ).

If Xo Φ X is an extension of ψ, then χ0 = ocχ for some linear
character, a, of G/H. Then det (χ0) = o&'l) det (χ). Since p = o(α)
and p I ^(1), we have p | o(χ0).

If \G\H\> p, choose K,H<K<]G with | ίΓ: ff| = p. Let f be
the unique extension of ψ to K with p | o(ς). Since ξ is unique, it
is invariant in G. By induction, ξ has a unique extension, χ to G
with p X o(χ). The uniqueness of χ as an extension of ^ follows
since if χ0 extends ψ with p I >̂(Zo)> then p | o((χ0)^) and thus
(Xo)κ = ί. Therefore χ0 = χ.
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We need some facts about p-rational characters to prove that
(E2) works.

Let Qn denote the field Q[e2πi/n]. Then a character, χ, of G is
p-rational if for some n with p \ n we have χ(g) e Qn for all g e G.
Let IG I = m = par with p \ r. Then χ(g) e Qm for all geG and it
is not hard to see that χ is p-rational iff its values lie in Qr.

Therefore, the p-rational characters of G are exactly those fixed
by the Galois group ®(QJQr) which we shall denote ®(G). If θ is
a character of H £ ( ? , then θ has values in Qm and θσ is defined for
σ 6 ®(G). It follows that θ is p-rational iff θ° = 0 for all such σ.

By Galois theory, we know that the restriction map defines an
isomorphism of ®(G) onto ®(QP*/Q). It follows for p ^ 2, that ®(G)
is cyclic and also, if p\ \G\f then ®(G) does not fix a primitive pth
root of 1.

THEOREM 4.3. Let H<[G with G/H a p-group, p Φ 2. Let
ψ e Irr (H) be p-ratίonal and invariant in G. Then ψ has a p-rational
extension, χ e Irr (G). Furthermore, χ is the unique p-rational
irreducible constituent of ψG.

Proof. First suppose \G:H\ = p and let rj be any extension of
ψ to G. Let σ generate ®(G). Then ψσ = ψ and so ^̂  extends -f
and we have )?σ = λ57 for some λ e Irr (G/H). If rj is not p-rational,
then XΦ 1G and thus λσ Φ λ (since p ^ 2). We have λσ = λm for
some integer, m i l mod p. Now λ6^ is an extension of ψ for integer
b and we may choose b so that (m — l)δ = — 1 mod p. Then mb +
1 = b mod p and

and λ6?? is p-fixed.
Let χ be a p-rational extension of ψ and let χ0 be another

extension. Then χ0 = αχ for some unique a e Irr (G/H). If χ0 is
p-rational, it follows that χ0 = %o = #*%* = α:σχ and thus ασ = a and
we conclude <x = lσ and χ0 = Z

If |G:ίΓ | > p , choose K,H<K<\G with | i f : i ϊ | - p . Let f be
the p-rational extension of ψ to K. By uniqueness, ξ is invariant in
G and working by induction, we conclude that ξ has a p-rational
extension, χ e Irr (G).

Since iζ/iZ" <ϋ Z(G/H)f every extension of ψ to K is invariant in
G (since each is of the form aξ). If χ0 is any irreducible constituent
of ψG, then (χo)κ = e^ for some extension, ^, of ^ . If χ0 is p-rational,
it follows that η is p-rational and thus rj ~ ξ and χ0 is a constituent
of fσ. By the inductive hypothesis, χ0 = χ.

We shall need the following well known fact. It appears, for
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instance, as Lemma 10.4 of [7].

LEMMA 4.4. Let N<\ G, θ e Irr (N) and T={geG\θ9 = θ}. Then
ψ—+ψσ defines a one-to-one correspondence {ψeIrr (T) \ [ψN, θ] Φ 0}
onto {χeIr

In the situation of Lemma 4.4, if ψ is p-rational, then clearly
ψG is p-rational. Conversely, if χ and θ are both p-rational, then
ψ is ^-rational since ψσ = (ψσ)σ and [φN, θ] = [(fσ)Nf θ] for σ e ®(G).

THEOREM 4.5. Let H<\G with G/H a p-group, p Φ 2. Suppose
θ e Irr (H) is p-rational. Then ΘG has a unique p-rational irreducible
constituent, χ. Furthermore, suppose θ* = μ e IBr (JBΓ) and that θ9 = θ
for those geG with μ9 = μ. Then χ* e IBr (G). Also χ* is the
unique φ e IBr (G) with I{φH, μ) Φ 0.

Proof. Let T = {ge G \ θ9 = θ). By Theorem 4.3, let rj be the
^-rational extension of θ to Γ so that η is the unique p-rational
element of {ψ e Irr (T) | [i/r̂ , ]̂ Φ 0}. By Lemma 4.4 and the remarks
following it, we conclude that χ = ηG is the unique p-rational irreduci-
ble constituent of θβ. The final statements follow from Lemma 4.1.

Connections between Theorems 4.2 and 4.3 are given by the
following.

COROLLARY 4.6. Let χ e Irr (G) be p-rational with p Φ 2. Then
V \ o(χ).

Proof. We have (det χ)σ = det (χσ) = det χ for σ e ®(G). If p \ o(χ),
then det (χ) takes on the value e2πi/p, a contradiction.

COROLLARY 4.7. Iw ίλe situation of Theorem 4.2, i/ α̂  is
p-rational, then so is χ.

Proof. Clearly o(χσ) = o(χ) for σ e ®(G). Since χσ is an extension
of ψ, uniqueness forces χσ = χ.

5* The Fong-Swan theorem. In this section we prove a slight
strengthening of the Fong-Swan theorem using Theorem 3.1, Lemma
4.1 and Theorem 4.2. The notion of p-rational characters is only
incidental here. Our result also includes a theorem of Huppert (Satz
7 of [5]). We begin with a lemma which is the analog of part of
Lemma 4.4 for Brauer characters. In its module version, at least,
it is well known and we omit the proof.

LEMMA 5.1. Let N<]G, μe IBr (N) and T = {g e G \ μβ = μ). Let
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φ G IBr (G) with I(φN, μ) Φ 0. Then there exists a unique τ e IBr (T)
such that τG ~ φ and I(τN, μ) Φ 0.

We need the following corollary of Theorem 3.1.

COROLLARY 5.2. Let N<\G with p Jf \G: N\ and let f e Irr (N)
be p-rational and satisfy

( a ) ψ*eϊBr(N) and
(b) ψ9 = ψ for those geG with (ψ*)9 = φ*.

Then every irreducible constituent of ψG is p-rational.

Proof. Let χ be an irreducible constituent of ψβ and let σ e ©((?).
Then (χσ)* = X* and [χσ, ψσ] = [χ% {fσ)G] Φ 0. By Theorem 3.1, * is
one-to-one on irreducible constituents of ψG. Thus χ = χa and the
result follows.

DEFINITION 5.3. Suppose χ e Ι r r ( G ) satisfies
( a ) χ* G IBr (G) and
( b ) χa = χ for those a e Aut (G) with (χ*)α = χ*.

Then χ is automorphic.

Note that if a subset ^ £ Irr (G) can be found such that
£fa = g? for all a e Aut (G) and * defines a one-to-one correspondence
from £? onto IBr(G), then every χ G ^ ^ is automorphic. In §6 we
shall prove that ^ = ^ ( G ) has these properties if G is p-solvable
with p Φ 2.

THEOREM 5.4. Lβί G 6β p-solvable and let φ e IBr (G).
α isίs p-rational automorphic χ e Irr (G) wiίA χ* — ?>. Further-

more, if p I 9>(1), then there exists N char G such that the number
of distinct irreducible constituents of φN is divisible by p.

Proof. Use induction on \G\.

Case 1. There exists AT char G such that the number of irreduci-
ble constituents of φN is divisible by p.

Let μ be one of these constituents so that p\\G:T\ where
T = [g G G I μ9 = μ). By Lemma 5.1, find τ e IBr (T) with τG = φ and
I(τN> μ)Φθ. Since T < G, choose a p-rational, automorphic ψ e Irr (T)
with ψ* = r. Let χ = ^ G . Then χ* = (^G)* = τG = ^ and hence
χGlrr(G). Certainly, χ is p-rational. If α:GAut(G) with φa = φ,
then Na = N and μα is a constituent of φN so that μa = ^^ for some
# e G. Define /9 G Aut (G) by α;̂  = (xa)9~\ Then φ? = φ, μ? = μ and
!F = T. From the uniqueness of τ we conclude that τβ — τ and
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thus ψβ = ψ and χβ = χ. Since χβ = χa, we have shown that χ is
automorphic.

Case 2. No N as in Case 1 exists.

Suppose M < G is characteristic and let μ be an irreducible
constituent of φM. If JV char M, then JV char G. The number of
distinct irreducible constituents of μN divides the number for φN

and hence is prime to p. By the inductive hypothesis, p \ μ(l).
Also, we may choose p-rational, automorphic θ e Irr (M) with θ* = μ.
Thus θ9 = θ whenever μ9 — μ. Also, p | 0(1) and the number of
distinct conjugates of θ in G is prime to p.

If OP(G) < G, take M = OP(G). By the last sentence of the
preceding paragraph, θ is invariant in G. Since OP(M) = M and
o{θ) = |ikf:ker(det(#))|, we have p | o(0).. By Theorem 4.2, 0 has
a unique extension, χeIrr (G) with p \ χ(l). By Lemma 4.1, χ* = <p
and by Corollary 4.7, χ is p-ίixed. Also φ(l) = χ(ϊ) = Θ(T) and so
p X φ(l).

If a e Aut (G) and φa = φ then μa = μ since μ = ^ . Therefore,
θa = θ and by the uniqueness of χ and the fact that o(χ) = o(χα),
we conclude that χ = χa.

We may now suppose OP(G) = G so that OP'{G) < G and we take
M = OP'(G). By Theorem 3.1, there exists a unique irreducible con-
stituent, χ, of θσ with χ* = φ. If α e Aut (G) with φa = <P, then
Mα = M and μα = ^ g for some geG. Define ^ e Aut (G) by α̂  = (x*)9"1

so that μβ = μ and 0̂  = 0. Now χβ is a constituent of ΘG and (χθ* =
9^ — φ. By the uniqueness of χ, χ̂  = χ. Since χβ = χα, we have
proved that χ is automorphic. As is well known, (χ(l)/#(l)) | \G: M\.
It follows that χ(l) — φ(ϊ) is prime to p. Also, χ is p-rational by
Corollary 5.2.

6* The main theorems*

LEMMA 6.1. Let N<]G and μ e IBr (N). Suppose μ is invariant
in G and that μG 6 IBr (G). Then N = G.

Proof. Let <p = μ*. By Theorem 2.2,

1 = I(φ, φ) = I ( ^ , 9>) = I(μ, ψN) .

Since μ is invariant in G, Clifford's theorem yields ψN = |G:iNΓ|
and thus

Proo/ o/ Theorem 1.2. Use induction on | G |. Let χ e Irr (G) be
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^-rational and suppose χ*eIBr(G). Let N<]G and θeΙrr(N) with
[XN, θ] Φ 0. We show by induction on \N\ that θ is p-rational and
θ* e IBr (N).

Let T = {g 6 G \ θ9 = θ) and ψ e Irr (T) with ψG = χ and [f*, 0] ̂  0.
Let S = {g e G \ θ9 = θσ for some σ e ©((?)}. Note that S is a subgroup
since for x e G, σ e ®(G) we have (0σ)* = (#*)"• A l s o > S 3 Γ s o that
?? = ψ s e Irr (S). Now Of)* - (ηG)* = χ* e IBr (G), and we conclude
that ψ e IBr (S).

We claim that η is p-rational. Let σ e ®(G). Then χσ = χ and
hence θa = ^ for some #eG. Necessarily, greS and so θ and 0σ are
conjugate in S and hence [()?%, θ\ Φ 0 and we can find α/^elrrΐjΓ)
with ( f O 5 - ^ and [(ih)*, 0 ]*O. Now (f X)

G = (T)G = Γ = Z It
follows (Lemma 4.4) that ψ1 = ψ and hence η = ψs = (^y — rf and 37
is p-rational as claimed. If S < G, then by the inductive hypothesis
on |G | , we conclude that θ is p-rational and θ* e IBr (N).

Suppose then, S = G. It g eG, then Γff is the inertia group of
θ9 = /9σ for some σ e ®(G). If ^x = θ, then (ίσ) s = (6>a;)σ = θ° and we
conclude that Tg = Γ and hence Γ < G. Also, (f^f = Z = ( f T a n d
ί(f % θ°\ Φ 0. It follows that ψ9 = ψσ and thus (ψ*)β = (fσ)* = f *.
Since (^*)<? = χ* e IBr (G), Lemma 6.1 applies and we conclude that
T=G.

We now have χN — e^ and thus θ is p-rational. We may assume
N > 1. Suppose Λf < iV, Λί <] G. Let f be an irreducible constituent
of ΘM. By the inductive hypothesis on \N\, we conclude that ζ is
^-rational and ξ* e IBr (Λf). If g e G with (ζ*)g = f *, then since P is
^-rational, the (uniqueness) inductive hypothesis on | G | yields ζ = ξg.

If OP(N) < N, take M = OP(N). Then Theorem 4.5 applies to N.
Since θ is the (unique) p-rational irreducible constituent of ζN, we
conclude that θ* e IBr (N). Otherwise, OP'(N) < N and we may take
M=OP'(N). In this case, Theorem 3.1 yields 0* e IBr (N).

Now suppose χ oeIrr(G) is p-rational and that χ* = χ0*. Let Λf
be a maximal normal subgroup of G and let μ be an irreducible
constituent of (χ*)^. Choose irreducible constituents, ψ and ψ0 of
χ,f and (χo)^ respectively, so that I(ψ*, μ) Φ 0 Φ I((ψo)*9 j")- By the
first part of the proof we conclude that ψ* = ^ — (^0)* and that ^
and ψ0 are p-rational. By the inductive hypothesis, ψ = ^ 0

If geG and μ3 = /£, then ^ = ψ, again by the inductive hypothe-
sis. Now conclude that χ = χ0 using Theorem 3.1 if p \ \G: M\ and
Theorem 4.5 if p = \G: M\.

Given ^eΙBr(G), the existence of p-rational χeΙrr(G) with
χ* = φ follows from Theorem 5.4. Alternatively, in the present
situation, it follows immediately by induction applied to a maximal
normal subgroup of G, using Theorem 4.5 or Theorem 3.1 together
with Corollary 5.2.
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COROLLARY 6.2. Let G be p-solvable with pφ2 and let χ e Irr (G)
be p-rational with χ* e IBr (G). Then % is automorphic.

Proof. Immediate from the uniqueness in Theorem 1.2.

Proof of Theorem 1.4. Repeated application of Theorem 1.2
shows that if χ* e IBr (G) and χ is p-rational, then χ e 6^(G). Trivially,
if χ e SS(G), then χ is ^^-p-rational for any collection, ^ ^ of sub-
groups of G. Now suppose χ is ^^-p-rational where Λ is some
subnormal series for G with factors being p-groups and p'-groups.
Let Me^f with M<}G and either p \ \G:M\ or G/M a p-group.
Let θ be an irreducible constituent of χM so that θ is ^^-p-rational
where ^ ^ = [He^ \ H § ikf} is an appropriate subnormal series
of ikf.

Working by induction on | G | , we assume #*eIBr(Λf). By
Corollary 6.2, θ is automorphic. Thus by Theorem 3.1 or Theorem
4.5, we conclude that χ* e IBr (G).

Since (b) implies (a), * defines a map of S^(G) into IBr (G). This
map is one-to-one by Theorem 1.2 and is onto by Theorem 1.2 together
with the fact that (a) implies (b). This completes the proof.

7* Corollaries, further results and questions* The most obvi-
ous deficiency in our work is the situation when p = 2. We ask

QUESTION 7.1. Let G be solvable and p = 2. Let φ e IBr (G).
Does there exist χ e Irr (G) such that for every N <] G and every
irreducible constituent, ψ, of χN, we have ^ * e IBr (AT)?

For p ^ 2, we have much more.

COROLLARY 7.2. Let G be p-solvable with pφ2 and let φ e IBr(G).
Then there exists χeΙrr(G) such that for every M<\<]G, * defines
a one-to-one map from {ψ e Irr (M) | [χM, ψ] Φ 0} onto

{μeIBr(M)\I(φM,μ)Φ0}.

Proof. Take χ e S?{G) with χ* = 9?.

COROLLARY 7.3. Let G be psolvable with p Φ 2. Let N<\G
and ̂ r

( a ) i/^/f'IGiiVΊ, ί̂ βTί, every irreducible constituent of ψG lies
in S^{G).

(b) If G/N is a p-group, then exactly one irreducible con-
stituent of ψG is p-rational. It lies in <S^{G).

( c ) In general, some irreducible constituent of ψG lies in
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Proof- ( a ) We have ψ is automorphic and Theorem 3.1 yields
χ* e IBr (G) for every irreducible constituent, χ, of ψG. By Corollary
5.2, χ is ^-rational and hence χeS^(G) by Theorem 1.4.

(b) Since ψ is automorphic, Theorem 4.5 and Theorem 1.4 yield
the result.

(c) This is immediate by alternate application of (a) and (b).

If ψ is p-rational but ψ£^(N), then for p \ \ G: N\, it is pos-
sible that no irreducible constituent of ψσ is p-rational. An example
is in § 9.

If H s G and ψ e S^(H), it does not necessarily follow that some
irreducible constituent of ψG lies in S^ifi). An example for p — 3
is G = SL (2, 3), H^G, cyclic of order 6 and <f e Irr (H) with
τ/r ̂  1H = ψ2. We ask

QUESTION 7.4. Let G be p-solvable with p^2 and H^G.
Suppose ψ e S"(H) and ^ e Irr (G). Is ̂  e ̂ (G)? Suppose χ e
and χH e Irr (H). Is χff e

We shall prove some special cases.

THEOREM 7.5. Let G be p-solvable with p Φ 2. Let N<\G,
θ 6 Irr (N) and T = {g e G | θ° = <?}. Let ψe Irr (T) wΐίft [ψ ,̂ »] ̂  0.

χ = ^ G . ΓΛβ^ ψ e S*( T) iff χ e

Proof. We may assume N<G and choose maximal M<\G,
M 2 N. Choose an irreducible constituent ξ, of χM with [ζN, θ] Φ 0.
Let S = Mf]T and by Lemma 4.4, choose ηeΙγr(S) with ψ = ί.
Working by induction on | G |, we have ^ e ̂ ( S ) iff f e £f(M). Since
[^, Zl =£ 0» ^ follows from Lemma 4.4 that [V, ψ1] Φ 0. Note that
S<3 T.

If p | | G : Λ f | , then p t | Γ : S | and it follows from Corollary
7.3(a) that ζ e ̂ {M) iff χ e ^ ( G ) and η e &*(S) iff + e y ( Γ ) . We
are done in this case.

Suppose then, \G: M\ = p. If ψe^(T) then ηe^(S) and
ί 6 ̂ (M). Also χ = ̂ G is p-rational and thus χ e S^(G) by Corollary
7.3(b). Conversely, if χ e ^ ( G ) , then ξeS^(M) and ηeS*(S). Also
^ G £f{N) and hence by the remark following Lemma 4.4, f is p-
rational Now ψe^(T) by 7.3(b).

THEOREM 7.6. Let L<\K<]G and H^G with HK = G, Hn
K — L. Let θ G Irr (K) be invariant in G and suppose ΘL e Irr (L).
Let χ e Irr (G) wife [χ*, 0] Φ 0. 7%e^ χff = ψ e Irr (iί). ^so, if G
is p-solvable with p Φ 2 and χ e S*(G), then ψ e
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Proof. That ψeIrr(H) is part of Lemma 10.5 of [7]. Suppose
G is ^-solvable, pΦ2 and χ e S^(β). If K = G then H = L < G and
ψe£^(H). Assume then, that K<G and choose maximal M<\G
with ikfSlL Let U=HΓ\M so that KU = M and # 0 * 7 = L.
Let £ be an irreducible constituent of χM with [ξκ, θ] Φ 0. Then

and working by induction on | G | , we may assume ξσ =

Now U <\H and f is a p-rational irreducible constituent of ^ .
Since either p Jf \H: U\ or p = \H: U\, Corollary 7.3 yields ψe<9"(H).

Sometimes, every ^-rational character lies in S^iβ). The fol-
lowing gives a sufficient condition for this.

THEOREM 7.7. Let G be p-solvable with p Φ 2, and suppose that
the Frobenius group of order p(p — 1) is not involved in G. Then
every p-rational χ e Irr (G) lies in

Proof. Let \G\=m and ε = e2πi/m. Let ®(G) = <tf> so that
eσ = ek for some integer fc, with (m, A;) = 1. It follows from a standard
argument, using a counting lemma of Brauer, that the number of
p-rational χ e Irr (G) is equal to the number of conjugacy classes,
SΓ, such that xk e ̂ Γ whenever x e <3Γ. We claim that these can
only be the p-regular classes.

Suppose x is p-singular and yeG with xy = xk. Let ue (x) with
o(u) = p so that uy — uk. Since <σ> permutes the primitive pth.
roots of unity transitively, we conclude that k is a multiplicative
generator of the group of nonzero integers mod p. It follows that
all elements of (u) are conjugate in (u, y} = H and thus H/C<y>(u)
is a Frobenius group of order p(p — 1). This contradiction shows
that the number of p-rational χ e Irr (G) is not more than the number
of p-regular classes. Now | 6^{G) \ — \ IBr (G) \ is equal to the number
of p-regular classes. The result follows.

Combining the information in Theorem 5.4 with our main results,
we obtain the following.

COROLLARY 7.8. Let G be psolvable with pφ2 and let χe
Then there exists U^G and η e <9*(U) such that χ~rf and p \ η{l).

Proof. We may suppose p \ χ(l). Then χ* e IBr (G) and p \ χ*(l)
and by Theorem 5.4, there exists N <\G such that (χ*)^ is not
homogeneous. Let θ be an irreducible constituent of χ^. Since
θ* 6 IBr (N), it follows that θ is not invariant in G. Let Γ =
{g e G i θ° = θ] < G and choose f e Irr (T) with ψG = χ and [ψN, θ] Φ 0.
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By Theorem 7.5, ψeS^(T). Since T<G, induction on | G | yields
the result.

We close this section with the observation that if G is p-solvable
with p Φ 2, then the subnormally p-rational characters can be located
in the character table of G. Certainly, the ̂ -rational characters can
be found. Also, the p-regular classes can be identified (see Theorem
2.5 in [8]) and thus the functions χ* can be constructed for χ e Irr (G).
We have

COROLLARY 7.9. Let G be p-solvable with p Φ 2. Let χ e Irr (G)
be p-rational. Then χ e S^(G) iff χ* is not of the form Σ &+Ψ* for

p-rational ψ e Irr (G) with ψ(ϊ) < χ(l) and aψ Ξ> 0, integers.

8* Solvable groups* In this section we use some of the deeper
properties of solvable groups to obtain a partial answer to Question
7.4.

THEOREM 8.1. Let G be solvable and suppose p Φ 2. Let ffgG,
χ G Irr (G) and ψ e Irr (H). Suppose 2 \ χ(l).

(a) If fe Sf{H) and χ = ψ°9 then χ e
(b) If χ e S"(G) and ψ = χH, then ψ e

To prove this theorem we will use the main result (Theorem
9.1 and Corollary 9.2) of [7]. We state part of it here.

THEOREM 8.2. Let L <^K<\G with L <\G and KjL abelian of
odd order. Let Θ e Irr (K) be invariant in G and suppose θL = eφ
with φ 6 Irr (L) and e2 = | K: L |. Then there exists U £ G and
a character, β, of G such that

(a) UK=G, UnK= L;
(b) \β(g)\ι=\Cx/L{g)\for all geG;
( c ) the equation χπ = βuξ defines a one-to-one correspondence

between {χe Irr (G) | [χκ, θ] Φ 0} and {ξ e Iτr_(U) | [ίL, φ] Φ 0} and
( d ) if Xu = βuξ as in (c), then ξ° = βχ.

THEOREM 8.3. Let G be solvable and let H be a maximal sub-
group. Suppose 2 | | G : i f | . Let L — coreG(H) and let K\L be a
chief factor of G. Suppose χ e Irr (G) and ψ e Irr (H) and let φ be
an irreducible constituent of ψL.

( a ) If % = ψσ then φ is not invariant G.
(b) If XH — ψ and φ is invariant in G, then φ is extendible

to K.

Proof. Since G is solvable, K/L is an abelian g-group. We



186 I. M. ISAACS

have G = KH and L = Kf)H. Since 2 \ \ G: H\, we have q Φ 2.
Now CH(K/L) <\ G and so CH(K/L) = L. We may assume H <f\ G and
thus H> L. Let R/L be a chief factor of H. Let C = [K, R]L.
Since i2 < H, it follows that C < G. Since R£L = CH(K/L), we
have C > L and thus C = K. It follows that if λeIrr(iζ/L) is
fixed by R, then λ = 1 .̂ Also R/L is an r-group with r Φ q.

Suppose C7 s G with t/K"= G and U n JΓ= L. Then (C7 n ΛΛΓ)/L e
Syl r (RK/L). If we replace H by a conjugate, we may assume that
UΠ RK = R and thus Jϊ = NG(R) = U.

Now assume <p is invariant in G. By the "going up theorem"
(Proposition 3 (2) of [6]) there are two possibilities: (i) φκ = eθ with
e2 = IK: L \ and θ e Irr (K) or (ii) φ is extendable to K.

Suppose (i) occurs. Then ΘL = eφ and Theorem 8.2 applies. We
may assume that the subgroup, U, in the conclusion of that theorem
is H. We have χH = βHξ for some ξ e Irr (iϊ) with [ξL, φ] Φ 0. Also,
^ = 7̂7 for some η e Irr (G) with \rjKj θ] Φ 0. __If ψ =JCH> then
α/r = βHζ and /Ŝ  G Irr (H). If χ = α/rG, then χ = βy and Ŝ e Irr (G).
In either case β e Irr (G) and [/3/3, lβ] = 1.

Conclusion (b) of Theorem 8.2 asserts that ββ is the permutation
character of G acting on all of the elements of K/L. This action
cannot be transitive since the identity of K/L is a fixed point. This
contradicts [ββ, 1G] = 1.

We conclude that (ii) occurs and φ is extendible to K. This
completes the proof of (b). We assume that χ = fG and obtain a
contradiction to prove (a).

We have χκ = (ψG)κ = (fL)κ which is a multiple of φ*. It fol-
lows that the \K: L\ distinct extensions of φ to K are transitively
permuted by G and hence by H/L. Since R<\H and r Φ q, it
follows that i2 fixes all of the extensions of ψ to K.

Let 0! ^ θ2 be two extensions of φ. Then #2 = λ#x for some
unique λ e Irr (K/L) with λ ^ lκ. It follows that i? fixes λ and this
is the desired contradiction.

Before proceeding with the proof of (8.1), we observe a con-
sequence of Theorem 8.3(a).

COROLLARY 8.4. Let G be solvable and suppose χ e Irr (G) is
quasiprίmitive with 2 \ χ(l). Then χ is primitive.

This result was recently proved by T. R. Berger without as-
suming 2 Jf χ(l).

Proof of Theorem 8.1. We may assume that H is a maximal
subgroup. Let L — coreG (H) and let <£> be an irreducible constituent
of ψL. In either situation (a) or (b) we have [χL, φ] Φ 0. Let T =
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{g e G I φ9 = φ) and S = H n T. Let ξ e Irr (T) with ζG = χ and
[βi, ψ\ ^ 0 and 57 e Irr (S) with ^/z = ψ and [%, ?>] Φ 0.

Now assume ψσ ~ χ and f e y ( J ϊ ) . Since 2 | χ(l), we have
2Jf\G:H\ and hence Γ < G by Theorem 8.3(a). Also rf = χ and it
follows from Lemma 4.4, that rf = f. Further, 2 | f(l). By Theorem
7.5, 7}e£S(S). Working by induction on | G | and using T<G, we
have ξ = τ]τ e S^(T). Another application of Theorem 7.5 yields
χ e S*(G), as desired.

Now suppose χH = ψ and χeS^(G). By Mackey's theorem, (ξs)11

is a constituent of (ζG)H = ψ. It follows that (ζs)
H = ^ and thus by

Lemma 4.4, ξs = 37. Now f e ^ ( Γ ) and if Γ<G, the inductive
hypothesis yields ^ G ̂ ( S ) since 2 | f(1). Therefore f e £^{H) as
desired.

We now consider the remaining case, where φ is invariant in G.
Let K/L be a chief factor of (? so that K/L is an abelian g-group,
KH = G and K f) H — L. Let 0 be an irreducible constituent of χκ

so that [ΘL, φ] Φ 0. We claim that ΘL = 9?. If g ^ 2, this follows
from Theorem 8.3 (b). If q = 2, then θ(ΐ)/φ(l) is a power of 2.
Since 0(1) | χ(l), it follows that 2 \ 0(1) and hence 0(1) = φ(l). If 0
is invariant in G, the result follows from Theorem 7.6.

Assume then, that W = {g e G \ θg = θ} < G and choose a e Irr (ϊΓ)
with aG = χ and [^, 0] ^ 0 so that ae£"(W). Let F = Wf) H and
/S = av so that /Sff = (aG)H = ^. Thus /3 G Irr (F) and by the inductive
hypothesis, βeS^(V), Now ψeS^(H) by part (a) and the proof is
complete.

9* Example*

THEOREM 9.1. Let p Φ 2. ΓΛβ following situation can occur:
( a ) G is p-solvable, N<\G, p \ \ G: N\,
( b ) χ e Ι r r ( G ) , χ* e IBr (G),
( c ) χN - 0 G Irr (iSΓ), 0* g IBr (ΛΓ),
(d ) θ is p-rational and
( e ) ^o irreducible constituent of ΘG is p-rational.

Proof. Let A be abelian of order p(p — If with A = (x, u, v}9

of = u9~ι = vp~ι = 1. Let a e Aut «a;» of order p — 1 and define
σ e Aut (A) by of = xa, uσ = uv and v° = t; so that o(σ) = p - 1. Let
G = Ax|<o >, the semi-direct product.

Define λ e Irr (A) by λ(#) = e = e2zi/p, X(u) = 1 and λ(v) = δ =

e2-»/(2>-Dβ L Θ ^ χ _ λG^ Note that λ has p — 1 distinct G-conjugates
and these take on distinct values at x and at u. It follows that
χH e Irr (iί) where H = <u, v, σ> and also χN = θ e Irr (AT) where
JV= <.τ, v, σ>. Since H is a p'-group, we have χ* G IBr (G). Since
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G' = <α, v} s JV, we have N <\ G.
Now N' = <£> = OP(i\0 s ker /* for any μ e IBr (AT). It follows

that μ(l) = 1 and thus θ* £ IBr (N). Parts (a), (b) and (c) have now
been proved.

Note that θ = (λ<t,>a.>)̂  and thus θ vanishes on N — (y, α?>. We
compute θ(vaxh) = δay£?zl s* = -δa eQ[δ\. It follows that 0 is p-
rational.

Let ψ be an irreducible constituent of θσ. Then ψ = yχ for
some 7 G Irr (G/N) and thus ψH = ΊHχH is irreducible and hence
α/r*eIBr(G). Since 0*gIBr(iV), it follows from Theorem 1.2 that
ψ is not p-rational. (Or compute ψ(xu) and observe that it does
not lie in Q[δ].) This completes the proof.

In the notation of Theorom 9.1, if χ were p-rational, then (b)
and (c) could not both hold. If θ e £^(G) then (e) could not hold.
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