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The study of finite groups having a Self-Centralizing Sylow
subgroup of prime order p is an important part of the theory of
finite groups. In this paper these groups are studied under some
arithmetical hypotheses. A rational number r, depending on the
group and the prime p, is defined and some classification results
are obtained by assuming that r is bounded as a function of the
prime p.

Let G be a finite group, P a Sylow /?-subgroup of G of order /?, for an

odd prime/?.

Fix an element π G G such that P = (τr>, and assume CG(P) = P,

q = \NG(P) : P| = (/> - \)/t Φ p - 1, where CG{P) and NG(P) denote the

centralizer of P in G and the normalizer of P in G, respectively.

Let IT = TΓJ , τr2, ... , πt be the representatives of conjugacy classes of

elements of order/?, where πt G P , l < / < / . For 1 < /,/, k < ί, denote by

sty* the number of times a product of a conjugate of 77/? in NG(P), by a

conjugate of π,, in iVG (P), equals πk.

Denote by Cijk the number of times a product of a conjugate of πi9 in

G, by a conjugate of πj9 in G, equals ττfc.

This paper studies the relation between the numbers sijk and Cijk,

1 < i,y, k < /.

Suppose G satisfies the condition

(*) C n l = 0 whenever siU = 0, 1 < i < ί.

Define a rational number r — r{G, p) and a rational number a = #(/?* ί)
(/?-average of G) as follows:

1 < / < t
r(G,p) = max 'ill

si\\

a(p9ή = Li~\ / Π

This number r = r(G,p) has some interesting properties. For instance,
it is true that

(a) r = l(mod/?) as a rational number.
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(b) lim r(Ap, p) = oo where Ap denotes the alternating group on p
letters. /"*°°

There is also a conjecture involving this number r.
Let x be the degree of the exceptional character in the principal

/?-block of G,
If the order of G is equal to r-p-x and G is a simple group, does it

follow that G is isomorphic to A 7 ?
Using the theory of R. Brauer for prime to the first power [2] and a

theorem of W. Feit [4] the following results are proved:

THEOREM 1. Let G be a simple group with a(p, t) = 1 and
r1 < 20 521 p. Then G is isomorphic to one of the following groups:

( i ) PSL(2,7) Q> = 7)
(ii) AΊ (p = T)
(iii) ί/3(3) Q> = 7)
(iv) PSL(3,4) (p = 7)
(v) Λ8 (/> = 7)

THEOREM 2. Lei G be a simple group with a(ρ, t) = 2
< 9310 /?. 7%eΛ G is isomorphic to one of the following groups:

( i ) PSL(2,11) , />= 11, r = 1.

(ii) M π , />= 11, r = ^ .

(iii) M 1 2 , /?= 11, r = 3 2 0 .

1. Proof of Theorem 1. Let G be a counter example for Theorem 1, if
one exists.

As a(py t) = 1, then p = t2 + t + I where q =z (p - \)/t =
|ΛΓGCP):P|. Thus G cannot be of type (A) PSL(2, p) since here,
ί = 2, p = 7 and PS(2, 7) is in the list. G also cannot be of type (B)
SL(2,/?-l) where / ? - l = 2 m , m > : 2 since for this type, q = ί + 1 = 2
and r = 1. This gives q= p—\, which is against the hypothesis.

By Lemma 1.4 of [7], it follows that

(1) \G:NG(P)\ = -£-<r.v where v = ( f - l ) . £ ±
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PROPOSITION 1.1. Let G be a simple finite group as in the introduction

anda{p91) — 1 (/?-average of G — 1). Then one of the following is true:

( i ) S i U = 5-211 = . . . = St\\ = 1

(ii) G is of type (A) PSL(2,/>) or type (B) SL(2,/? - 1),/? - 1 = 2 m ,
m > 2 .

(iii) ί - 2
(iv) (p + 9) divides g = \G\.

Proof Assume neither (i), (ii), nor (iii) holds. Then it can be shown
that (iv) holds.

If (i) is false, then some sioU = 0, 1 < iQ < t since a(p, t) = 1.

By(*),c/ o Π - o .

Using character theory, the following formulas are obtained (see [3]):

(2) sijk = ̂ [q + BiJk], l<ij,k<t

(3) Cuk = j^[l + Aijk], l<i,j,k<t

(4) t > 3 =̂> Aijk = f.qBjjk/x, where Λ: = degree of exceptional
character in the principal/?- block e = ± 1, x = bp + eq, b = integer, 1 <
i,j, k < t. Since it is assumed that t > 3, it follows that 2?ίoΠ = —q,l —

—AioU = q2c/x=>€ = + 1 andx — bp + q.

(5) l(p-\)l>p-q.

So ( g - 1 ) / - g 2 * * - 1 * and x - ^ f - 1 ^ 2

x ( l ) /

τ h u s x< ipΊh\ bp <
p q

\ p

p - q p - q

bP < p q 2 -

p- q (p-q)

a n d 6 < g ^ 1

Thus b < 1. Since G is not of type (A) nor of type (B), then by a

theorem of Feit [4], b = 1 and x = p + q, dividing g. Hence the Proposition

1.1.
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PROPOSITION 1.2. There are the following possibilities for t andp:

( i ) ί = 2, p = τ

(ii) / = 3, p = 13.

(iii) * = 5, /> = 31.

(iv) ί = 6, ρ = 43.

(v) * = 8, ^ = 79.

iVoo/ First t < 13 is proved. For, if / > 14 is assumed, then

/7 = /2 + ί + 1 > 211.

By (1) (see Lemma 1.4 of [7]), it follows that

\G:NG(P)\ = Mp + 1 < r- v = r ( 9 - l

Now, (/7 + ?)/(/? ~ 9 ) < (ί + l)/(ί - 1) since p + q = p +

(p - 1)// = ((f + l)p _ l)/ί a n d ^ - q = ((ί - 1)/?

Thus

Λφ+ 1< r ( ί 1 ) .

Since (ί + l)/(ί — 1) is a decreasing function of t, Mp + 1 <

r(q - 1) 15/13.

By a theorem of Brauer-Nagai [5], it may be assumed that M > p + 3.

Thus it follows that

(/? + 3)-p< r(q - 1) T J

Now, # - 1 = 1 =
t

r

13 " 14-13

2, 20521 x (15) 2

 1 / I n+ 3 < =—-—Sj- < 140
( 1 4 ) 2 x ( 1 3 ) 2

/? + 3 <
14-13

U , 3 ) 2 c r 2 -
(14) 2(14) 2 x(13) 2 (14) 2 x(13) 2

and this contradictsp > 211. Thus t < 13.
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For the cases t = 4, 7, 9, 10, 11, 13, p = ί2 + ί + 1 is not a prime
number.

For case t = 12, it follows that/? = 157 and

M 1 <r /> Λ\P + <1 - - ΛJ2 20521 (85) 2

M/? + 1 < r v = r(# - 1 ) £ — 2 . giving M p < — —
/? - ί 157 36

M < \l 20521 M
ϊ 157 ' 6

and M < 163.

But by Brauer-Nagai [5], 160 < M < 163 and there are only three
possibilities for M = 160, 161, 162. Here t = 12, q = 13,/? = 157. Hence

g=pq(Mp + 1) = odd x (M X 157 + 1).

If M is even, g becomes odd and this case is out by Thompson-Feit odd
order paper.

If M — 161, then it becomes 161 x 1 5 7 + 1 and in this case,

g = (13) x 157 x (161 x 157 + 1) = 13 x 157 298

g — 2 X (odd number), and G is not simple by Burnside. Hence the
Proposition 1.2.

PROPOSITION 1.3.

( i ) For case t = 8, p = 73, q = 9, it follows that M is odd and of type
79 + 4K = M,K = 0, 1, X ... , 23 andg = 657 (73M + 1).

(ii) For case t = 6, /? = 43, q = 7, it follows that M is odd and of type
49 + 4K=M,K=0,\,2, ,33,g = 30\ (43 M + l)a/u/(5)2

(iii) /w- awe / = 5,/? = 31,# = 6, it follows that M is odd and of type
35 + 2K= M, K = 0, 1, . . . ,72,g= 186 (31 M + \)andp + q = 37
divides g.

(iv) For case / = 3, /? = 13, ^ = 4, ft follows that 16 < M < 225,
g = 52 (13 M + 1) fl/iέ//ι + q = 17 divides g.

(v) For cose / = 2, /? = 7, q = 3, it follows that M is odd and of type
\3 + 4K=M,K = 0, 1, ...,64,g = 21 (7 M + 1).
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Proof. All these bounds are obtained by using

M/>+l<r.v = r . ( ϊ - l ) £ i - £ and r<j20S21.p9

p - q

Thompson-Feit odd order paper, Burnside Theorem for g = 2 X (odd
number) and Brauer-Nagai [5], M > p + 3, are also used.

In order to have p + q divides g in cases / = 6, f = 5 and t = 3,
Lemma 2.1 [7] and Proposition 1.1. may be used.

Hence Proposition 1.3.
Case* = 3,/? = 13, q = 4.
Using a simple computer program, only 10 possibilities arise, and all

of them may be eliminated by using the results of Burnside [9], Fong [6],
Alperin-Brauer-Gorenstein [1], Gorenstein-Walter [8] and Walter [11].

Case / = 5,/? = 31, q = 6.
In this case, only 2 possibilities arise, and they are eliminated by using

Fong [6], Alperin-Brauer-Gorenstein [1], Gorenstein-Walter [8] and
Walter [11].

Case/ « 6,/> = 43,# = 7.
In this case there is only one possibility and it is eliminated by using

Fong [6], Alperin-Brauer-Gorenstein [1], Gorenstein-Walter [8] and
Walter [11].

Case/ = 8,/? = 73, q =9.
Theng = 657 (73 M + 1), M = 79 + 4#and K = 0, 1, 2, ... , 23.
Using some characterization's theorems previously mentioned, all but

one case are eliminated. That case is:

m = 135, g = 2Ί - 3 2 7 11 73.

This case is eliminated by using character theory as follows:

Aί= 135, g = 2Ί 3 2 7 11 -73.

Let 5 be a Sylow 11 subgroup of G. Let w = \G: iV(5)|. Assume « ^ 1.
By Burnside w.m.a., |ΛΓ(5)/C(5)| = 2. Now 73|/ι, and by calculation the
possibilities for H # 1, n = 1 (mod 11) are:

(a) 73 X 8
(b) 73 X 8 X 32
(c) 73 X 7 X 64
(d) 73 X 7 X 9,

where \N{S)/C{S)\ = 2.
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ô be the degree of exceptional character in B0(ll) (= principal
11-block), and let 1 Φ fx be the degree of nonexceptional character in

fQ^±2 (mod 11);/i = ± 1 (mod 11). There are signs c0, ex such
that:

1 + €o/o + €i/i = 0. Also,/0,/i both divide In.
Note also that C(S) Φ S is in all the possibilities (a), (b), (c), and (d).
Case (a), n = 73 x 8. Here 2/7 = 16 x 73,/0,/i | 16 x 73 and

(/0,/i) = 1. Since 73 = ± 1 (mod 11) => fx \ 16,/i s ± 1 (mod 11)

Case (b). /ι = 32 x 3 x 73; here/0,/! | In = 64 x 3 x 73.
Assume first 73 |/ 0. Then, by calculation,/0 becomes even=>/i | 3

fx = 1. Thus, 73 \f0. Hence,/0 | 64 X 3.
By calculation there are two possibilities for/0:

(1) fQ = 64 s -2(modl l )=>/! = 65 164 X 3 X 73.
(2) /o = 8 x 3 = 24 - + 2 (mod 11) => CQ = - 1 : =>/0 = 24

>/i - 2 3 .

Gwέ?(c). 2/z = 128 x 7 x 73;/0,/i | 2/ι.
Assume first 73 |/0. By calculation/0 becomes even =>yi | 7=»/i = 1.

Thus, 73 {/o. Hence,/0 | 128 x 7. By calculation the possibilities for/0 are:

(1) /0 = 64 s -2(modll)=>/i = 65 { 2/i.
(2) /o = 7 χ 16s2(modl l )=»/ , = - 1 + 7 x 16= l lHg.

(d). In = 73 x 9 x 7 x 2;/0,/! | 2/i.
Assume first 73 |/0. By calculation/0 becomes even=>/! | 9 X 7,/, ss

±1 (mod 11)=>/! = 2 1 s - 1 (mod ll)=>e, = - l = > c 0 = +Und/i =
1 +/o=>/o -2OI2«.

Thus 731/0. Hence/o | 9 x 7 x 2. By "Stanton condition" it may be
assumed that/o > 2 x 11 — 1 = 21.

By calculation/o = 2 x 3 x 7 is the only possibility for/0 > 21. But
here/o = 4 2 = ~2 (mod 11), e0 = + 1 =>fx — 43 \ g. Hence, this case is
out.

Case t = %p = Ί,q = Ί>.

In this case g = 21 {1M + 1), M = 13 + 4K, K = 0, 1, ..., 64.
The following is true:

( i ) Λί= 1,^ = 21 X 8 = |PSL(2, 7)|.
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(ii) M= 17,£ = 2 3 ' 3 2 5 7 = μt 7 | .
(iii) M = 4\,g=:25 3 3 7 = |t/3(3)|.
(iv) M = 137, g = 2 6 3 2 5 7 = μ 8 | = |PSL(3, 4)|.
All these groups appear in the list and they are not counter-examples

for the proposed Theorem.
The other possibilities are eliminated by using previously mentioned

theorems or character theory as in the preceding case.
This finishes Theorem 1.

2. Proof of Theorem 2. Let G be a counter example for Theorem 2.
From a(p, t) = 2, it follows that/? = 2t2 + t + 1 and q = 2t + 1, where
$ = (/>- 1)// = |ΛΓσ(/>): P\.

G cannot be of type (A) since here / = 2,ρ = 11 and (? « PSL(2,11) is
not a counter example. Also G cannot be of type (B) since q = 2/ + 1 Φ 2.

By Lemma 1.4 of [7], there is

(1) \G:NG{P)\=-*-<r.v where v = (<? -
Z7? p- q

PROPOSITION 2.1. There are the following possibilities for t andp:
( i ) / = i ^ = 11
(ii) / = 4, /> = 37
(iii) / = 6, /> = 79
(iv) t = S, p= 137

Pr6>^ p — 2t2 + t + 1 prime number implies that ί is even. First,
assume t > 10, hence t>\2.

As before, by Brauer-Nagai Theorem [5].
It may be assumed that

and

since (/ + l)/(/2 — /) is a decreasing function, then

and/? < 88.
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But / > 12 =>p > 2 x (12)2 + 12 + 1 > 88, a contradiction. Thus
/< 10.

Now, if/ = 10, then/? = 211, q = 21.

Mp + \<

/>-

and M/> < r 20 — = — -r.
^ 190 19

This implies M < 180 < p + 3 and this situation is eliminated by the
theorem of Brauer-Nagai [5].

PROPOSITION 2.2.

(ϋ) For case t = 6,p = Ί9,q = 13, M = 85 + AK, K = 0, ..., 26;
andg = 2329 (137 M + 1).

(ii) For case t = 6, /> = 79, ? = 13, M = 85 + AK, K - 0, ... , 26
αm/g = 1027 (79M + 1).

(iii) Forcaset = A,p = 37, q = 9, M = 43 + AK, K = 0 , . . . , 41; and
g = 333 (37 M + 1).

(iv) For case t = 2,p = 11, q = 5, M = 17 + AK, K = 0,..., 73; α«</
g = 55 (ll M + 1).

Proof. All bounds for M are obtained by using the same argument,
Mp + 1 < r v and to complete the proof the odd order paper of
Feit-Thompson and Burnside's result for g = 2 x (odd number) are used.
Brauer-Nagai [5] is also used to get M > p + 3.

Caser = %,p - 137, q- 17.
These 7 possibilities are eliminated by using the already mentioned

characterization theorems.
Case/= 6,/? = 79, q - 13.
All possibilities but one are eliminated, by using directly the

characterization results previously mentioned. This case is finished by
eliminating g - 2 6 13 79 179 which is a iV-group but not a Suzuki
group.

Case/ = A,p - 37, q = 9.
All cases but one are eliminated by using directly characterization

results previously mentioned, the possibility is,

g = 2 6 3 2 5 17-37.
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and this is eliminated as follows:

m= 147, g = 2 6 3 2 5 17-37.

Let S = Sylow 17 subgroup of G. Let n = \G :N(S)\. Assume n Φ 1.
By Burnside (see [9]) \N(S) / C(S)\ = 2, 4, 8, or 16. Also, 37 | «.

By calculation we have the following possibilities for n:
(a) « = 37 x 3 x 2
(b) « = 3 7 χ 5 χ 8
(c) « = 37 x 5 x 9 x 16.

Case (a), n = 37 x 3 x 2, \N(S) / C(S)\ = q0 = 2, 3, 8, or 16.
The degrees/, (degree of exceptional character),/,/, ... ,fqo-\, all

not equal to 1, in B0(Π) = principal 17-block, must divide q0 n. Thus,
they must divide 32 x 3 x 37.

The nonexceptional ones,/!, ...,/9o_! are all = ± 1 (mod 17) and/, =
±q0 (mod 17).

Now, by calculation the possibilities for numbers u = ± 1 (mod 17)
dividing 32 x 3 x 37 are:

(1) 37 x 3 x 2 s + 1 (mod 17)
(2) 3 7 χ 3 χ 3 2 = - 1 (mod 17)
(3) 1 6 ^ - 1 (mod 17).

In any case all/, ,f2,... ,f% are even. By relation 1 + co/o +€,/ , + ...
+ e?0_xfqo_\ = 0, where c, = ±1, i = 0, ... , q0 — 1,/0 becomes odd
dividing 32 x 3 X 37=>/0 | 3 x 37. Then the only possibility for/, is/0 =
3 X 37 = 111 m - 8 (mod 17) q0 = 8.

Thus, e0 = +1, and some e, = - 1 say c, = - 1. Then/, = 37 x 3 x
32 or 16.

Assume/, = 37 x 3 x 32 = 3552.
1 + 3 x 37 - 37 x 3 x 32 + c^2 + ... + e7/7 = 0

112 - 3552 + €2/2 + ... +c 7 / 7 = 0 .
Now since 1112 - 3552| > 6 x 37 x 3 x 2, it is not possible that/, = 3552.

Hence, the situation is:
1 + 37 x 3 - 16 - 16 - ... - 1 6 = 0. Hence,

/ = 16 < 2 x 17 - 1.
By "Stanton condition" [10] we have C(S) - S.
But |iV(S)/C(5)| = 8.
w = 3 7 χ 3 χ 2 = > 2 | \C(S)\. Hence, we finish Case (a).
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Case (b). n = 37 x 5 X 8. \N(S)/C(S)\ = q0 =2,4, or 8 since \G\2 =
64.

Here,/0,/,, ... ,f%_ , divide 64 x 5 x 37. By calculation the only
possibilities for/, / > 1 are:

(1) 3 7 χ 5 χ 8 = + 1 (mod 17)
(2) 16 = —1 (mod 17).

Since both are even we have/ό odd 137 x 5. Hence, by calculation^ = 37
X 5 = -2(mod 17), q0 = 2, e0 = + 1 . Now, (/&,/,) = 1 Φ/, = 16 < 2 X
17 - 1 = 33, by "Stanton condition" [10] C(S) = S. But \N(S)/C(S)\ = 2
andn = 3 7 χ 5 χ 8 = > 2 | | C ( S 1 ) | .

Case (c). » = 37 x 5 x 9 x 16, \N(S)/C(S)\ = q0 = 2 or 4, since
|G|2 =* 64.

Here/o,/,,... ,/ ί 0_ , divide 64 x 9 x 5 x 37.
By calculation the possibilities for the degree of nonexceptional

characters in B0(l7) are:
(1) 37 x 2 x 3 = 222 - + 1 (mod 17)
(2) 73 x 32 x 3 = 1332 - - 1 (mod 17)
(3) 37 x 8 X 5 = 1480 - + 1 (mod 17)
(4) 37 x 9 x 5 = 1665 = -1 (mod 17)
(5) 37 x 9 x 5 x 16 = 246640 - - 1 (mod 17) (1)
(6) 5 x 8 x 3 = 120 - +1 (mod 17)
(7) 32 x 9 = 288 = - 1 (mod 17)
(8) 18 = 18 = +1 (mod 17)
(9) 16 -= 16 = — 1 (mod 17)
By calculation the possibilities ΐoτf0 = ± 2 (mod 17) (q0 = 2) are:
( I)' 37 x 5 - - 2 (mod 17) c0 = + 1
( 2 ) ' 37 X 3 X 4 m +2(mod 17) CQ = - 1
( 3 ) ' 37 x 3 x 64 - -2(mod 17) c0 = + 1
( 4 ) ' 3 7 χ 5 χ 16= +2(modl7) c0 = - 1
( 5 ) ' 3 7 χ 9 χ 5 χ 2 = - 2 ( m o d 17) c0 = + 1
(6) ' 37 x 9 X 5 x 32 - +2(mod 17) c0 = - 1 (1)'
( 7 ) ' 5 X 3 = - 2 (mod 17) e0 = + 1
( 8 ) ' 5 x 3 X 16 - +2(mod 17) e0 = - 1
( 9)' 3 2 = - 2 (mod 17) c0 = + 1
(10)' 36 - +2 (mod 17) Co = - 1
(11)' 9 X 64 = -2(mod 17) e0 = +1
By calculation the possibilities for/0 = ±4 (mod 17), q0 = 4, are:
(1)" 37 x 3 x 8 - +4(mod 17) c0 = - 1
(2)" 37 x 5 x 2 - - 4 (mod 17) c0 = + 1
(3)" 37 x 5 x 32 - +4 (mod 17) e0 = - 1
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(4)" 3 7 χ 9 χ 5 χ 4 = -4(mod 17) e0 = + 1
(5)" 37 x 9 x 5 x 64 - + 4 (mod 17) c0 = - 1 (1)"
(6)" 5 χ 3 χ 2 = -4(mod 17) £0 = +1
(7)" 5 X 3 x 32 - +4 (mod 17) e<, = - 1
(8)" 6 4 = - 4 (mod 17) e0 = +1
(9)" 8 χ 9 - +4 (mod 17) c0 = - 1

Case. \N{β)/C(S)\ = q0 = %fa one of values in list (1)', (2)',

(11)'.
Here e,/, = - 1 - eo/o. Note that: q0 = 2 =» \C(S)\ is divided by 2 =*•

C(5) Φ S. Also,/, divides: 64 x 9 x 5 x 37. Using condition (/o,/i) = 1
and "Stanton condition" (see [10]), the following possibilities are elimi-
nated at once for/0 in list (1)', (2)', (3)', (4)', (5)', (6)', (7)'.

Now, by calculation and using formula e,/, = — 1 — e0/) and list (1)
and (1)' all other cases are eliminated.

Case. q0 = 4. Here \N(S)/C(S)\ = 4, n - 16 x 9 x 5 x 37,

1 + co/o + ei/i + €2/2 + C3/3 = 0.

Looking at list (1)" we see that/> is even. Hence,

«i/i + €2/2 + C3/3 is odd.

Assume first:/, , /2 and/3 are all odd. Looking at list (1), it follows that
/ , = / 2 = / 3 = 37 x 5 x 9 = _ 1 (mod 17). This implies: e0 = +1 and/0

= 3 χ 3 7 χ 5 χ 9 - l = 4994 and this possibility is out by looking at list

Thus, only one of/,,/2,/3, say,/,, is odd. This implies/, = 37 x 5 x
9 = 1665 = - 1 (mod 17). Then€o/O + C2/2 + C3/3 = 1664.

NOTE. / 2 , / 3 are even in list (1).
Now, by calculation (analyzing each case) and using the signs c0, e2, c3

and checking list (1) and (1)", all possibilities are eliminated. Hence, this
case is out.

Case* = 2,p = 11, q = 5.
We have g = 55 (11Λ/+ 1).
The following is true:
( i ) M = l , g = | P S L ( 2 , l l ) |
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(ii) M= 13, g= \MU\ = 24 3 2 5 11
(iii) Λ#= 157, g = |M 1 2 | = 2 6 3 3 5 11

and all these groups appear in the proposed list.
The other possibilities are eliminated by using either characterization

results or character theory methods as before.
This finishes the pro^F of Theorem 2.

NOTE. MU and M,2 are the Mathieu groups on 11 and 12 symbols.

Acknowledgments—The author wishes to thank professor G. Glau-
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