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An Artinian module can be characterized in terms of certain
properties of its factor modules. A module M is Artinian if and only
if the following two conditions hold for M:

(1) Every nonzero factor module of M contains a minimal
submodule.

(A) The socle of every factor module of M is finitely generat-
ed.

The dual to the factor module is the submodule. We state the dual
of (I):

(1) Every nonzero submodule of M contains a maximal sub-

module.
We call a module with property (I} a Max module and one with
property (I) a Min module. Every Noetherian module is a Max
module but not conversely. This paper investigates these gener-
alizations of the Artinian and Noetherian conditions and the rela-
tionships among them.

Throughout this paper M denotes a right module over an arbitrary
(associative) ring which need not have an identity. We denote the socle of
M (the sum of the minimal submodules, [1]) by s(M) and its dual notion,
the radical of M (the intersection of the maximal submodules, [6]), by rad
M. We define s(M) = (0) whenever M contains no nonzero minimal
submodules. We call a submodule of M essential if it has nonzero inter-
section with every nonzero submodule of M. A submodule 4 of M is said to
be small in M in case A + B = M implies that B = M where Bis a
submodule of M. The sum of all the small submodules of M is the radical of
M (Eckmann [9, p. 58]) and the intersection of the essential submodules of
M is the socle of M (Sandomierski-Kasch, [9, p. 62]). It is straightforward to
see that factor modules have finitely generated socles if and only if factor
modules are (Goldie) finite dimensional.

We state a major result. A module M is Noetherian if and only if (A)
holds and factor modules are Max modules. This result exhibits several
dual notions. Assume that (A) holds for a module M. The following con-
ditions are equivalent: (a) M is Noetherian (Artinian), (b) every factor
module of M is a Max module (Min module), (¢) in a factor module the
radical of a submodule is small (in a factor module the socle of a sub-
module is essential), and (d) in a factor module the radical of a submodule
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is finitely generated (in a factor module the socle of a submodule is finitely
embedded [7]).

R. P. Kurshan has shown that a ring R with 1 is Noetherian if and only
if R (as a module) has property (A) and a T.C. condition [7, p. 379]. We
show that the T.C. condition implies the Max property but not conversely
(Proposition 3.10 and Example 3.13). Also, K. Goodearl has pointed out
that the Max property is not homomorphic invariant; the ring of integers Z
localized at the powers of 2 as a Z-module is a Max module M but M/Z is
isomorphic to Z, oo and is not a Max module.

We now present some elementary properties of the Max module and
Min module via pre-torsion theories relative to the class of simple modules.

2. Preliminaries and pre-torsion theories. Let M be a Min module. If
the socle of M were not essential then for appropriate nonzero submodule
A the direct sum s(M) + A would be an essential submodule of M. Hence,
A + s(M)/s(M) is essential in M/s(M) and thus M/s(M) contains no
minimal submodule, a contradiction. From this argument we conclude that
M is a Min module if and only if every nonzero factor module has an essential
socle.

We now “index” with respect to the socle. For a module we define for
each ordinal a a submodule S(a) as follows: (i) S(0) = 0(ii))if B =a + 1is
not a limit ordinal assign S(B) to the module such that S(8)/S(e) is the
socle of M/S(e) (iii) if 8 = a + 1 is a limit ordinal then set S(8) = =S(o)
(allo < B). There is an ordinal y such that S(y + 1) = S(y). Weset S(y) =
S-soc M ( successive socles of M).

PropoSITION 2.1.  For a module M, the following statements are equi-
valent:
(1) The module M is a Min module.
(2) Factor modules of M have essential socles.
(3) The S-soc M = M.
(4) There exists a well-ordered increasing sequence M(0), ... , M(x), ... ,
M(y) = M where proper containment M(x) C M(x + 1) implies that M(x +
1)/ M(x) is a minimal submodule.

Proofs. These implications are clear: (1) implies (2), (2) implies (3),
(3) implies (4), (4) implies (1).

The dual to the above procedure is to take successive radicals. For a
module M we define for each ordinal a a submodule R(a) as follows: (i)
R(0) = M (ii) if B = a + 1is not a limit ordinal then R(B) is defined to be
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the rad R(a) (iii) if 8 = & + 1is a limit ordinal then R(8) = N R(o) (allo <
B). There is an ordinal y such that R(y + 1) = R(y) and we set R(y) =
R-rad M(Radical of the radical). We state the dual of Proposition 2.1.

PROPOSITION 2.2. For a module M the following statements are equi-
valent:
(1) The module M is a Max module.
(2) Nonzero submodules of M have small radicals.
(3) The R-rad M = (0).
(4) There exists a well-ordered decreasing sequence M(0) = M, ... , M(x),
... » M(r) = (0) where proper containment M(x) DO M(x + 1) implies that
M(x + 1) is a maximal submodule of M(x).

Proof. 1If the radical of a nonzero submodule KX is small, then K #
rad K and K contains a maximal submodule. The implications are clear: (1)
implies (2), (2) implies (3), (3) implies (4) and (4) implies (1).

Throughout we adopt the torsion theory terminology of [8]. Let.o be
the class of simple R-modules. Equate the following:
&= {C:Hom (4, C) = Oforall 4 ine }
o' = {B:Hom(B, A) = O forall 4 ine/ }
" = {K:Hom(K, C) = 0 forall Cine/ "}
" = {N:Hom(B, N) = Oforall Bina/ '}
Then (7 ',/ ") and (¢ ",/ ) are pre-torsion theories. Immediately,o/ " is
precisely the class of modules with no nonzero minimal submodules;
equivalently, M is in.o/ " provided that S-soc M = 0. Also,./ ' is precisely
the class of modules with no maximal submodules, that is, M is in./ /if and
only if the R-rad M = M.

ProposiTiON 2.3. (1) " is the class of Min modules and o/ " is the
class of Max modules.
(2) The corresponding idempotent radical for (# ", o/ ") is the S-soc of a
module. The corresponding idempotent radical for (7 ',/ ") is the R-rad of a
module.
(3) The class of Min modules is closed under isomorphic images, submodules,
group extensions and direct products.
(4) The class of Max modules is closed under isomorphic images, factor
modules, group extensions and direct sums.

Proof. Statements (1) and (2) are clear. Statements (3) and (4) follow
from properties of pre-torsion theories (Proposition 0.1 of [8]).
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The pre-torsion theory (¢ ",/ ") is mentioned in [2].

3. The Artinian and Noetherian condition. In this section our goal is
to prove this basic result. Let M be an infinitely generated module. Then
some factor module is not a Max module or some factor module has an
infinitely generated socle with a zero radical. We first look for relationships
between Min modules and Artinian modules.

PROPOSITION 3.1. A module is Artinian if and only if it is a Min module
and factor modules have finitely generated socles.

Proof. Assume that M is a Min module and factor modules have
finitely generated socles. Suppose that 4 ; D A, D ... is a strictly decreas-
ing sequence of nonzero submodules of M and N A4 ;(i = 1) = 0. Clearly,
s(M) is essential and forces 4; N s(M) # (0) for all i = 1. Also, s(M) is
finitely generated; equivalently, s(M) has the descending chain condition.
Therefore, for appropriate n,s(M) N A, =s(M)N A, , ;+# Oforallj =1,
a contradiction of N 4 ;(i = 1) = 0. For an arbitrary decreasing sequence
A, D A,, ... we apply the above argument to M/N A,;. The other
implication is clear. This completes the proof.

PROPOSITION 3.2. An Artinian module M is Noetherian if and only if
M is a Max module.

Proof. Suppose that M is Artinian but not Noetherian. Let 4 be a
minimal submodule which is not Noetherian. By hypothesis 4 contains a
maximal submodule 4’. The minimality of A forces 4’ to be Noetherian
and hence 4 is Noetherian, a contradiction. Hence M is Noetherian and the
remaining implication is clear.

COROLLARY 3.3. Every Artinian submodule of a Max module is
Noetherian.

Proof. The result is clear.

NotatiON. For m € M we equate (m) with the cyclic submodule
of M generated by the element m.

LeMMA 3.4.  For a module M suppose that the sum A/A, + B/A \is
direct in M/A , where A D A,and B D A, Thenthesum A + B,/B, +
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B/B, is direct in M/B, whenever B O B, D A,. In particular, A/A  is
embedded in M/B,.

Proof. Ifa+ b=c€ B;witha€ Aandb € B,thena=c—-b €
A N0 B. The hypothesis implies that (¢) + 4, = (b) + 4, C B,. Hence, b
€ B,and the sum 4 + B, /B, + B/B, is direct. The lemma follows.

LEMMA 3.5.  Consider the sequence of ordered pairs of submodules of M,
(A4,, Si), (43, S,), ... subjectto A, C S, and S, N A,,, = A, and
Sy CSpiforalln=1.LetA = U A, foralli= 1. Then S, /A, is embedded
in M/A for all n = 1. Furthermore, if a submodule K of M contains A and the
sumK/A, + S,/A, = M/A,is direct then S, + A/A is a direct summand of
M/A.

Proof. Weclaim S, N 4 = A4,. From the hypothesis

S"ﬁAn+2 = Sn ﬁAn+2 = S"ﬂA,H_] = An‘
Again
SnmAn+3 =3, mSn+2 ('\A"+3 =S, NAy=4,.

In like manner S, N 4, ., = A, forallk = landthus S, N4 = U (S, N
A))i=1) = A,. Therefore, S, + A/A=S,/A,and S, /A4,is embedded in
M/ A. The remaining part follows directly from Lemma 3.4.

If a minimal submodule 4 of M has zero intersection with the radical
of M then A has zero intersection with some maximal submodule. Hence A4
is a direct summand in M. This “direct summand” property characterizes
elements not in the radical in the “sense of our next lemma.”

LEMMA 3.6. An element x does not belong to the radical of M if and
only if (x)/B is a minimal submodule and is a direct summand in M/B for
some B C (x).

Proof. Let x € M-rad M. Then (x) + K = M for some maximal
submodule Kin M. Let B = (x) N K and B is a maximal submodule in (x).
The sum (x)/B + K/B is direct and equals M/B. The other implication is
clear.

A module is said to be completely reducible if it is equal to its socle. If
the sum H + N = M of submodules H and N of M is direct and H is
completely reducible then H N rad M = (0). This follows from the fact
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that the sum rad M = rad H + rad N is direct and rad H = (0). We use
this fact below.

THEOREM 3.7.  Assume that factor modules of M are Max Modules. If
M is infinitely generated then some factor module has an infinitely generated
socle and a zero radical.

Proof. Let M be a Max module which is infinitely generated. We will
construct a sequence which will satisfy the hypothesis of Lemma 3.5. By
Lemma 3.6 there is x € M-rad M such that the sum (x)/4, + K,/4, =
M/A , is direct where 4, C (x) and 4| C K, and (x)/4, is a minimal
submodule. Equate S; = (x). We apply this argument to K; = K, /4.
Since M is infinitely generated and S| is finitely generated and contains 4 |,
K, is infinitely generated. Since K, is Max module, rad K, # K,. By
Lemma 3.5 there is y €K, — rad K, such that the sum (3)/4, + K, /4, =
K, /A, is direct where 4, C (5) and 4, C K, and (3)/4, is a minimal
submodule. Summing up by Lemma 3.4 the sum (x) + 4,/4, + (¢)/A42 +
K, /A, = M/A,is direct and the first two summands are minimal sub-
modules. Equate S, = (x) + (y). Clearly S; N 4, = A, because K, N
81 = A, and S,/A4, is a completely reducible module of length two. Al-
so, A, C K; and 4, C K,. By this process we construct a sequence (a;,
S1, K1), (4,2, 52, K3), ... subjecttod, C S,and S, N 4,,, = A,and S, C
S.+1 and S, /A4, is a completely reducible factor module of length n for
all n = 1. Furthermore, 4, C K, for all n = 1 and all i = 1 and the sum
S./Ax + K, /A, = M/A, is direct. Let A = U A4,(n = 1). By Lemma
3.5 every completely reducible factor module S, /4, of length n is embed-
dedin M/A.Let S = U S;(i = 1). Then S/A4 is infinitely generated and
belongs to the socle of M/A. Also each S, + A/A4 is a direct summand
of M/A, recall the sum S,/A4, + K,/A, = M/A,is direct, see Lemma
3.6. Therefore, from the remark preceding this theorem the completely
reducible module S, + A/A4 has zero intersection with rad (M/A4). Thus,
S/A misses rad M/A and is embedded in the factor module (M/A4)/rad
(M/A) which has zero radical. This completes the proof.

THEOREM 3.8. The following conditions for a module M are equivalent:

(1) The module M is Noetherian.

(2) Every factor module of M is a Max module and has a finitely generated
socle.

(3) In a factor module of M, the radical of a submodule is small and the
socle is finitely generated.
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(4) Inafactor module the radical and the socle of a submodule are finitely
generated.

Proof.  Condition (3) as well as condition (4) implies that factor
modules of M are Max modules. The remaining implications follow from
Theorem 3.7.

DerINITION 3.9.  (Kurshan, [7] p. 376) A ring R with 1is called a T.C.
ring if it has the following property: if K is a submodule of a cyclic
R-module and has a minimal essential socle, then K is finitely generated.
Equivalently, R is T.C. if each cyclic R-module which has a finitely gener-
ated essential socle is Noetherian [7, p. 380].

PROPOSITION 3.10. Let M be a module with the property that if K is a
submodule of a factor module and has a minimal essential socle then K is
Sinitely generated. Then factor modules of M are Max modules.

Proof. We argue by contradiction. Suppose 4 is a nonzero sub-
module of M which contains no maximal submodule. Let x € 4 — (0) and
let B be a maximal submodule of (x). Let E be maximal among the
submodules H subjecttox € M — Hand A D H D B.Clearly,A/Ehasa
minimal essential socle (namely (x) + E/E) and is infinitely generated
otherwise 4 would contain a maximal submodule. This contradicts the
hypothesis and we conclude that 4 = (0).

CoroLLARY 3.11. (Kurshan [7]) 4 ring R with 1 is Noetherian if and
only if Ris a T.C. ring and the socle of every factor module of R is finitely
generated.

Proof. Since R has 1, a cyclic R-module is a factor module of R.
Hence, R is a Max module by Proposition 3.10, and is Noetherian by
Theorem 3.9.

Kurshan’s conditions extend to modules.

CoroLLARY 3.12. (Kurshan) A4 module is Noetherian if and only if
every submodule of every factor module of M which has a minimal essential
socle is finitely generated and every factor module of M has a finitely gener-
ated socle.

Proof. The proof follows from Proposition 3.10 and Theorem 3.8.
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ExampLE 3.13. The converse of Proposition 3.10 is false. There exists
a Max ring R(R g is a Max module) with 1 which is nota T.C. ring. Let R be
the commutative ring generated by 1, p, x1, y1, X,, y, ... where all products
are zero except x;y; = pand Iz = zforallzin R; alsoz + z = Oforall zin
R. The socle of R is {0, p} and is essential. The radical of R is infinitely
generated by {p, x1, y1, X2, y», ...}. Therefore, R is not Noetherian but
factor modules of R are Max modules.

4. The completely reducible module. Recall a module M is complete-
ly reducible if s(M) = M. In such cases there is a well-ordered increasing
(decreasing) sequence 4 CA, C ... (B, D B, D...)suchthatd,, ,/4 ,is
a minimal submodule (B, , is a maximal submodule of B,). Clearly, the
Min module (Max module) extends the increasing (decreasing) notion of
the completely reducible module. We look for condition on a Min module
K for which K/rad K is a completely reducible module.

LemMa 4.1.  Suppose that B is a direct summand of a module M and the
radical of M is zero. Then B + (x) is a direct summand of M for every
minimal submodule(x) of M.

Proof. Assume the notation of the hypothesis, M = B + H is direct
for some appropriate submodule H of M. Assume (x) N B = (0). Thenx =
b + hwith bin B and A in H. Since (x) N B = (0) it follows that (x) = (x)
+ (b)/(b) = (h) + (b)/(b) = (h). Therad M = rad B 4 rad H = (0) forces
rad H = (0). Hence, (%) is a minimal submodule of H and H = (h) + E
where E is some maximal submodule of Hand # € H — E.The sum B +
(x) + E = Misdirect since B 4 (x) = B + (h). This completes the proof.

PROPOSITION 4.2. A module is completely reducible if and only if
the socle is essential and the radical is zero and every cyclic submodule has a
finitely generated socle.

Proof. Forb € M we claim that rad (b) = (0) and let y € (b) — (0).
Since rad M = (0) there is a maximal submodule K of M such thaty € M
— K. Hence K N (b) is maximal in (b) and rad (b) = (0). By the hypothesis
the socle of (b) is finitely generated. We use Lemma 4.1 applied to (b) a
finitely many times to conclude that the socle of (b) is a direct summand of
(b), s((b)) + E = (b) where E is an appropriate submodule of (b). Since the
socle of M is essential in M, the socle of (b) is essential in (b) and E = (0).
Therefore, b € s(M) which completes the proof.
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CoROLLARY 4.3. Let M be a Soc module in which every cyclic sub-
module of every factor module has a finitely generated socle. Then M /rad M

is completely reducible. In particular, if M is Artinian then M/rad M is
completely reducible.

Proof. The proof follows directly from Proposition 4.2.

The author thanks the referee for his comments on §2.
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